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§1. INTRODUCTION

It is well known that, traditionally, real numbers are used in theoretical and mathe-
matical physics because length of segments, size of angles and etc. should be measured
precisely from the Archimedean axioms. However, for instance, the real space-time R*
seem still to be not adequate to deal with certain microscopical and cosmological phenom-
ena, and in quantum gravity and in string theory it was proved that a measurement of

distance smaller than the Planck length (approximately 10~33¢m) is impossible. Thus the
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non-Archimedean (n.a.) structure of space-time in quantum physics was considered by Blij
and Monna [BM 68]. This paper did not find any response in physics and has been forgot-
ten. Vladimirov and Volovich [VV 84] considered supersymmetric models on superspaces
over the n.a. locally compact fields. The n.a. physical models provoked great interest in
connection with string theory (see, for instance, [Vol 87a, 87b]). However, it proved to be
very difficult to interpret physical models of a level as high as a p-adic string. Therefore,
simpler n.a. models such as quantum mechanics and field theory were investigated: In
[Vla 88| the theory of generalized functions, the p-adic Gaussian integrals based on the
real valued Haar measure (see Appendix A), and the theory of Fourier transformations
were studied over the field Q, of p-adic numbers. Since these theories, two formalism of
quantization over the space Q) were proposed in [VV 89]. The first approach considers
wave function f: Q) — C, and the second approach considers function f : Qp — Q.

To put it concretely, given a dynamical system of one particle moving in R™ with the po-
sition coordinate z = (x1, 2, - ,Z,) and the momentum coordinate k = (kyi, ko, -+ , k),
the standard quantum mechanics starts with the family of self-adjoint operators x;,k; (j =
1,2,---,n) in the Hilbert space L?(R™) of C-valued Lebesgue square integrable functions
f(x) and f(k), which are related by the Fourier transform

(k, z)

) g =n [ e (B Yk fuy = [ e (<52 ) an,

where h is the Planck constant and e(t) = exp(2my/—1 t). The canonical conjugate pairs
x;, k; satisfy HCR (Heisenberg commutation relations)

(12) [Xi,Xj] = [kz,kj] = 0, [Xi,kj] = \/__1h5ij7

where h = h/2m, and §;; is 0 if i # j and the identity operator Id if i = j. In the
Schrodinger representation, the operators x;,k; are realized by

(1.3) (x;f)(x) = x; f(x),

(1.4 (1) (0 = @) (or G60) (@) = 5 50 7(0)).

Also, on the assumption that x;,k; are bounded self-adjoint operators, unitary operators
U(x;),V(k;) given by

{ Ul(x;) = e(x;k;/h): f(s) = f(s+x5),
V(kj) = e(kjx;/h) : f(s) — e(kjs/h)f(s),
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satisfy WCR (Weyl commutation relations)

(1.6) { U(@)Ule;) = Ulas +3;), VIRV ks) =V (ki + Ey),

U(z;)V(kj) = e(kjz;/h)V (k;)U(z;).
The representation of the Heisenberg groups in L?*(R™) is one of the cornerstones of

ordinary quantum mechanics. Le. for t,h € R and k,z,y € R", the action of W (x, k,t) on
f € L?(R™) given by

(1.7 Wikl = e () 0
satisfy the Weyl relation

(1.8) W(z, k, )W (' K t") =W+ k+ K, t+t — (k,2')).
Moreover, the group law

(1.9) (z,k,t) - (2" K ¢) = (e + 2" k+ K t+t — (k"))

defines a real Lie group structure Gg on R?"*!. In 1930, Stone and Von Neumann proved
the following uniqueness theorem: Any two irreducible unitary representations of the group
Gr that map (¢,0,0) onto the operator e(t/h)-Id are unitary equivalent. See [Car 66],
[LV 80] and [Yan 96] for informations on the real Heisenberg group, its irreducible unitary
representation, the Maslov index and the application to the theory of theta-functions.

The equations (1.1) and (1.5) through (1.9) can be generalized to the p-adic case: For
k,z,y € Qp and h € Q,, the complex factor e(k;y/h) and the Lebesgue measure on R™
are, respectively, replaced by the additive character x,(k;y/h) of Q, and the real valued
Haar measure on Q). In this case, the Hilbert space LQ(QQ) of C-valued square integrable
functions on Qp is used. The formalism of the p-adic quantum mechanics with C-valued
functions is based on a triple { L*(Ql}), W (z), U(t) }, where W (z) is a unitary representation
of the Heisenberg-Weyl group in LQ(Q;‘) (i.e., the representation of WCR), z is a point
in the classical phase space Q x Qp, and U (t), t € Qp, is a unitary representation of an
additive subgroup of Q) which defines dynamics (i.e., the time evolution operator). In
particular, the quantum dynamics of the free particle and the harmonic oscillator were
constructed. The above formalism was extended, by Zelenov [Zel 91, 92, 93, 94a, 94b],
to the case of infinite-dimensional space, and the theory of representation of the p-adic
Heisenberg group was studied. Zelenov’s theory is based on a Weyl system (H, W) on the
arbitrary dimensional p-adic sympletic space (V, B), where H is a complex Hilbert space

and W is a continuous mapping from V to the family of unitary operators on H satisfying
the condition (the Weyl relation) W (x)W (y) = xp(B(x,y)/2)W (xz +y) (see §3, 3.1).
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On the other hand, the equations (1.1) through (1.9) can not be easily generalized
to the p-adic case with Q,-valued functions because an integration suitable for physical
applications have not been constructed (although the theory of integration with respect to
n.a. valued bounded measures have been considered by several authors (Monna-Springer-
Schikhof)). In other words, the definitions of the Gaussian and the Feynman integrals in
R,

2 dr _ =2 dx
IG:/goa:e_% , IF:/gpxe 20VT ———,
R (@) 27h R (@) 27hy/—1

are based on the Lebesgue measure dr on R. A new difficulty which occurred in the
n.a. theory is the absence of the Lebesgue measure with n.a. values. The solution of
this problem was suggested by Khrennikov [Khr 90a, 90b, 91, 92, 95|, in which for a
n.a. valued field K he introduced the n.a. Gaussian distribution v, g (with mean value
a € K" and symmetric covariance matrix B = (b;;), b;; € K, det(B) # 0) on K"
as a continuous functional on the space A(K",Z.), where Z, is one of the quadratic
extensions of K, of entire analytic functions, and constructed the n.a. complex Hilbert
space L2(K™,y0p), b € K* (see §4, 4.1 through 4.3). In particular, the construction
of 74,8 was based on the Parseval’s equality and, by analogy with the theory of real
functions, its n.a. Laplace transformation was assumed to be a quadratic exponent on K,
ie, L' (vaB) = ez (Br.2)+(a,7) By virtue of the Parseval’s equality, in order to see how the
distribution affects the test function, it is sufficient to know the n.a. Laplace transform
of this distribution. Then the n.a. Lebesgue distribution dx was introduced on K" as a
distribution which acts on the test function f(z) = gp(:l:)e"‘”|2, o(r) € A(K™, Z,), and
which is absolutely continuous relative to the v, g. Moreover, by means of the integral with
respect to the above distributions v, g and dz, the Bargmann-Fock and the Schrodinger

representations were constructed.

