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Chapter 1

Introduction

Let € be an open domain in the n-dimensional Euclidean space R" and A be
the Laplacian 88—52 +o 4 (%2 . Wesay Af e L2 (Q) if for every compact set K in
1

Q) there is a constant Ck such that

[ #@) Bg(w) da] < Cillglluse

for any infinitely differentiable function g whose support is contained in K. Let
{¢:} be infinitely differentiable approximate identity with supports contained in
{z; |z| <e}. For a function f on Q and z € Q, f is said to be regulated at z if
fxpe(x) = f(x) as e — 07. In 1970, Igari proved the following Theorem ([5]).

Theorem 1. Suppose that there exist a complete orthonormal system {uy} of
smooth functions in L*(Q2) and a numerical sequence {\} for which —Auy, = \yuy
i ). Let

fi= [ f@w@de,  fe LX)

and

SSf=> (1—);?) Jrug, fe LX)

Ae<A
Let 6 > (n+3)/2 and f € L*(Q) be regulated in .
(i) It holds that

1
HS/\f fHLoo(K) (X)
as A — oo for every compact set K in Q if and only if Af € LS. (Q).

(ii) It holds that )
Hsif N fHLoo(K) =0 (X)

as A — oo for every compact set K in § if and only if Af wvanishes in €.

We shall give a generalization of Theorem 1. Let L*() be a Hilbert space with

inner product

(f7g> f g L2(Q /f .I', fagE L2(Q)



Let V' be a nonnegative function in Lg% (€2). Consider the operator A = —A+V (z)
in L*(Q) with the domain of definition D(A) = C=(Q). Let A be a nonnegative
selfadjoint extension of A, that is, D (A) D D(A), Af = Af for any f € D(A),
(flf,f) > 0 for any f € D(fl) and if g,h € L*(Q) and (Af,g) = (f,h) for
any f € D (A) then g € D(fl) and h = Ag. Such an extension exists by
Friedrichs’ theorem. By von Neumann’s theorem, there is a unique spectral measure
E corresponding to A (see [3]). E is a map from the Borel field on R into orthogonal
projection operators in L?(Q2). For fixed f,g € L*(Q), (E(:)f, g) is a Radon measure

whose support contained in [0, c0),

D(A) = {f e LQ(Q);/RF(E(dt)f, ) < oo}

and

(Af.9) = [ t(BaDL.g).  feD(A).ge LX),

5
Let 6 > 0 and X\ > 0. Since the function (1 - §>+ is bounded in [0, 00), we
can define the bounded operator s in L2?(f2) by

(53.9) = /R (1 - %)i (E(dt)f.9),  f.g€ L.

s is called the Riesz mean of order § with respect to A. Let E, = E( (—o0,t]).

Example 1. Suppose that there exist a complete orthonormal system {u;} of
smooth functions in L?(Q2) and a sequence {)\.} CC such that (—A+V)uy = \puy,
in Q. Let

fi = /Q f(@)u(@)dz,  fe LX),

Let A be the selfadjoint extension of —A + V(z) defined by
D(4) = {f € () N IAP < oo}
k=1
and -
Af:];lAkfkuk, feD(A).
The spectral decomposition of a;ly f e L*9) is given by

E f = Z Jrug

A<t

and the Riesz mean of order d by

5
SSf=> <1—)X€> Jrug, fe L.

A<\



Example 2. Let 2 =R" and V' be a nonnegative constant on R". Let

f(f) x)e v, f e L*RM).

1
-7/
In this case, there is a unique nonnegative selfadjoint extension A of —=A+V defined
by

D(A)={feL*®"): (F+V) [ e L*(R") }

and

Af(x) r w [ (€P+V) f©)e=eag,  feDp(A).

The spectral decomposition of any f € L*(R") is given by

1 R
Eif(z) = Nor /|£|2+V§tf(€)

and the Riesz mean of order § is

) _ 1 ‘5|2+V 6A ix-€ n
810 = o [ (1) oo e

Let V' be a nonnegative function in Ly (€2). For 1 < p < oo, we say (A +V)f

e”'gdf

belongs to L (Q) if for every compact set K in  there is a constant Cx such that

[ @) (8 +V(@)g(a) do

for any infinitely differentiable function g whose support is contained in K and

< Ckllgll v (1)

1/p+1/p" = 1. Our results are as follows.
Theorem 2. Let Q be an open domain in R™ and V(x) be a nonnegative function
mn Ly,
selfadjoint extension of —A +V in Q. Suppose that f is a function in L*(Q)
requlated in Q. Let 1 <p<oo and 6 > (n+3)/2.

(i) Let « >n/4 and f € D (AO‘) Suppose that K is a compact set in Q and K’

is a closed subset of K with dist (K', K¢) > 0. If f and (—A+V)f € LP(K), then

(). Let s§ be the Riesz mean of order § with respect to a nonnegative

Hs/\f f Le(K") O()\’l) as A\ — 0o.
(ii) Suppose that K is a compact set in §2. If
HS/\f f P(K) (/\71)

as A — oo, then (—A+V)f e LP(K).
(iii) Let « > n/4 and f € D (AO‘) Suppose that K is a compact set in ) and
K' is a closed subset of K with dist (K', K¢) > 0. If f vanishes in K, then

Hs)\f f Lo(" —0(/\_1) as A — 00.
(iv) Suppose that K is a compact set in Q. If
H = f LP(K) ()‘_1)

as A — 0o, then (—A+V)f wanishes in K.



Theorem 3. Let Q be an open domain in R™ and s be the Riesz mean of order
0 with respect to a monnegative selfadjoint extension of —A in Q. Let f be a
function in L*(QY) regulated in Q. Suppose that 1 < p < oo and f € L¥ (Q). Let

§d>(n+3)/2. -
1
|55 =7 o)~ 9 (A)

(i) It holds that
as A — oo for every compact set K in Q if and only if Af € LT (Q).

loc
(ii) It holds that
1
4 — _
57— 1 (i)~ ° (A)

as X — oo for every compact set K in Q if and only if Af wvanishes in €.

Theorem 2 follows from Theorem 4 in chapter 2 and Corollary 1 in chapter 3.

Theorem 3 follows from Theorem 4 in chapter 2 and Corollary 2 in chapter 3.



Chapter 2

Saturation of the approximation

2.1 Preliminary lemma

Let H be a Hilbert space. Let S be a selfadjoint operator in H. By definition
if gh € H and (Sf,g9) = (f,h) for any f € D(S) then g € D(S) and h = Sg.
By von Neumann’s theorem, there is a unique spectral measure E corresponding
to S. E is a map from the Borel field on R into orthogonal projection operators in
H. For arbitrarily fixed f,g € H, (E(-)f,g) is a Radon measure,

D(s)={ f e [ AL < oo}
and
(Sf.9)= | t(E@)f.g).  feD(S). g€ H,
For a Borel function ¢ on R, we define the operator ¢(S) in H by
(p(8) £.9) = | o(t) (B(d)f.9)
for f € D(¢(S)) and g € H, where

D((S)) = { I € H; [ |o®F(E@f.) <0 ).

Let {kx(t)} be a sequence of bounded Borel functions on R. Let {#,\} be a positive

numerical sequence, ¢(t) be a Borel function on R and

XOE
Ua(t) = Oot)

Suppose that

(1) sup |[a(t)] < 0. (2) /\lim Ya(t) =1 for any t € R.
At —%0

We define the bounded operator Ly in H by

(Inf.9) = [ k() (Ed)f.9).  frg € H. (2.1.1)



We prove the following lemma.

Lemma 1. If f € H and g € D(B(S5)), then 0, (Lsf — f.9) — (f.%(5)g) as

A — 00.
We shall use the following lemma to prove Lemma 1.

Lemma 2. ([3: p.1199, Cor.XI1.2.7 (c)]) Let b and ¢ be Borel functions on the
real line. If g € D(p(S)) and ¢(S)g € D(¥(S)), then g belongs to D((v¢)(S))

and (Y)(S)g = ¢(S)p(S)g.
Proof of Lemma 1. By the definition of L) (see (2.1.1))

VLS = £.9) = 631 [ [a(®) — 1] (E(dD).g)
= [ RO pang = [ B o0 (5 Bang).

r 0)¢(1)
Therefore by Lemma 2

0 (Laf = £,9) = [ (bap)(®) (£, E(dt)g) = (£, 2(S) 9)
= (£ B2 g) = [ und) (£ E(d)F(S) )
Let p = (f,E()B(S)g) and |p| be the total variation of p. Then
[ lel(@) < 11l (S) gllu < oc.

Therefore by (1), (2) and Lebesgue’s dominated convergence theorem

lim 05 (Laf = fg) = Jim [ (o) plat

A—00

_ hm%ﬁ(@zéﬂ@zﬁﬁw@-

R A—©

Thus Lemma 1 is proved.

2.2 Saturation of the approximation

Let (2, F, ) be a o-finite measure space. Let S be a selfadjoint operator in
L*(Q), F, ). By von Neumann’s theorem, there is a unique spectral measure F
corresponding to S. Let {k)(t)} be a sequence of bounded Borel functions on R,

{0,} be a positive numerical sequence, ¢(t) be a Borel function on R and

_ ka(t) —
Ua(t) = Oot)

Suppose that sup|y,(t)| < oo and /\lim Ya(t) =1 for any t € R. We define the
At —00

bounded operator Ly in L*(Q, F,u) by

(Lafo9) = [ W@ (B@d)f.g),  fig€ L F ).



Let K be any subset in Q, 1 <p<oo, 1/p+1/p'=1 and
M = {g € L*(Q,F,pn); g€ LY (K)N D((S)) and suppg C K}.

We prove the following lemma.

