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Abstract

In this paper, we show the existence of certain algebraic surfaces of general type with
irregularity one, and investigate the canonical mapping of these surfaces. Such a surface
has a pencil of non-hyperelliptic curves of genus 3 over an elliptic curve, and is obtained
as the minimal resolution of an irreducible relative quartic hypersurface, with at most
rational double points as singularities, of the projective plane bundle over an elliptic
curve. We use some results on locally free sheaves over elliptic curves by Atiyah and

Oda to prove the existence.
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1 Introduction

Let S be a minimal nonsingular complete algebraic surface defined over the complex
number field C . S is called a canonical surface if the rational mapping @ | defined by
the complete linear system |Kg| of a canonical divisor Kg of S is birational.

In this paper, we show the existence of certain algebraic surfaces of general type with
irregularity one, and investigate the canonical mapping of these surfaces. In particular,
we check for all values of py(S) > 2 the existence of minimal algebraic surfaces of general
type satisfying K2 = 3p,(9) and ¢(S) = 1, including the cases p,(S) < 3. Note that the
case py(S) = 1 was already studied by Catanese and Ciliberto [6].

In general the following inequality holds for the self-intersection number Kg of Kg
and the geometric genus py(S) of S (cf. [5, Théoreme 5.5], [10, Lemma 1.1]):

(I) (Castelnuovo-Horikawa’s inequality) If S is a canonical surface, then
K% >3p,(S) - 1.

(IT) Castelnuovo classified canonical surfaces which satisfy the equality Kg =
3pg(S) — 7 above. The irregularity of such a surface S satisfies ¢(S) = 0. With a



few exceptions such an S is the minimal resolution of an irreducible relative quartic
hypersurface of a P2-bundle over P! which has at most rational double points as singu-

larities.

In general, the invariants K2, py(S), ¢(S) of an irreducible nonsingular relative

quartic hypersurface in a P2-bundle over a nonsingular curve C' of genus b satisfy
K§=3py(S)+70b—1),  q(5)=0b.

We may ask whether a canonical surface S satisfying these equalities is obtained as the
minimal resolution of an irreducible relative quartic hypersurface, with at most rational
double points, of a P2-bundle over a nonsingular curve C' of genus b. Konno [13, Lemma
3.1, Theorem 3.2] proved that it is the case if b = 1. Namely, if S is a canonical surface
satisfying K% = 3p,(9) and ¢(S) = 1, then S is the minimal resolution of a relative
quartic hypersurface in a P2-bundle over an elliptic curve.

More precisely, S has a pencil f : S — C = Alb(S) whose general fiber is a non-
hyperelliptic curve of genus 3. Hence, the direct image f.wg/c of the relative dualizing
sheaf wg/c 1= ws ® f*wal is a locally free sheaf of rank 3 over C. If we let w : W :=
P(f.ws/c) — C to be the P?-bundle associated to fiwg/c, T € Pic(W) a tautological
divisor with m.0w (T) £ f.wg/c, and D € Pic(C) a divisor with O¢(D) = det fiwg/c,
then there exists an irreducible member S’ € |47 — 7*D| which has at most rational
double points as singularities, and S is the minimal resolution of S” (cf. [13]).

Not all the irreducible relative quartic hypersurfaces in the P2-bundles over elliptic
curves which have at most rational double points as singularities are canonical. For
example, since 0 < K2 = 3p,(S) holds, we have the possibilities p,(S) = 1, 2, 3.
Obviously, S is not canonical in these cases.

In this paper, we study whether a complete linear system of Oy (4T) @ 7* det £V has
members which are irreducible and have at most rational double points as singularities
for every locally free sheaf E of rank three over an elliptic curve C, the P2-bundle
m: W :=P(F) — C associated to E and the tautological divisor 7" with 7, Ow (T') = E.
In particular, we check for all values of py(S) > 2 the existence of minimal algebraic
surfaces of general type satisfying K2 = 3p,(S) and ¢(S) = 1. (Note that the case
pg(S) = 1 was already studied by Catanese and Ciliberto [6].) We then investigate their
canonical mappings including the cases py(S) < 3. To study the canonical mapping of S,
we have to study the rational mapping @7 of the ambient space W since the canonical
sheaf wg is isomorphic to the pull back of Ow (T) to S by the adjunction formula.

We obtain the following results on the existence of minimal algebraic surfaces with
K% = 3p,(S) and ¢(S) = 1, using the results about vector bundles over elliptic curves
by Atiyah [4] and Oda [17].

(1) The case where fiwg/c is isomorphic to the direct sum of three invertible sheaves

over C' (§4.1): py(S) > 3 is necessary, and conversely, for every integer N > 3, there



exist minimal algebraic surfaces of general type with p,(S) = N, K2 = 3p,(S) and
q(S) = 1. (See Theorem 4.1).

The case where f.wg/c is isomorphic to the direct sum of an invertible sheaf and an
indecomposable locally free sheaf of rank 2 over C' (§4.2): py(S) > 2 is necessary,
and conversely, for every integer N > 2, there exist minimal algebraic surfaces of
general type with p,(S) = N, K% = 3p,(S) and ¢(S) = 1. (See Theorem 4.10 and
Theorem 4.11).

The case where f.wg/c is indecomposable (8§4.3): py(S) > 2 is necessary, and
conversely, for every integer N > 2, there exist minimal algebraic surfaces of general
type with py(S) = N, K% = 3p,(9) and ¢(S) = 1. (See Theorem 4.23).

As for the canonical mappings of the above surfaces, we obtain the following results:

(1)

In the case where f.wg/c is the direct sum of three invertible sheaves, if py(S) > 6
holds, then the canonical mapping is always birational onto its image with the
exception of only one case f.wg/c = LEB?’ where Lg is an invertible sheaf of degree
2 over C.

If py(S) = 5 and if Jxwg/c 1s not a special locally free sheaf, then the canonical

mapping is birational onto its image, too.

If pg(S) = 5 and fiwg/c is a special locally free sheaf, or if py(S) = 4, then
the canonical mapping is birational onto its image in most cases. Although there
possibly exists a surface whose canonical mapping is not birational onto its image,

we have not obtained any example of such surfaces.

In all the above cases in (1) we obtain some examples of canonical surfaces whose
canonical mappings are not holomorphic, and their canonical images are non-

normal.

When p,(S) = 3, the canonical mapping is a generically finite mapping onto the
projective plane whose degree varies according to the isomorphism class of f.wg/c.
In most cases, the degree of the canonical mappings are 6, 8 or 9. When the degree

of the canonical mapping is 9, then it is holomorphic.

In the case where f.wg/c is the direct sum of an invertible sheaf and an indecom-
posable locally free sheaf of rank 2, if py(S) > 5 holds, then the canonical mapping

is always birational onto its image.

If py(S) = 4, then the canonical mapping is birational onto its image in most cases.
Although there possibly exists a surface whose canonical mapping is not birational

onto its image, we have not obtained any example of such surfaces.



In all the above cases in (2) we obtain some examples of canonical surfaces whose
canonical mappings are not holomorphic, and their canonical images are non-

normal.

If py(S) = 3, the canonical mapping is a generically finite mapping onto the pro-
jective plane whose degree varies according to the isomorphism class of fiwg/c. In
most cases, the degree of the canonical mapping is 4, 8 or 9. When the degree of

the canonical mapping is 9, then it is holomorphic.

If py(S) = 2, the canonical system is a linear pencil and the genus of a general

member of this pencil is 7.

In the case where f.wg/c is indecomposable, if py(S) > 5 holds, then the canonical

mapping is always holomorphic and birational onto its image.

If py(S) = 4, then the canonical mapping is birational onto its image in almost
cases. Although there possibly exists a surface whose canonical mapping is not

birational onto its image, we have not obtained any example of such surfaces.

If py(S) = 3, the canonical mapping is a generically finite mapping of degree 8 onto

the projective plane in almost cases, but is not holomorphic.

If py(S) = 2, the canonical system is a linear pencil and the genus of a general

member of this pencil is 7.

The case where the canonical mapping is birational but not holomorphic does not

appear in the cases treated by Ashikaga [2] and Konno [14].

It is not so easy to study the canonical mapping of a surface S when the rational

mapping ®|7| of the ambient space is not birational onto its image. Thus Propositions
4.8, 4.9, 4.16, 4.20, 4.22 and Corollary 4.37 require long proofs.

ACKNOWLEDGEMENT  The author would like to thank Professor Tadao Oda for

constant encouragement and advice. Thanks are also due to Professors Tadashi Ashikaga

and Kazuhiro Konno who suggested the problem to the author and provided valuable

information over the years.

2 Notation

Let S be a nonsingular complete algebraic surface over the complex number field.

wg : the canonical bundle of S.

K : the canonical divisor of S.

py(S) == dimg H(S, ws) = dimg H?(S, Og) : the geometric genus of S.
q(9) := dimg H(S, Og) : the irregularity of S.

X(S) :==1—¢q(S) + py(S) : the arithmetic genus of S.



For D € Div(S), ®p| : S--- — P(H"(S, Og(D))) denotes the rational mapping

determined by a complete linear system |D|.

3 Preliminaries

Let us mention some results which we need later.

Theorem 3.1 (cf. Konno [13, Corollary 6.4]) If S is a canonical surface with q(S) =1
and K% < (10/3)x(Os), then a general fiber of the Albanese mapping f : S — C =

Alb(S) is a nonsingular curve of genus 3.

Theorem 3.2 (cf. Konno [13, Lemma 3.1, and Theorem 3.2]) Let f : S — C be a
surjective morphism from a nonsingular surface S to a nonsingular curve C of genus b
such that a general fiber is a non-hyperelliptic curve of genus 3. Assume further that f

1s relatively minimal. Then
(%) K% > 3x(S) +10(b - 1).

Furthermore, let m: W := P(fwwg/c) — C be the P2-bundle over C defined by the locally
free sheaf fiwg/c of rank 3, T a tautological divisor such that m.Ow (T) = f.wg/c, and
Y :S--- — W the rational mapping over C induced by the natural sheaf homomorphism
" faws)c — wsyc. If the equality holds in (x), then v is a morphism and the image
S" = (S) of ¥ has only rational double points as singularities. If we regard S’ as a

divisor on W, then
Ow(S/) = O0w(AT)® 7" det(f*wg/c>v

holds, where (f*ws/(;)v is the Oc-module dual to fiwg)c-

Remark  The inequality stated in the first half of Theorem 3.2 was proved by
Horikawa [11], [12, Proposition 2.1] and Reid [18] in a different way. Konno [14, Theorem

2.1] himself also gave another proof.

Proposition 3.3 Let C be a nonsingular curve of genus b, and E a locally free sheaf
of rank 3 over C. Let 7 : W := P(E) — C be the P2-bundle over C associated to F,
T a tautological divisor with m.Ow (T) = E, and D € Div(C) a divisor on C such that
Oc (D) = det E. If the complete linear system |AT — w*D| has an irreducible member S’
with at most rational double points as singularities, then the following equalities hold for

a minimal resolution S of S’.
K% = 3degE+16(b—1),
pg(S) = degE+3(b—1)+dim H(C, EY),
q(S) = b+dimH(C, EY).
Furthermore, if we let v : S — S’ to be the minimal resolution, and if we denote f :=

mov : S — C, then we have fiwg/c = F.



Proof We have w?, = w%, py(S") = py(S) and ¢(S’) = q(S) by the hypothesis that

S’ has only rational double points as singularities. From the Euler exact sequence
0— Qll/V/C — Ow(-T)®o,, 7E — Oy — 0,

for instance, we have wyy/c & Ow (=3T) ®oy, 7 det E, hence wy = Ow (=3T) @7 (wc ®
det E'). Thus by the adjunction formula, we get wg = Og ®o,, Ow (T + 7*K¢). Hence
using T3 — (deg E)T?F = 0, we get

wi = (T + 7" Kg)*(4T — n*D) = 4T? — T?7*D + 8T%1* K¢ = 3deg E + 16(b — 1).
Next consider the cohomology long exact sequence induced by the exact sequence
00— wy — Ow(T—}-?T*Kc) — wgr — 0.

Since Rim.wy = 0 for i = 0, 1, we have H (W, wy) = 0 for i = 0, 1 by the Leray

spectral sequence. Hence we get

pg(S) == dim HY(Y', wg/) = dim HY (W, Ow (T + m*K¢)) = dim H(C, E @ wc)
= degE+3(b—1)+dim H'(C,E®wc) (by the Riemann-Roch theorem)
= degFE+3(b—1)+dimH°(C, EV) (by the Serre duality).

Since dim H?(W, ww) = dimH'(W, Ow) by the Serre duality, and since
dim HY(W, Ow) = dim HY(C, O¢) = b by .0y = O¢, R'7,Ow = 0 and the Leray
spectral sequence, we have dim H?(W, wy) = b. Therefore from H2?(W, Ow (T +
™ Ke)) 2 H*(C, E®wc) =0, we get

q(8") = dimHY(Y, Og) = dim H (S, wg) (by the Serre duality)
= dim H*(W, ww) +dim HY(W, Ow (T + m*K¢)) = b+ dim HO(C, EY).
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Since S’ has at most rational double points as singularities, v*wg /o Fwsyc and v, Og

~

Os hold. Since wg: = (Ow (T) ®oy, T*we) ®oy, Og as we saw above, we have wgr /¢
Ow(T) ®oy, Os'. Hence

I

f*ws/c = W*V*WS/C = W*V*V*wsx/c
= (wsvc R0y V*Os) = mwgyc = i (Ow(T) ®oy, Osr) -
As the long exact sequence associated to the short exact sequence 0 — Ow (—3T) ®o,,
mdet E — Ow(T) — Ow(T) ®o,, Osr — 0, we get
0 — 7 (Ow (—3T) ®o,, 7" det E) — 1,.0(T)
— 7 (Ow (T) RoOw Og/) — R17T* (Ow (—3T) Roy ¥ det E).
Since R/, (Ow (—3T) ®o,, 7*det E) = (R m,Ow (—3T)) ®o, det E = 0 for j = 0, 1,

we obtain



E = W*Ow(T) = (Ow(T) ROy, OS’) .
q.e.d.

Remark By the last assertion of Proposition 3.3, we see that two different P-

bundles do not contain the same surface.

Theorem 3.4 (cf. Atiyah [4, Theorem 5, Theorem 7 and Corollary, Theorem 9|, Oda
[17, Theorem 1.2]) Let C be an elliptic curve and Ec(r, d) (r, d € Z) the set of isomor-
phism classes of indecomposable locally free sheaves of rank r and degree d over C.

(1) If (r, d) = 1, and if we fix any isogeny ¢ : C — C of degree r, we have a bijective

mapping
{ Lo €Pic(C) | degLo=d } > Lo — @.Lo € Ec(r, d).

If we denote G = ker ¢, then we get

SO*SO*LO = @ T;L()v
oceG

where T, : C — C is the translation by o € G on C.

(2) For any r € N, there exists a unique F, € Ec(r, 0) such that H*(C, F,) #
0. F, is a successive extension of O¢, and F, = S""1(Fy) holds. Furthermore,
dim H°(C, F,) =dim H'(C, F,) =1. Form € Z

{ Lo € Pic(C) | deg Lo =m } 5 Lo — F, Qo Lo € Ec(r, rm)
s a bijective mapping.

Remark Although not necessary in this paper, we have the following in general: If
(r, d) = h, then Ea(r/h, d/h) > F' — F' @ F,, € Ex(r, d) is a bijective mapping.

We use the following lemma in §4.2 and §4.3:

Lemma 3.5 Let C be an elliptic curve, u: Y = P(Fy) — C a ruled surface associated
to Fy, and C' C'Y the unique section of p with u,Oy (C') = Fy. For any point p € C

and for any positive integer i, we have
Bs [iC" + Tp| = {wo},

where Ty := p~1(p) and yo := C' N T,. PFurthermore, general members of [iC’ + T'p|
are nonsingular at yg, and all the members which are nonsingular at yo have the same
tangent at yo. If i and j are positive integers with i # j, then a nonsingular member of

[iC" +T'p| and a nonsingular member of |jC" + T'p| have different tangents at yo.



Proof  Since iC' + T, € [iC' 4+ T,|, the base point of [iC’ + T'p| exists only on
C'UT,. Since

HY(Y, Oy(iC")) = HY(C, S'F,) = H'(C, Fi;,) = C,
and

HYY, Oy (iC' +T})) =2 H(C, F;11 ® Oc(p)) =0,
the image of the restriction mapping

HO(Y, Oy (iC" +T})) — H*(T,, Or,(iC")

is i-dimensional. Since H(T'p, Or,(iC")) (= H°(P!, Op1(i))) is (i + 1)-dimensional,

there exsits at most one base point on I',. On the other hand, since
dim HO(Y, Oy (iC' +T})) =i+ 1#i=dim H (Y, Oy((i — 1)C’ +T})),

C' is not a fixed component of [iC’ 4+ T'p|. Furthermore, since (iC’ + I'p)C’ = 1 and
Neryy = Ocr, only yo = C" N Ty is the base point of [iC’ + T’y lying on C”. Hence, we
obtain Bs|iC' + T'p| = {yo}-

If all the members of [iC’ +T',| are singular at yo, the intersection multiplicity of a
member of [iC’ +T,| and C’ at yp is at least two. This contradicts (iC’' + I',)C" = 1,
and hence, general members of [iC’ +I'| are nonsingular at yo.

Let M € |iC’ 4+ Tp| be a nonsingular member. If we consider the cohomology long

exact sequence induced from the exact sequence of sheaves
0— Oy — Oy(M) — Ou(M) — 0,

we obtain
dim H(M, Oy (M) =i +1,

and
dim Im { H(Y, Oy (M)) — H(M, Oar(M))} =i,

If we regard yp as a point on M, then yp can be written as C’|ps. Since wyr = wy ®
Oy (M) ® On = Op((i — 2)C" +Tp) by the adjunction formula, we have

OM(M) 2wy ® OM(2y0).

The subsystem of the complete linear system of M|y corresponding to the image of
the restriction mapping H°(Y, Oy(M)) — H°(M, Oy(M)) may be regarded as the
complete linear system of M|y — yo, and its dimension is ¢ — 1 by what we mentioned

above. On the other hand, since

degwy = (iC" +T,)((i —2)C" + 1)) = 2i — 2,



the genus g(M) of M is equal to i. Since M|y — 2yo ~ Kjs, the complete linear system
of M| — 2yp is also (i — 1)-dimensional. Hence, yg is the base point of the complete
linear system of M|y — yo, and the intersection multiplicity of any nonsingular member
M’ € |iC" +T,| with M at yo is at least two, i.e., M and M’ have the same tangent.

The last assertion can be proved in the same way as above. q.e.d.

4 Existence and birationality

By Theorem 3.1 and Theorem 3.2, to classify canonical surfaces with K2 = 3p,(S), and
q(S) = 1, we need to have a necessary and sufficient condition for the complete linear
system [4T — 7*D| on the P2-bundle W = P(FE) associated to a locally free sheaf E of
rank 3 over an elliptic curve C' to have irreducible members with at most rational double
points as singularities, where 7' is a tautological divisor on W such that 7.Ow (T) = E,
and D € Div(C) is a divisor such that Oc(D) = det E. We should then choose those
members whose nonsingular models have the canonical mappings which are birational
onto their images. Locally free sheaves of rank 3 over an elliptic curve C is expressed
uniquely up to order as direct sums of indecomposable locally free sheaves (cf. [4]), hence

we should consider the following five cases:

(1) E is a direct sum of three invertible sheaves.

(2) E is a direct sum of an invertible sheaf and an indecomposable locally free sheaf
of rank 2.

(i) The degree of the indecomposable locally free sheaf of rank 2 is odd.