The purpose of this thesis is to stimulate the n.a. quantum mechanics by using math-
ematical apparatuses. Namely, the functional equation of the local zeta function, the
definition of an [-sheaf on the [-space, and Mahler’s theory of integration with respect to
a ring Z, of p-adic integers, Iwasawa isomorphism and the Morita p-adic I'-function are,
respectively, used in §2, §3 and §4:

The scalar propagators in Qp, which are the inverse Fourier transform of a kinetic
operator (O +m?), m € R, are given by

1 1 1 1 1
[(k, k) +m2[," [(B,E)|p +m? " k1|2 + -+ [knl2 +m2 " k]2 +m?27 |k,m|2’

where k = (k1, k2, ,kn) € Qp and |k, m|, = max(|k[,, |m|,). In the one-dimensional
case, the second, the third and the fourth propagators coincide; it was the version that



was applied in quantum mechanics [Vla 88]. In the massless 2-dimensional case, the fourth
version was proposed in [Par 88|, in which another p-adic norm |k[, := [}, k;[, was
used. The fifth version was calculated in [Smi 91]. In particular, the second version was
proposed for p-adic quantum field theory: Let A, be Vladimirov’s operator in [Vla 88|,
which is defined by

(1.10) (App)(z) :/@ (R, K)lpxp (K, 2))@(R)dk, ¢ € S(Qy),
where S(Qy) is the space of Schwartz-Bruhat functions on Q} and ¢ is the Fourier trans-
form of ¢,

# = [ e@mnpl(h )
The p-adic Green function G(z) that satisfies (A, + m?)G(z) = §(x), where §(z) is the
p-adic Dirac §-distribution, was proposed in [VV 89]:

)
1.11 o = [ (k) -
(1.11) (2) /@WWW meRsg
Since X )
TR, Fo ) e (0 =1k B),0) dd, 6 € Ro,
» V) p

we have

Glz) = lim Xp((k:,x))<lim /0 exp (=m0 — |(k, K)|,6) d@) dk.

N —oco (p—NZp)" £—00
Since |xp((k, )) [y exp (—m?0 — |(k, k)[p0) dO] < 1/(|(k, k)|, +m?) € L' (p~NZp)"), by
Lebesgue’s theorem and Fubini’s theorem, we obtain
g

G(z) = lim exp(—m29)/ Xp((k,x))exp(—|(k, k)|,0)dkdb.

Noe=oo Jo (p=N )

Expanding exp (—|(k, k)|,0) into the Taylor series and using Weierstrass’ criterion, G(x)

is expressed as

&g

(1.12)  G(z)= lim eXp(—m29)2<_9)a </( . )n|(k,k)\g‘xp((k,x))dk> de.

N,e—o00 0 a!

a=0

For convenience, put
(1.13) J= J(a,n) = / (1) 12 X (R, 2))
(P~ NZp)"
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The properties of G(x) for n = 1 were studied in [Vla 88]. For any odd prime p, the
asymptotic expansions of G(z) for n = 2 and for n = 4 were, respectively, given by
Bikulov [Bik 91] and Kochubei [Koc 93].

In §2, more generally, we obtain an asymptotic expansion of the p-adic Green function
G(x) for any even dimension n and any odd prime p (resp. for any even dimension n and
p = 2) by calculating (1.13) in the functional equation of the local zeta function due to
Rallis and Schiffmann [RS 73] (resp. in the t-representation due to Bikulov [Bik 91] and
formulas of the p-adic Gaussian integral in Appendix A). At first, the author used only the
method of t-representation. Then, Professor Fumihiro Sato at Rikkyo University suggested
to simplify the proof by using the local functional equation of the prehomogeneous vector
space. His advice gave a nice perspective and the possibility of a generalization. The
author is very grateful to Professor F. Sato.

The main results of §2 are as follows:

Proposition 2.2.2. For the trivial character x, we have
{1 ifp=1 (mod 4)

(2.2.6) hoi(t) = (t,—)u = -1 if p=3 (mod 4)

for any t € Q,

I'y(a) ifp=1 (mod 4)

(2.2.7) p(h—17 O{) = { _(1 _I_pa—l)/(l _|_p—a) jfp =3 (mod 4)-

Lemma 2.2.3. Let Q be the standard quadratic form (z,z) on Qp. For a € C and any
N sufficiently large,

(a) if either n =0 (mod 4) or [n =2 (mod 4) and p =1 (mod 4)], then
J(a,n) = r(Q)Tp(a + 1Tyl +n/2)|(z,2)|, @2,
(b) if n =2 (mod 4) and p =3 (mod 4), then

_|_pa+n/2—1

J(a,n) =r(Q)p(a+1) L

—(a+n/2
m“%ﬁﬁﬂp( /2,

For convenience, we denoted by Cond.1 the condition either n = 0 (mod 4) or [n = 2
(mod 4) and p =1 (mod 4)]; Cond.2 the condition n =2 (mod 4) and p = 3 (mod 4).

Theorem 2.2.4. For any even dimension n and any odd prime p, the Green function
G(x) defined by (1.11) has the following asymptotic expansion:

_ n/2( n/2_1) 4 1 .
p(pil)(pﬁ/2+1_1) (%) W if Cond.1

G(z) ~

n/2( n/2+1) 4 1 .
p(£+1)(];n/2+1+1) (%) W if Cond.2.



Lemma 2.3.1. Forp=2 and a € C,
(a) if n =0 (mod 4), then

2—(2a+n)+1 _ 2—(a+n/2) _
1 — 2—(a+n/2) |(m,x)|2

J(a,n) = (—1)128 " 'Ty(a+ 1) (atn/2).