Lemma 3. Let f € L*(Q, F, p).
(1) If [|1Lof = [ oy = O(0r) as A — oo, then there exists h € LP(K) such
that

| hgdn=(£2(S)9)  forany ge M.
(i) If ILof = f I po(zey = 0(01) as A — oo, then (f,7(S)g) =0 for any g € M.
Proof of Lemma 3. Let g € M. Then by Lemma 1
0 (Iaf = [,9) — ([,;8(S)g)  as X — oo, (2.2.1)

On the other hand, we have
03 (Laf = £,9)] < 05 LS = F Ly 191 o - (2.2.2)

I Laf = Fll o) = O(0)) as A — o0, then 03" (Laf = £,9)| < Cllgll 1 xc) for
any A with some constant C' > 0 by (2.2.2). Therefore | (f,2(5)g) | < Cl|gl| 1 1)
for any ¢ € M by (2.2.1). By the Hahn-Banach extension theorem, there exists a
bounded linear functional ® on L¥ (K) such that ®(g) = (f,(S)g) for any g € M.
By the F. Riesz representation theorem, there exists h € LP(K) such that

hgdu=®
/K gdp = 2(g)
for any g € L (K). Thus (i) is proved.
I | Lxf = fllpo(rey = 0(01) as A — oo, then (ii) is proved by the same way as in
(i).
2.3 Saturation theorem

Let € be an open domain in the n-dimensional Fuclidean space R". Let

A= > aj(z)D’ (2.3.1)
li1<m
be a differential operator, where j = (Jj1, J2, ---» Jn), |J| = 51 + 2+ -+ + Jns

DI = (=i)li(9/0zy)7 - (802, ) and a; € Li2(2). We consider A as an operator
in L*(Q2) with the domain of definition D(A) = C°(Q). Suppose that A is formally
selfadjoint, that is, (Af,g) = (f, Ag) for any f,g € D(A). Suppose that Ais a
selfadjoint extension of A, that is, D (121) D D(A), Af = Af for any f € D(A)

9



and if g,h € L*(Q) and (flf,g) = (f,h) for any f € D(A) then g € D(fl)
and h = Ag. By von Neumann’s theorem there is a unique spectral measure F
corresponding to A. Let {k\(t)} be a sequence of bounded Borel functions on R,

{6,} be a positive numerical sequence, ¢(¢) be a polynomial on R and

(L) = W- (2.3.2)
Suppose that
(1) swla(0) <oo. (2 Jimur(H)=1 forany t€R.
We define the bounded operator Ly in L3(€) by
(Lf,9) = [ (0 (B(@0)f.9).  fge Q). (28.3)

Let K be any compact subset in 2 and 1 <p < oo. Wesay p(A)f € LP(K) if

||90(A)f||LP(K) = sup

HgHLP/(K):

< 00,

[ F@)% (4) gla) da

1

where 1/p+ 1/p’ =1 and g is infinitely differentiable function whose support is
contained in K. The following theorem is a simple consequence of Lemma 3.
Theorem 4. Let Q be an open domain in R" and A be a formally selfadjoint
differential operator with coefficients in LiS.(2) given by (2.3.1). Suppose that A is
a selfadjoint extension of A and FE is the spectral measure corresponding to A. Let
{kx(t)} be a sequence of bounded Borel functions on R, {0,} be a positive numerical
sequence and @(t) be a polynomial on R such that the sequence {V\(t)} of Borel
functions on R given by (2.3.2) satisfies (1) and (2). Let {L,} be the sequence of
bounded operators in L*(Q) gwen by (2.3.3). Let f € L*(Q), 1 <p < oo and K be
any compact set in 2.
i) 1f
ILxf = f HLP(K) =0 (6))
as A — oo, then p(A)f € LP(K).
(i) 17
ILaf = f HLI’(K) =o0(0))
as A — oo, then p(A)f vanishes in K.

Proof of Theorem 4. If [|Lyf — f| o) = O(0)) as A — oo, then by Lemma
3 there exists h € LP(K) such that

[ n@)g@)de = (1.7 (4) g)

10



for any g € M = {g cL*(Q); g LP(K)ND (@ (fl)) and suppg C K} where
1/p+1/p' = 1. If ¢ is a infinitely differentiable function and suppg C K, then
g€ M and

(£.2(4)9) = | 1@)7(4) glx) da.
Therefore

[ t@¢ (A) gla) do

= ‘/K h(z) g(x) dx

< ||A[lze gl 1o (a0 -

Thus (i) is proved. If [[Lyf — fll o) = 0(6x) as A — oo, then by the same way as

K\ ¢
>+’

in (i), (ii) is proved.
Examples. Riesz summation. For k > 0 and a > 0, let k\(t) = (1 - ‘%
0y =A7" and ¢(t) = —alt|".

Fejer-Korovkin summation.

l¢] L2 | T i Tl
a(t) = (1—T>COST—|—XCO'CXSIHT [t] < A,
0 [t] > A,
Oy =A% and ¢(t) = —(”;)2.
Rogosinski summation.
cos 74 [t] < A
ka(t) = 22 ’
0 [t] > A,
Oy = A2 and o(t) = —(WQ)Q.
Jackson summation.
3el? 3 |t]?
1—2\;]j4\;) It < A,
=4 1@2-14) A< Jt] < 2,
0 1] > 2A,
0r =272 and ¢(t) = -3¢
Poisson summation. We consider P, (t) :=rll as r — 17. Then let X := {1,
t
ka(t) = (1 - %)‘ 6y =2"" and p(t) = —[t].
Weierstrass summation. For x > 0, we consider W,(t) := e~*I!" as s — 0.

Then let A =1, k\(t) = e‘ﬁ, Oy =A"1 and o(t) = —|t|".

11



Chapter 3
Estimates of s()s\ f—f

The aim of this section is to prove the following propositions.
Proposition 1. Under the notations of Theorem 2, let a > n/4 and f be a
function in D (fl“) requlated in €. Suppose that 1 <p < oo, § > (n—3)/2, K is
a compact set in Q and K' is a closed subset of K with dist(K’, K¢) > 0.

(i) If f and (A +V)f € LP(K), then

0 (ﬁ(n_lm_é) if 3 <<
oo if 5>y

as A — 00.

HS)\f f

(i) If f wvanishes in K, then

=0 (\/X(n_lw_é) as A — 0.

HSAf /

LP(K')

Proposition 2. Under the notations of Theorem 3, let f be a function in L*(£2)
requlated in Q. Let 1 < p < oo and § > (n — 3)/2. Suppose that K is a compact
set in Q, K'is a closed subset of K with dist(K’, K¢) >0 and f € L?(K).

(i) If Af € LP(K), then

o (ﬁ("wzé) if " << nd?
o if 6>

as A — 0.

HSAf /

(i) If Af wanishes in K, then

=0 (\/X(n_l)m_cs) as A\ — 00.

HSAf /

Lr(K')

If 6> (n+3)/2 and A > 1, then \/X(nil)/%& < AL Therefore we have the

followings:

12



Corollary 1. Let 2 be an open domain in R" and V(x) be a nonnegative function
in L2(). Let s§ be the Riesz mean of order § with respect to a monnegative
selfadjoint extension of —A + V(z) in Q where 6 > (n+3)/2. Let a > n/4 and
f be a function in D (121‘1> requlated in ). Suppose that K is a compact set in )
and K' is a closed subset of K with dist(K', K¢) > 0. Let 1 <p < c0.

(i) If f and (A +V)f € LP(K), then

Hskf oo = © (A1) e Ao
(ii) If f wanishes in K, then
Hs/\f f Lo(K") —0()\_1) as A — Q.

Corollary 2. Let Q be an open domain in R". Let § > (n + 3)/2 and s be the

Riesz mean of order § with respect to a nonnegative selfadjoint extension of —A in

Q. Let f be a function in L*(Q) regulated in 2. Suppose that K is a compact set in

Q, K" is a closed set in K with dist(K', K¢) > 0 and f € LP(K) where 1 < p < oc.
(i) If Af € LP(K), then

H M- LK =0 <)\_1> as A — 00.
(i) If Af wvanishes in K, then
Hsif f o =0 (/\_1) as A — oQ.

3.1 Generalized eigenfunction system

In the proof of these propositions, we shall use the generalized eigenfunction
system corresponding to an ordered representation of L*(Q)) associated with the

Schrodinger operator. We shall begin with definitions.

3.1.1 Ordered representation of L*(2)

Let 2 be an open domain in R™ and A be a differential operator with coeflicients
in L2 (Q2). We consider A as the operator in L*(€2) with the domain of definition
D(A) = C>(Q). Suppose that A is formally selfadjoint and A is a selfadjoint
extension of A. Let B be the Borel field on R and E be the unique spectral
measure corresponding to A. For h e L?(£2), we define the following closed subspace

of L?(Q):
H(h) = {F (fl) h; F is a Borel function on R and h € D (F (A)) }
= {F(A)h; F e L*(R,B,(E()h,h)) }.

13



For f € H(h) we can write uniquely f = F (fl) h where F € L*(R,B, (E(-)h,h))

and

il = ([ IFOPE@0R )
Therefore we can define an isomorphism U, from H(h) onto L*(R,B,(E(-)h,h))

by Upf := F. Moreover, this mapping preserves inner products.
There exist a sequence of functions {h;} C L*(€2) and a sequence of sets {e,} C B
with the following properties (see [3: XII1.3.16] or [4: Chap.14)):

()

=D H().
k
That is, H(h) are mutually orthogonal and span L?(().
(II) R=¢DeD.... {ex} is called the set of multiplicity.

(III) (E(e)hy, h) = (E(e Neg)hy, hy) for any e € ‘B.
By (I), for f € L*(Q) we can write uniquely

f=Y F(A)h
k
where Fj € LQ(R, B, (E()hk, hk)) and

1
2
) =l < 0

Therefore we can define an isometry U from L*(Q) onto

(Z/ |F(t) dt)hk,hk> (ZHFk( A) .

@L2(R753;(E(')hk;hk))
_ {{Fk}; Fr € LX(R,B, (E(-Yhy, hy)) and Z/ B (D)2 (E(dt)hy, hy) < oo}
by Uf = {F}. We denote Fy =: (Uf)y. By (III) we have
@H (hi, hi)) @L2 (ex, (E(-)hi, hy)).

Let p := (E(-)h1,h1). Then U is an isomorphism from L?(Q2) onto €P L(ey, p)

k
which preserves inner products, that is, for any f,g € L*(Q2) it holds that

(F9)sz0 = X [ (UPWO T pld) (3.1.1)

A

U is called an ordered representation of L?(Q2) with respect to A.

14



3.1.2 Generalized eigenfunction system of elliptic opera-

tors

Let € be an open domain in R™ and let

A= > aj(x)D’

l7]<m

be a differential operator with a; € L{2.(2) where j = (j1,...,Jn), [l =51+ +in
and D7 = (—i)l1(0/0x,)" - -+ (0/0z,)’". Suppose that A is elliptic, that is

> ai(x) & #0 for z€Q and ¢e€ R"-—{0}.
lil=m
We consider a formally differential operator A as the operator in L?*(2) with
the domain of definition D(A) = C°(§2). Suppose that A is formally selfadjoint
and A is a selfadjoint extension of A. Let 8 be the Borel field on R and E be
the spectral measure corresponding to A. Let U be an ordered representation of
L2(Q) with respect to A, {e;} be the sets of multiplicity and p be the measure
with respect to U. Then there exists a sequence of functions {uy(z,t)} defined
on the product space of QxR such that the following conditions are satisfied (see
[3: XIL.3 and XIV.6] or [4: Chap.15]):
(i) wug(z,t) are dx x dp(t)-measurable and vanish on Q x (R — e;), where dz

is the Lebesgue measure.
(ii) For any fixed A € R, ug(z,\) € C*(§2) and satisfy

Aug(x,N) = Aug(z, A), x €. (3.1.2)
(iii) For each compact subset K of Q and each bounded Borel set e in R

ess sup |uk(:zc )|2p(dt) < oo.

reK

(iv) For each f € L*(Q)
:/Qf(x) u(z, 1) d, (3.1.3)

where the integral exists in the sense of L?(eg, p).
(v) For each f e L?(Q) and each e € B

Z / U F)n(t) un(z, t) p(dt) (3.1.4)

where the integral exists and the series converges in the sense of L?(().
{u} is called the generalized eigenfunction system of A corresponding to U. By
(v), for § >0, A >0 and f € L*)) we have

{0 =% [, (1——) (U F)ult) wn (e, 1) pla) (3.1.5)

15



and for « € R and f €D (1210‘) we have

A f(a / 19 (U )i (t) wg (. £) pldt). (3.1.6)

3.1.3 An example

The ordered representation U and the generalized eigenfunction system {uy} are
not unique.