(ii) The degree of the indecomposable locally free sheaf of rank 2 is even.
3) E is indecomposable.
( p

(i) deg E is not divisible by 3.
(ii) deg E is divisible by 3.

We consider each of these cases.

Definition Let 7 : W — C be the P2-bundle over the elliptic curve C' associated
to a locally free sheaf E of rank 3, T' the tautological divisor with m,.Ow (T") = E, and
D € Div(C) a divisor with O¢(D) = det E. We say that E satisfies the condition
(A) if the complete linear system |47 — 7*D| has a member S’ satisfying the following
conditions:

(i) S’ is irreducible and has at most rational double points as singularities.

(ii) The minimal resolution S of S’ is of general type.

(iii) S satisfies K2 = 3p,(9) and ¢(S) = 1.



Remark If H(C, EY) = 0, then we have K2 # 3p,(S) and ¢(S) # 1 by Proposi-
tion 3.3. Hence we only have to consider the locally free sheaves E with HY(C, EV) = 0.
Furthermore, if E satisfies the condition (A), then S is of general type, and hence,
X(Og) =deg E > 0.

On the other hand, if f' : 8’ — (C’ is a surjective morphism from a nonsingular
surface S’ to a nonsingular curve C’; then flwg scr 1s nef, hence, any quotient locally
free sheaf of fiwg /e has non-negative degree by Fujita’s result [7, (1.2) Proposition].

Hence, we only have to consider nef locally free sheaves.

4.1 The case where F is a direct sum of three invertible sheaves.

Let Lo, L1, L9 be invertible sheaves over an elliptic curve C' such that E = Ly® L1 ® Lo,
and denote d; := deg L; (i = 0, 1, 2). Furthermore, let 7 : W — C be the P2-bundle
associated to E, and T the tautological divisor with m,.Ow (T') = E. In §4.1, we prove the
existence of a surface S of general type with K2 = 3p,(S), ¢(S) =1 and p,(S) = N for
any integer N > 3 by obtaining necessary and sufficient conditions for the complete linear
system of Oy (4T) @ 7* det EV to have members with at most rational double points as
singularities (Theorem 4.1). We then study the canonical mapping of the surfaces thus
obtained. The results about the canonical mappings are stated in Corollaries 4.3 and
4.4, and Propositions 4.6, 4.8 and 4.9.

4.1.1 Existences

We may assume dy < d; < do. We only have to consider the case dyg > 0, dp > 0 and
d2 > 0 by the remark immedietely before §4.1. By further renumbering of Lg, L1, Lo if

necessary, we get the following:

Theorem 4.1 Let 7 : W = P(E) — C be the P2-bundle over an elliptic curve C
associated to E = Lo @ L1 @ Lo, T a tautological divisor such that m.Ow (T) = E, and
D € Div(C) a divisor on C with Oc(D) = det E. Denote d; := deg L;(i =0, 1, 2), and
suppose 0 < dy < dy < dy and da > 0. Then the complete linear system |4T — 7w*D| on
W satisfies the condition (A) if and only if the following (1), (2) and (3) hold.

(1) One of the following (i), (ii) and (iii) holds:

(i) do + do < 3dy,
(i) Lo® Ly = LT3,
(iii) 2dy = 2dy = d2 and one of L%ﬁ, Ly® Ly, L6®2, L%@?’ ® Ll_1 is isomorphic to
Lo.

(2) One of the following (i), (ii) and (iii) holds:

(i) di < 2dp,

10



(i) Ly = L§?,
(iit) 2dg = dy = dy and Ly = LF?.

(3) If dg = dy = da = 1 holds, then one of Ly, L1, Lo is not isomorphic to the others.

This proposition can be proved by a method analogous to Ashikaga—Konno [3, Proof
of Claim III, pp.523-524], as follows:

Proof HY(W, Ow(T)®n*L; ') = H(C, Ly®L; " )oH(C, LioL; " )eH(C, Ly®
L;l) has a component of the form H°(C, O¢) for each i = 0, 1, 2. Hence we can choose
X; € HY(W, Ow(T)®n*L; ') (i = 0, 1, 2) which give homogenous coordinates on each

fiber of 7. Since
HY(W, Ow(4T) @ 7* det EV) = H(C, S*E @ det EV)
holds, this cohomology group can be written as

P BC, L oL o LV Xy XIXS.
i, j20
i+j<4
Hence any ¥ € HO(W, Ow (4T) ® m* det EV) can be written as

T R ]
i, 720
1+j<4
where 1;; € H°(C, Lg?(3—i—j) ® L?(i_l) ® Lg@(j_l))_
Suppose that (1) does not hold. When j = 0,

deg(LEP D @ LD @ L71) = 3 —i)do + (i — 1)dy — dp < —do + 3d1 — dy < 0

holds, hence if dy + da > 3di, the coefficients of X, XX, XgX?, XoX;, X{ are
0, and hence VU is reducible (it is divisible by X3). If dy + d2 = 3d;, and none of
LY@ Ly, LY? Lo® Ly, LY? Lyt ® LY? are isomorphic to Lg, then W is divisible by
Xo again.

Next we suppose that (2) does not hold. Then since we have

deg(LY* @ Lyt @ LyY) = 3do — dy — da = (2dg — dy) + (do — d2) < 2dg — dy <0,
deg(L§? ® Ly') = 2dy — da = (2do — dy) + (d1 — d2) < 2do — dy <0,
deg(L§* ® Li1) = 2dy — dy <0,

if 2dy < dq, then the coefficients of Xé, XS’XI, Xg’XQ of ¥ are 0. Let Zy C W be the
curve defined by X; = X3 = 0. (In the rest of the proof, Zy denotes this curve.) The
degrees with respect to X7 and Xo of each term of ¥ are greater than 1 on Zy, hence

the divisor on W defined by ¥ = 0 contains Zj as a singular curve. The case where
2dy = di and L%Z)Q % L, is the same as above, if d; < da. (If d; = d and Lg92 = [, hold,
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interchange L1 and Lo and regard this case as the case L%ZQ >~ [1.) When d; = d and
L6®2 % L;, (i =1, 2) hold, if we assume 3dy — d; — d2 = 2dy — da, then we have dy = d;.
However, since 2dy = di = do, we have dy = di = do, a contradiction to the assumption.
Hence 3dy — d1 — do < 2dyg — dso, and Z is a singular curve in the divisor defined by
U =0on W.

We suppose (3) does not hold, i.e., dy = d; = dy = 1 and Ly = L1 = Ly hold. In
this case, for all 4, j satisfying ¢, j > 0 and i + j < 4, L?(S_i_j) ® L?(i_l) ® L?(j_l) are
isomorphic to one another, and of degree 1. Hence there exists a point p € C such that
1;; = 0 holds for all i, j. Consequently, F':= 7~1(p) is a fixed component of [4T —*D].

From now on, we assume that (1), (2) and (3) hold.

(I) Let us look at the case where 3dy > di + dg or Lf)®3 >~ ] ® Lo.

(If, moreover, dy = dy and L§® = L, ® Ly hold, then we have deg(L{*® L@ Ly ') =
deg(La1 ® L?‘g ® L2_1). In this case, if L?‘g 2% Lo ® Lo holds, we interchange Ly and L
and regard this case as the case L%§>3 % L1 ® La. So we may assume L??’ = Lo® L2 holds
when do = dy and L§® = L; ® Ly hold.)

Since we have deg(L&?® LT @ Ly ") < deg(LE® D@LV e rf0=1) 47— D|
has no base point if and only if 3dy — di — ds # 1. Indeed, under the assumption
of (I), we have HO(C, L @ Li' @ LyY) # 0, HY(C, Ly' ® L ® Ly') # 0 and
HO(C, Lyt ® L7' ® L§?) # 0, and hence we can choose nonzero global sections of
HOY(W, Ow(4T) @ n*det EV) of the form g := oo X, V1 = s X7, Vo := s X5.
If 3dy — di — da # 1 holds, then we have deg(Ly' @ LT' @ LY?) > 2 and L{? @ LT ®
Ly L Ly ! ®L?3 ®Ly ! either have degrees greater than 1 or are isomorphic to O¢. Hence
|[AT — 7*D| has no base point. If 3dy — d; — d2 = 1 holds, there exists a unique point
po € C such that g (po) = 0 holds for any vy € H(C, L(‘?B @ L' ®Ly"Y). If we denote
Fy :=71(po), then qo := Fy N Zp is an isolated fixed point of [4T — 7*D|. (In the rest
of the proof, pg and gy denote these points.)

Hence if 3dy — d; — da # 1 holds, the general member of [4T — 7*D] is irreducible
and nonsingular by Bertini’s theorem.

We claim that even if 3dg — di — d2 = 1 holds, the general member of |47 — 7* D] is
also irreducible and nonsingular. Indeed if —dg + 3d1 — do > 2 and —dg — d1 + 3d2 > 2
hold, there exist no base point except qg. If we let ¢ to be a local coordinate around py
on C, and if we denote x; := X;/Xo (i = 1, 2), then (¢, z1, x2) is a local coordinate
around go on W. General ¥ € HO(W, Ow (4T) ® 7* det EV) can be written as

U =1t + oz + Yorxa + - -

around qg, so the divisor (¥) on W is nonsingular at qo. If —dy + 3dy — d2 = 1 and
—dy — dy + 3ds > 2 hold, there exists a unique point p; € C' with ¥40(p1) = 0 for all
Yao € HO(C, Ly' @ L @ Ly"). M we assume L2 @ LT @ Ly 2 Ly @ LY@ Ly !, then
po 7 p1 holds. In this case, if we let Z; to be the curve defined by Xo = X1 = 0on W, and
if we denote Fy := 7~ 1(q1) and ¢; := Z3 N Fy, then we have qo # ¢1 and Bs |[4T — n*D| =
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{90, ¢1}. We can show that the general member of |47 — 7*D| is nonsingular at gy and
¢1 in the same way as above. (In the rest of the proof, pi, q1, Fi, Z1 denote the above
points and curves.) If we assume L?s ®L1_1 ®L2_1 = Lal ®L‘i§3 ®L2_1 and Lo 2 L1, then
although py and p; coincide, gy and g1 are two distnct points contained in the same fiber
of 7, and we have Bs [4T —7*D| = {qo, q1} again. We can show that a general member of
|[AT — 7* D| is nonsingular at gy and ¢; in the same way as above. If we assume Lo = Ly,
then po = p1 holds. In this case, if we let Z’ to be the intersection of Fyy = 7 !(po)
and the relative hyperplane defined by the equation Xy = 0, then Bs [4T — n*D| = Z’
holds. In this case, we have HO(W, Ow(T) @ 7*Ly") = HO(C, O¢) @ H(C, O¢) @
HO(C, Ly ® Ly"). Let Xo € HO (W, Ow(T) ® 7*Ly") be the element of the subspace
corresponding to the first HY(C, O¢), and X; € HO (W, Ow (T) ® ﬂ'*Lal) the element
of the subspace corresponding to the second H°(C, O¢). Any element of the subspace
of HY (W, Ow(T) ® 7*Ly*") corresponding to H(C, O¢) ® H°(C, O¢) can be written
as aXo+bX; for some a, b € C, and the divisor (aXo+bX;) of W is clearly irreducible.
Hence if we denote X|) := aXo+bX1, then X(, X; and Xy give homogeneous coordinates
of all the fibers of w. There exist constants a and b in C with ¢ = Z' N (X)) for any
point ¢’ € Z'. For this X, if we denote z( := X/X; and z2 := X9/X1, and if we let ¢
to be a local coordinate around py = p1, then (¢, x(, x2) gives a local coordinate around
q on W. A general ¥ € H(W, O (4T) ® n* det EV) can be written as

U =1+g1me + -

locally, hence the divisor (¥) is nonsingular at ¢’. Thus, a general member of [4T —7*D|
is nonsingular at Z’. Next we assume —dg + 3d; — dy = —dy — dqy + 3dy = 1, ie.,
do = d1 = dy = 1. Suppose further that Ly = Lq. In this case, we have L?3®Lf1®L51 &
L@l 2 Loe i@ Ly 2 L2 Lyt 2 Ly '@ LY?© Ly, so there exists a point p € C
such that the coefficients ¥oo, 10, ¥20, V30, Va0 of X§, XgX1, XZX?, XoX3, Xi
vanish on F := 771(p). Hence if we let Z’ to be the curve which is the intersection of
F and the relative hyperplane defined by the equation X5 = 0, then Z’ is contained
in Bs|4T — n*D|. Therefore we have then Bs|[4T — 7*D| = {qo} U Z’. We can prove
that a general member of |47 — 7* D] is also nonsingular along {go} U Z’ in this case in
the same way as above. In the same way, we obtain the same result when L; = Ly or
Ly = Lg. Suppose L; 2 L; if i # j (i, 7 =0, 1, 2). There exists a point p, € C such
that ¥4(p2) = 0 holds for any global section 104 € HY(C, Ly' @ L7 ® L§?). Let Z be
the curve defined by Xg = X; = 0, and denote F» := 7r*1(p2), qo2 = Zo N Fy. Then we
have q2 # qo, ¢1 and Bs|4T — 7*D| = {qo, ¢1, g2}. We can show that a general member
of |4T — 7*D| is nonsingular at qg, q1, g2 in the same way as above.

(IT) Let us look at the case where 3dy < dj+ds or (3dyp = d1+dg and L6®3 % L1®Ls).

Since we have H(C, LY® ® L' ® Ly') = 0, the coefficient o of X§ in ¥ is 0.
Hence Zj is contained in Bs|4T — 7*D|. The other base points are as follows:

(i) There exist no base point except Zj. <= —dp+3dy —dy > 2 or L?g’ ~ Lo® Lo.
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(ii) If —dy+3d1 —da = 1 and —dy—d; +3da > 2, then g is a base point of |47 —7*D|.

(iii) If —dp + 3dy — da = —dy — dy + 3d2 = 1, then ¢; and g2 are base points of
|4T — m* D).

(iv) If —do+3dy —do = 0 and LY® % Ly ® Ly, then we have Bs [4T —n*D| = ZyU Z;.

(i), (ii) and (iii) are trivial. So we prove (iv). First, we have dyp = d;. Indeed, if we

assume dy < di, then we have
3dy —di —dy < 2dg —do < dy+di —do < 2dy —do < —dy + 3dy — do =0,

hence the coefficients of Xf)l, XS’Xl, X§X12, XoX3, X{ vanish, and any ¥ ¢
HO(W, Ow(4T) ® 7*det EV) is reducible. Therefore we have dy = d; and hence
2dy = 2d; = dy holds. Since we have L§? % L1 ® Ly and LY® % Ly ® Ly by as-
sumption, the coefficients of X§ and X} are 0. On the other hand, since the coefficient
of one of X3 X1, X2X?, XoX; is not 0 by the assumption of the proposition (the third
assumption of (3)), one of 110 X3 X1, 120X3X? and 130X X3 gives an effective divisor in
W. (It is a union of two relative hyperplanes defined by the equations Xy = 0, X; = 0.)

Since we have deg(Ly' @ Ly @ LS?) = —do — dy + 3dy = 4dy > 4 > 2, we obtain the
claim considering the intersection of the divisors defined by the global sections t40.X5
and one of ’(/JlngXl, 1/)20X3X12, wgoXoXi)’.

We can show that a general member of |47 — 7*D| is nonsingular at ¢; in the case
(ii), and at ¢; and g2 in the case (iii) in the same way as above. Hence in the cases (i),
(ii) and (iii), it is sufficient to look at the multiplicity of a general member of [4T — 7* D|
at Zj.

Let us look at the case where 2dy > do or L%@2 &~ L. (When Lo & Lo, if we assume
di = do and Lf?2 2 Ly, further, interchange L and Lo and regard this case as the case
L6®2 2 Lo. Hence, we may assume ng &~ [, when L6®2 > Lo and d; = dy.) Since we
have HO(C, L§?®Ly') # 0 and H(C, L§?® L") # 0, a general member of [4T —7* D)

is nonsingular at Zy except in the case
2d0 — dl = 2d0 — d2 = 1, and L1 = LQ.

In this case, since we have L%ZQ ® Ll_l = L6®2 ® L2_1, there exists a point p € C such
that 1 (p) = 0 holds for any v € H(C, ng ® Ll_l) ~ HY(C, L%@2 ® L2_1). Denote
F:=7Yp), ¢:= ZoNF and z; := X;/Xo (i = 1, 2), and let ¢ be a local coordinate
around p on C. A general ¥ € HO(W, Oy (4T) ® 7* det EV) can be written as

U = twy + ctwy + Pooxt + Yr1z1z2 + Yo2d + -
= @1(t+ 20z1 + Y1122 + - -) + ctxg + Po2xs + o3 + Yoazs,
where ¢ € C is a constant. Hence the divisor defined by ¥ = 0 on W has a rational
double point of type A; at q.

Let us look at the case where 2dy < dg or (2dy = dg and L%z)2 % Lo). In this case, the
coefficients of Xé, X(;’Xl are 0. If d1 = 2dp and L?Q & L7 hold, then the coefficient of
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Xg’XQ is constant, hence a general member is nonsingular at Zy. If d; < 2dy holds, and
if we let p € C be a point such that ¥ (p) = 0 for 0 # v € H°(C, L%z)2 ® Ll_l), U can

be written as

U = twg+1Pe0xt + 117172 + Y273 + - - -
= mo(t + 1171 + Yoawa + - - +) + Yaox? + 30zt + Va0t

around ¢, where ¢, t, x1, T3 are as above. The equation ¥ = 0 gives a rational double

point of type A1 at ¢ except in the case
Li®@Li@Ly' 2 L§? @ LY, and dy + dy — do = 2dp — dy = 1.

In this case, 199 = ¢/t holds around ¢ for some constant ¢’ € C, and the equation ¥ = 0
gives a rational double point of type Ao at q.

In the case (iv), we can show that a general member of |47 — 7* D| is irreducible and
has at most rational double points of type A; on Zy and Z; in the same way as above.

q.e.d.

4.1.2 The canonical mappings

We study the canonical mapping of surfaces classified in Theorem 4.1. The triples
(do, di, d2) satistying py(S) = do+di +d2 =4, 5, 6 and the conditions in Theorem 4.1

are

(do, d].) d2) = (17 1, 2)’ (pg(S) = 4)7
(d07 d17 d2) = (17 27 2)7 (pg(S) = 5)7
(d07 di, d2) = (17 2, 3)7 (27 2, 2)7 (pg(S) = 6)'

Lemma 4.2 Let Ly, L1, Lo be invertible sheaves over an elliptic curve C, and denote
di :==degL;, (i =0, 1, 2). Assume that Ly, L1, Lo satisfy the conditions of Theorem
4.1. If 7 : W := P(E) — C is the P%2-bundle over C associated to E := Lo ® L1 & Lo,
and T is a tautological divisor such that m.Ow (T) = E, then Q7| is birational onto its
mmage when one of the following holds.

(i) do+d1+day>7.

(ii) (do, di1, d2) = (1, 2, 3).
(iii) (do, d1, d2) = (2, 2, 2) and one of Lo, L1, L2 is not isomorphic to the others.
(iv) (do, di, d2) = (1, 2, 2) and Ly % Lo.

Proof First we show that for any general fiber F' of m, the restriction of @7 to F'
gives an isomorphism of F' onto its image. It suffices to show that the restriction mapping
HY(W, Ow(T)) — H°(F, Op(T)) is sujective. We only have to show H'(W, Oy (T —

F)) =0 in view of the exact sequence

0—Ow(T—F)— Ow(T)— Op(T) — 0.
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If we denote ¢ := 7(F') € C, we have

HYW, Ow/(T — F)) = H'(C, E® O¢(—q))
~ H'(C, Lo ® Oc(—q)) & H(C, L1 @ Oc(—q)) & H(C, Ly ® Oc(—q)).