(b) if n =2 (mod 4), then
J(a,n) = (1)~ "+E+325 710, (o + 1)|(z, )5 @72,

where y; is the second digit of the canonical representation of (x,x) € Qo, ie., (z,x) =
27P(1+y2+4-), 0<y; <1, BEZ.

Theorem 2.3.2. For any even dimension n and p = 2, the Green function G(z) defined
by (1.11) has the following asymptotic expansion:

—1)%t1o n/2_ o

( 3)771,4 (23/2“_11) |($vm)|1%+n/2 ifn=0 (mod 4)
G(z) ~

(1)~ ntEtags+l 1 T

In §3, we briefly review some results of a Weyl system (H, W) on the finite-dimensional p-
adic sympletic space (V, B). In addition, in order to define an I-sheaf (V, F), by Bernshtein
and Zelevinskii [BZ 76, pp. 6-9], over (V, B), we introduce the concept of an algebraic
Weyl system (H,W) on (V,B), and some necessary and sufficient conditions for a Weyl
system (H, W) to be irreducible are investigated. As application, we give another proof of
the Ston-Von Neumann Theorem of the p-adic Heisenberg group. From the Schrodinger
representation associated to a selfdual Z,-lattice £ in (V, B), we construct a Weyl system
(H(L,0),Wg¢ ) depending a selfdual Z,-lattice £ and a Q,-valued function o.

The main results of §3 are as follows:

Definition 3.2.2. a) A Weyl system (H, W) is said to be algebraic if there exists an open
compact subgroup I of V' such that W(x)p = ¢ for all ¢ € H and x € I. For some open
compact subgroup I of V, let H! = {¢p € H : W(x)p = ¢ for all x € I} be the subspace of
I-invariant vectors in H. Then it is clear that (H!, W) is an algebraic Weyl system, called
the algebraic part of W. In particular, (Hy = H"°, W) is the algebraic part of W.

b) Weyl system (H,W) is said to be admissible if it is algebraic and if for each open
compact subgroup I of V, H' is finite dimensional.

Theorem 3.2.3. A Weyl system (H, W) is algebraic if and only if S(V)H = H.



Theorem 3.2.5. Let (H,W) be a Weyl system on (V, B). Then (H,W) is irreducible if
and only if for any open compact subgroup Y € O of V either HY = 0 or (HY ,W) is
irreducible.

Proposition 3.2.6. Let (H,W) be an admissible Weyl system on (V, B). Then we have:
(i) (H,

X W) is also admissible.

(ii) (H,W) is irreducible if and only if (H}

al’

W2) is.
Proposition 3.2.7 (Schur’s Lemma). If (H, W) is an irreducible Weyl system on (V, B),

then D = Homgyy(H, H) is a division ring. In other words, D = C, i.e., if ¢ : H — H is
a S(V)-module homomorphism, then ¢ is a scalar multiple of the identity morphism.

Theorem 3.3.1 (The Stone-Von Neumann Theorem).
(a) (H,,T,) is an irreducible unitary representation of N.

(b) For any Hilbert space H, every unitary representation (H,T) of N satisfying
(3.3.5) T(t,0) = xp(t) - Idg for (¢,0) € Im(¢)

is a multiple of T,,.
Theorem 3.4.3. The Weyl system (H(£,0), We ) is irreducible if and only if 0 (£) C Z,,.

In §4, we explain and supplement the articles [Khr 90a, 90b, 91, 92, 95] which are con-
nected with the n.a. quantum mechanics with K-valued functions. In particular, we review
the relation between Iwasawa isomorphism and unboundedness of the p-adic Gaussian dis-
tribution o (b € Q)) (cf. [KE 92]) and present some problems which are connected with
the n.a. Gaussian distribution and the n.a. Hilbert space (cf. [Khr 95]). Using the Morita
p-adic I-function F;S)M)(x) we construct a p-adic Hilbert space H(Z,) and investigate the
properties of a differential operator % and its adjoint (%)* in H(Z,). Moreover, as noted
in the equations (1.2) through (1.8), we consider coordinate and momentum operators
x;j,k; (=1,2,---,n) in the n.a. complex Hilbert space L?(K™, v ;) and investigate the
properties of operators x;,k;. Also, we construct a restricted n.a. Heisenberg group N,
depending h € K.

The main results of §4 are as follows:
Theorem 4.2.4. Every functional ¢ € A(Vg, K)' (resp. ¢ € A}) is of the form

(4.2.8) ()= fatar [= D far® € A(Vg,K) (resp. f € Ar),

|a|=0 |a|=0



where ¢, € K, if and only if {|¢a|x/RI*!} (resp. {|g0a Ig%}) is bounded as |a] — oo.
And we have Ay = Upge x| A(VR, K)' as set.
Theorem 4.2.6. Let s(A;, A;), i = 0,1, be the strong topology of A;,. Then we have:
(1) A; are complete and reflexive.
(2) (A1, 5(AL, AL) = (Ao, Tr) and (Ag, s(Ap, Ao)) = (A1, Tp).

Theorem 4.2.7. The spaces Aj, i = 0,1, can be explicitly described in the form of the
spaces of infinite-order differential operators with coefficients from the field K.

Proposition 4.3.12. For b € K* and Ri,Rs € |K*| with Ry > \/t(K)|b|k/|2|x and
1 < Ry < /|b|g/t(K), we have

A(VRl,ZT) C LQ(Kn,’yO’b) C A(VRQ, ZT).

Proposition 4.5.1. The transform Z is an isomorphism of C(Z,,Q,(\/7))" and the func-
tion space

Fr = {1 € AB,Qy(v7) : [If]] = supu| £ (1) /], < 50}

Proposition 4.5.2.

(g)* oy = @U@ D)
) 0 e |

Proposition 4.6.1. x;,k; are bounded self-adjoint operators in L*(K™, o).

Theorem 4.6.2. For any y € Vp-, R* = [ \b|K/t(K)}K, the operator T defined by
(Tf)(z) = f(x +y) on the n.a. complex Hilbert space L>(K™ o) is bounded and

isometric.

Theorem 4.6.3. Let A be a bounded self-adjoint operator in a n.a. Hilbert space H over

K™. Then for h,r € K and x € Vg,, Ra = [\/MLA(t(K))]
TIK

, e'n *A js an isometric

K
unitary operator in H.