For example, let 0 = R” and A = —A. H; denotes the space of spherical
harmonics of degree k. S™~! denotes the unit sphere and o the Lebesgue measure
on S™ 1. Let {Ylk, de]Z} be an orthonormal basis of Hj as a subspace of
L*(S" ! o) where d; = dim Hy. We choose an arbitrary Schwartz function ® on
the real line which is not vanishing everywhere. We define a sequence of functions
{hf} C L*(R"™) by the Fourier transform

hEE) = d(l€]) Y, (é) k=01,..., 1=1,.... d.

Let E be the spectral measure corresponding to the nonnegative selfadjoint exten-
sion of —A. Then we have for f € L*(R")

1 A .
E(e x:—n/ e TedE, e € °B.
OFe) = = [ fe)erde
Therefore for k =0,1,...,l=1,...,d, and e € B
)
hE R / ‘ (
(B 1), tererear |- DY g
1
- O(r) 2 dr = —/ ®
{0§T<oo;r2€e}‘ (T)| ’ " 2 [0,00)Ne

Thus for a Borel function F on R, F € L? (R, B, (E()hf, hf)) if and only if

/OOO )F (T2> <I>(7"))2 r"dr < co.

2

dg

]2t%—1dt. (3.1.7)

In this case

(F(=2)hf) (2)

( / FOEGH) (2) = <= [ F (eF) Tt
= g [ P (1R a v () e
that is, (F(—A)Rf) (&) = F (1) ®(I¢))Y; <|§|> Therefore we have
H (hf) = {F(=8)hf; F e L? (R,B, (E()hf, hf))}

- {feLZ(Rn) f(e) = (|§|)Yk<|£|>and/ )|? "1d7’<oo}.
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Thus L*(R") = GH (hf) and for f € L*(R"), we can write f =Y (U f)[(—A)h;.
k,l k,l
We have

/n_ f(?"w) Y (w) o(dw) Z/Sn ) Uf — )hf,,y(rw) YF(w) o(dw)

k'l

= o) Y (WY (ﬂ) S Y @) V@) o) = () WHF (7).

Kl S

Therefore we have

(U !

e (vh)
Let e} :=R. Then ( e)hF, hy
e € B by (3.1.7). Therefore { i

= (B, 1) /
p(e) ( ( b L2 2 OOO)ﬂe
Let {uf} be the generalized eigenfunction system corresponding to U. Then
1
uf(at) = [
Vor @ (\/E) snt

Indeed, (i) is easily shown. On the other hand,

/Snﬂf (Viw) Yi(w) o(dw).

), = (Ble)hd, h9). = (E(enef)hl, hf) , for all
} is the set of multiplicity. Furthermore by (3.1.7)

t%—ldt, e € 'B.

VT YR (W) o (dw).

1 ,
—Aguf(z,\) = ———— — A eV YE (W) o (dw
(2.)) ﬁ"@(ﬁ)/ﬂ“( ) V(W) o(dw)
:;7 eVATC YR (W) o(dw) = Auf(z, ).
m"@(ﬁ)/sn-l V(W) o(dw) = A ()

Thus (ii) holds. For each f € L?*(R"), we have

/f(x) uf(z,t)de = m/" YiF(w) /f e VY dy o (dw)

1 R — k
_ o (1) [y (W) f (Vtw) o(dw) = (UF ().

Thus (iv) holds. For each f € L*(R") and each e € 9B, we have
Z/ U L)) it (e, 1) pldt)

SR,
U (7‘2) /STH Y (w) o (dw) B(r) rdr

- V 27_[_71 Z {0<r<oo;r2€e}

Z/WE} ¢ (1ef?) wéw<|§|) B(1€)) d

- F(€) o€ e —
mn /w@}ﬂs)e d¢ = E(e) f(x).

17



Thus (v) holds. To see (iii), we observe that
ika+E_1 \/%|ZL'| €T
i s () )
@ (V1) (Vi)

where Jg denotes the Bessel function of order 3.

Let 0 <a <b<ooande=[a,b]. We have
2
T+ z-1(|zlr)

2
x
N x/ .
J l(m)‘ vazrevi | (jalr)E !

|y (i)'z 2\x|” . [ {JHn . (\f\x|> — Jerz s (\/5|x|) Jitz (\@m)}

|z]

~a{ Sy (Valel) = Jieg—2 (Valal) Juey (Valal) }]

it (7 |)2

where (), ko is @ constant independent of z. Therefore for each compact subset K

of O
'x’kyk<| |>

3.1.4 Formulas for the Bessel functions

uf(z, zf)’2 p(dt) = r"tdr

< anab

2

ess sup uf(:z:,t)‘ p(dt) < Chkap €58 sup

zeK e

Thus (iii) holds.

Js denotes the Bessel function and Yj the Bessel function of the second kind of
order 3. That is,

Tols) = (g)ﬁiﬂré_j)ﬁ: 1) G)Zj’

cos B Jg(s) — J_p(s)

sin G

Ys(s) =

(B # integer)

and

= = ()4 ) B 4 )

_ 71T (;)Ném (;)Qj (hjow +h;)  (N=0,1,...)  (3.18)

where I' is the Gamma function, « is the Euler constant,

J
1
hj:ZE ]:1,2, and hOIO

18



If 5 =0, the finite sum in (3.1.8) is to be omitted. The following recurrence formulas

hold:
A Is(s) _ Jaals) A Yols) _ Yeuls) 51
ds sP sf 7 ds s° sf 7 o
2
Yals) Joa(9) = Jo(s) Vina (5) = — (3.1.10)
d BJs(s d BY5(s
I J3(s) = Jz_1(s) — Z( ) and £Y5(s) =Y34(s) — i< ) (3.1.11)
On the other hand, the following asymptotic formulas hold:
J3(s) :\/3 COS[S—(Qﬁ—{-l)E} —{—O(ig) (s — 00), (3.1.12)
TS 4 53
2 . s 1
Yils) = 1| — s1n[s—(25+1)—} +0<—3) (5 — 00), (3.1.13)
TSs 4 53
Js(s) = L +0 (86+2) (s —0%) (3.1.14)
7 20T(6 + 1) ’ o
2°T(9) 642, 8 +
Ya(s) === +O(s72 457 (s— 0%, B>0) (3.1.15)
and 5
Yo(s) = —logs + O(1) (s = 07). (3.1.16)
T

We shall use the letter C' to denote constants, different in different contexts.

denotes constants dependent on a,b, .. ..

goon

3.2 Decomposition of s}f — f

Throughout what follows, {2 denotes an open domain in R", V a nonnegative
function in L2 (Q) and A a nonnegative selfadjoint extension of —A + V. U
denotes an ordered representation of L*() with respect to A, {uy} the generalized
eigenfunction system and p the measure associated with U. Let A > 0. s denotes
the Riesz mean of order § with respect to A. We denote the gamma function by T,
the unit sphere in R™ by S™ !, the Lebesgue measure on the unit sphere S"~! by o
and the surface area 2/m"/T'(%) of S™! by w,. Let fy = % — 1.

3.2.1 Mean-value formula

Lemma 4. Let u € C*(Q) be a solution of the equation (—A+ V)u = Au in Q.
For x € ), we choose r >0 such that {y € R"; |y —x| <r} C Q. Then

wlz —rw)o(dw) = Vor —> L x u(x
/Sn*l ( ) ( ) (\/X?")ﬁo ()+27~50
Y (VAT) s (VAIY]) = T (VAT) Yo (VA
x/y|<TU(w—y)V(:c_y) 50 (VAT) Js, ( |?J|)|y‘ﬁoﬁ (VA™) Ya, (VAll) &

19



Proof. Let us consider the function

vr(y) . m Jso (\/XT) Y, (\/leD — Yg, (\/XT) I3 (\/X|y|)

T 27 ME

Then by Green’s formula, for any 0 <e <7r
/8 [Au(z —y) valy) —u(z —y) (=4, + V(z —y))vily) ] dy

" Ovy

— pn—l — A
=7 /Sn_llu(x rw) ;wz a0

. " Ou
— ) (rw) Zwi 8—%

Yy=rw =1

n
— v} (ew) Zwi
i=1

Yy=€cw

] o(dw)

ou
e }J(dw) (3.2.1)

"o Ol
_n—1 _ A
€ /Snl[u(x Ew) ;wl 0

where w = (wy,...,w,) € S" 1. For w € 8" !, vi(rw) = 0. On the other hand, by
(3.1.9), we have

oy Ay s (VAT) Yagar (VAY]) = Yao (VAT) Jagsr (VAIY)

Z=T—ew

9y = i Wi . (3.22)
Therefore
= vy 7T\/X J4, (\/XT> Y41 (ﬁ 6) — Y, (\/XT> Jgo+1 (\/X5>
> w =— (3.2.3)
i=1 8 i y=ew 27‘/60 850
and by (3.1.10),
" Ovy 1
w; = . 3.2.4
izzl ayz Yy=rw rnt ( )
By (3.2.2) and (3.1.11), we have
(927); y.2
— _)\ T 3
ain Ux (y) ‘y|2
VA [y T (VAT) Yayer (VAY]) = Vi, (VAT) Jagr (VALY])
27Po ly|? |y Po+1 :

Therefore —Avy = Av}. Thus by (3.2.1), (3.2.3) and (3.2.4), we have
Ys, (\/XT) J50 <\/X|y|) —Ja (\/XT> Yg, (\/X|y|>

277;0 /s<|y|<;b<x_y> V(:C—y) |y|30 dy
= Jous u(x — r:u) o(dw)
I (VA Vi (VR2) Vi (VA7) T (VA2)]
X - u(r — ew) o(dw)

N TE?2 {Jﬁo (\/XT) Y3, (\/Xﬁ) — Yp, (\/XT‘) J50 (\/Xgﬂ
n ou
< fo v g,

%

o (dw). (3.2.5)

Z=Tr—ew
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By (3.1.14), we have

€2 Jgy11 (\/X 6) / u(x — ew) o(dw) — 0 (3.2.6)

n—1

and
o(dw) — 0 (3.2.7)

8%J30 (\/Xé) /STH iwz g_u
i=1

lz=x—cw

as € — 07. On the other hand, by (3.1.15) and (3.1.16), we have

At I3, (\/XT) Yip+1 (\/Xe) / u(r — ew) o(dw)

27‘ Sn—1
—2foT (2> M (z) = —\/%"W u(z)  (3.2.8)

n

() ()"

and
o(dw) — 0 (3.2.9)

52Y50 )‘8 / 1Zw1

as € — 07. Therefore by (3.2.5), (3.2.6), (3.2.7), (3.2.8) and (3.2.9), we have

™ Yo \/XT Jo \/X|y| _Jo \/XT Yo \/le|
2T50/y|<ru($—y)V(x—y) AL )|yyﬁoﬁ W)V >d

njgo (\/X?“)
= u\xr —rw)o dw — 2r —————~
_—t )o(dw) — (ﬁr)go

Thus Lemma 4 is proved.