Since we assume 0 < dy < d; < da, this cohomology group vanishes.
In the rest of the proof, we show that there exists a Zariski open subset of W such
that any two points in it contained in different fibers are separated by |T'|.
Since
HO(W, Ow (T)) = H°(C, Lo) ® H°(C, L) ® H°(C, L),

if we choose X; € HY (W, Ow (T) @ 7*L; 1) (i = 0, 1, 2) as in the proof of Theorem 4.1,
any W € HO(W, Ow (T)) can be written as

U =X+ 1 X1 +9Xa, € H(C, L) (i=0, 1, 2).

If do > 3, then W \ (X32) satisfies the above condition, where (X3) is the divisor
defined by X5. (Look at all the elements of the form 5 X5.)

If do = 2, then we have (dy, d1, d2) = (1, 2, 2), (2, 2, 2).

If (do, d1, d2) = (2, 2, 2), then at least one of Ly, Li, Ly is not isomorphic to the
others. We may assume L; 2% Lo by renumbering Lo, L1, Lo if necessary. We see that
WA\ {(X1) U (X3)} satisfies the above condition, where (X;) is the divisor defined by
X; (i=1, 2). (Look at all the elements of the form 11 X7, 192 Xs.)

We obtain the same result when (dy, d1, d2) = (1, 2, 2), since we assume L 2 Lo

in this case. q.e.d.

Corollary 4.3 The canonical mapping of any surface S whose existence is guaranteed
by Theorem 4.1 and the condition (A) is a birational morphism onto its image if one of
the following holds.

(1) do+di+do>7 and dy > 2,

(2) (do, d1, d2) = (2, 2, 2), and one of Ly, L1, Ly is not isomorphic to the others.

Proof Since Og ®0,, wiw @0y, Ow (S") = wg by the adjunction formula, and since
w = Ow (=3T) @ *det E and Ow (S") = Ow (4T) @ n* det EV, we have

wg = Ogr @0, Ow (T).
Furthermore, we have
dim H{(W, wy) = dim H*~{(W, Ow) = dim H>7/(C, O¢) = 0,
for ¢ = 0, 1 by the Serre duality and the Leray spectral sequence. Hence in view of the

cohomology long exact sequence associated to the short exact sequence
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0—ww — Ow(T) - wsr — 0,
we have
HY(W, Ow(T)) = H(S', wg).

Since S’ has at most rational double points as singularities, we have Py = Yo @7y,
where ¢ : - -+ — W is a morphism by Theorem 3.2. Since 9 is birational onto its image,
if @) is birational onto its image, then ®|x | is also birational onto its image. Hence
the statement about the birationality follows from Lemma 4.2.

We prove that ®|g | is holomorphic. Since dy > 2, we see that Bs IT| = 0 by
considering all the elements in HY(W, Ow (T)) of the form v Xo, 11 X1, 12 X2. Hence
| K| also has no base point. q.e.d.

Corollary 4.4 The complete linear system of the canonical bundle of any surface S
whose existence is guaranteed by Theorem 4.1 and condition (A) has only one isolated
base point, and its canonical mapping is birational onto its image, if one of the following
holds:

(1) (do, d1, d2) = (1, 2, 5),

(2) (do, d1, d2) = (1, 2, 4),

(3) (do, d1, d2) = (1, 2, 3),

(4) (do, dv, d2) = (1, 2, 2) and Ly % Lo.
Furthermore, its canonical image is non-normal.

Proof We use our notation in Theorem 4.1 and Corollary 4.3.

Under the assumption of the corollary, the curve Zy C W defined by X7 = X9 =0
is contained in the set of base points of |47 — 7#*D| by the proof of Proposition 4.1.
Furthermore, we can show that the point gy € W defined by 1y = X1 = X5 = 0 satisfies
Bs|T| = {qo} in the same way as in Corollary 4.3. Since qp € Zp, the complete linear
system of the canonical bundle of a general member of |47 — 7*D| has only one base
point gg. The birationality of the canonical mapping can be proved in the same way as
in the proof of Corollary 4.3.

The restriction of |T'| to the fiber Fj containing gy can be regarded as a subsystem
of the complete linear system of Op2(1) consisting of all lines going through ¢g. Each
line of this system intersects the fiber F of a general member S of |47 — 7*D| at four
points, one of which is gg. Hence we have deg <<I>| Ks|| ]:) = 3, and the canonical image

of § is non-normal by Zariski’s main theorem. q.e.d.

Lemma 4.5 If (do, dl, dg) = (2, 2, 2) and Lo = Ll = LQ, then deg (I>|T| = 2 holds.
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Proof If we denote v := @, : C — P!, we have Ly = v*Opi(1), and hence
>~ *(Op1(1)®3). Therefore, if we denote mg : Wy := P(Op1(1)®3) — P!, we have the
following commutative diagram:

w LW,
| 1 mo
—
cC v P!

If we let Ty to be a tautological divisor with mo.Ow,(Tp) = Op1(1)®3, then we have
v*Ty ~ T, and

dim HO(W, Ow (T)) = dim H(C, Lo)®* =6
dim H(Wo, Ow,(Tp)) = dim HO(P', Op1(1))** =6,

and hence, we get ®|p) = @) o v. Since @7y gives an embedding of Wy into P>, we
have deg @7 = 2. q.e.d.

Proposition 4.6 Let the notation and the assumption be as in Lemma 4.5. Then the
canonical mapping of a general member of |AT — w*D| gives a double covering over a

surface of degree 9 in P5.
Proof Since O¢(D) = det E =2 v*(det(Op1(1)®2)), we obtain
Ow (4T) @ n* det EY = 7* (O, (4T0) @ 75Op1(—3)).
Since

dim HO (W, Ow (4T) @ n* det EV) = dim H°(C, S*E @ det EV)
= dim H(C, LY*) = 15dim HY(C, Lo) = 30

and
dim H°(Wy, Ow,(4Tp) @ n5Op1(—3)) = 15dim H°(P!, Op:(1)) = 30,

a general member of |47 — 7* D] is a pull-back of some member of |47y — 75 Dg|, where
Dy € Div(P') is a divisor of degree 3. Hence, the canonical mappings of irreducible and
nonsingular members of [4T — 7*D| are of degree 2. Since |T'| has no base point, we

obtain the claim on the degree of the image of S by @ . q.e.d.

Remark The surfaces in Propositon 4.6 can be constructed in another way as
follows:

Let By, B, C P? be nonsingular quartic curves intersecting each other at sixteen
points A, ---, Ajg transversally. If B3 and By are nonsingular members of the pencil
generated by By and By, then By, Bo, Bs and By intersect one another at Ay, ---, Aig.

Let £ : X — P2 be the blowing-up at Ay, ---, A, B; (¢ =1, ---, 16) the proper
transform of B;, and denote & := ¢~1(A4;). We have £*B; = B; + 2%21 .
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B := By + By + B3 + By ~ 16H holds, where H C P? is a hyperplane. Since
&B = 31 +B~2+B~3+B4+4 E}El &;, we have B~1 +B~2+B3+B~4 ~ 16§*H—4 E}El Hence
the double covering S — X branched along Bi + By + B3 + By can be constructed. This

S coincides with the surface of Proposition 4.6. Cleariy S' is nonsingular by construction.

In the case (dy, d1, d2) = (1, 2, 2) and L; = Ly, we may assume L; = L%Z)2 by
Theorem 4.1.

Lemma 4.7 Let Lo, L1, Lo be invertible sheaves over an elliptic curve C, wm : W :=
P(E) — C the P2-bundle associated to the locally free sheaf E := Lo ® L1 ® Lo, and T
the tautological divisor with m,.Ow (T) = E, and denote d; :== degL; (i = 0, 1, 2). If
Lo, L1, Lo satisfy one of the following (i) and (ii), then deg @7 = 2 holds:

(i) (do, d1, d2) = (1, 2, 2) and L§? = Ly = L.

(ii) (do, d1, d2) = (1, 1, 2).

Proof We use the elementary transformation of W by Maruyama [15, Chapter 1].

First, we consider the case (i). Since we have
H(W, Ow(T)) = H'(C, Lo) ® H(C, L) ® H(C, Ly),

if we choose Xg € HY (W, Ow(T) @ m*Ly") and X1, Xy € HO (W, Ow(T) @ 7* L")
so that they give homogeneous coordinates for each fiber of m, then any X €
HO(W, Ow/(T)) can be written as

X =voXo+ U1 X1 +vXe o€ HY(C, Lo), t1, v2 € H(C, Ly).

Since dim H°(C, Lg) = 1, if we let ¢ € W to be the point defined by 1y = X; = X5 = 0,
we have Bs|T| = {¢}. Let p € C be the point satisfying Lo = O¢(p), and denote
E' = Oc®Li &Ly and F' := (L1 ® L1) ® Op. We have the following commutative

diagram:

0 0
T T
0 — F’ — E®O, — Op(p) — 0
7 T |
0 — E — E — Op(p) — 0
T T
E®@Oc(-p) = E®O0c(-p)
T 7
0 0

Since the homomorphism E — O,(p) is surjective, we have a subvariety P(O,(p)) —

W = P(FE), which coincides with ¢. Since the homomorphism E’ — F” is also surjective,
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if we let 7/ : W' := P(E') — C to be the P2-bundle associated to E’, then we have
a subvariety P(F’) < W' contained in a fiber over p with respect to /. We have the

following commutative diagram by Maruyama’s result:

w
¢/ N\
w’ w
7\, S
C

where ¢ : W — W is the blowing-up at ¢, and ¢ : W — W’ is the blowing-up along
P(F"). If we let T" to be the tautological divisor of W’ with 7,0y~ (T') = E’, and T the
proper transform of T by ¢, then the image of T in W’ by ¢’ is linearly equivarent to

T’'. We have the following commutative diagram:

/

w2 w2y,

N} L L mo

w — ¢ — P!
T (I)|L1|

where 7y : Wy — P! is the P?-bundle associated to a locally free sheaf Ey := Op1 @
Opi1(1) ® Op1(1). If T is the tautological divisor of Wy satistying mo.Ow,(To) = Eo,
then we have ®*Ty ~ T, and

dim HO(W', Ow(T")) = dimH°(C, E') =
dim H°(Wy, Ow,(Ty)) = dim H(PY, Ey) = 5,

and hence @7 = @7, o @ holds. We show that 7 is a birational morphism onto the
image. If Fp is any fiber of mp, we can prove that Q>|T0|| F, is an isomorphism of F{y onto
the image in the same way as in Lemma 4.2. Since dim H*(Wy, Ow,(To — Fp)) = 2,
there exists a section Cy of mp such that Bs|Ty — Fy| = Cp. Let p, ¢ € Wy \ Cp be any
two points contained in different fibers. If Tj) € |Ty — Fp| is a member which does not
contain ¢, and if F}, is the fiber of 7y containing p, then T+ Fy € |Tp| contains p but not
q, i.e., p and q are separated by |Tp|. Hence @z is a birational morphism. Therefore
we have deg @7/ = deg ® = 2, and deg ®|| = 2 holds.

Next, we consider the case (ii).

Assume Lo % Ly. As in the case (i), any X € H(W, Ow (T)) can be written as

X =voXo+ 1 X1+ 92Xy i € H(C, L) (i=0, 1, 2).

Since dim H%(C, Lo) = dim H°(C, L;) = 1 and Lo % Ly, if we let qo, q1 € W to be
the points defined by ¥g = X7 = X2 = 0 and ¥1 = X9 = X = 0, respectively, we
have Bs|T| = {qo, q1}. If we let ©' : W’ := P(E’) — C to be the P2-bundle associated
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to the locally free sheaf E' := O¢ & O¢ @ Lo over C, T' the tautological divisor with
7. Ow(T) = E', ¢ : W — W the blowing-up at qo and ¢, and my : Wy := P(Ep) — P!
the P2-bundle associated to a locally free sheaf Op:1 @ Op1 @ Opi(1) over P!, then
we obtain a commutative diagram similar to that in the case (i). Therefore, there
exists a blowing down ¢’ : W — W' contracting the proper transform of the fibers of
7 containing go and ¢ to lines. The image of the proper transform of T' by ¢ in W’
is linearly equivalent to T". If ® is as in (i), and Ty is the tautological divisor of Wy
satisfying mo«Ow, (To) = Ep, then we have ®*Ty ~ T" and

dim H°(Wy, Ow,(Ty)) = dim HO(P!, Ep)
dim HO (W', Ow+(T")) = dimHY(C, E') = 4,

and hence /| = @1, o P holds. We can prove that @z is a birational morphism onto
the image in the same way as in the case Ey := Op1 @ Op1(1) @ Op1(1), so we have
deg @7/ = deg @ = 2. Consequently, ®|7| = 2 holds.

Assume Lo = L;. Since 7(qp) = 7(q1) in this case, if we let pg be this point, we have
Lo = L1 =2 Oc(po). If Z C W is the curve defined by 1y = X9 = 0, then Bs|T| = Z
holds. We obtain the same commutative diagram as above, and in this case, ¢ : W — W
is the blowing-up along Z. We can show that deg @7 = 2 by the same argument as in
the case Ly 2 L; of (ii). q.e.d.

When (do, di, do) = (1, 2, 2) and L1 = Ls hold, if we denote Y := ¢~ 1(q), then we
have ¢*T ~ T+Y . Let S be the proper transform of S by ¢. Since S is nonsingular at g,
we have ¢*S = S+Y. On the other hand, since ¢*S ~ ¢* (4T —7*D) ~ 4T +4Y —¢p*7* D,
we obtain S ~ 4T + 3Y — ¢*7*D. The image of Y in W' is a fiber Y of n/. Then the
image S’ of S in W' is linearly equivalent to 47" +3Y — 7/* D, which is linearly equivalent
to 4T — 27"*p, since L§? = Ly and 7/(Y) = p.

When (do, dyi, d2) = (1, 1, 2) and Lg 2 Ly hold, if we denote Y; := ¢~ '(¢q;) (i =
0, 1), then we have ¢*T ~ T + Yy + Y7. Hence we obtain S ~ 4T’ — 27*py or S ~
AT" — 27*p; by an argument similar to that above. (In this case, one of L6®2 and L?Q is
isomorphic to Ly by Theorem 4.1. If L§? = Ly, then S ~ 4T" — 21’*py holds, while if
L?Q >~ Lo, then S ~ 4T — 27*p; holds.) We obtain the same result when (do, di, d2) =
(1, 1, 2) and L() = Ll.

Proposition 4.8 Let the notation and the assumption be as in Lemma 4.7. Then the
minimal resolution of a general member of the complete linear system |AT — 7w*D| is

canonical.

Proof We use the notation of Lemma 4.7.

First, we consider the case E = Lo & L1 & Ly, (Lo € Ec(1, 1), L = L6®2). Let
S € [AT —7*D| be a general member. We may assume S to be nonsingular. Furthermore,
let S be a proper transform of S by ¢, and denote S’ := ¢'(S), Sy := ®(S") C Wo.

21



Furthermore, denote h' := ®|g : S" — Sp. Then we have degh’ = deg ®|x,|. There is
nothing to prove if A’ is birational onto its image. Thus suppose h’ is not birational.
Hence A/ is an unramified two-to-one covering outside the intersection with S’ of the
ramification locus Fy + Fy + Fy + F3 of ®, where F; := n'~!(p;) (i = 0, 1, 2, 3) with
Po, p1, p2, p3 € C the ramification points of @, | : C' — P'. Hence the morphism

3 3
IS/\U?”_O F S\ U Fi = So:= W(S"\ U F) (< 50)
= 1=0 1=0
is an unramified two-to-one covering. On the elementary transform S of S’, we thus have

an unramified morphism
h:S\ ULy F — So

where F; .= 7~ (p;) C (i=0, 1, 2, 3). Let Cy C W be a curve which is the base locus of
Ow(T)®@7* L. S is a canonical surface if h is one-to-one at a point ¢ € S\ (CoU3_ F}).
Fix one such point ¢ and let ¢' € W be the other point which is mapped to ®7|(¢) by
the two-to-one map ®|7|. We show that ¢’ does not belong to a general S.

Since
HOY(W, Ow(T) @ m*Ly") = H(C, O¢) @ HY(C, Lo) ® HO(C, Ly),

we obtain a global section Xg € HO(W, Ow (T) ® 7*Ly*') such that X, vanishes at ¢
and ¢’ and that the divisor (Xp) is irreducible. Similarly, since

HY W, Ow(T) @ n*L{Y) = H°(C, O¢) @ H(C, Oc¢),

we obtain a global section X; € HY(W, Ow (T)®@7* L") such that X; vanishies at ¢ and
¢' and that the divisor (X1) is irreducible. Any Xy € HO(W, Ow (T)@7*L7 1)\ {0, X}
does not vanish at ¢ and ¢/, and the divisor (X3) is irreducible. Xy, X;, X» give

homogeneous coordinates of each fiber of 7. Since

H(W, Ow(4T) @ n*det EV) = H(C, S*E®det EY) = @ HO(C, L5 ™Y),
i, 5>0
i+j<4
if € HO(W, Ow (4T) @ 7* det EV) is a global section defining S, then ¥ can be written

as

= Y XXX uy e G, L)

i, 7>0

i+j<4
We have ¥(q') = 104(q") X2(¢')* by our choice of X, X1, Xo. Hence ¢ is not contained
in S if and only if 1p4(¢") # 0 holds. Since S is general, we are done.

Next, we consider the case E = Lo @ Ly @ Lo, (Lo, L1 € Ec(1, 1), Ly € Ec(1, 2)).

In this case, at least one of L%z)g ® Ll_l, L6®2, Lo® Ly, L‘?Q and Lal ® L?g is isomorphic
to L2.
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Let S € |4T — 7*D| be a general member. We may assume S to be nonsingular.
Furthermore, let S C W', Sy C Wy and A’ := &g : §" — Sy be as above.

If Lg93 ® Ll_l, Lal ® L‘i@?’ % Lo, then Bs 4T — n*D| consists of two points {qo, 1},
and these are contained in Bs|4T — 7*D|. Denote &; := ¢~ (¢;) (i =0, 1), and let T, S
be the proper transform of T, S by ¢, respectively. Then since

S ~ AT + 38y + 3& — ¢*n* D,
we obtain
Owi(8) =2 Ow: (AT ) @ T (LP @ L @ Ly' @ LTt @ Ly 1)
=~ Op (AT @ T (L2 @ LY? @ Ly ).
We have deg(L§? @ LY?® Ly') = 2. f L§? @ LY? @ Ly ' 2 Lo holds, this invertible sheaf

cannot be the pull-back by ® of any invertible sheaf on Wy, and hence S is canonical.
We consider the case L?z ® Li@)z ® L;l & Lo. Let pg, p1, p2, p3 € C be the ramification
points of @1, : C — P!, and denote F} := 7'~!(p;) (i =0, 1, 2, 3). There is nothing
to prove if A’ is birational onto its image. Thus suppose h’ is not birational. Hence h’/
is an unramified two-to-one covering outside the intersection with S’ of the ramification
locus F{) + F| + F} + F; of ®. Hence, the morphism

3 3
h’s,\U3 oSN F = So =1\ U F) (C So)
=0t i=0 i=0

is an unramified two-to-one covering. On the elementary transform S of S’, we thus have

an unramified morphism

3
h:S\|JF — So,
i=0
where F; := 7= 4(p;) (i = 0, 1, 2, 3). Let Xy € H'(W, Ow(T) ® 7*Ly') = C be a
non-zero element, and fix any point ¢ € S\ ((Xg) U (U?:o Fl)> Let ¢ € W be the
other point which is mapped to ®7/(q) by the two-to-one map ®. Since we have
dim HY (W, Ow/(T) ® 7*L;') = 2 for i = 0, 1, there exist X; € H'(W, Ow(T) ®
L) (i = 0, 1) such that the divisors (X;) are irreducible and that X; vanish at
g and ¢’. Then Xy, X; and X5 give homogeneous coordinates of each fiber of w. If
U € HY (W, Ow(4T) @ m* det EV) is a global section defining S, then ¥ can be written
as
U= Y gy XaTTXIX), e BHOC, LT @ 1PV o UY),
i, 70
i+j<4
We have ¥(q') = 104(¢") X2(¢')* by our choice of X, X1, Xo. Hence ¢ is not contained
in S if and only if 1p4(q") # 0. Since S is general, we are done.
In the case L??’ ®L1_1 = [ and Lal ® L?‘g % Lo, Bs|T| consists of two points qo, qi.
One of them is contained in Bs|4T — 7*D|, while the other is not. We may assume

q1 € Bs|4T — 7*D|. In the same notation as above, since
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S ~ 4T+450 + 381 — ¢*n* D,
we have
Ow(S') = O (4T") @ 7" (L? @ LY? @ Ly ).