Corollary 4.6.4. Let h,7 € K and

(4.6.6) zj € By (Rx;) C Bo(R*), kj € By (Rx,)-

Then operators U(z;) = e @iki and V(k;) = e ki%i in L?(K, o) are isometric unitary
operators acting on L?(K, 7o) and satisfy WCR

{ U(xi)U(z;) = Ulwi +x;5), V(k)V(kj) =V (ki +kj),

(4.6.7) U(x;)V (k) = e *5V (k) U ;).



Corollary 4.6.5. We have a n.a. analogue of Heisenberg uncertainty relations:

|hlk |h| K h|x ( 1 )2
4.6.8 Ry. - Ryx. = k,(v(K (t(K > .
( ) k; J [m J(( ))]K[mxj(( ))]K m t(K)
Proposition 4.6.6. The set
(4.6.13) Np = {W(z,k,t):x € Vi, k€ Vxandt € K/Dy}

is a group for the product (4.6.12). We call N}, the restricted n.a. Heisenberg group
depending h € K.

Proposition 4.6.7. For all W,\W' € N}, and g,q’ € SL(2,K),
(1) WW']g = [W]y[W]g,

(2) [Wlglg = [Wlgg',
(3) W], = W if and only if g =Id, (Id is the identity of SL(2, K)),

(4) {[']g : g € SL(2, K)} is a group of automorphisms of Nj,.

Notations. Let N, Z, Q, R, C and C{ be the set of positive integers, the ring of rational
integers, the rational number field, the real number field, the complex number field and
the set of complex numbers of modulus 1, respectively. Let Ny = N U {0}. For a field
Filet F., = {y € F:y > a}, F* = {x € F : z # 0} and denote its characteristic
by char(F). Let p be any prime number. For any nonzero integer a, let ord,a be the
highest power of p which divides a. (If @ = 0, we agree to write ord,0 = cc.) Note that
ord, behaves a little like a logarithm: ord,(ajaz) = ordya; + ordyas. So for any rational
number z = a/b € Q*, define ord,z to be ord,a — ord,b and then we define the p-adic
absolute value by the equality |z|, = p~°*%2 and |0|, = 0. The p-adic absolute value
has the following properties: (i) |z][, > 0, and |z|, = 0 & = = 0 (ii) |zy|, = |zlplylp
(ili) |z + y|p, < max(|z|p,|y|p). The last property is called the ultrametric property. If

|z|, > |ylp, then the preceding inequality becomes an equality:

|z + ylp = max(|z|p, [ylp) = |7/,

The field Q, of p-adic numbers is defined to be the completion of the field Q with respect
to the p-adic absolute value. Let Z, = {z € Q, : |z|, < 1} be the ring of p-adic integers.

To define the Fourier transform an additive character x,(z) = exp(2mv/—1{z},) of
Qp is used. Here {r}, is the fractional part of z. The n-dimensional p-adic space Qp

has the standard norm |z[, = maxi<;j<nl|vjlp, z = (21,22, -+ ,2,) € Q. The Fourier

10



n

transform is defined with respect to the character x,((k,z)) = [[;=; xp(kjz;), where
(ky2) = >0 kjj.
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§2. AN ASYMPTOTIC EXPANSION OF THE p-ADIC GREEN FUNCTION

2.1. The functional equation of the local zeta function. Rallis and Schiffmann
[RS 73| investigated a distribution

(21) o Zo(eria) = [ @)@ s

E
where a € C, E' is an n-dimensional vector space over the local field F' of char(F') # 2, Q
is a nondegenerate quadratic form on E, and x is a unitary character of F'*.

In this section, we summarize well-known classical results of the local zeta function Zg
attached to a quadratic form Q. For the proofs and more details, see [Car 64], [RS 73] and
[Wei 64].

Let G be a locally compact abelian group and G* the Pontrjagin dual of G. For z € G
and z* € G*, we write (x,z*) = x*(z). Let dz,dz* denote Haar measures on G, G* which
are dual with each other. A continuous function ¢ : G — C{* is a quadratic character of G
if the mapping

(2.1.2) (z,y) — p(x+ y)p(x) 'o(y)~" forz,ye G

is a bicharacter of G x G. Then we can put

(2.1.3) o +y) = p(x)e(y)(z, py),

where p = p, is a symmetric continuous homomorphism from G to G* and is called
associated with p. The quadratic character ¢ is nondegenerate if p is an isomorphism from
G onto G*. If ¢ is nondegenerate, the modulus |p| of p is defined by the formula

(2.1.4) p| /Gu(p:c)da:' 2/* u(z*)dx* for u € L'(G*).

11



Note that |p| depends on the choice of dz. Let A(G) be the subspace of L!(G) consisting of
all continuous L!-functions u with the Fourier transform u* in L!'(G*), where u* is defined
by u*(z*) = [, u(z)(z,z*)dz.

Theorem 2.1.1 (cf. [Wei 64, p. 161] and [Car 64, p. 95]). If ¢ is a nondegenerate quadratic
character of G, then there exists a constant r(p) € C{* such that

(2.1.5) /G o(x)u* (px)de = r(p)|p|~1/? Lmu(m)dx for u € A(G).

This means that the Fourier transformation of the nondegenerate quadratic character
@ of G is r()|p|~'/20(p~1x*). From now, we choose the unique Haar measure dz on G
satisfying |p| = 1; this measure is called adapted for p. We identify G with G* by means
of p.
Proposition 2.1.2 (cf. [Wei 64, p. 169] and [Car 64, p. 96]). Let ¢ be a nondegenerate

quadratic character of G such that p(x) = 1 for all x in a fixed subgroup H of G. Suppose
that (H, px) =1 implies x € H. Then r(y) = 1.

Proposition 2.1.3 (cf. [Wei 64, p. 170]). Let Gy (resp. G3) be a locally compact group
and @1 (resp. ¢2) a nondegenerate quadratic character of Gy (resp. Gz). Then the
mapping

1 ® @2 ¢ (w1, 22) > @1(71)p2(22)
is a nondegenerate quadratic character of G1 X Ga, and r(p1 ® @2) = 1r(p1)r(P2).