Zzzew

3.2.2 Fourier image of radial functions

Lemma 5. Let x € Q and {ye R"; |y—x| < R} C Q. Suppose that G is a
radial function in L}, (R™) and define gf(y) by

Glly—=x for -zl < R
gf(y) — (|y |) |y |
0 for |y —z| > R.

Then gf* € L*(Q) and for t >0

(Ugf)k()—ukxt

\/ 2 n
Gl / Jgo )Tidr

\/’50
e [ aGmunvie-y
y Ys, <\/l_f7“> J50 <\/1_€|y|> — Js, (\/gr) Y, (\/ﬂy‘) d

[yl

ydr.
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Proof. By (3.1.3) (Ugf)k (t) = /ng(y) uk(y, t) dy. Thus we have

(Uaf), 0 = [ Gy~ ol ucly 1) dy

ly—z|<R

R
= / G(r) T"_I/S ug(x — rw,t) o(dw) dr. (3.2.10)

0 n—1
On the other hand, by (3.1.2), uy(z,t) € C°(2) and (—A+V)u(z,t) = tug(z,1)

for x € ). Furthermore by Lemma 4, we have
(ﬂr)ﬁo
+ ™ /ly uk(m_yjt) V(x_y) Yﬂo <\/¥7ﬂ> J,@O (\/ﬂyl) - Jgo (\/ET’) Yﬁo (\/ﬂyl)

21 Jiy|<r |y| %o

/snﬂ w(x — rw, t) o(dw) = V2r

X ug(x,t)

dy.

Combining last equation with (3.2.10) we get Lemma 5.

3.2.3 Lemma 6

Let € be an open domain in R™ and V' be a nonnegative function in L% (€2).
Let A be a nonnegative selfadjoint extension of —A+V, U be an ordered represen-
tation of L2(€) with respect to A, p be the measure and {u;} be the generalized
eigenfunction system with respect to U. We shall use the following lemma later
([1: p.655] and [6: p.42]).

Lemma 6. Under the assumptions above, if K is a compact set in §2 then

<Z /N<\/1_€<N+l |Uk(l‘,t)|2,0<dt)> < Cx (N + 1)
. IN<ViIS

where Ck is a constant independent of N >0 and = € K.

Corollary 2. Under the assumptions above, if K is a compact set in € then

\ ) 1 Cka A2 1 for a>0
(Z/1 lug (z,1)|? to‘2p(dt)> <9 Ck(logh)z  for a=0
’ Cka for a <0

and )

<Z//\ |uk(x,t)|2tagp(dt)> < Cga) 2 for a >0,
I

where Ck o and Ck are constants independent of A > 1 and z € K.
Our proofs depend strongly on Lemma 6. For the completeness we reproduce a
proof of Lemma 6 following [6].

Proof of Lemma 6 We start by establishing the rough estimate

1

(Zk: /NS\/ZSN-H !uk(%t)IQp(dt)>2 < Og(N +1)22 (3.2.11)
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In order to prove (3.2.11), we shall establish a stronger result:

<Z/ |;Lk+"z t2+2 (Ohf))§ < Ck. (3.2.12)

Let I be the unit operator and L be an elliptic operator defined by L=—A+V+1.
Let us put:

1 -n
m‘y—ﬂfP for n>2,
— log for n=2.
27 ly — x|

A function G(z,y), which is continuous in the variables z and y in Q with y # z,
together with its first and second derivatives with respect to the ;’s, is called a

Levi function if it satisfies the estimates of the following type for some 0 < ¢ < 1:

G—-—H=0(y—azf™™),
a[G_H] e+l—n
W:Ooy—ﬂ )
O[G_H]_ e—n

b

where the bounds are required to be uniform in every bounded domain contained in
Q2. A Levi function G(z,y) which is a solution of the equation L,G = 0 is called
a fundamental solution of the equation Lu = 0. A function K(z,y) continuous in
the variables z and y for z and y in Q and for y # x, is called a kernel of class
N©, with o < n, if it satisfies the bound K = O (|z — y|*") uniformly in every
bounded domain contained in 2.

Lemma 7. ([7: p.27,12,VII]) Suppose that 0 < o <n, K € N*, 1 <p<n/a and

f € Lloc( ) ‘[f we pUt
/K z,y) f(y) dy,

then we have g € L (Q) for n/qg > n/p — a.

K;(z,y) denotes the fundamental solution for the operator L. Concerning the
existence of the fundamental solution, refer to [7: p.64,19,VIII]. If n = 2, we have
Ki(z,") € L}, (). If n>2, Ky € N? and Ky(x,-) € L} (Q) for 1/p >1—2/n.
Put

Ks(w,y):/Ks_l(m,z)Kl(z,y)dz §s=2,3,....

Then by Lemma 7 Ky(z,-) € L} (Q) for l = ]13 —2(s—1). Let s9=[n/4]+1 and
plo =2(sp— 1)+ 3. Then 1/py > 1 — 2/n Therefore we have K, (x,-) € L} ().
We fix a compact subset K of Q and a point = of K. Next, we fix an R such
that {y;dist(y, K) < R} C €, and define a cut off function 7,(y) which is unity in
ly — x| < R/2, zero in |y — x| > R, and which is infinitely differentiable over R™.

We consider the function v,(y) = Ky, (x,y) n.(y).
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By (3.1.2), each ug(y, A) is a regular solution of the equation

Therefore, applying successively Green’s formula, we have

[l ) L () dy = 1) [l ) L2 (y) dy
S /uk(y, Nouo(y)dy.  (3.2.13)
Now we take into account that

LY Ky (2,y) = Ki(z,y)  for |y —a| < R/2,
LSO’lvx(y) =<0 for |y —z| > R,
e C> for |y —x| > R/2.

Applying Green’s formula once again, by the singularity of the fundamental solution
and (3.2.13) we obtain

/uk(y, A) Lv,(y) dy = up(z, A) + (A + 1)/uk(y, A) L o, (y) dy
= @ N+ O+ 0 [y N e(y) dy,
which implies

(A + 1) < ’/Uz(y)uk(y,A)dy’ n

g | L) el ) ]

Thus

2

p(dt)

[ I(?sz(r:cl, ;)I0 pldt) < 2%} / k

v (y) ur(y, 1) dy

/ v (y) uk(y, t) dy

2p(dt). (3.2.14)

The iterated kernel K (z,-) has a square-integrable singularity, and therefore we
have v, € L?(2). On the other hand, L*°v,(y) becomes zero in |y —z| < R/2 and
ly — x| > R and belongs to L*(Q2). By (3.1.1) and (3.1.3) we have

Ua: Uk yv )dy

(dt) /|vx )2 dy (3.2.15)

and

00wy D | plat) = [ 1%, (o) dy. (3.2.16)

Thus by (3.2.15) and (3.2.16), the left-hand side of (3.2.14) is bounded for any
r e K.
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Since 2s = 2[N/4]+2 < N/2+2, the above reasoning leads to inequality (3.2.12)
and, consequently, to (3.2.11).

We fix a compact subset K of 2, a point x of K and a small R > 0 so that
{y;dist(y, K) < R} C Q. Put

WEY () :{ WN(ly —al)  for R/2<|y—z| <R,

0 otherwise,
where
N \/_ J” 1(NT')
WH(r) =
Vor'rel

According to Lemma 5, we have

(Owi™N) (1) = @™ (@, t) + a5 (1),

where
wN (1) = up(x, t) x \/j_l rJa 1 (Nr)Je_y (\/E?”) dr,
ViR s

RN B a/N" (R -

Nt = o [ TN dr [ (=g DV = o) ol o dy
and

Yg—l (\/%7”) Jg—l (ﬂ7> - Jg—l (\/1_57“) Yg—l (\/%7')
o(t,r,T) = pr .
T2

Let Ny be a sufficiently large but a fixed number. There is a constant o > 0 such
that for all N and t with Ny < N < v/t < N + 1, the inequality

‘\/5—1 rJs 1 (Nv) Jy_y (VEr)dr| > a (3.2.17)
holds. On the other hand, applying (3.1.1), the estimate
o0 2 2
> [ wel), @ ot = [ [l dy
- “’”/ rJ3,(Nrydr=0 (N") (3.2.18)

is valid. Making use of (3.2.17) and (3.2.18), we obtain

t)[? p(dt) / o (x,t
> /. s [ o z [T @)
< ° N ) pdt) + = /

w@/@ (™) @ o >+QQ§N%NH

=0 (N1 + %Z /N s [ e, 0)| (). (3.2.19)
— In<vic

" plan

~ 2
w™ (z,0)| pldt)
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To prove Lemma 6, we show that if the estimate
> fui (e, D) p(dt) = O (N*) (3.2.20)
& JNSVESN+1

holds uniformly with respect to = in a compact subset K of € for an s >n —1,
then the estimate

" 2 dt) = O Nmax(n—l,s—4)
D focven IO pld) = O ( )

holds uniformly with respect to x in any closed set K’ in K such that dist( K’ K¢) > 0.
To this end it suffices to show, by virtue of inequality (3.2.19), that if (3.2.20) is
valid uniformly with respect to x in an arbitrary compact subset K of Q for a
certain s > n — 1, then the estimate

S gy 0] i) = 0 (5 10 (37)

holds uniformly with respect to z in an arbitrary closed subset K’ of K such that
dist(K’, K¢) > 0. Fix 0 < R <dist(K’, K¢). Then we have

D /MW W (a,0)[" pldt)

= ? (27r) Zk:/N<\/Z<N+1 pldt)

1

X /W v(t,r,T) Tn_ldT/ ) ug(x — Tw,t) V(r — 7w) o(dw)
0 s

w2/ N\"
— = dt
+ 2 (27r> Zk:/N<x/¥<N+1 pldt)

X /: v(t,r,7) T"’ldT/ 1 up(z — 1w, t) V(r — tw) o(dw)
= Sn—

N

R
/E rJn_(Nr)dr

2

2

R
/R rJa_y(Nr)dr

2

2

= K{"N(z) + K37 (x), say. (3.2.21)

It suffices to show that K™V is of order O (N*~%), and K;*" is of order O (N"1).