Since deg(L?3®L?2 ®Ly 1) = 3, this cannot be the pull-back by ® of any invertible sheaf
on Wy. We can obtain the same result in the case Lf??’ ® Lfl 2 Lo and Lal ® L?B = L.

Finally, we consider the case L§® @ Ly = Lyt @ LY = Ly. If Ly % Ly holds, then
Bs|T'| consists of two points. Since Bs |47 — 7*D| = (), and since S is generic, S does

not contain these two points. Hence, in the same notation as above, we have
Ow(S') = Owr(4T") @ 7™ (L3 @ LE3 © Ly1).

deg(L§? © LY ® Ly') = 4 holds, and if L§® @ LY @ Ly' 2 Ly holds, then the above
invertible sheaf on W’ cannot be the pull-back by ® of any invertible sheaf on Wy,
and hence S is a canonical surface. When L5 @ LY @ Ly! = Ly, we can prove S to
be canonical in the same way as in the case L%@‘3 ® Ll_l 2 Lo, Lal ® L?S 2 Ly and
L?z ® Liﬁ ® L2_1 > 5. When Lo = L1, we can prove S to be canonical in the same way

as above. q.e.d.

Remark In the situation of Proposition 4.8, we have a posibility that there exist
special members, with at most rational double points as singularities, of [4T — 7*D|

whose canonical mapping is of degree 2.

Proposition 4.9 Let Ly, L1 and Lo be invertible sheaves over an elliptic curve C, and
denote d; := degL; (i = 0, 1, 2). Assume that dy = di = da = 1 holds and one of
Lo, Ly and Ly is not isomorphic to any of the others. Let m : W := P(E) — C be the
P2-bundle associated to the locally free sheaf E := Lo@® L1 @® Lo, T a tautological divisor
with m,Ow (T) = E, D € Div(C) a divisor with Oc(D) = det E, and S € |[4T — 7*D| a
general irreducible nonsingular member. We have the following about ® g

(1) I]‘LE‘?2 % L1® Lo, L?Q 2 Ly® Ly and L§®2 ¥ Lo® Ly, then @i, gives a covering
of degree 9 onto P2.

(2) If only one of L%ZQ ~ L1 ® Lo, L?Q = Lo® Lo and L?Q = Lo ® L1 holds, then
|Ks| has one isolated base point, and kg gives a covering of degree 8 over P2

(3) If all of L§* = Ly @ Lo, LY?* = Ly ® Lo and LY? = Ly ® Ly hold, then |Ks| has

three isolated fized points, and @4 gives a covering of degree 6 over P2,

Proof We investigate the sets of base points of |T'| and [4T — 7* D).
First we assume that Lo, L1, Lo are pairwise non-isomorphic. Since any X €
H(W, O(T)) can be written as

X = o Xo + Y1 X1 + P2 Xo, ¥; € H(C, L;)
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as in the proof of Lemma 4.2, we have Bs|T| = {qo, ¢1, g2}, where qo, ¢1 and g2 are
the points defined by g = X1 = X2 =0, 1 = Xo = Xg =0 and ¢ = Xy = X7 =0,
respectively. Since any ¥ € HO(W, O(4T) ® n* det EV) can be written as

U= Y XXX,y € BYC, L84 @ 907 6 10°Y)
i, §>0
<4
as in the proof of Theorem 4.1, we have Bs 4T — n*D| = {q), ¢}, ¢}, where ¢, q}
and ¢, are the points defined by g0 = X1 = X2 = 0, g0 = X2 = Xy = 0 and
Po4 = Xo = X1 = 0, respectively.

Therefore in the case (1), we have Bs|T| N Bs [4T — n*D| = (), and hence @ is a
surjective morphism onto P?. Since K% =9 and the degree of P? is equal to 1, we are
done in the case (1).

Next, we consider the case (2). We only have to consider the case L§? 2 L; ® Ly by
renumbering of Ly, L; and Ly if necessary. In this case, all the members of [4T — 7* D)
go through ¢g. Since S € [4T — 7* D] is general, it does not contain ¢; and go.

If we denote E' := Oc®Oc®Oc, then we obtain the following commutative diagram:

0
T T
0 — F - E’p0+p1+p2 — ' — 0
1 T I
0 — E' — E — F" — 0
T T
E®Oc(—po—p1—p2) = FE®Oc(—po—p1—p2)
7 T
0 0

where ' := Op, 4p, ® Opytpy ® Opgtp, and F" := Opy(po) © Op, (p1) © Op, (p2)-
Hence we have the following elementary transformation of Maruyama:

w
¢/ N\ ¢
w’ w
AN Vs
C

where 7/ : W' := P(E') — C is the P?%-bundle associated to E’, ¢ is the blowing-up at
P (00 (90) & O (11) & Opa (2)) = P(Opy (1)) UP(Opy (91)) UP(Opa (p2)) = { a0 a1, 42 }
and ¢’ is the blowing-up along P(Op, 41, ® Opytpo D Opotp1) = P(Opi4ps) UP(Opyipy) U
P(Opy+p,)- Denote & = ¢~ 1(q;) and F/ := ¢/(&;) (i =0, 1, 2). If S C W is the proper
transform of S by ¢, then ¢*S = S + &y holds. Let T be the proper transform of T by ¢
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and T" C W’ the tautological divisor with 7Oy~ (T") =2 E’. We have T’ ~ ¢(T). Since
&*T =T + & + & + &, we have

S" = ¢/ (S) ~ AT + A(Fy + F{ + Fy) — 7D — Fy ~ 4T’ + 2F) + 3F| + 3F.

On the other hand, W’ = C' x P? holds, and @ 7| coincides with the second projection
W' — P2. Since ®7| factors as a rational mapping into a composite @7 : W--- —

W' — P2, we have
deg (I)\KS\ = deg <¢|T’\’S’> = (T’)2(4T/ + QFOI + 3F1, + 3F2/> = 8.

We obtain the result in the case (3) in the same way as above.
The proof is essentially the same when Lo 2 L1 =2 Lo, L1 2 Lo =2 Ly, or Ly % Lo =
L. q.e.d.

4.2 F is the direct sum of an invertible sheaf and an indecomposable
locally free sheaf of rank 2

We denote E = Ey @ L, where Ej is an indecomposable locally free sheaf of rank 2 with
deg Ey =: e, and L is an invertible sheaf over an elliptic curve C' with deg L =: d.

We prove the existence of a surface S with K2 = 3p,(S), ¢(S) = 1 and py(S) = N
for any integer N > 2 in §4.2.1 (Theorem 4.10) when e is even, and in §4.2.2 (Theorem
4.11) when e is odd. (When e is even, however, the case py(S) = 2 does not occur.)
In §4.2.3, we study the canonical mapping of the surfaces obtained in §4.2.1 and §4.2.2.
The results about the canonical mappings are stated in Corollary 4.15, and Propositions
4.16, 4.20, 4.22 and 4.41.

We only have to consider the case e > 0, d > 0 and (e, d) # (0, 0) by the remark
immedietely before §4.1.

Let 7 : W := P2(E) — C be the P%-bundle associated to E, and T € Div(W) a
tautological divisor with 7,.Ow (T') = E. We have a section Cy := P(E/Ey) C W of 7.
If p: X — W is the blowing-up along Cj, then X is a Pl-bundle 0 : X — Y := P(E)p).
Let 1 : Y — C be the ruling, and denote Y] := p*T and Yo, := p~1(C4). If Cp € Div(Y)
is a tautological divisor with p,Oy(Cy) = Ep, then we have Y7 ~ Yo + 0*Cp, and
O'*O)((Yl) = Oy(C()) @ u*L. Let Yy € DiV(X) be a divisor with OX(Y()) = Ox(Y1) ®
o*u*L~t and let Zy € HY(X, Ox(Y0)), Zoo € H(X, Ox(Ys)) be global sections with
(Zp) = Yp and (Zo) = Yoo. Then Zjy and Z, give homogeneous coordinates of each
fiber of the P!-bundle o.

We study the complete linear system of the invertible sheaf Ox (4Y])®@c*u* det EV =
p*(Ow (4T) @ 7* det EY) over X. Since we have

H(X, Ox(4Y1) ® o™ pu* det EV)
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12

HO(Y, SY(Oy(Co) ® p*L) @ p* det EV)

4
P HO(Y, Oy (jCo) ® p*(LE*D @ det EY))
j=0

I

Il

4
P HO(C, S7(Ey) ® L¥*) @ det EY),
i=0
any ¥ € HY(X, Ox(4Y1) ® o*p* det EV) can be written as
4 . . .
U =322, € HOY, Oy (jCo) @ p' (L2 @ det BY)), (j =0, -, 4).
§=0
4.2.1 Existence in the case where ¢ is even
Denote e = 2¢eg. There exist invertible sheaves Ly € Ex(1, ep), and Ly € Eo(1, d — ep),

with Ey & Lo ® Fy and L = Lo ® L1, hence we have E > Ly ® (Fo @ Ly1).

Theorem 4.10 Let the conditions and notation be as above. Then the complete linear
system |AT — w*D| over W satisfies the condition (A) if and only if one of the following
(1), (2) and (3) holds:

(1) e=d >0 and Lo = Ly,
(2) d<e<4d,

(3) e=4d > 0 and Ly ® LY? = O¢.

By the remark after Proposition 3.3, the case e < 0 and the case d < 0 may be
excluded. Furthermore, the case Fy = F5 and the case L = O¢ may also be excluded.

Ife=d=0and Ey % F», L % O¢ hold, then H* (W, Ow(T)) = H°(C, E) = 0.
Since wgr = Ow (T) ®o,, Og for S’ € |4T —7* D| by the adjunction formula, the minimal
resolution of S’ cannot be of general type, and this case may be excluded, too.

Therefore, we have e > 0 and d > 0.

Since we have S7(Fy) = Fj1 (cf. Theorem 3.4), we have
0) ® L2479 @ det BV

S](F2)®L0]®L6®( )®L®(4 J)®( )®3®L—
= Fj+1®L0®L?(3_j)v (] :07 T )

S (B

Furthermore, since det F5 = O¢ holds, we have det £ = Lg{)?’ ® L1. Hence
HO(Y, Oy (jCo) @ p* (L4 @ det EY)) = HO(C, Fj1 @ Lo L),
From now on, we deal with different cases.
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(i) The case where (e = d and Ly 2 L1), or (e < d). Since we have
HO(Y, Oy (4Cy) @ p*det EY) =2 HY(C, Fs® Lo® L{') =0,

the coefficient ¢4 of Z4 in W is always 0, hence the divisor (¥) has Yy as a component.
Therefore, the image of (V) in W by p is not irreducible.

(ii) The case where (e = d > 0 and Ly = L), (d < e < 3d), or (e = 3d and
Lo ® LY = O¢). For general ¥ € HY(X, Ox(4Y1) ® o*p*det EV), we may assume
Y; #0, (j =0, ---, 4), hence if the complete linear systems of the invertible sheaves
Oy (4Cp) @ u*det EY on Y and L®* ® det EV on C do not have base points, then |4Y; —
o*u*D| does not have base points either.

Let us look at L®* @ det EV. Since we have deg(L®* @ det EV) = 3d — e > 0, it does
not have base points when 3d — e # 1.

If 3d—e = 1 holds, then there exists a unique point ¢ € C with L#*®@det EY = O¢(q).
If we denote I := Yo, N (o)~ 1(q), then I is contained in the base locus of [4Y; —o*u* D|
on X. We claim that ' is a (—1)-curve on S” := (V). Indeed, it is clear that T is a
nonsingular rational curve. Hence it is sufficient to show that the self-intersection number
of T in S” is equal to —1. Let D" € Div(C) be a divisor on C with L =2 O¢(D’). Then
we have

(Vaol5n)? = YZ(4Y1—0*p*D) = YL (4Yy + 0™ p*(4D' - D))
= YZ2o*u*(4D' — D)
— Ya(Yo+ 0" (u* D' — Co))o*u* (4D’ - D)
= Yoo* (" D' — Co)(p*(4D" — D))
Cop*(D —4D') = e—3d = —1.

Therefore, the image of I in W is a nonsingular point of S’ = p(S").
Let us look at Oy (4Cp) ® p* det EV. Since we have

HO(Y, Oy(Co) @ p*Lyt) = HY(C, Ey® Ly') = HY(C, ) = C,
there exists a section C’ of p with Oy (C') = Oy (Cp) @ u* Ly on Y. Hence we have
HO(Y, Oy (4C)) ® p*det EV) = HO(Y, Oy (4C") @ Lo ® LTY).

First we consider the case where e —d > 2. Since deg(Lo® Ll_l) = e —d holds, there
does not exist a base point in Y \ C’. We consider the cohomology long exact sequence

induced by the exact sequence of sheaves

0 — Oy(3C") @ u* (Lo @ Ly 1)) — Oy (4C") @ p* (Lo ® L)
— Ocr ® Oy (4C") @ p* (Lo ® LiY) — 0.

Since we have

HYY, Oy (3C") @ u*(Lo® L{Y)) = HY(C, S*(Fy) @ Lo® L)
~HYC, F;®Lo® L) 20,
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the restriction mapping
HO(Y, Oy(4C") @ p* (Lo @ L11)) — HO(C', Ocr @ Oy (4C") @ p* (Lo © Ly 1))

is surjective. On the other hand, since we have (C")? = 0, the degree of the restriction
of Oy (4C") @ p*(Lo ® Li*) to C" is e — d > 2, hence there does not exist a base point
on C’ either.

When e — d = 1 holds, there exists a unique point p € C with Ly ® L1_1 = Oc(p). If
we denote [y := p~1(p) C Y, then Oy (4Cp) @ det EV =2 Oy (4C" +T). Hence, a general
member of [4Cy — p*D]| is nonsingular by Lemma 3.5. Thus a general member of the
complete linear system [4Y; — o*p* D] on X is also irreducible and nonsingular.

If e — d = 0 holds, since we have Ly = Ly by assumption, Oy (4Cy) @ pu* det EV =
Oy (4C") holds. Hence HY(Y, Oy (4Cp) ® u*det EV) =2 HO(Y, Oy (4C")) = HO(C, F;) =
C. Thus C" := ¢71(C") NY} is the base locus of |[4Y; — o*u*D|. We look at the
coefficient 13 € HO(Y, Oy(3C) ® u*(L @ det EV)) of ZgZ3, in ¥. Since we have
Oy (3Ch)@u*(Ledet EV) = Oy (3C")@pu* Lo, the divisor (13) on Y defined by general 13
intersects C” at deg Ly = eg points transversally. Let p be one of these intersection points,
t, u local equations for C’ and (13) around p respectively, and denote zy := Zy/Zxo.
Then (¢, u, zg) gives a local coordinate system of X around pg := o~ !(p) N Yy. ¥ can

be written as

U = wozé + ¢1z§ + @Dzzg + 320 + YPg = z0(¢0z3 + wlzg + thozo +u) + 4

around pg. This is an equation defining a rational double point of type As.

We have to consider the case E = L& (Fo ® O¢) with L € Ec(1, 1). (In this case, we
have e = 2 and d = 1, hence 3d—e = 1 and e—d = 1 above hold at the same time.) In this
case, the coefficient 1; of Zg ' Z. in ¥ € HY(X, Oc(4Y1)@0*u* det EV) is the element of
HO(Y, Oy (iCo)@u*(L2*D@det EV)) = HOY, Oy(C")@u*L). We have Bs |iC’+T| =
{yo} by Lemma 3.5, and hence Bs [4Y; —o*1*D| = o~ (yo) U{(1oo) "1 (p)NYoo }. We have
already seen that a general member of [4Y; —o*11* D| is nonsingular along (poc) ™! (p)NYae.
We only have to prove that it is nonsingular along o~!(yg). Since all the nonsingular
members of [4C" +T'y| have the same tangent at yo by Lemma 3.5, we can choose a local
coordinate (¢, u) around yp such that ¢ = 0 is the local equation of 'y and that u = 0
gives the tangent of nonsingular members of [4C" + T'y| at yo. If we denote z := Zy/Zo,

then ¥ can be written as

U = agtz? + (art + byu + 11 (t, 1)) 2> + (ast + bou + 15(t, 1)) 2>
+(ast + bzu + 13(t,u))z + (bau + 1a(t, u))

near 0~ (yo) \ Yoo, where a;, b; € C, (i=0, 1, 2, 3, j =1, 2, 3, 4), and ¢;(t, u), (j =
1, 2, 3, 4) is the sum of all the monomials with respect to ¢t and u with degree at least

two. Since W is general, we may assume ag # 0 and by # 0. Since the tangent of a
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nonsingular member of [iC” +T'y| and the tangent of a nonsingular member of |jC” + Iy
are distinct when ¢ # j by Lemma 3.5, we have ajasasbibabs # 0. We have
ov _ 3 6L1 2 aLg abg 8L4
E—Z{W +(a1+a)z + (”*W)Z* (%*a) +5}7

ov _ 8L1 3 aLg 2 abg 8L4
8_’11,_ (b1+%>2 +<62+%>Z +(b3+%)2+b4+—u,

and if we fix a1, ao and ag, then by, by and bg are uniquely determined. On the other
hand, ag and by can be chosen independently of them, and hence the two equations
0¥ /0t = 0 and 0¥ /Ju = 0 do not have the same solutions, since ¥ is general. Therefore,

the divisor (¥) is nonsingular along o~ (y).

Finally, we investigate the image of Yoo NS” in W where S” := (V). If we substitute
Zso = 0 into ¥ = 0, then we get 1/10261 = 0. Since we have Zy # 0 on Y, 9 = 0 must
hold. From ¢y € HO(Y, p*(L®* ®@det EV)), and deg(L®* @ det EV) = 3d — e, we see that
S" intersects Yoo = Y 2 €' at 3d — e fibers. We can obtain Y2S" = e—3d by the same
caluculation as above. Therefore these are all (—1)-curves. Hence the image of Yo, N.S”

in W is a finite set of nonsingular points of S’ := p(S”).