Now, let 7 be a nontrivial additive character of F' and E* the algebraic dual of E. We
identify E* with the dual group of additive group of E. If () is a nondegenerate quadratic
form on FE, then 7o () is a nondegenerate quadratic character of the additive group of E.
Let B(z,y) = {Q(x +y) — Q(z) — Q(y)} be the nondegenerate symmetric bilinear form
associated with (). Then the isomorphism p from E onto E* associated with 7o @) is
defined by (z,py) = 7(B(z,y)). We identify E* with E by means of p and choose the

Haar measure dz on E adapted for 7o ). Then for u € A(FE) the Fourier transform 4 is
defined by

(2.1.6) u(y) = /E u(x)T(B(z,y))dx.
By Theorem 2.1.1, there exists a constant 7(Q) = (7 0 Q) € C{ such that
(2.1.7) | i@r@@)de =@ [ u@r(-Q)is

The constant 7(Q)) depends on the choice of 7 and the formula (2.1.7) is valid for any
u € A(E) and, in particular, for any u € S(E), where S(FE) is the space of Schwartz-Bruhat
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functions on E; this is a subspace of A(F) and the Fourier transformation gives a bijection
from S(E) to S(E*). Let (, ) be the Hilbert symbol defined on F*/(F*)? x F* /(F*)2.
If we put hy(b) = (a,b)m, then a — h, is an isomorphism from the finite abelian group
F*/(F*)? onto its dual.

We can find a coordinate system on E such that
(2.1.8) Q(r) = a2+ +anz2 (a; €F*, j=1,---,n).

Suppose F'is ultrametric. Then the quadratic form @ is characterized by three invariant:
The dimension n, the discriminant D = ay - - - a,, (F*)? and the Hasse-Minkowski character
Hk<j(ak, a;)p. We put A = (—=1)["/21D, where the symbol [z] denote the greatest integer
not exceeding x. By Proposition 2.1.3 and (2.1.7), we have the following proposition.

Proposition 2.1.4 (cf. [RS 73, pp. 499-504]). Let q(x) = 2 be a quadratic form on F;
put f(a) =r(aq) for a € F*; and let Q) be as in (2.1.8). Then we have:

(i) ¢(z) = f(x)/f(1) is a nondegenerate quadratic character of F* /(F*)? associated
with the isomorphism a +— hg;

(ii) r(p) " = ZQGFX/(FXV w(a);
(iti) 7(Q) = F()" f(D) [Ty ;(ak; aj)ar-

For t € F*, we calculate the number r(¢Q). As a function of ¢, r(¢QQ) is invariant under
the subgroup (F*)? of F*. Thus we can put

(2.1.9) r(tQ) = Z Ba(@)ha(t), (Ba(Q) € C).

a€F> /(Fx)?

Proposition 2.1.5 (cf. [RS 73, p. 505]). If F' is ultrametric, then we have

B r(Q)ha(t) if n is even
2110 = { r(Q)r(@)f (1) Eoerx jinye F@D)ha(t)  if nis odd,

Let x be a unitary character of F’* and a € C. For ¢ € S(E), we define the local zeta
function Zg (g, x, @) by

(2.1.11) Zolp,x.0) = / (@)X (Q(@))| Q)"

E

Theorem 2.1.6 (cf. [RS 73, p. 521]). The integral (2.1.11) is absolutely convergent for
Re(a) > 0 (resp. Re(a) > n/2 — 1) if Q is anisotropic (resp. if Q is isotropic). Further,
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as a function of a, Zg(¢p, x, &) has an analytic continuation to a meromorphic function on
C, and satisfies the functional equation

(2.1.12)
Zg(p.x, ) = p(x, & —=n/2 + 1)

> Ba@ha(=1)p(xha, ) Zo (¢, x  hy ' 02 — ),
acFx/(Fx)?

where [3,(Q) is defined in (2.1.9) and p(x, «) is the gamma factor of Tate. Hence for all
v € S(F), we have

(2.1.13) /F o)X ([ *dt™ = p(x,oz)/FX S0 ()] dt*, 0 < Re(a) < 1.

2.2. Calculation of J = J(a,n) for any odd prime p. In this section, we calculate
J(a,n), given by (1.13), for any even dimension n and any odd prime p by using the
functional equation of the local zeta function, and obtain an asymptotic expansion of the
p-adic Green function.

From now on, we choose the standard quadratic form Q(z) = (x,z) on Q. For a unitary
character x of Q) and a test function ¢ € S(Qp), the local zeta function Zg(y, x, @) is
given by

(2:2.1) Zo (e, x,0) = p(k)x((k, k)| (k, k) |5~/ dk.

/{kEQQI(kvk‘#O}

When x is trivial, we simply write Zg (¢, ). For any integer N and y € Qp, let chy (k)
denote the characteristic function of y + (p~™NZ,)". Fix an element z € Qj and put

(2.2.2) N (k) = Xp((k, 2))chn,o(k)-
Then ¢ (k) is in S(Q}) and we have
(2.2.3) J=J(a,n) = ZQ(@UN,QC,CY-}—TL/Q).

By the functional equation (2.1.12), we have

(2.2.4) J=p(La+1) > Ba(@ha(-1)p(ha,a +1/2) 20Nz by ', —a).
a€Qy /(Q))?

Note that
Un(k) = p™ x ch_n . (k).
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Hence we have

ZQ(hnar byt —a) Do ()T (R, k)| (k, K| (@7 dk

[{knguk,k);ﬁo}

/ PN eh o ()R ((k, B)) (R, B (/) di
{keQrn|(k,k)#0}

- [ B () ) /)
{ke—a+(pNZp)™}
= ha((x,x))|(x,x)|g(°‘+”/2) for any N sufficiently large.

On the other hand, by calculating (2.1.13) for the trivial character x, we easily obtain
p(l,a+1) =T,(a+ 1), where T'y(a) = (1 —p*~1)/(1 —p~®) is the Gelfand-Graev p-adic
I-function (see (A.28) in Appendix A). Thus, for any N sufficiently large, we have

(22.5) T =Tyla+1)|(z,2)[, T2 3" Bu(@ha(~(2,2))p(ha, +1/2).
a€Qy /(Qp)?

Proposition 2.2.1 (cf. [VVZ 94, p. 130]). Let p # 2 and let € be a unit, ¢ ¢ (Q))?. Then
he(x) = (z,e)g = 1 if and only if v(x) is even,

where |z|, = p*®), v(x) € Z.

Proposition 2.2.2. For the trivial character y, we have

1 ifp=1 (mod 4)
2.2.6 h_1(t)=(t,—1)g = f teQr,
(2.26) o =-na={ " GPZL) pranteg;
() if p=1 (mod 4)

(2.2.7) p(h-1,a) = { —(1+p*Y)/(1 +p®) if p=3 (mod 4).