First, we estimate K{""(z). We have, by virtue of Schwarz’s inequality (also
taking into account that V € LS. (Q)),

7T

R,N R 5
Kii(e) < 2 (27T) Z/N<\f<N+1 )2/§ " J%_l(NT)dr

1
/N v(t,r,7) Tn_ldT/ ug(x — Tw,t) V(r — 7w) o(dw)
0 sn—1

™R /N R
< (= 2j2 (N
- 4 (2 > Z/N<\/<N+1 t)/ﬁ " J571( r)dr
1
N

2
X

2
2

/S up(@ — 7w, 8) V(z — Tw) 0 (dw)
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| /\

R Ry
—N (%) Z/N<\/_<N+1 t)é " J%_l(NT) dr

2(t,r,7) 720V 7, ||V||Loo )/ ) |uk(x—7w7t)|20(dw).
Sn—

ZIH

Since
v (t,r,7) < 27'2’”Y%2_1 (\/Er) J§_1 (\/ET) + 272’”J%2_1 (\/ZT) Y%2_1 (\/ET) )
we obtain

KRN () < Oy N 12/

N<VI<N+1
x/ g2, (Vir) dT/ Jug(x — w0, 1) o (dw)
; -
R
+Cy g N™™ 12/ p(dt) /R rQJ%Q_l(NT) J%Q_l (\/Er) dr
2

X /N ™Y (\/ET) dT/ lug(z — 7w, t)|* o(dw). (3.2.22)
0 2 Sn—1

R
p(dt) /R T2J§_1(Nr) Y%Q_l (\/Er) dr

<\/_<N+1

The estimates
JANT) < C(Nr)™, V2 (Vir) < C(Nr) ™ and J2 (VEr) < C(Nr)™' (3.2.23)
hold for all N </t < N +1 and for all R/2 <r < R, whereas the estimates
Jiy (VET) <C(NT)"? and Y, (VET) < C(NT)PT (3.2.24)

hold for all 0 < 7 < 1/N. Invoking (3.2.23) and (3.2.24) to estimating the right-
hand side of (3.2.22), we obtain

KRN < e p N2 5/ 2n— 2d/ o(d / — rw. ) 2p(dt
! VKR 0 TSnl v Z <\/<N+1|ukgl7 T )|,0( )

2 —
Y COyvxrN™ / dr /S ~ o(dw) Z /N s usla = 7w P p(d). (3.2:25)

By (3.2.20), the right-hand side of (3.2.25) does not exceed Cy gz N* 4.

Next, we estimate K3 (z). By Schwarz’s inequality we have

RN w2 R/R 2 72
’ < - - — n
Ky (7) < 2 (27r> Z/N<\/_<N+1 dt) 2 /2 " Ji_l(NT) dr

2

/ (t,r,T) ”’1d7'/ ) ug(z — 1w, t) V(r — 7w) o(dw)
= Sn—
N

R R
< (L 2 72 P
-2 (27?) Z/N<\/'<N+1 t)/§ r Jg—l(NT) Y§_1 (\/%7“> dr

2

X

/; T%J%_l (\/7_57') dr /S%1 m\/(x — Tw) o(dw)

N
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TR / N\" R,
— |5z 2 (Nr)J2
5 (55) X o, 20 [, PR TR (Vi) e

2

X . (3.2.26)

[ (Vin)dr [ wle =0, Ve - mw) o(dw)

N

Carrying out integration by parts with respect to 7, we get

/11: T3 Ju_y (ﬂT) /Sn_l up(z — 1w, t) V(z — 7w) o(dw) dr

— /1 T2 Jn_y (\/ZT) dci' {/ " ds /Sn_1 up(z — sw,t) V(z — sw)a(dw)} dr
_ Jn 4 (ﬁr) /% s"7 ds /Snil up(z — 5w, t) V(z — sw) o(dw)

/r ddT {7875, (Vi) /;S”T-lds /ﬂ W@ s ) V(e — sw)o(dw) dr

and
/; T%Yg,l (\/%7') /nil ug(r — 1w, t) V(e — tw) o(dw) dr
N
= r%Yg,l (\/Er) /; s"2 ds /S%l ug(x — sw,t) V(r — sw) o(dw)

/7“ ddT {T2Yn_1 (\/¥T>} /;snT_lds /S'n—l up(z — sw,t) V(z — sw) o(dw) dr.

From these equalities, with Schwarz’s inequality, we obtain

2

‘/; T%J%—l <\/¥T> /Sn_lmV(w —Tw) o(dw) dr

2

< 27:]%2_1 (\/gr>

/; s%ds/ ) up(x — sw,t) V(r — sw) o(dw)
= Sn—

N

+2 /W l% {37, (\/ET)}rdT

,
<
1

N

2
dr (3.2.27)

/IT snT_lds/S B ug(x — sw, t) V(z — sw) o(dw)

N

and
2

‘/; T%qu (\/E7'> /STH up(z — 1w, 1) V(z — 1w) o(dw) dr

2

<2 TY%Q_l (\/1_5 T)

/: s"T ds /S"—l ug(x — sw,t) V(z — sw) o(dw)

N

o f [ (vin)] @
<

N

2

dr. (3.2.28)

/;S > ds /Snilm\/(x — sw) o(dw)

N
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We remark now that

/; s ds /sn lm‘/(:p—sw) o(dw) :/

N - <|ly—z|<r |y — .CE|

uy(y,t) V(y) J

n 1

y. (3.2.29)

Next from the recurrence formulas [t*J,(t)]'= t*J,_1(t) and [t"Y,(t)] = t"Y, _1(t),

it follows
d‘j (s (Vir)y = L LG [ (ViF)])
tTZJn 2(\/%7’)— 5 37'_§Jz_1 (\/%7')

and

et (Vi) = vErvg o (Vi) - b (V).

-
From (3.2.23) we obtain

g ()] <o (vin) w2 (M5 ) g (vin)

dT 2

< C(N+N'r2) <CN
and - )
- {T%qu (\/2_57)} < CN
for N <vt<N+1 and 7' > 1/N. Therefore
/L _% {r*75 (\/Zr)}r dr < CNr (3.2.30)
and _ )
/ﬁ [ddT {ravy (Vi) }] dr < CNr. (3.2.31)

From relations (3.2.27)-(3.2.31) and (3.2.23) it follows that
2

/; T%Jg—l (\/ET> /Sn_IMV(x — Tw) o(dw) dr

N

<CN~

1 / W)V(y)dyr

n—1
<|ly—z|<r |y_gj|

N

+CNr / ' / ey, H) Viy) Y_(ig)dy‘ dr (3.2.32)

L %<|y—x|<7‘ |y — ZE|T

and

/: TYa, (\/ZT) /Sn_1 wp(x — 1w, ) V(x — 7w) o(dw) dr

< CN-! / WV(y)dyr

n—1
%<|yf:r\<r |y — ;E|T

/ Mdy| dr (3.2.33)

v<ly—zl<r |y —z|T

r

1

N

-I—C'N?“/
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for N <vt<N+1 and R/2 <r < R. Applying (3.2.32), (3.2.33) and (3.2.23)
to the right-hand side of (3.2.26) we get

) / up(y,t) V(y) dy‘

%<|y—x\<r |y — ;pl%

R oo
KN (z) < CN™3 /R er/o p(dt
5 k

+CN™ ! /;rdr/% dT%/OOO p(dt) / 7MV(?/)

2
— dy‘ . (3.2.34)
%<\y—x|<7‘ |y — q;|T
Since for any point x of K’ and for any 7 <r < R the function defined by
V(y)

T
foly) =9 ly—=™>
0 otherwise,

for x+ <|y—a| <r

belongs to L? and the L?-norm is bounded by the same constant for z € K. We have

Z/ / Mdyrp(dt) :/Q

2

Y[ dy < RV ey
<|y—z|<r |y — x|

Thus the inequality (3.2.34) implies the estimate

R,N n—3 " n—1 R
K2 ’ (ilj') < CV,KN /R dr + CV,KN /R
2

rdr/l dr < CVJ(N"’l
~

uniformly in z € K’.

Thus the proof of Lemma 6 is complete.

3.2.4 Decomposition of s;f

Lemma 8. Let § > 0. Let f € L?(Q), x € Q and suppose {y; |y—z| < R} C Q.

Then
5o PTG +1) Jews (VAWI)
A = s /y<R|y|%+a fla—y)dy
é 6R
IS [T R e @)
26———1r 5+1 R Jyis (VAT)
N Z/ (U )/0 T |y|<rv<x_y)
(gt J5o (\/fr) Y3, (\[!y|>|yyﬂ:/go (\/fr) Js (\/l_f\y|) dydr
where

dr.

IR () = /°° Tyss (VAT) T (V)

R rd
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Proof. Put

gé,R( ) _ G(SA('y_'Tl) for |y—$| < R7
A 0 for |y —ax| >R,
where /3
WT(5+1) Jz AT
G(r) = O e ( ) for r > 0.

Then by Lemma 5 we have

R VLG +1) B Jzes (VAT) Jg (VET

(UQiI)k(t):uk(w,t) X ﬁé—%ﬂﬁo/g +5< ) B ( )
25*%71F(5 +1) (R J%—&-E <\/Xr> -

i N /0 /|y<r ur(r —y,t) V(z —y)
Y (VEr) T (Vilal) = Ty (VEr) Vi (Vi)

|y|Po

dr
ro

7o

dy dr. (3.2.35)

By the formula (see [2: p.92,(34)])

P +1) o Javs (VAT) o (VEX) N0
G ir=(1-5)

)

7o

+
the first term on the right-hand side of (3.2.36) equals
t\° 2T(6+1 —
(1—>1%@¢y-5ﬁf)ﬁﬂwudaw. (3.2.36)
A4 \/X 2 ﬂﬁo

By (3.2.36) and (3.2.37) we have

£N\S TS RN s VT(5+1 R
(1—X>+Uk(xvt) - (Ugi’vm>k(t)+ \/_ (2f;0 16

230+ 1) (R Jars (VAT)
I, (\/ET) Y, (\/ﬂyo — Yp, (\/ET) I (\/ﬂyD

|y| o

Let {ex} be the set of multiplicity with respect to U. Then by (3.1.5)

(t) ur(, 1)

ro

dy dr.