(iii) The case where (3d = ¢ > 0 and Lo ® LY® % O¢), (3d < e < 4d), or (e = 4d > 0
and Lo® LY? 22 O¢). Since we have HO(Y, p*(L®*@det EV)) = H(C, Ly® L1%3) =0,
the coefficient g of Zg in W is always 0. Hence S” := (¥) has Z., as a component, i.e., the
image of S” in W by p contains C. In this case, we have to consider the complete linear
system of Ox(4Y1) @ o*pu*det EY @ Ox(—Ys) = Ox(3Y1) @ 0*(Oy (Cp) @ p* det EV).
Any U :=V/Z,, € H(X, Ox(3Y1) ® 0*(Oy(Cp) ® p* det EV)) can be written as

3
U= 12y 171,
=0
Pi1 € HOY, Oy ((j + 1)Co) @ p* (L2 @ det EV)), (j =0, -+, 3).

Since we have deg(Lo®@LP?) = 2d—ep = (1/2)(4d—e) > 0, and deg(Lo®L; ') = e—d > 0,
we see that 1y # 0 and 93 # 0 hold for general U by assumption. Therefore it is sufficient
to investigate the base points of the complete linear systems of Oy (Co)@u* (LE3®det EV)
and Oy (4Cy)@p*(det EY) on'Y to investigate the base points of Ox (3Y1)®0*(OY (Ch)®
p*(det EV)).

Let us look at Oy (Co)@u* (L¥3@det EVY). Since we have Oy (Cp)@pu* (L®3@det EV) =
Oy (CY@u*(Lo®@ LY?) and deg(Lo® LY?) = (1/2)(4d—e), we obtain the following results
about the base points. If 4d — e > 4 holds, then base points do not exist. If 4d — e = 2
holds, then there exists a unique isolated base point on C’. If 4d — e = 0 holds, then we
have |C’| = {C'}. In each case, we can easily see that a general ¥ is nonsingular over
the base points of the complete linear system of Oy (Cp) ®@ u*(L®3 @ det EV) by looking

at the above equation for 0.
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Let us look at Oy (4Cy) @ p*(det EY). Since Oy (4Cy) @ pu*(det EV) & Oy (4C") ®
(Lo ® L7Y) and deg(Lo ® L") = e —d > 2 hold, the complete linear system of
Oy (4Cp) @ p*(det EV) is base point free.

By what we have seen so far, a general member of the complete linear system of
Ox(3Y1) ® 0*(Oy(Cp) @ p* det EV) is irreducible and nonsingular.

Let S” be a general member of the complete linear system of Ox (3Y1)®0*(Oy (Ch) ®
p*(det EV)). We may assume that S” is irreducible and nonsingular. We study
the multiplicity of each point of the image of S” NYy on S := p(S”) by p. I
¥ e HO(X, Ox(3Y1) ® 0*(Oy(Cy) @ p*(det EV)) is a global section defining S”, and if
we substitute Z,, = 0 into ¥ = 0, then we obtain Y1Z3 = 0. Since Zy # 0 holds on
Yoo, we have 901 = 0. Since ¢ is an element of HO(Y, Oy (Cp) ® p*(L®? @ det EV)),
we investigate the complete linear system of Oy (Cp) ® pu*(L®? @ det EV). A general
member is irreducible and nonsingular when 4d — e > 4 or 4d — e = 0 as we saw above.
If 4d — e = 2 holds, since Oy (Cp) @ p*(L®? ® det EV) = Oy (C") = p* (Lo ® LY?) and
deg(Lo ® LY?) = 1 hold, we have Oy (Cp) ® p*(L®3 @ det EY) = Oy (C" +T), where T is
the fiber of u such that O¢(p) = Lo ® LY? for p := u(T). If we denote I := p~1(p') for
any p’ € C, then we have

HO(Y, Oy (C' +T - T")) = H(C, F, = Oc(p—1p)) =0,
so no member has any fiber as a component except I'. On the other hand, we have
dim H(Y, Oy (C' 4+ T)) = dim H°(C, Fy ® Oc(p)) = 2,

so a general member of the complete linear system of Oy (Cp) ® pu*(L®? @ det EV) is
irreducible and nonsingular by what we saw above. Hence S” N Y, is an irreducible
section of Yoo 2 Y Nalyo! , and does not contain any fiber, so each point of its image by

p is nonsingular on S’.

(iv) The case where (e = 4d and Ly ® LY? 2 O¢) or (4d < €). Since we have
HOY, p*(L®* @ det EY)) = H(C, Lo ® LY?) = 0 and H(Y, Oy(Cy) @ pu* (L% @
det EV)) = HY(C, F» ® Lo ® LY?) = 0, the coefficients 1y of Z§ and vy of Z3Z; are
always 0. Hence (V) has 2Y,, as a component. This means that the image of (V) in W
contains C; as a singular curve. Therefore the complete linear system |47 — 7*D| on W

does not have irreducible members with at most rational double points as singularities.

4.2.2 Existence in the case where ¢ is odd

Denote e =: 2eg + 1. If we fix any Fb 1 € Ec(2, 1), there exist Ly € Ec(1, ep) and
Ly e &c(1, d—ep) with By = Lo® F5 1 and L = Lo® Ly. Hence E = Lo ® (F3,1 & L)
holds. Let Ly (k = 1, 2, 3) be the nontrivial line bundles on the elliptic curve C
satisfying L’% =~ Oc¢.
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Theorem 4.11 Let the conditions and notation be as above. Then the complete linear
system |[4T — w*D| on W satisfies the condition (A) if and only if one of the following
(1) and (2) holds:

(1) e=d >0 anddet Fy ;@ Lo@ Ly " is isomorphic to one of Oc and Ly, (k =1, 2, 3).

(2) d<e<4d.

We use the following result by Ashikaga [1] to prove this theorem. Since [1] is

unpublished, we give the proof for the readers’ convenience.

Lemma 4.12 If Ly (k =1, 2, 3) are the three nontrivial line bundles satisfying £?2 =
Oc, and if Fy 1 is an indecomposable locally free sheaf of rank 2 and degree 1 on an

elliptic curve C, then the following hold for any nonnegative integer m:

3
(1) S*m(Fyy) = (05" @ (@D Ly)®™) ® (det Fy, )=
k=1

3
(2) S4m+2(F271) ~ OEBm @ )EBm-H (detF2,1)®(2m+1)-

Proof First, we show the statement for SQFZ 1. We have

o 1@F 1 2 S?F 1 @detFy
Bk, =2 (Oce®Lli®Lod L) M

for some M € £c(1, 1) by the Clebsch-Gordan formula [4, p.438], and Atiyah’s result
[4, Theorem 14]. Hence det F; 1 is isomorphic to one of M and M & Ly, (k =1, 2, 3)
by the Krull-Schmidt theorem. If det F5 | = M holds, then there is nothing to prove. If
det F5 1 = L1 ® M holds, then since we have Lifl = L1, we obtain det Fp 1 = L1 ® M.

Hence we have

S?Fy 1 2 (Oc® L2 ® L3) ® L1 ® det Fy, 1 2 (L1 ® L3 ® L2) ® det F,
> (L1 DLy D L) @det Fy q.

If we assume det I 1 = L, ® M (k =2, 3), then we obtain the same result.

To complete the proof, it is sufficient to show the following (i), (ii) and (iii):

(i) S'F 1 = (0F2 @ L1 @ Lo @ L3) ® (det F, 1)®2

(ii) (1) of the lemma is true under the assumption that the lemma is true for all the
even integers less than or equal to 4m — 2.

(iii) (2) of the lemma is true under the assumption that the lemma is true for all the
even integers less than or equal to 4m.

We show only (ii) here. (i) and (iii) can be shown in the same way.
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We have
S Fy 1 @ S?F 1 2 ST, 1 @ (det By, 1) @ SR 1 @ By
~ GIMH2E, 1 @ (det o, 1) ® ((S4mF2, 1D (det Fp, 1) ® SY™ 2Ry 1)
= SR 1 6 ((det Py, 1) ® S By 1) @ ((det Fo, 1) © S 2, 4 )
for m > 0 by the Clebsch-Gordan formula. On the other hand, we have
SimEy 1 @S2y 4
= ((92“”“’ ©(L1® LD 53)@m) ® (det Fy, 1)@
QL1 & L2 B L3) ® (det Fy, 1)
=~ (0237” (L@ Ly @ 53)@(3’”“)) ® (det Fy, 1)®m+D)
by the induction assumption, and furthermore, we have
((det Fp, 1) ® S*™Fy 1) @ ((det Fy, 1)*? @ S*™ 2 Fy 1)
= (O™ @ (L1 @ Lo ® L3)®™) @ (det Fy, 1)+
® (O?‘m‘l) (L@ Ly @ £3)@m) ® (det Fy, 1)®m+1)
= (Oggm D (ﬁl DL D £3>€B2m) & (det F27 1>®(2m+1)_

Hence we have
S4m-&-2}727 | (Ogm ® (»Cl ® Lo ® Eg)@(m+1)) ® (det };127 1)@(2m+1)
by the Krull-Schmidt theorem. q.e.d.

Let us now prove Theorem 4.11.

By the remark after Proposition 3.3, the case e < 0, the case d < 0 and the case
L = O¢ may be excluded.

(i) The case where (e < d), or (e = d and det Fp, 1 ® Lo ® Ly is isomorphic to none
of O¢ and Ly, (k =1, 2, 3)). We obtain the following isomorphism from Lemma 4.12.

HY(Y, Oy (4Cp) ® p* det EY)
~ HO(C, S*(Fy) @ det EV)
=~ HO(C, S'(Fy,1) @ L' @ (L )** @ LT @ det FY )
=~ HO(C, S*(Fy,1) @ det Fy , ® Lo ® Ly ")

3
~ HO(C, (det Fy1) ® Lo ® Ly ')®? @(@ HY(C,(det F51) @ Lo®@ L' ® ck)>
k=1

I

0.

Therefore, the coefficient 14 for Z4 of W is always 0, and (¥) has Y; as a component.
This means that the image of (V) in W by p is not irreducible.
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(ii) The case where (e = d > 0 and det I, 1 ® Lo ® L is isomorphic to one of O¢
and Ly, (k=1, 2, 3)), (d < e < 3d), or (e =3d>0and Lo ® LT = det Fy 1).

For general ¥ € HY(X, Ox(4Y1) ® o*p*det EV), we have ¢; # 0 (j = 0, ---, 4)
as in the case of e even. Hence base points of the complete linear system of Ox(4Y7) ®
o*u* det EV exist only over the base points of the complete linear systems of Oy (4Cp) ®
det EV and p*(L®* @ det EV) on Y. We investigate the existence of these base points.

Let us look at L®* @ det EV. Since we have deg(L®* @ det EY) = deg(Lo ® LY ®
det Fp 1) = 3d — e >0, and Lo ® LY ® det Fy 1 & O¢ when 3d — e = 0 holds, there do
not exist base points if 3d — e # 1. If 3d — e = 1 holds, then there exists a point g € C
with L®* @ det BV = O¢(q). If we denote T' := Yoo N0~ 'u~!(q), we have I' = P! and
this is contained in the base locus of [4Y; —o*u*D|. We can show that I' is a (—1)-curve
of §” := (¥) and p(T) is a nonsingular point of S” := p(S”) as before.

Let us now look at Oy (4Cy) ® p*det EV. We fix any point ¢ € C and denote
[ := u~1(q). If the restriction mapping

HO(Y, Oy (4Cy) @ p* det EV) — HO(T, Op(4Cy)) = HO(PL, Opi(4))

is surjective, then there do not exist base points on I', and since ¢ is an arbitrary point
of C, the base locus Bs|4Cy — p*D| is empty.

Since we have

HY(Y, Oy (4Cy) @ p*(Oc(—¢q) @ det EV)
>~ HY(C, det Fyy ® Ly ® L' @ Oc(—q))®2
3
® (@ HY(C, det F1 ® Lo® L7 ® Oc(—q) @ Ek)> ;
k=1

this cohomology group is 0 if deg(det F», 1 ® Lo ® Ll_1 ®O0c(—q) =e—d—12>1, ie,
e —d > 2, and hence the above restriction mapping is surjective.
We consider the case where e — d = 0, 1. For that purpose, we need to study the

structure of ¥ more precisely. Let us look at the complete linear system of Oy (4Cj) ®
p*(det Ey)®2. Since

HO(Y, Oy (4C)) ® p*(det Ey)®?) = H(C, S*Ey ® (det EY)®?)

=~ H(C, Oc)* & <é H(C, ﬁk)> )
k=1

we have dim HY(Y, Oy (4Cp) ® p*(det Ey)®?) = 2. If we let Dy € Div(C) be a divisor
with O¢(Dg) = det Ey, then

(4Co — 2p* Dg)? = 1603 — 16Cou* Dy = 16 — 16¢ = 0

holds. Hence this complete linear system is a linear pencil which has no base point. Let
¢ : Y — P! be the corresponding fibration. The invertible sheaves M, := Oy (2Cy) ®

34



P (Ly @ det Fy 1) (k =1, 2, 3) satisfy M = Oy (4Cp) ® p*(det EY)®2, and
HO(Y, M) =2 H(C, S’Ey ® Ly, @ det Fy ) = H(C, L ® (L1® L2 ® L3)) =2 C

by Lemma 4.12, hence ¢ has three multiple fibers 2F; (k = 1, 2, 3) with F}, satisfying
M = Oy (Fy).
Next, we study the complete linear system of Oy (4Cp) ® p*((det EY)®? @ Ly). We
obtain
HO(Y, Oy (4Cp) @ p*((det EY)®? @ L)) = C

by the same caluculation as above. Therefore, the complete linear system of Oy (4Cp) ®

p*((det Ey)®? @ L3,) consists of a unique effective divisor. Since

Oy (4Co) @ p*((det EY)®2 @ £1) = My ® Ms
Oy (4Cp) @ p*((det E(\)/)®2 ®Ly) = Mz M
Oy (4Cp) @ p*((det E§)®? @ L3) = My ® Ma,

the complete linear systems consist of Fa + F3, F3 + Fi, F1 + Fa, respectively.

If e —d = 1, then since deg(det Ey)®? = 2¢ = 2d +2 and deg(det ) = e +d = 2d + 1
hold, there exists a unique point p € C with (det E)®? = (det E) ® O¢(p). Hence we
have

Oy (4Cp) @ p* det BV = (Oy (4Cp) ® p*(det Fp)®?) @ u*Oc(p).

Since the complete linear system of Oy (4Cp) ® p*(det EY)®? is a pencil without base
points, any base point of [4Cy — p* D| exists only on I' := u~!(p). Let py € C be a point
with (det Ep)®? ®@ Ly = (det E) ® Oc(pr), and denote Ty := u~(py) for k = 1, 2, 3.
Then we have I'1 + Fo+ F3, To+Fs+F1, Ts+Fi+Fe € |[4Co—p*D|. Since p, p1, p2, P3
are pairwise different, and since F1, F» and JF3 intersect I' at different points, we obtain
Bs [4Cy — p*D| = 0.

If e—d =0, then det F 1 ®L0®L1_1 is isomorphic to one of O¢ and Ly, (k =1, 2, 3)
by assumption.
If det Fp 1 ® Lo ® Lfl = O¢ holds, then since we have

det B~ LY @ L' @ det Fy 1 =2 L§* @ (det Fy, 1)®? = det F,

the complete linear system of Oy (4Cy) ® p*det EV is a pencil without base points as
above.
If det Fp 1 ® Lo ® Lfl = £1 holds, then since

det E~ L ® Ly @det Fp, 1 = LY* @ (det Fy, 1)®? © £ = (det Ep)®? ® Ly,

we have
Oy (4C) @ p* det EY = Oy (4Cy) @ p*((det Ep)®? @ L1).
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Hence we obtain [4Cy — u*D| = {Fa + F3}. Therefore, o~ (F2 U F3) NY) is contained
in Bs|[4Y] — o*u*D|. Since Zy, # 0 on Yp, if we denote zy := Zy/Z~, then a general
U e HO(X, Ox(4Y1) ® o*u* det EV) can be written as

U = 17210261 + ¢12’8 + ¢22§ + 320 + Yy, P € HO(Y, Oy(iCa) X H*(L®(4_i) ® det Ev)7

and 14 has zero of order 1 along Fy U F3. Hence the divisor (V) on X defined by a
general V¥ is nonsingular along o~ 1(F, U F3) N Y.
We can obtain the same result in the case det F5 1 ® Lo ® Lfl > Lo, L3 by the same

calculation.

As in the case of (ii) with e even, we can show that if we denote S” := (¥), then
S” N Yy is a disjoint union of 3d — e pieces of (—1)-curves and their images by p are

nonsingular points of S’ := p(S”) C W.

(iif) The case where (e = 3d > 0 and Lo ® L 2 det Fy 1), or (3d < e < 4d). Note

that since e is assumed to be odd, we have e # 4d.

Since we have HO(Y, p*(L®* @ det EY)) = HO(C, det Fy 1 ® Lo ® LY?) = 0, we
have to study the complete linear system of Ox(3Y1) ® o*(Oy (Cp) @ p* det EV) for the
same reason as in the case (iii) with e even. Hence we have to consider the base point
of the complete linear systems of Oy (Cp) ® p*(L®? @ det EV) and Oy (4Cp) ® p* det EV

similarly as before.

Let us look at Oy (Cp) ® p*(L¥? @ det EV). We fix any point ¢ € C, and denote
I':=puY(g) CY. Since we have

H'(Y, Oy(Co) @ p*(L¥° @ (det EY) © Oc(—q)))
=~ HY(C, Fo,1 ® (det Fy 1) ® Lo ® L$* ® Oc(—q))

and
deg(Fy, 1 @det(Fy 1) ® Lo@ LY? ® Oc(—q)) = 1+2(—1+eg+2d —2eg — 1) = 4d — e — 2,
and since e is odd, the restriction mapping

HO(Y, Oy (Cy) @ p*(L®3 @ det EV)) — HY(T', Op(Cp)) = HO(P!, Op1(1))

is surjective when 4d — e > 3 holds. Hence the complete linear system of Oy (Cp) ®
pw*(L®3 @ det EV) has no base point.
In the case 4d — e = 1, since we have
dim H(Y, Oy (Cp) @ p*(L® @ det EV) = dim H°(C, Ey ® L®? @ det EV)
=dim H(C, F5,1 ® Loy ® LF? @ det Fy ) = 1+ 2(eq + 2d — 2¢g — 1)
=14+4d—2ep—2=1,
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the complete linear system of Oy (Co) @ p*(L¥3@det E) consists of a unique irreducible
nonsingular section C’ of p. Therefore, the set of base points of the complete linear
system of Ox (3Y7) ® o*(Oy(Co) ® p* det EV) contains 0~ (C’) N Ya. Since Zy # 0 on

Yoo, if we denote zo, := Zoo/Zp, U can be written as

U = 9y + Pazeo + Y322 + Pgz25,

on Yoo, and ¢ € HO(Y, Oy (Co) @ p*(L®® @ det EV)) has zeros of order 1 along C’, so
the divisor (¥) defined by a general W is nonsingular along o~ (C’) N Yae.

Let us now look at Oy (4Cy) ® p*det EY. We fix any point ¢ € C, and denote
[ = Y(g). We have

HY\(Y, Oy (4C)) ® p*(det BV ® Oc(—q)))
=~ [{Y(C, (det F2,1) ® Lo ® L' @ Oc(—q))

® (é HYC, (det Fy 1) @ Lo ® L' @ Oc(—q) ® ,ck)> .
k=1
Under our assumption, we have
deg(det Fp, 1@ Lo®@ L7 '®0c(—q)) = deg(det Fo, 1@ Lo®@ Ly 'Oc(—q)@Ly,) = e—d—1 > 0.
Thus HY(Y, Oy (4Cp) @ p*(det EY @ Oc(—q)) = 0 holds. Hence the restriction mapping
HO(Y, Oy (4Cp) ® p* det EV) — HO(T', Or(4C,)) = H(P!, Op1(4))

is always surjective. Consequently, the complete linear system of Oy (4Cy) @ p* det EV

has no base point.