Proof. Since p =1 (mod 4) if and only if —1 € (Q))?, h—1(t) =1 and p(h_1,a) = Tp(c).
Assume p = 3 (mod 4). If h_y(t) = 1, then t € (QF)? and ¢t = a® + b* for some
a,b € Q. Thus a2 + b3 = 0 (mod p), i.e., —1 is a quadratic residue modulo p. Thus
the Legendre symbol (—1|p) = 1. This is a contradiction. Hence h_;(t) = —1. Next let
ga(t) = [t|9~ h_1(t). Then g4(t) is a multiplicative character of Q) and is a homogeneous
generalized function of degree g, (t). Since go (tk) = [t]; ' ga (1/t)da (k) = [t], *h_1(t)ga (k),
the Fourier transform g, of g, is a homogeneous generalized function of degree [t|;*h_1(t),
i.e., go(k) is proportional to degree |k|;*h_1(k). Hence we can write

(2.2.8) 9o (k) = Tp(ga)lkl, “h-1(k) (I'p(g9a) € C).
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Putting £ =1 in (2.2.8), we obtain

Ip(ga) = —9a(1) = _/ 9o (t)xp(t)dt.

P

Since h_1(t) = —1 for all t € Q), g1(t) = —1 and by Proposition 2.2.1, we can write
ga(t) = Itlp~ HmV=1/P  herefore

Fp(ga) = _/ |t|10;—1—|-7r\/—_1/1npxp(t)dt

P

= -Tp(a+mvV—-1/lnp) = —(1+p* ")/(1+p*).

In the formula (2.1.13), let ¢(t) = x,(t) € S(Qp). Then

i Ona@uea = [ 03w

P

=T(g- a+1)/ Xp()h—1(t)[t]5~ Lat
) [ (Ol

Thus p(h-1,a) = —(1+p*71)/(1+p7). 1

Now we calculate J = J(a,n). From (2.1.9) and (2.1.10), we observe the following: If n
is even, we have 3,(Q) = 0 if a # A and BA(Q) = 7(Q), where A = (=1)"/2; if n is odd,
we have 3,(Q) = 7(Q)r(p) f(1)f(al), where A = (—1)[*/2, Thus, for any N sufficiently
large, (2.2.5) can be rewritten as follows: If n is even,

(22.9) J =r(Q)Tp(a + 1)ha(—(z,2))p(ha, o + n/2)|(z, )|, /2,

if n is odd,

(2.2.10) J =r(Q) - r(0)Tp(a+ Dha(—(z,2))p(ha, a +n/2)|(x,2)|, "2 + (2, 2)),

where

o((2,2)) = r(Q) - r(¢) - FTp(a+ 1)|(w,z)[; T/ x
S faA)ha(—(,2))p(has o+ /2).

a€Qy /(Qp)?; a#h
By Proposition 2.2.2, we obtain the following lemma.
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Lemma 2.2.3. Let Q be the standard quadratic form (z,x) on Qp. For o € C and any
N sufficiently large,

(a) if either n =0 (mod 4) or [n =2 (mod 4) and p =1 (mod 4)], then

J(a,n) = r(Q)Fp(a + DTp(a+n/2)|(z, )], /2,

(b) if n =2 (mod 4) and p =3 (mod 4), then

1 _|_pa+n/2—1
1+ p—(at+n/2)

J(a,n) =r(Q)p(a+1) (z,2)|, (atn/2)

For convenience, we denoted by Cond.1 the condition either n = 0 (mod 4) or [n = 2
(mod 4) and p =1 (mod 4)]; Cond.2 the condition n =2 (mod 4) and p = 3 (mod 4).

Theorem 2.2.4. For any even dimension n and p > 3, the Green function G(z) defined
by (1.11) has the following asymptotic expansion:

_pn/Q(pn/2_1) p 4 .
P D) (p /P I—1) (a) W if Cond.1

G(z) ~

n/2( n/2+1) 4 1 .
p(£+1)(];n/2+1+1) (%) W if Cond.2.

Proof. Suppose that n and p satisfy Cond.1. We substitute the formula (a) of Lemma
2.2.3 into the expression for the Green function (1.12):

oo

(a+ 1T p(a+n/2)|(x, x)|;(°‘+n/2)d0.

(2.2.11) G(x) :@/OOO exp(—

For further simplification of (2.2.11), we substitute the following expansion

o0

Tp(a+ DT+ n/2) = app "2 [p‘m — (1427 h)p= (e g /2=ty =(r=2)e
r=0

where a, = Y7_p"/ 2-1)Jinto the expression (2.2.11). We can change the order of
summations because the double series of a and r are absolutely convergent. Thus we have

oo

G(a) = Q)| (. 2)[; "2 /Omexp<—m20>;pf:/2x
oo () — e e (S ) e (S ) o
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The above series converges uniformly, so that by term by term integration and passage to
limit, we obtain

G(a) = r(Q)l(z, ), "2 Y a2
r=0

|: 1 1 +pn/2—1 pn/2—1
X - +
m?|(z,x)lp +p7" mP|(z,2)|p +pp7r - mP|(z, @)l + pPpTT

= 1@l 1)y = 1) Y app V"
=0

p"(p? —p™?) — (p"/2 — D)m?|(z, @),
(m2|(z, )|, +p~)(m?|(z, )|, + pp~) (M2 |(z, )|, + p?p~")

X

Thus we have

lim  r(Q)|(z,2)], G (x)

|(@,2)|p—00

— 1)1 -pH) X
:(P )( p )Zarp (n/24+1)r

4
m
r=0

(p— D)(1—p"/?) (/241 (n)2—1) N, 2
= 1o m4 Zp (n/2+41) _p( /2 1)Zp 2
r=0

I e () (3)4
~plp+ (/A 1) '

Similarly, in the case Cond.2, we obtain the desired result if we use the expansion

1 +pa+n/2_1 . - —nr/2 —ro n/2—1y, —(r—1)a n/2—1,~(r-2)a
Fp(a—l—l)m—zbrp [p —(l—p )p - P b

where b, = Z;ZO(_l)T—jp(n/2—l)j_ .
2.3. An alternative method for p = 2. In this section, we calculate J(«,n), given

by (1.13), for any even dimension n and p = 2 by using the t-representation introduced by
Bikulov [Bik 91] and obtain an asymptotic expansion of the p-adic Green function.