-3 [ (1—>6udxﬂ(Uﬂ() pla)
=3 [ (UaE), 0 @0

25r §+1) IR ()
6—— Z/ \/—/30

ui(x, t) (U f)i(t) pldt)
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P55 1 1 R g5 (VA7)
+ 77-30\/_6__ Z/ U.f )/0 7n6/|y|<T uk(x—y,t)

Jﬁo <\/¥T> Yﬁo (\/_|y|> - Yﬁo <\/¥7ﬂ> Jﬁo <\/ﬂy|>
|y|%

Since U preserves the inner products ((3.1.1)), we have

> / U, (O WD) plat) = [ XE() F(0) dy

= G(ly — ) f(y) dy
ly—z|<R

_2T(0+1) / s (\/X|y|)
mn\/xé—g yl<R |y|%+6

By (3.2.38) and (3.2.39), we get Lemma 8.

xV(x—1y)

dydr. (3.2.37)

flz —y)dy. (3.2.38)

3.2.5 Decomposition of s}f — f

To prove Propositions 1 and 2, we shall use the following representation of
Sf=F
Lemma 9. Assume § > max (0,(n—3)/2). Let f € L*(Q) and x € Q. We choose
R >0 so that {yER”; ly—a| <R} CQ. Then
[53

) - f() if_l >R
wn25f(5 +1) /00 Juis (\/XT)

\/%TL\/X(S—% R ré—ﬁo

+wn26r<5 ) J%jjd(_f ) E [ fa = rw)aldw) = f(@)] dr

ug(x, ) (U f)i(t) p(di)

dr

—f(z) x

20-5-17(5 + 1 R Jzis (VAr)
* Wﬁofé__ Z/ Uk )/o o e Viz=y)
X uk(x — y7t) Jﬂo <\/ET> YBO (\/_|y|>|y153/60 (ﬂr> Jﬂo <\/ﬂy|) dy dT’.

Proof. Let 6 > (n — 3)/2. We have (see [2: p.49,(19)])

dr = 1.

w20T (5 + 1) /00 Jois (\/X 7")
\/ﬁn\/xé_% 0 T(S—BO
Therefore
TO+1) / Jois (\/X|?/|)
yI<R

e S M _ — ) dy —
v E Sy = @)
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L w2T(0+1) (R Jns (\/XT> 1
= N /0 5o {/an flx —rw)o(dw) — f(x)|dr

— Sz xw”26F(5+1) oo Juys (ﬁr)
/(@) \/%"\/X“g/

Lemma 9 follows from (3.2.39) and Lemma 8.

. ° dr. (3.2.39)

3.3 Estimate of VA(S’Rf

Let © be an open domain in R" and f € L},.(Q). Let p =% -1, > (n—3)/2
and R > 0. Put

ViR () = fla) x VA [ 22 VAT)

: d
r.
R rd=Fo

By (3.1.12), there exists a constant Csx such that

_3
< CsrV 2.

/OO J%H (\/X—T) dr

R rd—Po

Therefore ,
=35
VIR f(2)] < VA T If (o).

Let K be any compact set in Q and f € LP(K) where 0 < p < co. Then we have

V21 s < ComVA ™ Ml fllamia (33.1)

3.4 Estimate of wi’R

We use notations in §3.2. Let § > (n —3)/2, R > 0 and fy = § — 1. For
feL*Q) and z € Q, we define

o) = VAT [T RS e 0 a0 )

where
O Tass (VA7) I (V1)

R rd

Lemma 10. If K is a compact set in €2, then

o g = (A7) e e
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Proof. We shall use the following estimates (see [8: p.202, Lemma 18.10 a]) to
prove Lemma 10: For 6 > 0

N

B < CsrVX PVE (LA>0),  (3.4.1)

NJw

PR < Csr \{/XX_ ‘/j;+omf VITT (0<t<)),  (34.2)
R < 0573\/2%‘5; + CsrVA N (0<A<t). (3.4.3)
We have
wlf (@) = VAT Z / IaR 2, 8) (UL)i(1) pldt)

+/ +/ = 120 f () + 125 f () + 125 (=),
o< Vi<Vt Vi—VAl<1 N, P! f(z) A2 f(z) 23 f(z)

say. Let E be the spectral measure corresponding to A.

3.4.1 Estimate of If\s’gf

We have by (3.4.1)

‘]5 R ’ < Cs.r

U wlet)]
T 2 [ o

Csr
EE ] oy (OO 0O o)

% (5 Loy 0000

(1 oy 0ol

Now by (3.1.1) and (3.1.4) we have

IN

=

IA

M <1} gy =0

as A — oo. By Lemma 6, there exists a constant C'x such that

(; Jontivisten |<Uf>k<t>|2p<dt>) =& ({#

: (n—1)/2
(3t Potn) < €
k - =

for x € K and A > 1. Thus we have HI,‘\ngH

=0 (\/X(n_l)/g_(S) as \ — oo.

Lo (K)
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3.4.2 Estimate of Iﬁ’gf

By (3.4.3) we have

5 f ()]

C&R VA \/X
_ U )elt) 1) )
Z/f>f+1(w (Vi-vR) Vi ) '

S.R S.R
= Iz, f(x) + Iy f(2), say.

First we have, by Schwarz’s inequality

MI»—-

6,R CL;,R 2 %
B S S (S ooy (0000
sz, ) dt ) 3.4.4
% (Xk: /\/Zzﬁﬂ \/"H (\[ \/—) 2 )> ( )

By Lemma 6, there exists a constant Cj such that for x € K

P Y
(Xk:/\/bﬁﬂ \[”“ (\/‘ \/_) i ))

<( > 22/ e, 1) p(dw) X 3a5)

Nevxa1 Nt (N <VI<NA+1

Next we have

(S

Csr
Ns\aEn <Z /ekm{\/izﬁﬂ}

[RERIIPNE
(Z Ln, N (dt)). (3.4.6)

Applying Lemma 6, again

(Z /f>f+1 " w”RP (dt>>%

= ( 2 Ni“;/NSﬁSNH Iuk(x,t)\zp(dt)> < VAT (347)

N=vA+1
On the other hand by (3.1.1) and (3.1.4)

(5 vrosnny (OO0 sta)
=|E({svE=va+1}) s

s,
Iy ?2 (:r) <

I(Uf)k(t)l%(dt)>

— 0 as A\ — 00.
L2(Q)
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By (3.4.4), (3.4.5), (3.4.6) and (3.4.7), we have

R e R

3.4.3 Estimate of Ii’ff

By (3.4.2) we have

‘]51% ‘ Cs.r 3 ( Vi "21)
\/ys—n— 0<\/<\/_ 1\ V) — \/E
sz, 2) (U F)e(0)] pldt)
nt N+1
< C(sR\/_ 0<N<Zf 2;/ <\/<N+1 (m—I—l)
X|(Uf)i(t) uk(, )] p(dt)
<O§R\/7 z éi Z VA ]\7771771

\/X0<N<f 2\/7 N—1

(S o ) (= sy (ODHOF o))

By Lemma 6

1
§ : > n—1
( /]V<\/Z<N+1 ‘uk(x7t)‘2p(dt)> S OKN 2
k SVIS
and by (3.1.1) and (3.1.4)

(= s (OB )

=|E({t:N<Vi<N+1})f Loy = AN

1
2

We have that Y A} — 0 as M — oo. Thus
N=M

2* A n21
|57, ey < CamacV3 sz TNTiT o (VA7)

3.5 Estimate of vi’Rf

We use notations in §3.2. Let § > (n—3)/2, By = 2—1 and f € L},.(Q). Suppose
that K is a compact set in 2, K’ is a closed subset of K such that dist (K’, K¢) > 0
and 0 < R <dist (K', K¢). For x € K’ put

w 779 R Jn \/XT
o} () = g_ﬁ 0 2*;(% >[: S F @ = rw)o(dw) - f@)] dr.
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Lemma 11. Assume (—A+V)f € LP(K) where 1 <p < oo. Let A > R™2.
(i) If f € LP(K), then

[2% 1], oy < CrmesOVAT ™ (11l + =2 + V) fllzo) )

LP(K')
where s
Csv\ 2 if 28 <5<t
es(N) =1 Csv/A Plogh if &=,
GV ET i 5> L
(ii) In the case of V =0,
< s (WVA™ Al

()

3.5.1 Proof of Lemma 11 (step 1)

Assume f € CX(R"). Let x € K’ and 0 < r < R. By the Fourier inversion

formula

~ o oot = 16
== [ F© [ [ et — 1 ea
- 7 [Qﬁ°r< )Gy e
By formulas (3.1.9) and (3.1.14), for ¢ € R™ — {0}
() s (e [ o

Therefore by (3.5.1) and (3.5.2), we have

i f(w = rw) o(dw) — f(x)

Sn—1

<2 () e [0 [ 7 e s

On the other hand

)emde = —Af(x) (3.5.4)

and

= TJ%(SK')S s| e™ede = ' x) s "ds
\/gn/l/ﬂ (s|€D? d] dg /OXs( ) d (3.5.5)
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where x; is the characteristic function of {x € R"; |z| < s}. Therefore by (3.5.3),
(3.5.4) and (3.5.5), we have

L b= rw) o(dw) — f(z)

Wy, Jsn-1

=200 (3) [ apta—u) ([ x5 ds) dy
=200 (3) [ ([ Aste =y o) dy) s s,

Thus we have

R fr) = VAT /OR % [/o ( e @) dy) S_st] v
— /oR (/R % dr) ( lyl<s Al —y) dy) s

By Minkowski’s inequality for integral we have

5,R n_g (R| (R Joys (\/Xr) ds
H N gy S VA i /S . /|y§8||Af(._y)||Lp(K,)
< VA2 HAfHL”(K)/O |/ %dr sds. (3.5.6)

To estimate the right-hand side of (3.5.6) we divide the integral with respect to s
into two integrals over (O7 1/\/X) and (1/\/X, R). For s > Az, by formula (3.1.12)

-3
3_5+nT

SC(S 3
\/Xz

r

/R Juys (\/X T)

r—050

Therefore we have
/R J% +6 (\/XT)

v dr

/.

x

sds < cs(N). (3.5.7)

For 0 <5< )\_%, put

dr.

/SR Jois (\/XT> g — /R J“+6 /\/— J—+6 )

7"6*,80 1 7“5 Bo T(S Bo

V2N

To the first integral on the right-hand side we apply formula (3.1.12) and to the
second integral formula (3.1.14). Then we get

<N E

/R J%H(\/X—T) dr

r0—>0B0
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Therefore we have

ok dr

RJn \/XT _n_
/ 340 (VA7) sds < CsVn 20 (3.5.8)

1
/ﬁ
0

By (3.5.7) and (3.5.8), we have

R| R Joys (VAT
/0 / %dr sds < c5(\). (3.5.9)
On the other hand, we have
Aoy < [(=A+ V) fllze) + IV Lo o [ fl] 2o (1) (3.5.10)

Therefore by (3.5.6), (3.5.9) and (3.5.10), we have

0,R

25
s < esWVA (1A + V) fllzowe) + 1V 1 fllogo) - (3:5.11)

LP(K') —

Thus Lemma 11 is proved in this case.