(iv) The case where 4d < e. The images of all the members of |4Y] — o*p*D| in W

have non-isolated singularity for the same reason as in the case (iv) with e even.

Remark (1) We can prove Theorem 4.11 above by using an isogeny ¢ : C—C
with deg ¢ = 2 of elliptic curves as in §4.3.4 below where we use an isogeny of degree 3.
(2) The existence of the linear pencil ¢ : Y — P! and the multiple fibers 2F; (k =
1, 2, 3) above was proved by Suwa [19, §4]. What we mentioned in the proof of Theorem

4.11 is a re-interpretation of Suwa’s result by means of Lemma 4.12 due to Ashikaga.

4.2.3 The canonical mapping

In this section, we study the canonical mappings of those surfaces whose existences were
shown in §84.10-4.11. Let Ey be a locally free sheaf of rank 2 and degree e over an
elliptic curve C, and L an invertible sheaf of degree d over C'. Furthermore, Fy and L
are assumed to satisfy the conditions of Theorem 4.10 when e is even, and Theorem 4.11

when e is odd.
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Lemma 4.13 If p: Y := P(Ey) — C is the ruled surface associated to Ey € Ec(2, 4),
and Cy is a section of p with p.Oy(Co) = Ep, then ®|¢,| is birational onto its image.

Proof Let § € Div(C) be a divisor satisfying Lo = O¢ (). Since
HO(Y7 OY(CO) ® M*Oc(—(S)) = HO(C7 Ey® Lal) = HO(Cv FZ) = C,

there exists a section C’ of p with |Cy — p*0| = {C'}.

Let q1, ¢2 € Y \ C’ be any pair of points contained in different fibers of u, and I'y
the fiber of u containing ¢ .

Since dim H(Y, Oy(Cy —T'1)) = 2 and (Cy — T'1)? = 2 > 0, |Cp — I'1] has base
points. If T' is any fiber of y, then HY(Y, Oy (Co—T1-T)) =2 HY(C, Ey® Oc(—p1 —p)),
where p; := u(q1) and p := p(I"). Hence if p satisfies Oc(p1 + p) # Lo, then the above

cohomology group is 0, and the restriction mapping
HO(Y, Oy(Cy—T1)) — HYT, Op(Cy—T'))

is surjective. Let p; € C be the point with Ly = O¢(p1 + p}), and denote I} := =1 (p}).
The base points of |Cy — I'1| are on I';. Since (Cp — I'1)T"} = 1, the number of the base
points is one. On the other hand, since (Cy — I'})C” = 1, the base point of |Cy — I'}] is
the intersection point of C’ and I'}. Since g2 & C’, there exists a member C{, of |Cy —T'1]
which does not contain ¢g2. Then C{ + I'1 contains ¢; but not g2. Hence |Cp| separates

¢1 and g2, and P, is birational onto its image. q.e.d.

Lemma 4.14 Let T be a tautological divisor of the P2-bundle m : W := P(E) — C
associated to a locally free sheaf E = Ey® L (Ey € Ec(2, €), L € Ec(1, d)) satisfying
mOw (T) =2 E. Assume that Ey and L satisfy the conditions of Theorem 4.10 (e even)
or 4.11 (e odd). Then ®p| is a birational mapping onto its image if e +d > 5 holds.

Proof We can show that the restriction of @7 to a general fiber F' of 7 gives an
isomorphism of F' onto its image as in the proof of Lemma 4.2.

Let p: X =W, 0: X >Y, u:Y — C, Cy, Cq, Y1, Yo, Yoo, Zy and Z,, be
as in the previous section. Since @y, = ®|p| o p, if Py, is birational onto its image,
@7 is also birational onto its image. Therefore, it suffices to show that there exists a
Zariski open subset of X such that any pair of points in it contained in different fibers
are separated by |Y7].

Since we have HY(X, Ox(Y1)) = HO(Y, Oy(Cy)) @ H°(C, L), any ¥ €
H°(X, Ox(Y1)) can be written as

U =920+ YoZoo, ¥ EH(C, L), oo € H'(Y, Oy (Cyp)).

Hence if d > 3, then X \ Yj satisfies the above condition. (Look at all the elements of
the form 19Zy.) If e > 6, since there exist a section C’ of y and a divisor § € Div(C)
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with degd > 3 such that Cy ~ C’ + p*§ holds, X \ {Yy U u~(Cp)} satisfies the above
condition. (Look at all the elements of the form ¢Z.) If (e, d) = (5, 2), then
X\ {YoUYe Uput(Cy)} satisfies the above condition. (Look at all the elements of the
form 19 Zy and o0 Zoo.)

In the cases (e, d) = (4, 2), (4, 1), X \ {Yoo Up~1(C")} satisfies the above condition
by Lemma 4.14. (Look at all the elements of the form ¥ Zno.)

If (e, d) = (3, 2), then we have Bs|Y1| = (), and hence ®y;| is a morphism. Since
Y = 5 and the degree of the image of X cannot be 1, ®)y,| is a birational morphism.

q.e.d.

Corollary 4.15 The canonical mapping of any surface S whose existence is guaranteed
by Theorem 4.10, Theorem 4.11 and condition (A) is birational onto its image if py(S) >
5 holds. If (e, d) # (4, 1), then the canonical mapping is a morphism. If (e, d) = (4, 1),

then |Kg| has a unique isolated base point, and its canonical image is non-normal.

Proof The birationality can be proved in the same way as in the proof of Corollary
4.3. If e > 3 and d > 2, then Bs|Yj| = () by the proof of Lemma 4.14, and ® ) is
birational onto its image in the case (e, d) # (4, 1). In the case (e, d) = (4, 1), the base
locus of [4T — 7* D] contains the section C; := P(E/Ep) of m by the proof of Theorem
4.11. On the other hand, the base locus of |T| consists of a unique point contained in C.
Hence the complete linear system of the canonical bundle of a general member S has
only one isolated base point. The non-normality of the canonical image can be shown in

the same way as in the proof of Corollary 4.4. q.e.d.

Proposition 4.16 Let 7 : W := P(E) — C be the P2-bundle associated to the locally
free sheaf E := Eoy® L, (Ey € Ec(2, 2), L € E(1, 1)), T the tautological divisor
with m,.Ow (T) = E, and Lo € Ec(1, 1), L1 € Ec(1, 0) the invertible sheaves satisfying
Ey=2Loy® Fy and L = Ly® Ly. If S € |4T — w*D| is irreducible and nonsingular, then

we have the following:
(1) deg @iy =9, if LT* % Oc.
2) deg ® . =8, if L?? = O¢ and L1 2 O¢.
|Ks| 1

(3) deg (I)|KS| = 4, ile = Oc.

Proof First, we consider the cases (1) and (2). Since deg L = d = 1, there exists a
point p € C with L = O¢(p). Furthermore, there exists a point ¢ € Y with Bs |Cy| = {q}
by the proof of Lemma 4.13. Hence we see that the base locus of |Y]| is the union of the
curve (po o)1 (p) N Ya and the point 0~ 1(¢) NYy in the same way as in the proof of
Lemma 4.14.
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Recall that any ¥ € H°(X, Ox(4Y}) ® o*p* det EV) can be written as

U = 02y + 123 Zoo + 02 20 Z2, + 03 Z0Z3, + aZa,
Y € HY(Y, Oy (iCy) @ p*(LE“~9) @ det EY)).

There exists a section C' of p with Oy (C") = Oy (Cy) ® u*Ly* by §4.2.1. Since
Oy (4Cp) ® p* det EV = Oy (4C") @ p*(Lo ® L) and deg(Lo ® L) = 1, there exists a
point pg € C with Ly ® L1_1 = Oc(po), and the intersection point ¢’ of p=1(pg) with C’
satisfies Bs [4Cy — u*D| = {¢'}. Hence we have 0~ !(¢') N Yy C Bs |[4Y; — o*u*D|.

Since L®* @ det BV = Loy ® LY?, deg Lo = 1 and deg L; = 0, we have deg(L®* ®
det EV) = 1, and there exists a point p’ € C with L®* ® det EV = O¢(p'). Hence we
have (o o) H(p') N Yo C Bs|4Y; — o*p* D).

q coincide with ¢’ if and only if Lo = Lo ® L', hence L1 = O¢. p coincide with p/
if and only if L = L®* ® det EV. Since L = Ly ® L; and L®* @ det EY = Ly ® LT3, this
is equivalent to LY? = Oc.

Hence, if L?Q 2 O¢ holds, then we have ¢ # ¢/ and p # p/, and the complete linear
system of the canonical divisor of a general member of |4Y; — ¢*p* D| has no base point.
Therefore, in this case, we obtain deg @ x| = 9.

If L‘?Q >~ O¢ and L1 2 O¢ hold, then we have ¢ # ¢/ and p = p’. Hence the complete
linear system of the canonical divisor of a general member of |47 — 7*D| has one isolated

base point. We have the following elementary transformation (cf. [15]):

w
¢/ N
w w’
N S
C

where 7/ : W/ — C is the P2-bundle associated to a locally free sheaf E' := Ey ® O¢ of
rank 3 over C, ¢ is the blowing-up at the isolated base point of [4T —7*D|, and ¢’ is the
blowing-up along the line P(Ey ®o, Op) C W’. Let T' be the tautological divisor with
7, Ow (T') 2 E’. The complete linear system |T'| on W is mapped to the complete linear
system |T”| by this elementary transformation. Furthermore, if S is the proper transform
of a general member S by ¢, and if we denote S’ := ¢/(S), then we have S’ ~ 41" by
the assumption LY? = O¢. Since |T'| has no base point on 7/~ (p), the complete linear
system of Oy (T") ®0,,, Os on S’ has no base point. Since deg @i, = deg ®|x |, and

since @ | factors as
Q)‘KS‘ : S' - — (I)|T/‘(S,) — ].)n7 (TL = pg(S) — 1),

we have deg ® || = TS = 4T"® = 4deg E' = 8.
Finally, we consider the case (3), i.e., the case E X L ® (Fo ® O¢). If p, p/, ¢ and ¢

are as above, we have p = p/, ¢ = ¢ and p(q) = p. We can prove
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Bs|Yi|=Bs[4Y; —o*u*D| =0 () U{(noo) 1 NYo}

in the same way as above, and hence, Bs|T'| = Bs|4T — 7n*D| is a line contained in a
fiber 7= 1(p) C W.

We have the same elementary transformation as in the case (2). (We use the same
notation as above.) In this case, Bs |T”| consists of one point contained in 7/~!(p), and the
image S’ of the proper transform of a general member S € [4T —7*D| in W’ goes through
this point. If T} is the image of P(E/L) = P(L® F») — W in W', then we have Ty ~ T".
Let us regard Cp, C’ and p~!(p) as divisors on P(E/L) or T} in view of Y = P(E/L) =
Tj- In this notation, we have Oy (Tj) ®oy, O = Or;(Co) (% Ory (C” —l—u‘l(p))).
Since the restriction of S to P(E/L) is linearly equivalent to 4C” + u~!(p) and since
S" ~ AT, the restriction of S’ to T} is the sum of a divisor G which is linearly equivalent
to 4C" + u~Y(p) and 3u~Y(p). G goes through ¢ = p~1(p) N C’, and since S is generic,
G is nonsingular at ¢q. Cy also goes through ¢ and nonsingular at ¢, and Cy and G have
different tangents.

Let v : W — W be the blowing-up at g, T and S be the proper transforms of 7" and
S’ respectively, and denote £ := v~1(q). Since v*T" ~ T+&, we can prove v*S' ~ §+4&
by the above result. Although |T| has one isolated base point, S does not go through

the point. Hence we have
deg (I)|Ks| = deg ((I)\T||5') = T2§ = (V*T, - 5)2(11*8, - 45)
= (T =20 T)E+E) (V'S —4€) = TP — 48 = 4T® —4 = 4.

We treat the case (e, d) = (1, 1) in Propsition 4.41 in the next section.
In the case (e, d) = (3, 1), we have the following:

Lemma 4.17 Let 7 : W := P(E) — C be the P?-bundle associated to the locally free
sheaf E := Eo & L, (Eog € Ec(2, 3), L € Ec(1, 1)), and T the tautological divisor with
m.Ow(T) = E. Then @1 is a triple covering of W over P3.

We prove the following lemma to show Lemma 4.17:

Lemma 4.18 If u: Y := P(Ey) — C is the ruled surface associated to the locally free
sheaf Ey € Ec(2, 3), and if Cy is a section of p with u.Oy(Cy) = Ep, then we have
Bs |C()| = (Z)

Proof Let I' be any fiber of u, and denote p := u(I') € C. Since we have

H'(Y, Oy(Cy—T)) = H'(C, Ey® Oc(—p)) =0,
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the restriction mapping
HOY, Oy(Co)) — HOT, Op(Cy)) = HOPY, Opi (1)
is surjective, and |Cp| has no base point. q.e.d.
Proof of Lemma 4.17 First we consider the pull-back of |T| to X. Since
H(X, Ox(Y1)) = H(Y, Oy(Cy)) ® H°(C, L),
any Z € HY(X, Ox(Y1)) can be written as
Z =020 +vYocZoo, W0 € HY(C, L), thoo € H(Y, Oy(Co)).

Since Bs|Cp| = 0 by Lemma 4.18, and since deg L = 1, the base locus of |Y7| is the curve
Yoo N (g0 a)7L(p), where p € C is the point with L = O¢(p). This curve is contracted
to a point ¢ by p: X — W, and we have Bs|T| = {q}.

Let 7' : W' := P(E') — C be the P?-bundle associated to the locally free sheaf
E' := Ey® O¢, and T’ the tautological divisor with 7, Oy (T") = E’. We obtain an

elementary transformation

W
¢/ N\ o
W’ W

as before where ¢ is the blowing-up at ¢q. The image by ¢ of the proper transform of T'
by ¢ is linearly equivalent to 1.

If F' is any fiber of 7/, we have
HY (W', Ow/(T" = F')) =2 H'(C, E'® Oc(-p))
=~ H'(C, Ey® Oc(—p)) & H'(C, Oc(—p))
and
HYW', Ow(T)) = HY(C, E') = HY(C, Ey) ® H(C, O¢).

These cohomology groups are one-dimensional and hence the canonical homomorphism
HY W', Ow(T'—F")) — H (W', Ow(T")) is an isomorphism. Therefore the restriction
mapping

HY W', Ow(T")) — HO(F', Op(T"))

is surjective, and we obtain Bs|T’| = (. Hence deg ®7| = deg @) = (T”)® = 3 holds.
q.e.d.

In this case, we may assume E = L ® (Fy 1 ® O¢) by denoting Es 1 := Ey ® L1
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Lemma 4.19 Let p : Y — C be the ruled surface associated to a locally free sheaf
Ey € Ec(2, 3) of rank 2 over C, and Cy a section of u with u,Oy(Co) = Ey. Then
P4cy—pu# | 18 @ birational morphism onto its image for any divisor D € Div(C) of degree
4.

Proof It is known that Y is isomorphic to the symmetric product of C' of degree
2 (cf. [6]). Let n : C x C — Y be the quotient morphism. A point ¢ of ¥ may be
written as ¢ = (p, p') for two points p, p’ € C (possibly p = p’). The ruling p: Y — C
is expressed as u(q) = p + p’ where + is the group addition of the elliptic curve C once
an appropriate point of C' is chosen as 0. C' x {p} and {p} x C' are mapped to the same
curve C,, on Y by 7 for any point p € C. Since (C x {p} + {p} x C)* = 2 and degn = 2,
this curve C), is a section of p with self-intersection number 1. There exists a fiber I' of
p with Co ~ C, +T.

Hence the complete linear system [4Cy — p*D| contains a member of the form
E?:l pr (pi €C,i=1,2,3, 4)' Since n—l(U;1:10 z) = U?:l{(c X {pl})u({pl} X C>}7
for any point ¢ € Y, there exist points p; (1 = 1, 2, 3, 4) such that u;*zlcpi does not
contain ¢q. Hence we have Bs|4Cy — p*D| = 0.

Let q, ¢ € Y be distinct points which are not contained in the image under n of
the diagonal of C' x C, and denote ¢ = (p, p’). Then C, and Cy are two distinct
sections of p with self-intersection numbers 1. Since C,C)y = 1, at least one of C}, and
C does not go through ¢*. We may assume that C, does not go through ¢*. We can
show that the complete linear system [4Cy — 7*D — C,| contains a member of the form
E?:l Cp:, (pi € C, i =1, 2, 3), and there exist points p; € C (i = 1, 2, 3) such
that Z?:1 C)p, does not go through ¢’. Hence the complete linear system [4Cy — p*D|
separates ¢ and ¢'. q.e.d.

Proposition 4.20 Let 7 : W — C be the P?-bundle associated to the locally free sheaf
E=L® (F1®0c), (Leéc(l, 1), Fo1€&c(2, 1)), T the tautological divisor with
mOw(T) = E, and D € Div(C) a divisor with Oc(D) = det E. Then a general member

S € |AT — 7*D| is a canonical surface.

Proof By the proof of Theorem 4.11, we know that Bs [4T —7*D| = () holds when
L = det Fy 1, and that C := P(E/Ey) C W is the base locus of [4T — 7*D| when
L % det FQ7 1.

First, we consider the case L = det F3 1.

Since deg @7 = 3 by Lemma 4.17, we have deg @i = 1, 2 or 3. There is nothing
to prove if deg @k, = 1.

Assume deg @i = 2. Since Bs|T| consists of one point ¢ € W, a general member
S € |4T — 7*D| does not contain q. Let ¢ : W — W be the blowing-up at ¢ and
T C W the proper transform of T by ¢, and denote £ := ¢~ (q). In this case, the proper
transform S of S is linearly equivalent to 4T + 4€ — ¢*n*D. If ¢/ : W — W' is the
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elementary transformation appearing in the proof of Lemma 4.17, then S’ := ¢/(S) is
linearly equivalent to 47" +7n"*(4p— D) ~ 4T", where p € C' is the point with O¢(p) = L.
(In the rest of the proof, p denots this point.) Since S does not contain ¢, we may

identify as S = S, and Pk is factored as
(I)\KS\ S =95 - (I)|T/‘(S,) (C PS) .

Since (47")(1")* = 12 and deg @i, = 2, if H C P is a hyperplane, we have ®//(5") ~
6H. Since ®jp H ~ T', we have i (<I>|T/‘(S’)) ~ 67", and there exists a relative
hyperquadric surface @ € |27"| with
L (cpm(s’)) =9 +Q.

Since deg ®|7| = 3 and deg @ | = 2, we see that @) is birationaly equivalent to @k |(S).
On the other hand, @ is birationaly equivalent to a ruled surface over C. Thus S’ is
birationaly equivalent to a double covering of a ruled surface over C. Hence S’ has an
irrational pencil whose general fiber is a rational curve, an elliptic curve or a hyperelliptic
curve, which is absurd.

Assume deg @i | = 3. Denote C1 := P(E/Ep), and let g0 € 5"\ Cy be a point
such that <I>|_T1,‘ (CI)‘T/|(q0) consists of three distinct points ¢g, g1, ¢2. Since we can
prove that the restriction of @7/ to any fiber of 7 is an isomorphism onto its image by
the same proof as in Lemma 4.2, g1, g2, g3 are contained in distinct fibers of 7. Let
CicW,p: X—->W,o0:X—->Y,u:Y—-C, T, Cy Y1, Yy, Yoo, Zy and Z, be as in
Theorem 4.11. Since Zy € H*(X, Ox (Y1) ® o*u*L~1) and

HY(X, Ox(V1) @ 0" u"L™1) = HO(Y, (Oy(Co) @ p*L) @ p* L")

=~ HO(Y, Oy(Co— p*L) ® Oy) = H°(C, (Ey® L") & Oy),
this cohomology group is of dimension two. Since gy ¢ C1, we may choose Zj in such
a way that Zp(go) = 0 and that the divisor (Zy) is irreducible. The global section
U e H(X, Ox(4Y1) ® o*u* det EY) defining the proper transform S of S by p can be

written as
4 . .
U= i Zy ' 2L,
=0
Y € HOY, Oy (iCo) @ * LB @ det EV), (i =0, 1, ---, 4).