Bikulov [Bik 91] used the following formula (it is called the ¢-representation) to split the
double integral J(«a,n) into two one-dimensional p-adic Gaussian integrals (see Appendix
A): For a >0 and p™™ < |z|, < p™ (2 € Qp, m, M € Z),

(2.3.1) 2|9 =Tp(a+1) lim [t D (xp(2t) — 1)dt.

M,m—00 Jp—m<|t|,<pM

His method can be used for any prime number p. We use it to calculate J(a,n) for any
even dimension n and p = 2. The results are given by the following lemma.
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Lemma 2.3.1. Forp=2 and a € C,

(a) if n =0 (mod 4), then
2—(2a+n)+1 . 2—(a+n/2)
1 — 2—(a+n/2)

J(a,n) = (=1)i25 7 Ts(a + 1) (2, 2)l5 ;

(b) if n =2 (mod 4), then
J(a,n) = (1)~ +i+525 1D, (a4 1)|(x, 2)|; T2,
where y; is the second digit of the canonical representation of (xz,x) € Qo, ie., (z,x) =
27P(1+y2+4-), 0<y; <1, BeZ.
Proof. Let n be even and p = 2. In order to use the t-representation, setting z = (k, k) €

Q5 in (2.3.1) and substituting it into (1.13), we obtain

( lim 1l Y (xa(at) - 1>dt> xa((k, z))dk,

M,m=00 Ja-m<|t|,<2M

(2.3.2) rz(a+1)/

(Q_sz)n

for 27M < 2]y < 2. Since xa((k, ) fyom < yp<an [t ©7 (xal2t) = 1) dt (see (2.3.1)
converges uniformly as M — oo for any k € (27VZ3)", (2.3.2) can be rewritten in the

form

Iy(a+1) lim ]t];(aﬂ)
M,m—oco 2-m <|t|<2M

" Xa(thS + xjky) = [ xa(aky) | - dky, o dt.
/|k:1|2<2N /|kn|2<2N H (] ikj) ]1:[1 (xjk;)

=1

Using the expressions (A.6) and (A.20) in Appendix A, and integrating it with respect to

t, and taking the limit for M — oo, we obtain

= emy= [ Bk )k

— PQ(Q{ + 1) Z 2—(a+1)r+n(1—r)/2

r>—2N+1
H?:l 5(|zjl2 — 2—N+1) f‘m:w AZ(t)x2 (%Zﬁ)) dt, |t|o = 9—2N+1
X H;-Lzl Q(2N|g:j]2) f|t|2:2r A2 (1) x2 (@3) dt, It]y = 272N+2

[T, Q2N+ z;],) Jitp=ar A5 (E)x2 <(f’4ﬁ)> dt, |t|g >272N+3

= 2""Ty(a+ 1) [T Q@Y zil2) D 2—<a+1>’“/ dt .

j=1 r>—2N+1 [t]2=2"
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If 27N+ < |z]y = maxi <j<n|z)]2 = 28 < 2V*771, we obtain

2.3.3 J =2on/21 1 2—(Oz+1+n/2)r/
( ) o(a+1) Z 0

r>—N+I+1 [t]a=2"

A2 (1) Xz <(x’x)> dt.

Let (z,2) = 27°(y,9), |(y,y)|2 = 1. After the change of variable t = —(y,y)/2"s (|s|s =
1, dt = 2"ds), we obtain

(2.34)  J=2"Ta(a+1) Y. 2—<a+”/2>’“/ AL ((y;”) X2 (27P+T=25)ds.
r>—N+I+1 |sl2=1 oS

Since |—(y,y)/2"s|], = 2", we can write

)

2.3.5
( ) —2"s

=271+ 02+ 6:2° +--+), 0<t; <1

Since n is even, by the definition of A2 (see (A.17) in Appendix A), we have

n (W) (L4 (=102
Az (Ts> B on/2 '

On the other hand, comparison of the second digits of the canonical representation on
both sides in (2.3.5) gives t; = —(y1 + $1) (mod 2), where s; and y; are the second digits
of the canonical representation of s and (y,y), respectively. So we have

—27s -

2.3.6 ™ (y,y) . (1 + (—1)t1+1/2)n (1 + (_1)—(y1+51)—|—1/2)n
e3e) (L))o GECUE - |

Substitution of the value (2.3.6) into (2.3.4) and the change of variable s = 1 4 2s; + &’
(Js']2 <272, 0 < s1 <1 and ds’ = ds) gives
(2.3.7)
J = FQ(O{ + 1) Z 2—(044—”/2)7’ [(1 + (_1)—y1+1/2)n01 + (1 o (_1)—y1+1/2)n03] X,
r>—N+i4+1

where, by (A.6) in Appendix A,

1
X = X2(2—B+r—28/)dsl _ { 1 forr > 3
|s/]2<2-2 0 for r < 3,
1 forr > 3+ 2
Cr = X2(2_B+r_2) = exp (27T\/ —1 {2_’6+r_2}2) =< -1 forr=0+1
1 for r = (3,
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1 forr>p3+2
Cg = X2(2_ﬁ+r_23) = exXp (27'('\/ -1 {2_64‘7”—23}2) — -1 for r = ﬂ + 1

—1 for r = (.

Consider the condition —N + 1+ 1 < 3 (since —N + 1 < [, we have 272V < |(x,z)]2).
Substitution of the values X and C; (j =1, 3) into (2.3.7) gives

(2.38) J=Ty(a+1) > grledn/2r _g(atn/2(EH) | g 4 9~ (/28 p
r>p3+2

where

A

g 4+ (=1t ; (1= (=1 wt2)m (—1)Y/2

{0, n =0 (mod 4)

(—1)"#tit325-1 5 =2 (mod 4).

Substitution of the values A and B into (2.3.8) gives the formulas (a) and (b).

Theorem 2.3.2. For any even dimension n and p = 2, the Green function G(x) defined
by (1.11) has the following asymptotic expansion:

(—1)%_"12 on/2_1q 1 . _
ST ) [ T ifn =0 (mod 4)
G(z) ~
(_1)—y1+%+%2%+1 1

ifn =2 (mod 4).