3.5.2 Proof of Lemma 11 (step 2)

For x € K', we can write

50 n
wn\/gn OR J2+j5<_fr> [win . (x —rw) o(dw) — f(z) | dr
VAT s (V)
T V2r Juer [yt flo—v)
» u)n\/X%_(S RJM%(\/X?“)
Vet Jo ro—Fo

Let xx be the characteristic function of K, fx = f-xx and {¢.} be an infinitely

&R
vy f(z) =

—f(z)

dr. (3.5.12)

differentiable approximate identity with supports contained in {z € R"; |z| < ¢ }.
We choose a closed set K” in K so that dist(K”, K¢) > 0 and dist(K’, (K")¢) > R.
Let 0 < e < dist(K”, K¢). By (3.5.12) we have

VaE Jstn (\/X|y|)
wn\/X%_d RJ5+% (\/XT)
Vor" o 79=Fo

We observe that vf\’R (fx * ) (x) converges in K’ to vf\’R f(z). Indeed, by asymptotic

formula (3.1.14),
/ Joqz (\/X|?J|>
lyl<R

ly|o3 ([ *pe) (x —y)dy — /|y|<R ly

0y (fx % pe) (@)

dr.

— (fx % e) () %

Jorz (\/X|?J|>

73 fr(x —y)dy
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J f
/‘ 6+|y|5+_|y| )|(fK*905)(:E—y)—fK(fv—y)\dy

as ¢ — 0% since fr € L' (R"). By ali_)rg+ (fx * ) () = fr(x), 037 (fx * @2) (x)
converges to v (fx) (z). Since R < dist(K’, (K")°), we have v (fx) = o537 f in
K'.

Let u € C° (K"). We have

[ 80V @) (i 00) (@) ule)
= [ (=8 + V) F) (a5 02) (9) dy
i / " |y|<e[v<5”> —V(z —y)] f(z — y) ¢=(y) u(z) dz dy.
Therefore

[ (=80 + V(@) (i) (@) ule) do
< =2+ V)l 10+ 92l ey + 21V 200 1% 92l 1ol ey

I(=A+ V) (Fx * )l Loy < N(=A V) fllo) + 20V ]| oo a0 | 1] 2o (169
On the other hand, since fx * p. € C> (R™), by (3.5.11)
SR
HU)\ (fK*QOE) Lp(K')

n_s
< CJ(A)\/X (H(_A +V) (fK*‘;OE)HLP(K”) + HVHL‘X’(K”) ”fK*SOEHLp(KH)) .

Therefore by Fatou’s lemma, we have

‘ vi’RfHLp(K) < 116Q(1Jnf Hvi’R (fx * ©e)

50, .
< s VAT tmint ([(=A+V) (i) e+ IV egaen e 2 0el o)

-6
<M VATT (=24 V) Lo + 3V o 1 ll )

Lr(K')

Thus Lemma 11 is proved.

3.6 Estimate of Wf’Rf

We use notations in §3.2. Let § > (n—3)/2 and fy = 5 — 1. Let a > n/4 and
febD (AO‘) Suppose that K is a compact set in €2, K’ is a closed subset of K such
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that dist (K’, K¢) > 0 and 0 < R <dist (K’, K¢). For z € K' let

Jn s (VA
WfRf )\2 Z/ Uf )/{JR# e

) ’]ﬁo (\/%7") Yﬁo (\/_’y’) - Yﬁo (\/%7") Jﬁo (\/ﬂyD

|y| o

V(r—y)

X ug(z —y,t dy dr.

Lemma 12. We have

WE f(z) ,\2 Z/ (U f)r dt/ ds/ Ve —y)up(x —y,t)dy
y<s

R Jsin (\/XT')

<[ T

70

w(t, s, r)dr,
where

w(t,s,r) =ts {Jﬁo (\/Er) Y5,+1 (\/ES) — Y, (\/Er) Jgy+1 (\/%s)} .

Proof. For x € K’ and 0 <t < oo, we have

/OR W dr /|y<r V(e —y)ur(e —y,t)

I (VEr) Yoo (Vilyl) = Y (VEr) Jao (Vil])
[yl
R J5+ﬂ \/XT T
= /0 255> dr/o /Sn_l V(z — sw)ug(z — sw,t) o(dw)
X {Jﬁo (\/%r) Y3, (\/ZS) — Yp, (\/%r) I3, (ﬂs)} s2ds.

Reversing the order of integration with respect to r and s, the last expression equals

/OR ds /Sn_l V(z — sw) ug(x — sw, t) o(dw)

RJHE (\/XT) n
x/ T{Jgo (\/%7*) Y3, (\/Es) — Y, (ﬁr) Js, (ﬁs)}drm
_/ ds / "1/Sn1 (x — Tw) ug(x — Tw, t) 0 (dw)d}

w50 /SR M s (Vi) Y, (VEs) =Yg, (VEr) Ja, (Vis) b ar.

7o

Integration by parts with respect to s yields the following expression of the right-
hand side:

R s
n—1
_/0 ds/o T /S%1 V(z — Tw) ug(z — 7w, t) o(dw) dr
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" ds rd

R

=—/ ds V(e —y)up(x —y,t)dy
0 lyl<s

" /R J6+% (\/XT) i [‘]ﬂo (ﬂr) Yﬁo (\/?_58) — Y,@o (ﬂ’/’) Jﬁo (\/ZS)

rd ds sPo

On the other hand, by recurrence formulas (3.1.9),

D (57, (Vi) Vi, (VEs) = Ya, (VEr) Js, (VEs)}] = —ult,s.7).

Combining the last equation with (3.6.1) we get Lemma 12.

Lemma 13.

&R
HVVA fHLoo ky O (A tlog \) if 6 = ”T“,
O\ if 6> ”;Fl

. ) . 5 ) .
as A — 0o. Moreover, if f wvanishes in K, then W/\’Rf vanishes in K'.

For x € K’ put

WiRf(a) = VAT (/ +/ +/ ) p(dt)

(VX r)

R R J6+ﬁ
X / ds/ V(r —y)ug(z —y,t) dy/ — > w(t,s,r)dr
0 ly|<s s r

= VAT (KSR f () + KR f(2) + KORf(2))

say.

3.6.1 Estimate of Kﬁ’f

Let A > R™2. By Schwarz’s inequality and (3.1.1) we have

oO,R
K«

<|s [ 1w p(dtﬂl

R RJsin \/Xr
X { ds ‘y|<§/(x—y) ug(x —y,t) dy/s (H"’?(A(;)w(t, s,r)dr| p(dt)
<l {(Z/Ol ds\put)) +(Z/01 s p<dt>>
k k oy

= |[fllz2@) X [k11(2) + k12(2)]
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" {ﬂ [ O] ) v (Vi) i (Vi) (ﬁs)}dr]

]dr. (3.6.1)
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say. For 0 <t <1 and 0<s§\/x_l,put

LRMw(t,s,T)dr: (/SknL/R) Mw(tasﬂ')d”

7o 1 rdé

V2N

To the first integral on the right-hand side apply formulas (3.1.14)—(3.1.16) and to
the second formulas (3.1.12) and (3.1.14)—(3.1.16). Since 6 > (n — 3)/2, we get

/R oy (\/X r)

70

w(t,s,r)dr| < C’(s\/ys_%sl_”.

Therefore we have

(S

k(@) < Csl[VIie VA {Z | pta) ( [7stas [ uede =) dy) }

k

By Schwarz’s inequality

kri(z) < C(S,V,K\/X(S_% [Zk:/olp(dt) (/o%sf: /y dy)

|<s

7 ds 2
X ( " 7/ |uk(z — y7t)|2dy>] :
0 S ly|<s

If we change the order of integrations, then the right-hand side becomes

2

6_%_% —-n !
CouredX [ b [t - ot
\ Lk 70

vI<TR

By Lemma 6 we have
1
Z/O [ur(z =y, t)|* p(dt) < Cx (3.6.2)
k

for € K’ and |y| < R. Thus we have

kii(@) < Csvr VA 2 o (3.6.3)

Let 0 < ¢ <1and VA < s < R. Since § > (n — 3)/2, by formulas (3.1.12)
and (3.1.14)—(3.1.16) we have

/R J6+g (\/XT)

ré

1

T
w(t,s,r)dr| < CsV/\ 25797273,

Therefore we have

3
kia(x) < (J<5||V||Lc><>(1r()\/X ?



If 6 <(n+1)/2,let 6 <a< (n+1)/2. By Schwarz’s inequality

ki2(x) C&\/K lZ/ (dt) (/1 ‘@gﬁ/lqudy)
</R j; /y|<s [ =y, 1) dy)] g (3.6.4)

By interchanging the order of integrations, we find that the right-hand side becomes

_% R —2a _
Csvie VA [/1 s dS/yKSdQZ/ ug(z —y, t)[° P(dt)]

x

By (3.6.2) we have
3
kia(z) < Csyr VA 2. (3.6.5)

If 6 =(n+1)/2, by Schwarz’s inequality

Ca VK B ds
ki 2( [Z/ (dt) </1 g+l /|y|<s dy)
R dS ) %
X (/% il /y|<s ur(z —y, 1) dy)] :

Interchanging the order of integrations yields that the right-hand side is equal to

C(SVK\/_ (log )\)% [/j s‘”‘lds/

Uy WIEERT p(dw]
75 ly|<s
By (3.6.2) we have

kyo(z) < C(;,V,K\/X_% log A. (3.6.6)
If 6> (n+1)/2,1let (n+1)/2 < a <. By Schwarz’s inequality (3.6.4) holds.
By the interchange of the order of integrations, the right-hand side turns out to be

equal to

a3 [ (R
CordA ™[ [Fsas [ ans [t = o]

Vo ly|<s

By (3.6.2) we have
§—2_2
kio(z) < CsyxVA 2. (3.6.7)

3.6.2 Estimate of Kf\s’,éz

Let A > R™2 By Schwarz’s inequality, (3.1.1) and (3.1.6) we have

K3 f ()]

< | [ I wneoF o)
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(ST ] e a2 ey ,fif)]
i < 3o\’
<| Ay (%:/A I ds‘ﬁ—a)
o o)\ *
(2/ /\F ' t2a ) (Z/ / pt2a ) ]
- HAO‘f 12(Q) X [kz1(7) + kg o) + k3 3(7)] say.

For A <t < oo and O<3§\/z_f_1,put

R J(; n \/XT Lt . R J(; n \/XT’
/ —+2(5 )w(t,s,r)dr:</‘[+/ﬂ+/ >—+2( )w(t,s,r)dr.
s T s 1 1 7”6
Vit v
To the first integral on the right-hand side apply formulas (3.1.14)—(3.1.16) and to
the second integral and the third integral formulas (3.1.12)—(3.1.16). Then we get

/R Jorz (\/X 7“)

ro

s—1 1-n
w(t,s,r)dr| < CsVA" 2Vt 2 st

Therefore we have

1 2 %
6_% o p<dt) Vi 1-n
ksa(2) < Col[V ||z VA {;/A e (/0 s ds/|y<s|uk(:r—y,t)\dy .