Since the complete linear system |T'| does not separate gy, g1 and g2, and since Yi(=
p*T) ~ (Zo) + ¢~ (7 (p)), we have Zo(q1) = Zo(ga) = 0. Hence we have ¥(g;) =
V4(qi) Zoo(qi)*, and ¢; (i = 1, 2) is contained in S’ if and only if 14(¢q;) = 0. On the
other hand, since ¥4 € H°(Y, Oy (4Cy) ® u* det EV), we have 104(q;) # 0 for a general S
by Lemma 4.19, and we obtain a contradiction.

Next, we consider the case L 2 det F3 1.

Since Bs|T| consists of the intersection point of Cy with 7=1(p), if we denote ¢ :
W — W, €, T and S as above, we have
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S ~ AT 4 36 — ¢*n*D,
and
S/ ~ 4TI _ W*(pl)7

where S' = ¢/(5) C W/, and p/ € C is the point with O¢(p') = det F», 1. Hence, the
invertible sheaf Oy (47") @ 7"*Oc(—p’) on W' cannot be the pull-back of any invertible
sheaf over P3, and we have deg P\ xg) # 3

We can prove that ®|x does not give rise to a double covering onto its image as in

the case L = det F» 1. Therefore, S is canonical in this case, too. q.e.d.
In the case (e, d) = (2, 2), we have the following:

Lemma 4.21 Let E = Ey & L be a locally free sheaf of rank 3 over an elliptic curve C
with By € Ec(2, 2) and L € Ec(1, 2). Furthermore, let 71 : W — C be the P%-bundle
associated to E, and T the tautological divisor with m.Ow (T) = E. Then the rational
mapping ®p| defined by the complete linear system |T'| has degree two.

In the notation of Lemma 4.21, there exists an invertible sheaf L € Eo(1, 1) with
Ey = L ® F,. Let pg € C be the point with L =2 Oc(pg), p: Y — C the ruled surface
assciated to Ey and Cj the section of p with p. Oy (Cpy) = Ep. Since

H(Y, Oy (Co) @ W' L™ = HY(C, Ey® L™ = H(C, F») = C,

there exists a unique section C’ with €’ ~ Cy — I'g, where T'g := p = (po).
Proof Letp: X =W o: X =Y, u:Y —C, Y1, Yy, Yoo, Zp and Z be as
above. Since H(X, Ox(Y1)) = H°(C, L) ® H°(Y, Oy(Cy)), any Z € HY(X, Ox(Y1))

can be written as
Z = P0Zo + Voo Zoo, Yo € H'(C, L), thoe € H(Y, Oy(Cp)).

Let yo € Y be as in Lemma 3.5. We have Bs|Y1| = {qo} by Lemma 3.5 and by deg L = 2,
where g := 0~ (yo) N Yp. If we identify go with p(qo) and so that go € W, then we have
Bs|T| = {qo}. Again by Lemma 3.5, two different general members of |Cy| intersect at
yo with multiplicity 2. Hence if we let ¢; : W1 — W be the blowing-up at qo, and 7" the
proper transform of 7', then the complete linear system |7”| has one base point ¢;. If we
let (o : Wo — W) be the blowing-up at ¢, and 7" the proper transform of 77, then we
have Bs |[T"| = §, dim |T”| = dim |T'| = 3 and (T")* = T® —2 = 2, and ®7» : ¥{" — P3

is the double covering. q.e.d.

Proposition 4.22 Let 7 : W — C be the P?-bundle associated to the locally free sheaf
E=2FEydL with Eg = Lo® Fy and L = L6®2 for some Lo € Ec(1, 1), T the tautological
divisor with m,Ow (T) = E, and D € Div(C) the divisor with Oc(D) = det E. Then a

general member S € [AT — *D| is a canonical surface.
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Proof We use the notation in the proof of Lemma 4.21. Furthermore, we regard
Yy to be a relative hyperplane of W by identifying p(Yp) with Yp.

The canonical mapping of the minimal resolution of singularities of a general member
S’ € |[AT — 7*D| has degree one or two by Lemma 4.21.

Since Bs|4T — 7n*D| = C’ and since S’ has a rational double point of type As at
qo € C' by the proof of Theorem 4.10, we have

S| ~ AT +2& — (™D,

where & := (; '(qo) and S is the proper transform of S’ by ¢;. Si has a rational double
point of type A;. On the other hand, since the support of the intersection of S’ with Yj
is C’, this rational double point does not coincide with ¢j. Hence the proper transform
Sy of S| by (o satisfies

Sh ~ AT + 6Ey + 281 — (3¢ D,

where & is the exceptional divisor of (2, and &] is the proper transform of & by (.
Since 62 + 28] # (3¢in* D, S, cannot be the pull-back of any effective divisor of P? by

7. Therefore, S is a canonical surface. q.e.d.

4.3 F is indecomposable

Let E be an indecomposable locally free sheaf of rank 3 over an elliptic curve C. Denote
d := deg E. We prove the following theorem in §§4.3.1-4.3.4. We consider the case d # 0
(mod 3) and d # 1, 2 in §4.3.1, the case d =0 (mod 3) and d # 3 in §4.3.2, the case
d = 3 in §4.3.3, and the case d = 2 in §4.3.4. We omit the case d = 1 because it was
investigated by Catanese and Ciliberto [6]. In §4.3.5, we study the canonical mapping
of the surfaces obtained in §§4.3.1-4.3.4. The results about the canonical mappings are
stated in Corollaries 4.37 and 4.39, and Propositions 4.40 and 4.41.
We only have to consider the case d > 0 by the remark immedietely before §4.1.

Theorem 4.23 Let 7 : W := P(E) — C be the P2-bundle associated to E, T a tauto-
logical divisor with m,.Ow (T') = E and D € Div(C) a divisor with Oc(D) = det E. The
complete linear system |AT — *D| on W satisfies the condition (A) if and only if d > 1.

Remark In this case, the complete linear system |47 — 7" D| turns out not to have
base points except the case d = 3, and hence its general member is irreducible and

nonsingular by Bertini’s theorem.

The restriction of Oy (4T) @ n*det EV to a fiber F of 7 is isomorphic to Op2(4).
The complete linear system of Op2(4) is base point free. Therefore to prove that the
complete linear system of Oy (4T) ® * det EV is base point free, it suffices to show the

following:
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Lemma 4.24 In the notation of Theorem 4.23, if we assume d > 4, then the restriction

mapping
HY(W, Ow(4T) @ 7* det EV) — HY(F, Op(4T)) = H°(P2, Op:(4))

1s surjective for any fiber F of .

4.3.1 The proof when deg F # 1, 2 is not divisible by 3

Denote d := deg E. By Theorem 3.4, if we choose and fix an arbitrary isogeny ¢ : C—C
of degree 3, there exists an invertible sheaf Lo of degree d over C' such that wlo =2 F.
Furthermore, if we denote G := kerp = {0, o0, 20} (60 € G, 0 # 0, 30 = 0) and
Ly :=T}Ly, Ly := T35, Lo where Tj, (i = 1, 2) is the translation by ic € G, then we
have ¢*E = Lo & L, & Lo. Denote E := ¢*E.

Let 7: W := P(E) — C and 7 : W := P(E) — C be the P?-bundles associated to
F and F, respectively. Let T" and T be tautological divisors on W and W, respectively,
such that m.Ow (T) = E and ﬁ*OW(T) =~ F. Consider the following diagram:

o

W - W
Tl s
- —

c v C

If we denote by ® the morphism from W to W in the above diagram, and choose a divisor
D € Div(C) such that Oé(f)) =~ det F, then T ~ ®*T and hence ®*Oyy (4T — 7*D) =
Oy, (4T — 7 D).

We prove Theorem 4.23 in the case d > 4, i.e., Lemma 4.24. If F' is any fiber of m, and
if we denote £ = Oy (4T — F) @ 7* det EV, then it suffices to show that HY(W, L) =0
holds.

The kernel ker ¢* of the isogeny ¢* : Pic’(C') — Pic?(C) corresponding to ¢ : C — C
is of the form {O¢, M, M®?} with M % O, M®3 = 0.

Lemma 4.25 In the above notation, we have
00 =2 0c® M M®2,

Proof The exact sequence 0 — Oc — ¢+ of sheaves splits by the homomorphism
(1/3)tr : .05 — Oc, where tr is the trace mapping. Hence there exists a locally free
sheaf £ of rank 2 over C' with ¢.Ogf = O¢ & €. On the other hand, since M ® ¢, O =
0Oz @ ¢*M) = ¢,05 holds by the projection formula, we have M & (M ® &) =
Oc @ €. Similarly, since M%®? @ 6.0 = 0.(05 @ P* M®?) = ¢+Og holds, we have
M2 3 (M®2® &) =2 Oc @ E. Hence we have £ =2 M @& M®? by Krull-Schmidt’s
theorem (cf. [4]). q.e.d.
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Remark In the proof of Lemma 4.25, we do not use the condition d > 4. Namely,
this lemma also holds in the case d <2 and d #0 (mod 3).

By Lemma 4.25, we get
HY W, &*L)= H\(W, £)® H' (W, L& M) e HY(W, Lo M®?).

Since the action of G on W is fixed point free, we have H(W, £) = H*(W, ®*£)% (cf.,
e.g., [9, p. 202, Corollaire]). On the other hand, if Fy, Fi, Fy are the fibers of # which
are in the inverse image of I’ by ®, then ®*L = OW(4T —Fy— F — 152) ® 7* det BV

holds. Hence if we denote ¢; := 7(F;) (: =0, 1, 2), then we get
Hl(W, L) = Hl(é, SYE® 7 (det EY® Oa(—q00 —q1 — q2)))
~ @ Hl(é«, Lg@(a—l) ® L?(B—l) ® Lgb(v—l) ® Oa(—q0 — @1 — ¢2))-

a, 3,720
a+B+y=4

Since d > 4 by our assumption, this cohomology group is equal to 0, and Theorem 4.23

in the case d > 4 is proved. q.e.d.

4.3.2 The proof when deg FE # 3 is divisible by 3

If we denote dy = d/3, there exists an invertible sheaf L of degree dy such that F = L& Fj.

First we prove Theorem 4.23 in the case d > 6, i.e., Lemma 4.24. If we let p := 7w(F),
then we have H'(W, Ow (4T — F) @ m*det EV) = HY(C, S*E ® det BV @ O¢(—p)) =
HY(C, S*F; ® L ® Oc(—p)). On the other hand, since F3 = S?(F,) by Atiyah [4,

Theorem 9], we have an isomorphism,
S*(F3) = S*(S*(Fr)) & Fy & Fs & O¢

by [8, p. 156]. Therefore we have an isomorphism

HY (W, Ow (4T — F) @ 7" det EV)
=~ HY(C, @ L® Oc(—p)) @ HY(C, Fs® L ® Oc(—p)) ® HY(C, L ® Oc(—p)).

Since deg(F; ® L ® O¢(—p)) = i(do — 1) > 0 for i = 1, 5, 9 (with F; = O¢), these

summands are all 0 if dyg > 2. Hence we have
HY (W, Ow (4T — F) @ n* det EY) = 0.

if dg > 2. q.e.d.

4.3.3 The proof when deg E = 3 holds

Let E be a locally free sheaf of rank 3 and degree 3 over an elliptic curve C. There exists
an invertible sheaf L € E-(1, 1) with F = L ® F3. Let pg € C be a point satisfying
L = Oc(po).
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Let 7 : W — C be the P2-bundle associated to E and T the tautological divisor with
T Ow(T) = E.

Lemma 4.26 Bs|T| consists of one point.

Proof Let F be a fiber of m over a point p € C'\ {pp}. Since
HY(W, Ow(T - F)) 2 H'(C, E® Oc(-p)) = H'(C, F5 @ Oc(p —p)) =0,
the following restriction mapping is surjective:
H (W, Ow(T)) — H(F, Op(T)) (= H°(P?, Op:(1))) .

Hence there is no base point on F'.

Denote Fy := 7 1(pg). Since
HY W, Ow(T - Fy)) = H'(C, E® Oc(—p)) = H'(C, F3) = C
and
HY W, Ow(T)) = H'(C, E) =0,
the image of the following restriction mapping is two-dimensional:
HO(W, Ow(T)) — H°(Fy, Or,(T)) (= HO(P2, Ops(1))).
q.e.d.
Let Fy be as in the proof of Lemma 4.26. Since we have det E = Oy (3pp), we have

to consider the complete linear system [47 — 3Fp|.

Since
HY(W, Ow/(T) @ n*L™") = H(C, E® L™") = H%(C, F3) = C,
there exists a unique relative hyperplane Ty with Ty ~ T — Fyp.

Lemma 4.27 Ty is isomorphic to the ruled surface P(F3). Furthermore, if Co C Ty is
a section of = mg, : To — C with 41.071,(Co) = Fa, then we have Ng, jw = O, (Co),
where N, jw is a normal bundle of Ty in W.

Proof Since T3 = 0, Nr,yw is isomorphic to O, or an invertible sheaf induced
from a nonzero divisor on Ty with self-intersection number zero.

If N7, yw = Ow holds, since we have Pic(W) = Z - Ty © 7* Pic(C), the restriction of
any divisor Z on W to Tj consists of fibers of u. Hence we must have Z?Ty = 0. On the
other hand, we have T?Ty = T?(T — Fy) = T° —T?Fy = 3—1 = 2 # 0, which contradicts
Z*Ty = 0.

Since we have T¢F = 1 for any fiber F of m, if C' C Tp is some section of j, then
there exists a divisor § on C' with Ny, ;i = O, (C' + p*9). On the other hand, we have
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dim H(Ty, Ny, yw) = dim H'(Ty, Ng,w) =0, 1,

by the cohomology long exact sequence induced from the exact sequence of sheaves
0 — Ow — Ow(To) — Np,yw — 0. The pairs of a ruled suface and a divisor on it

satisfying the above conditions are as follows:

(1) To = P(Oc@ L) with L € Pic®(C)\ {O¢}, and Co+ p*6 with 1,071, (Co) = Oc & L
and degd = 0,

(2) To = P(F3) and Cy + p*0 with p,.Og,(Cy) = Fz and degéd = 0,

where Cj is a section of u.

Assume (1) holds. Let dg € Div(C) be a divisor with L = O¢(do).

Since Ny, jw = O, (To) = Or, (Co+p*0), if we let pjy € C be a point with pf ~ po+9,
then we have Op,(T) = Og,(Co + p*pp). Since

dim H(Tp, Or,y(Co + p'pp)) = dim H(C, (Oc @ L) ® Oc(po)) = 2,

and since (Co+p*pj)? = 2, the complete linear system |Co+ p*pp| has one or two isolated
base points. If we let pj € C be a point with pjj ~ p{ + dp, then we have

H(Ty, O,(Co + p*(py — 15))) = HO(C, (Oc @ L) @ Oc(py - pp))
=~ H%(C, Oc(py —py)) ® H(C, L ® Oc(pfy — p})),

and this cohomology group is one-dimensional since L 2 O¢. Hence there exists a section
C\ C Tp of p with

Ch ~ Co + 1" (v — pp)-
Since 09 # 0, we have pj # py and Cy # C). Hence, Cy + p*py and C) + p*py are
mutually distinct members of |Cy + p*pg|. Since CoCj = 0, the intersection points of
these two divisor are two distinct points Co N p*py and Cp N p*pf, which are the base
points of |Cy 4+ p*pyl, a contradiction to Lemma 4.26. Therefore we have Ty = P(Fy).

We only have to show that § = 0 in the notation of (2). Asumme § # 0. There exists
a point p; € C with

Tz, ~ (To + Fo)jr, ~ Co + 1" (0 + po) ~ Co + p'p1.

We can prove that the complete linar system of 7}z, on 7p has one base point on w(p1)
and no other base points in the same way as in the proof of Lemma 3.5, a contradiction
to the fact that the base point of |T| is in the fiber of 7 over py since we have py # p;.
Hence we have 6 = 0 and Np, /i = Or,(Co). q.e.d.

In the notation of the proof of Lemma 4.27, since Tjg, ~ Co + I'o, we have Bs |T| =
{qo0}, where gy :== Cy N Ty by Lemma 3.5.

Lemma 4.28 Bs 4T — 3Fy| = {qo} holds.
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To prove this lemma, we need the following lemma:

Lemma 4.29 The restriction mapping
HO(W, OW(4TO + Fg)) — HO(TQ, OT0(4CO + Fo))
18 surjective.

Proof We only have to prove HY (W, Ow (3Ty + Fy)) = 0 in the view of the

cohomology long exact sequence induced from the exact sequence of sheaves
0— Ow(?)To + Fo) — Ow(4T0 + Fo) — OTO(4CO + FQ) — 0.
Since S3F3 = S3(S%2Fy) & F3 @ F; (cf. [4, Theorem 9], [8, p.156]), we have

HY(W, Ow(3Ty + Fo)) = H'(C, (S°F3) @ L)
~fgiC, s L)® H(C, F;® L) =0.

q.e.d.

Proof of Lemma 4.28 We can show that there is no base point of [4T — 3Fp| on
any fiber except Fjp in the same way as in the proof of Lemma 4.26. Furthermore, the
base points of |[4T — 3Fp| exist only on the line To N Fy = P!, since 3Ty + T € [4T — 3Fy|.

Since 4T — 3Fy ~ 4Ty + Fop, we have Ow (4T — 3Fp) ®oy, Or, = Or,(4Co + T'p). On

the other hand, since the restriction mapping
H(W, Ow (4T — 3F)) — H(Ty, Or,(4Co +T))

is surjective by Lemma 4.29, qo is the only base point of [4T —3Fy| by Lemma 3.5. q.e.d.

The restriction of a general member S of [4T — 3Fp| to Tp is nonsingular by Lemmas

3.5 and 4.29. Hence S is nonsingular. q.e.d.

4.3.4 The proof when deg £ = 2 holds

We fix an isogeny ¢ : C — C of degree 3 as in §4.3.1. Welet L; (i = 0, 1, 2), E, 7 :
W—=C, T, ®:W — W, DeDiv(C) and D € Div(C) be as in §4.3.1.

Denote U := { ®*S € |4T — 7*D| | S € [4T — n*D| }.

G :=kerp = {0, 0, 20} acts on HY(W, Oy, (4T) @ 7* det EV) by {id, T}, T3,}. Let
HOY(W, Oy (4T) ® 7* det EV)E be the subspace which consists of all the members which

are invariant under this action.

Lemma 4.30 Let (U) be the divisor defined by ¥ € HO(W, (’)W(4T)®7~r* det EV). Then
we have
U={ (V)| Ve H W, Op(4T) ® 7* det EV) }.
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Proof Since we have ®,0p; = 7¢.Os by the base change theorem (cf., e.g.,
Mumford [16]), if we denote £ := Ow (4T) ® 7* det EV, then we obtain isomorphisms

HY W, Oy(4T) @ 7#* det EY) = HY(W, ®*L) = HY(W, L ® ®.0y,)
= HOW, L& 1 p.0p) =2 HY(W, L@ 7" (0c & M & M®?))
~ HO W, £)® H' (W, L& 7m*M) & H' (W, L @ 7*M%?).