By Schwarz’s inequality

(dt) ds
ks (2) <Coyv VA [Z fﬁ_( fSH/ dy)
Yy

|<s
7 ds 3
><< f*/ |ue(z =, )\Qdyﬂ-
0 lyl<s

After changing the order of integrations, the right-hand side becomes

(d?)

1
n ful 2 P ’
- dyz/y v = y.t) t] -

Since « > n/4, by Corollary 3 we have

Oé’V’Kﬁé_i VI |<

Z/)\ |Uk(ZE - y,t)|2t_(2a+1)—§p(dt) < OK,a/\_(2a+1) < CK@/\_%_l
k

for € K’ and |y| < R. Thus we have

n

k371(l’> < 057‘/7[(7@&6_5_2. (368)
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For A <t < oo and ﬂ_lgsgﬁ_l,put

RM@(} s, T r—( % R>Mw s,r)ar
/ (t,s.)dr = ( | +/jx (t,5,7) dr.

7o o

To the first integral on the right-hand side apply formulas (3.1.12)—(3.1.14) and to
the second integral formulas (3.1.12) and (3.1.13). We get

1—n

< C(;\/XéiﬁsT.

/R —JM% (\/XT) w(t, s, r)dr

ré

Therefore we have

]ng((ﬂ) < 05||V||Loo(K)\/X [Z/ e (/ﬁ 17Tnd3 /|y|<s |uk(1‘ — y,t)| dy) ]

By Schwarz’s inequality

(dt) ds
k372(x) SOJ,V,K\/X [Z/ pt2a < 1\/_Sn 1 /||< dy)
v yiss

N 3
X (/\/X ds/ lug (x — y,t)|2dy>] .
G lyl<s

If we change the order of integrations, then the right-hand side becomes

dy Z/ lug(z — y, 1)) pij;)r.

Since « > n/4, by Corollary 3 we have

0—2
Oy VA l /
y

| <i

A gz — y, )2 (2278) =5 p(dt) < Crear™(2273) < O (3.6.9)
for z € K" and |y| < R. Thus we have
§_n_
k‘gg(l’) < 057\/7[(7@& 2 2. (3610)

Let A <t < oo and A < s < R. By formulas (3.1.12) and (3.1.13) we get

3
— 5 n 1
< CsV 2s0EE,

/RMw(t,S,T> dr

ro

Therefore we have

3 0 o(dt R, 2
k’373(ZE) S O§||V||L00(K)\/X |:Z/)\ pt(Qa) (/1 S d 2 st/ |< |uk({L‘—y7t>| dy)] .
k V5 yl<s
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If 6 <(n+1)/2,let 6 <a< (n+1)/2. By Schwarz’s inequality

C5 VK p (dt) ds
k33 [Z/ t2a /1 §26—2a+n+1 /|y<S dy

</R ji /y|<s sl — 9, 0)f dy)] R (3.6.11)

By interchanging the order of integrations, we find that the right-hand side becomes

1

C’M/,K\/X_% [/f S_Q“ds/yKSd Z/ lug (x )| pijj)r

x

By (3.6.9) we have
_3
kss(z) < CsygaVA 2. (3.6.12)

If 6 =(n+1)/2, by Schwarz’s inequality

CJVK ds
k33 [Z/ 12 </ gntl /|y|<s dy)
R dS 2 %
X </% s /|y<s lur(z —y,t)] dy)] :

Interchanging the order of integrations yields that the right-hand side is equal to

CoviVA *(log \)} Vj S_n_lds/ dyz/ (@ — 1.6 ”ﬁiff)f

7 lyl<s
By (3.6.9) we have

kss(r) < CsviraVA “og A, (3.6.13)
If 6 >(n+1)/2,1et (n+1)/2 < a <. By Schwarz’s inequality (3.6.11) holds.
By the interchange of the order of integrations, the right-hand side turns out to be
equal to

1

o o p(dt) |2
32d3/<sdy2/ lug(x — v, )\ t(2a) )

2N

d§—a—2 R
Csvx VA : [/1

By (3.6.9) we have
S_m_
kss(x) < Ca,V,K,a\/X : 2- (3.6.14)

3.6.3 Estimate of Kf\s’f

By Schwarz’s inequality, (3.1.1) and (3.1.6) we have

< |3 [ 1w otan|

K3 (=)
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[N

R Jsin (VA7 2 o(d
- 0 |y|<sv($_y) ur(z =y, 1) dy/s # (t,s,7)drds 752 t)]
A odt) ) ?
< |ldey], {( ) ( tza)) ]
- ‘Aaf L2(Q) X (ko1 (7) + koa()], say.

For 1 <t< )\ and 0<5§R/\/X,put

R J VAT J, VAT
/ o3 < ) tsrdr—(/f—l—/f /)—M <5 >w(t,s,7“)d7".
s r

To the first integral on the right-hand side apply formulas (3.1.14)—(3.1.16), to the
second integral formulas (3.1.12) and (3.1.14)—(3.1.16) and to the third integral
formulas (3.1.12)—(3.1.16). Since 0 > (n — 3)/2, we get

/R Joyn (\/X r)

ro

w(t,s,r)dr| < C(;\/Xé_%sl_".

Therefore we have

R 2
51 A o(dt 7 1en
]{?271(1’) S C§||V||Loo(K)\/X [Z/l pt(ga) (/O\/X 51 d8/| |< |Uk(l' — y,t)| dy) ]
k yiss

By Schwarz’s inequality

koa(2) <Gy VA" lz/ o ( fﬁ/yqdy)

1
R ds 2
X ( 7 7/ \uk(fv—y,t)IZdy>] :
0 S ly|<s

After changing the order of integrations, the right-hand side becomes

1
2

§-n-3 A dt)]*?
el NS o) WINEERIC
|y|<ﬁ L 71 t
Since « > n/4, by Corollary 3 we have
A 5 (n N

3 / gz — y, )2 (37275 p(dt) < O (3.6.15)

)1
for € K’ and |y| < R. Thus we have

koa(x) < C(s,v,ma\/xé_%_% (3.6.16)
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Let 1 <t< )\ and R/\/nggR/\/i and put
/SR Jorg SXXT) w(t,s,r)dr = (/f /ﬁ) —J6+ S;/XT) w(t,s,r)dr.

To the first integral on the right-hand side apply formulas (3.1.12) and (3.1.14)—
(3.1.16) and to the second formulas (3.1.12)—(3.1.16). Since § > (n — 3)/2, we

get

R Jsin (VAT _3 w1
/ Ww(t,s,r) dr| < CsVA 25707373, (3.6.17)
s r
Let 1<t <\ and R/Vt < s < R. By formulas (3.1.12) and (3.1.13) we get
R Jsin (VAT _3 "
/ %;)w(t,s,r) dr| < CsV/A ?s0 5 n, (3.6.18)
s r

Therefore by (3.6.17) and (3.6.18) we have

1

dt n 1 dE

koa(2) < Cs|IV ||ime) VA~ [Z/ ptm (/ 3555ds/|< |uk(a;—y,t)\dy>] .
y|<s

V2N

If 6 <(n+1)/2,1let § <a < (n+1)/2. By Schwarz’s inequality

Csvi A p(dt) R ds
272(33) ~ \/_g l; 1 $2a % 32572a+n+1 lyl<s Yy

(/R isa/| P C G t)lgdy)r . (3.6.19)

By interchanging the order of integrations, we find that the right-hand side becomes

1
_3 R dt) ]2
Csvx VA ? [/R 8_2ad8/ dyZ/ u(z — y, 1) piga)‘|
ly|<s

Vx

By (3.6.15) we have
_3
koo(z) < Cé,V,K,a\/_ 2. (3.6.20)

If 6= (n+1)/2, by Schwarz’s inequality

Cs, VK ds
kz o(x) < [Z / t2e </ gntl /|y|<5 d@/)
R ds 2 :
. </% gn+1 /|y<s |Uk(w ; y,t)| dy)l '

Interchanging the order of integrations yields that the right-hand side is equal to

[ /R dt 3
CsvVA ° (log)\)§ VR s‘”‘lds/y|<sdy2/ ug(z — y, 1)) pim)] :

V2N
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By (3.6.15) we have
_3
koo(z) < CsyraVA ?log. (3.6.21)

If 0 >(n+1)/2,1let (n+1)/2 < a <. By Schwarz’s inequality (3.6.19) holds.
By the interchange of the order of integrations the right-hand side turns out to be

equal to
1
_aq-3 R AN
CzS,V,K\/X(S ? [/ 3_2“ds/ dyZ/ lu(z — 1y, t) p<2a) .
% lyl<s t
By (3.6.15) we have
Fao(@) < CovrcaVA ° (3.6.22)

Thus by (3.6.3), (3.6.5)—(3.6.8), (3.6.10), (3.6.12)—(3.6.14), (3.6.16) and (3.6.20)—
(3.6.22)

O \/X(n_g)/2_5> if 3 <5< nil
o0,R
W ey = OO I0g) i =t

O it §> il

as A — 00.
If f vanishes in K, then by (3.1.1), (3.1.3) and (3.1.6) we have

for g € C*(K) and j=0,1,2,.... Therefore for s, > 0 we have
[, 7 | [ wteesr) 0100 w0 )|
=s / [Z/ VT, (VET) Yaga (VEs) (U F)r(t) ug(2, 1) P(dt)] dz

—s [ o) [Z VY (VET) s (VEs) (Uf>k<t>uk<z,t)p<dt>]dz
=0.

Thus for z € K’ we have

: -5 (R R Jsin (\/XT)
WS @) = VAt [Cas | —6/y|<s V(e —y)
[Z/ w(t,s,r) (Uf)e(t) ur(z —y,1) p(dt)] dy dr = 0.

Thus Lemma 13 is proved.
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3.7 Proof of Propositions 1 and 2

Let K be a compact set in 2 and K’ be a closed set in K with dist (K’, K¢) > 0.
We choose 0 < R < dist (K', K¢). Let 1 <p<oo and § > (n—3)/2.

Let « > n/4 and f be a function in D (AO‘> regulated in 2. We decompose
sSf — f into four terms: V/\‘S’Rf, wi’R , vi’Rf and Wf’Rf, and estimate by (3.3.1)
and Lemma 9, 10 and 12 respectively.

If fand (—A+V)f € LP(K), then

N Py
PEY Lo if §> i

= as A\ — oo.

|s3f =

If f vanishes in K, then

|s3f = f

_, (\/X(n—l)/Q—(S)

as A — o0o. Thus Proposition 1 is proved.

Let V =0 and f be a function in L?*(2) regulated in €. Then we have
WEEF = 0. We estimate V" f, w$f f and o0 f by (3.32), Lemma 9 and 10.

If fand Af € LP(K), then

Lp(K')

[o(VATE) i e g cnp
Le(&?) O (A1) if § >

|s3f =1

as A — oo. If fe LP(K) and Af vanishes in K, then

Hsif —f , =0 (\/X(nl)ﬁ&) as A — 00.

Lp(K
Thus Proposition 2 is proved.
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