All the elements of the subspaces corresponding to H*(W, L), H(W, L ® 7*M) and
HO(W, L ® n*M®?) are G-semi-invariant, and hence these subspaces correspond to the
eigenspaces of the isomorphism T on HO(W, ®*L). The eigenspace HO(W, ®*L£)C for
the eigenvalue 1 corresponds to H°(W, L), and is the image of the injection H*(W, L) —
HO(W, ®*L). q.e.d.

We investigate the base locus BsUf of U. To do so, we describe the action of G on
HY W, O /(4T) ® #* det EV).

We choose and fix 0 # X; € H'(W,04(T) ® #*L;') = H'(C, E® L;!) =
HC, Ly Ly @ H'(C, Li® L;Y) @ H(C, Ly® L7') = C (i = 0, 1, 2) such
that X7 = T} Xo and Xo = T3, Xo hold. Then any ¥ € HY(W, Oy, (4T) ® #* det EV)

can be written as

V= Z @DaﬁngéXfX;? Vapy € HO(C*’ L?(a_l) ® L?(ﬂ_l) ® L§(7_1))-

a, 8,7=0
a+[+y=4

Since we have
T0 = Y (Ttap) XPXDX],

a, 3,720
a+p+y=4

we get U € HO(I/T/7 (4T) ® 7" det EV)G if and only if T)vYagy = Yyap (o, B, v >
0, a+pF+vy=4).

Let A : C — Pic’(C) be defined by A(y) := TyLo® Ly* for y € C where T}, is the
translation by y on C. Then it is a group homomorphism by the theorem of square [16].
Since we have L1 = Lo ® A(0), Lz = Lo ® A(20) and A(30) = A(0) = O, we have

isomorphisms

LP¥Peoli'ely! = Ly = LYol =2 LT'eLY? =2 L'l ol
Li'oLlPeoLly! = [ 2 Li'eL{? =2 [Pl =2 LioL'®l
L' L'l = [, =2 [PPol' = Li'eoLlf? = LioL oL

Hence we have
V100, Y211, V130, Y103, Yo2e € HO(C, Lo)

C
Yoa0, Y121, Y013, Y310, Yooz € HO(C, Ly)
Yooa, Y112, P301, Y031, Y220 € HO(C 2).
0,

Since we assume d = 2, we have dim H(C, L;) =2 (i =
theorem, the Serre duality and Ox(K ) = Op.

2) by the Riemann-Roch
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Let {s1, sa} C H°(C, Lg) be a basis as a C-vector space, and denote t; := T}s; €
HO(C, Ly), uj := Tss; € HY(C, Ly) (j = 1, 2). Then we can choose a basis of
HOY(W, O/ (4T) ® 7* det E)“ consisting of the following ten elements

Uy = s X3 +t; X1 +u; X3,

Woj = 8, X3 X1 X0 + t; X0 X7 Xo + u; Xo X1 X3,
= 5; X0 X3 + ;X1 X3 + u; X3 Xo,

= SonX% + thgXl + UjX§X27

Usj = s, X1 X3 4+ ;X X3 4+ u; X§ X7

S
& &
[

for j =1, 2.

Lemma 4.31 We can choose the basis {s1, s2} of H'(C, Lo) so that s;(p)t;(p)u;(p) #
0 holds for any p € C and for at least one of j = 1, 2.

si(p)s;(p)sj(p") # 0, where p' := T, (p) and p” := Thy(p).

Furthermore, we have

Proof To avoid confusion in this proof, we denote by (¢) the divisor on C determined
by g € C. Let (¢}) + (gb) be the divisor defined by a global section s € H(C, Lg), and
p1 € C a point satisfying 2p; = ¢} + ¢4 with respect to the group addition. Then we
have Ly = Ox(2(p1)) by Abel’s theorem. Since we assume deg Lo = 2, there exists a
point pp € C'\ {p1} with Ly = Og(2(p1)) = Op(2(p2)). If we denote p} := T (p;)
and p := T o,(p;) (i = 1, 2), we have {p1, p}, p{} N {p2, Ph, P4} = 0. Indeed, since
p) = p1 — o holds (where — is the group subtraction on C’), if p) = py holds, then we
obtain 2py = 2p; — 20 by doubling both sides of the equality. On the other hand, since
2p1 = 2ps holds by Abel’s theorem, we obtain 20 = 0 and this contradicts the definition
of . We can obtain the same results in the other cases.

Let s1, so € H(C, Lg) be the global sections defining the divisors 2(p1), 2(p2)
respectively, and denote t; := Ts;, and u; := T5.s; (j = 1, 2). Then since we have
supp(s;) = {p;}, supp(t;) = {p;} and supp(u;) = {p} (j = L, 2), if we choose {s1, 52}
as a basis of H 0(C~’ , Lp), then one of s; and sy satisfies the condition of the lemma for
any point except pi, p2. Moreover, so satisfies the condition of the lemma for p; while

s1 satisfies the condition of the lemma for ps. q.e.d.

We choose a basis {s1, sa} € H(C, L) satisfying the condition of Lemme 4.31,
fix an arbitrary point p € C, and denote p’ := T,(p) and Tay(p). We assume that
J € {1, 2} satisfies s;(p)s;(p")s;j(p”) # 0. Let us restrict ¥;; (¢ =1,---, 5, j =1, 2)
to a fiber of ™ over p, and investigate whether they have common solutions on the
fiber. Note that Wo; can be decomposed into the product of four linear forms as Wo; =
XoX1X2(s; X0 + t; X1 + ujX2).We consider the condition so that each of these linear

forms and other ¥;; have common solutions.

Lemma 4.32 If we fix j € {1, 2} satisfying sj(p)s;(p')s;j(p”) # 0, then X; =0, ¥1; =0

and ¥3; = 0 do not have common solutions for any ¢ =0, 1, 2.
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Proof If we substitute Xy = 0 into ¥y; = 0, we have ¢; X} + u; X3 = 0. Therefore,
if we let t/4 and u!/4 be one of the fourth roots of tj(p) and wu;(p), respectively, and (g
a primitive eighth root of 1, then (p, (0 : u'/4 : C§t1/4) (k =1, 3, 5, 7) is a common
solution of X¢ = 0 and ¥y; = 0. On the other hand, if we substitute X = 0 into ¥3; = 0,
we obtain ¢; X1 X5 = 0, and since t;(p) # 0 holds, (p, (0:1:0)) and (p, (0:0: 1))
are the common solutions of Xo = 0 and W¥3; = 0. Since we have tu # 0, we see that
Xo =0, ¥y; =0 and ¥3; = 0 have no common solution. We can obtain the same results
for X1 =0 and X5 = 0. q.e.d.

In view of Lemma 4.32, we consider only the solutions satisfying X¢X; X5 # 0 in the
rest of our argument. Denote Wo; := s; Xot; X1u;X5.

Lemma 4.33 If we fiz j € {1, 2} with sj(p)s;(p')s;(p”) # 0, then (p, (1 :a:D)) is a
common solution of ¥;; =0 (i =0, 1, 3, 4, 5) if and only if a, b are cube roots of 1,
and 5j(p) + at;(p) + bu;(p) = 0.

Proof Since we have Uy, + Ws; + Uy = g (X§ + X3 + X3), we may exclude Uy

from our consideration. Since we have
5 2 _ 3 3 3 3
XoWoj — Xo(U35 + Waj) + X1 Xo V55 = s;(Xg — X7)(Xg — X7),

if there exist common solutions, one of X7 = X3 and X3 = X must hold. If X7 = X3
holds, however, since we have X3Wo; — Wy; = 5;Xo(X§ — X3) and since we assume
sj(p) # 0 and Xy # 0, we obtain X5 = X§. Similarly, if we assume X3 = X3, we have
X3Wo; — W3 = 8;Xo(X§ — X7) and we obtam X3 = X3. Hence if there exist common
solutions, they must satisfy X§ = X3 = X3. If we denote by w a primitive cube root of

1, then the common solutions satisfying this condition are

(p, (1:1:1)) (p, (1:1:w))

(p, (1:1:w?)
(p, 1:w:1)) (p, (1:w:w)) (p (1 w: w2)
( 2
)+

)
(p, (1:w?:1)) (p, (1:w?:w)) (p, (1:w?:w?).

If (p, (1:1:1))is a common solution, we obtain s;(p)+t;(p)+wu;(p) = 0 by substituting
(p, 1:1:1))into ¥;3; =0 (¢ =0, 1, 3, 4, 5). We can obtain the same result in the

other cases. q.e.d.

Proposition 4.34 U has no base point. Hence a general member of U is irreducible and

nonsingular by Bertini’s theorem.

Proof Assume that (p, (1 : a : b)) is a base point of U. If g : C — Pl is
the holomorphic mapping defined by the complete linear system of Ly, then we have
g*Opi(1) = Ly. Denote p' := T,(p) and p" := Torx(p).

First assume that g(p) = g(p’) holds. Since (p, (1 : a : b)) is a base point, s(p) +
at(p) + bu(p) = 0 holds for any s € HY(C, Lg) by Lemma 4.33, where ¢ := T*s and
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u := T4, s. Since we have Lo = Op(—p—p'), if we let s’ € HO(C, Lg) be a global section
defining the divisor p + p/, then §'(p) = 0, s'(p’) = 0 and s'(p”) # 0 hold, and hence
s'(p) + as'(p") + bs'(p”) # 0. This contradicts the assumption. We can obtain the same
results when g(p) = g(p”) or g(p”) = g(p) holds.

Next, we assume that g(p), g(p) and g(p”) are pairwise different. We may assume
that the homogeneous coordinates of these points are (1 : 0), (1:1), (0: 1), respectively.
In terms of the homogeneous coordinate (zg : 21) with 2o, 21 € HO(P!, Op1(1)), a global
section £ € HO(P!, Opi(1)) can be written as &€ = Az + Bz for some A, B € C. Since
we have {(1:0) = A, {(1:1) = A+ B and £(0: 1) = B, if we choose A, B € C with
(a4+1)A+ (b+1)B # 0 and if we let s € H(C, Lg) be the image of ¢ under the natural
isomorphism HO(P!, Opi(1)) = H(C, Ly), then s satisfies s(p) + as(p’) + bz (p") # 0.

This contradicts the assumption. q.e.d.

Let S € U be a general member. We may assume that S is irreducible and non-
singular. S := ®(S) is contained in the complete linear system [4T — 7*D| on W, and
<I>| g S — S is the quotient with respect to the restriction of the action of G on W. On
the other hand, this action is compatible with the action of G on C', and hence has no

fixed point. Therefore S is irreducible and nonsingular as well. q.e.d.

Remark Instead of our argument in §4.3.1, we can use the above argument also in
the case d >4 and d #0 (mod 3).

4.3.5 The canonical mapping

In this section, we study the canonical mappings of those surfaces whose existences were
shown in §§4.3.1-4.3.4.

Let E be an indecomposable locally free sheaf of rank 3, and degree d over an elliptic
curve C, i.e., E € £(3, d). If d =1, we have py(S) = 1 and the canonical mapping x|
is trivial. Moreover, we showed the non-existence in the case d < 0 in §§4.3.1-4.3.2.
Hence we may assume d > 2.

Since we have Q>|T|\S/ 09 = @ |, we investigate Pp.

Lemma 4.35 Let 7 : W := P(E) — C be the P?-bundle associated to E € Ec(3, d),
and T a tautological divisor with m.Ow (T) = E. If we assume d > 4, then we have
Bs|T| = 0.

Proof Let F be any fiber of w, and denote ¢ := =(F). Since we have
dim HY (W, Ow/(T — F)) = dim H(C, E ® O¢(—q)) = 0, the restriction mapping

HO(W, Ow(T)) — H(F, Op(T)) = H'(P?, Op:(1)

is surjective. Since the complete linear system of Op2(1) has no base point, |T'| has no

base point on F. Since F' is any fiber, we are done. q.e.d.
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Corollary 4.36 Let 7 : W — C be the P2-bundle associated to a locally free sheaf
E € E:(3, 4), and T a tautological divisor of W satisfying m.Ow (T) = E. Then we
have deg @7 = 4.

Proof |T| has no base point by Lemma 4.35. Since 7% = 4 > 0, the image of W
under @7 is 3-dimensional, and hence ®|p| gives a covering of W onto P3 of degree 4.

q.e.d.

Corollary 4.37 In the notation of Corollary 4.36, any irreducible and nonsingular

members of [AT — *D| are canonical surfaces.

Proof Let S € |[4T — n*D| be a general nonsingular member. Since Bs|T'| = ) by
Lemma 4.35, @, is a morphism. Since deg @7 = 4 by Corollary 4.36, the degree of
Qg is 1, 2,3 0r 4

Since K§ = T?S = 12 holds, if deg ®|xy| = 4, then 5" := &g ((S) C P? is a cubic
surface. Hence, if we let H C P3 be a hyperplane, then we have S” ~ 3H. Since
®jp H ~ T holds, we have <I>|*T‘S” ~ T, which is absurd since S ~ 4T — 7*D.

If deg @i, = 3, then S” is a quartic surface. Hence S” ~ 4H holds, and we have
<I>TT|S” ~ 4T. Therefore, there exist fibers Fy, Fy, F3, Fj of 7 satisfying <I>TT|S” =
S+ F1 + Py + F3 + Fy. Since we have deg @7 = 4 and since we assume deg (x| =
deg ‘I)|KS|‘S = 3, we see that @7 is a birational morphism of Fy U F5 U F5 U F}; onto its
image. This means that the image is not irreducible, and we obtain a contradiction.

Finally, we show that the case deg ® i, = 2 does not occur. Let p, p’ € C be two
distinct general points. Furthermore, denote Fj, := 7~ !(p) and Fy := 7~ 1(p), and let
T, and T}y be the relative hyperplanes of W satisfying T' ~ T}, + F}, ~ T,y + F,y. Since
p, ' € C and S € [4T — 7*D| are generic, SNT, N Fy, SNT,y NF, and SNT,N Ty
all consist of four distinct points set-theoretically. Since any fiber of 7 is mapped onto
its image in P3 by 7|, if deg P = 2, then some point of S N T, N F, and some
point of S N7, N F), are mapped to the same point by ®7|. Hence if we fix any point
q € SNT,N Fy and any point ¢’ € SN Ty N F,, we only have to find a member of |T'|
containing ¢ but not ¢’.

It is well-known that W is isomorphic to the symmetric product of C' of degree
3. (cf., e.g., [6, pp.310-311] Let ¢ : C x C x C — W be the quotient morphism.
Since the self-intersection number of the divisor C' x C' x {p} + C x {p} x C' + {p} %
C xC of CxC xCCis6 for any point p € C, and since deg( = 6, the image of
(CxCx{phHu(C x{p} x CYU({p} x C x C) in W is a relative hyperplane with self-
intersection number 1. Therefore, for a general point of W, there exist three distinct
relative hyperplanes with self-intersection number one containing the point.

Since p, p' € C and S € |4T — 7*D| are general, there exist two distinct reltive
hyperplanes T}, and T diffrent from 7}, and containing ¢. If F, and F) are fibers of
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satisfying T' ~ T, + F, ~ T)) + F}/, respectively, then one of T; + F}, and T)] + F}/ does
not contain ¢'.

Hence @k is a birational morphism onto its image. q.e.d.

Corollary 4.38 Let m: W — C be the P2-bundle associated to E € E(3, d), and T a
tautological divisor with m.Ow (T') = E. If we assume d > 5, then ®p| is birational onto

1ts image.

Proof First, we consider the case d > 7. It suffices to show the existence of a
member of |T'| which contains p and does not contain ¢ for any pair of distinct points
p, ¢ € W. If p and ¢ are contained in the same fiber of m, we easily see that such a
member exists by the proof of Lemma 4.35. Suppose p and ¢ are contained in different
fibers. |T'— F| has no base point in the fiber F' containing p by Lemma 4.35. If we let
Tp € |T — F| be a member which does not contain ¢, then Ty + F' € |T'| contains p and
does not contain ¢q. Hence @7 is injective.

When d = 6, we can show that @7 is birational onto the image using the same
argument as above for points p, ¢ € W contained in general fibers by Lemma 4.28

If d = 5, then since 5 = T3 = deg @7 deg @7 (W) and deg @ (W) > 2, we see that

@7 is birational onto the image. q.e.d.

Corollary 4.39 Let m: W := P(E) — C be the P2-bundle associated to E € Ec(3, d),
T a tautological divisor with m,Ow (T) = E and D € Div(C) a divisor with det E =
Oc(D). If d > 5 holds, then the canonical mapping of the minimal resolution of a
member of |[AT — 7*D|, which is irreducible and has at most rational double points as

singularities, is birational onto the image.

Next, we investigate the canonical mapping in the case py(S) = d = 3. We use the
notation of §4.3.3.
Recall that Bs|Cy + I'g| = Bs|4Cy + I'y| = {qo0}, where gy := Cyp N Ty, and that all

the nonsingular members of |Cy 4 I'g| have the same tangent.

Proposition 4.40 Let 7 : W — C be a P?-bundle associated to a locally free sheaf
E € Ec(3, 3) over an elliptic curve C, T the tautological divisor with m,.Ow (T) = E, L
the invertible sheaf with E = L ® F3 and pg € C' the point with L = Oc(po), and denote
Fy := 7 Y(po). Then the canonical mapping of a nonsingular member S € |4T — 3Fy|
has degree 8.

Proof Since Bs|T'| = Bs [4T — 3Fy| = {qo}, the canonical system |Kg| of a general
nonsingular member S € [4T — 3F| has one base point. If v : W — W is the blowing-up

at qo, the complete linear system of the proper transform 7T of T by v has one base
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point by Lemma 3.5. On the other hand, the proper transform S of S by v does not go
through the base point of |T| by Lemma 3.5. Hence, if we denote & := v~1(qo), we have

deg CI)|KS| = deg (I)‘K§| = T2(4T—|— 3 — 3L)
= 4T3 + 37T%6 —3T%°Fy=8+3—3=28.

q.e.d.

Finally, we study the canonical mapping in the case p,(S) = 2.

In §4.2.2, we proved the existence of a surface S with K2 = 3p,(S), ¢(S) = 1 and
pg(S) = 2, but did not study the canonical mapping ® ) in the case £ = Ey® L, (Ep €
Ec(2, 1), L € &(1, 1)). On the other hand, we showed the existence of a surface S
with the same invariants in the case E € £c(3, 2). We obtain the following result in

these two cases:
Proposition 4.41 Let E be one of the following:

(1) E:=Ey® L with Ey € Ec(2, 1), L € Ec(1, 1).
(2) Ee€&c(3, 2).

Let 7 : W := P(E) — C be the P?2-bundle associated to E, T a tautological divisor
with m,.0w (T) = E and D € Div(C) a diwisor with det E = O¢(D). The canonical
mapping of the minimal resolution of a member of |AT — 7* D|, which is irreducible and
has at most rational double points as singularities, gives a linear pencil whose general

members are irreducible nonsingular curves of genus 7.

Proof Let S € [4T — 7*D| be a general member. We may assume that S is
irreducible and has at most rational double points as singularities. Since H°(S, wg) =
HO(W, Ow (T)) and dim H*(W, Ow (T)) = 2, the canonical mapping of S clearly gives
a linear pencil. Therefore it suffices to show that the intersection T°'N .S is a nonsingular
curve of genus 7 for a general member T of |T'|.

Since wy = Ow (—3T) ® det E, we have wr = (Ow (—2T) ® det E)|7. Since we may

assume that T is irreducible and nonsingular, we have
wy = (Ow(S) & Ow(—QT) ® det E)’Z = (Ow(QT))‘Z,
where Z :=T N S. Hence we have

1
9(Z) = STQT)AT — 7" D) +1 = AT? —T?*m*D4+1=17.
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