4

1+n/2
3m |(z,2)5 T

Proof. We substitute the formulas (a) and (b) in Lemma 2.3.1 into the expression for the
Green function (1.12) and use the expansions

2—(2a+n)+1 . 2—(a+n/2)

FQ(a + 1) 1 — 2—(a+n/2)
— 2—n/2 Zcr2—nr/2 [2—1"04 _ (1 + 2—n/2—|—1)2—(r+1)a + 2—n/2+12—(r+2)a ,
r=0

where ¢, = 370_ 2(n/2=15; Do(ar+ 1) = Y02 ;277 (277 — 27("=De) " Then the proof of
the theorem follows the same process as in Theorem 2.2.4. g
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§3. ALGEBRAIC WEYL SYSTEM AND APPLICATION

3.1. Definitions and the general properties of Weyl systems. We review some of
well-known results of a Weyl systems (H, W) on the finite dimensional p-adic symplectic
space (V,B). For proofs and more details, see [Zel 91] and [VVZ 94] (cf. for the oo-
dimensional case, see [Zel 92] and [Zel 94b]).

By the definition of a p-adic symplectic space is the pair (V, B), where V is a finite
dimensional QQ,-vector space and B is a nondegenerate antisymmetric Q,-bilinear form on
V. Then dimg,V = 2n is even (cf. for the co-dimensional case, see [Zel 94b, p. 423]).

Given 0 # e; € V, there must exist a x € V for which B(ej,z) # 0, since B is
nondegenerate. We choose a a € Q, so that e, 1 = bey+ax, and B(e, ept1) = aB(ej,z) =

1. Then the hyperbolic plane h, = span{ei,e,+1} has matrix (_01 (1) with respect
to the basis {e1,enq1}. Since hy is nondegenerate (i.e., the pair (hy, B|x,xn,) is p-adic

i
Yy )
repeat the preceding construction in hyL, to obtain an orthogonal decomposition of V' of

symplectic space), we have V = h, & h;-, where hj is also nondegenerate. Hence, we
the form
V=h&hld - ®hl,

where each hJ is a hyperbolic plane. Thus there is a basis {e; : 1 < j < 2n} of V for which

0 E,
—-FE, 0
n x n null matrix. Also the map P; : V — h§7 j =1,2,--- . n, which is defined by the

the matrix of the form is ( ), where FE,, is the n X n unit matrix, and 0 is the

formula
Pjx = B(ej,z)entj + B(x,entj)ej, z €V,

is the orthogonal projection map on h;
Let X be a Zy,-span of the symplectic basis {e; : 1 < j < 2n}. Then X is an open
compact Z,-submodule of V' and has the following properties:

(3.1.1) B(z,y) € Z, Vx,y € Xo; Vo € V\Xp, Jy € X such that B(x,y) € Qp\Z,.

Zelenov [Zel 91] defined a Weyl system on (V, B) as a pair (H, W) of a complex Hilbert
space H and a continuous map W : z +— W(x) from V to the family of unitary operators
on H satisfying the condition (the Weyl relation)

(3.1.2) W(z)W(y) = xp(B(z,y)/2)W (2 + y).

Two Weyl systems (H, W) and (H',W’) on (V, B) are unitary equivalent if there exists
an intertwining unitary operator U : H — H'’. l.e. U is an unitary operator such that

UW (@)Ut =W'(z), z€ V.

22



A Weyl system (H, W) is said to be irreducible if there exists no non-trivial subspace of
H invariant under the W(x), x € V. We say that (H, W) can be represented as a direct
sum @jer(H;j, W) of Weyl systems (H;, W) if H can be written as a direct sum @, H;
of subspaces H; which are invariant under the action of operators W (z).

We denote by Vo = {x € V : |z|, < 1} the open compact subgroup of V. Let (H, W)
be a Weyl system on (V, B). A vector ¢y € H is called a vacuum vector of (H, W) if the
condition W (z)po = o is satisfied for all x € V. The set of vacuum vectors of (H, W)
forms the vacuum subspace Hy of H.

Every Weyl system (H, W) on (V, B) is, in a certain sense, determined by its restriction
(H,Wly,) on (Vo, Blv,xv,). Since Vj is a compact abelian group, all irreducible unitary
representations of V() are one-dimensional. Let V;* = Hom(Vp, T) be the group of characters
of V. Then we have

VHIVeE2V/Vysas at eV, af(x) = xp((e,2)), €V,

where « is a representative of the coset & € V/Vj. By the theory of unitary representations
of compact groups, the representation space H can be expressed as an orthogonal sum

H = ®acv/vyHa,

where Hg is the maximal subspace on which Vj acts as a multiple of &*.
Let us choose an element « from each coset & € V/V and denote the family of such
elements by Jy. Let

(3.1.3) Y ={pa=W(a)py € H:ac Jy}.

If a7 and s belong to the same coset & € V/Vp, then, using (3.1.1), the definition of the

vacuum vector and (3.1.3), we obtain

Yoy, = W(ar)po = W(az + (1 — a2))po = xp(B(a1, @2)/2)¢a,-

Therefore, a change of the element o in & induces only a scalar multiplication of .. We
call ¥ the system of coherent states of (H, W).

The investigation of Weyl systems on p-adic symplectic spaces is essentially based on
the notions of vacuum vector and the system of coherent states as follows:

Theorem 3.1.1 (cf. [Zel 91]). Weyl systems has the following properties:
(i) For any Weyl system, there exists the vacuum vector.

(ii) A Weyl system (H, W) is irreducible if and only if its vacuum subspace H is one-
dimensional. Otherwise, if we choose some orthonormal basis {p}}ien in Hy, (H,W) can
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be represented as a direct sum @©;en(H;, W) of irreducible Weyl systems (H;, W), where
subspace H; is the span of the vectors {¢!, = W(a)ph : a € Jo}ien.

(iii) If (H, W) is irreducible Weyl system with the vacuum vector yg, then the system
of coherent states 3 of (H, W) forms the orthonomal basis in H.

(iv) All irreducible Weyl systems are unitary equivalent.

Example 3.1.2 (cf. [VV 89] and [Zel 89, in case of p = 2]). For 2-dimensional case, an
irreducible Weyl system is constructed as a pair (L*(Q,), W) on (Q2, B), where the unitary
operator W (z) is defined by

W(z)p(x) = xp(pz + pa/2)e(z +q), z=(q,p) € Qs, v € L*(Qy),
the symplectic form B : Q2 x Q2 — Q,, is given by B(z,2') = qp' —¢'p (2' = (¢',p') € Q2).
The vacuum vector has the form ¢o(z) = Q(|z|,), where Q(z) is 1 if 0 <z < 1 and 0 if
x> 1.
Example 3.1.3 (cf. [VVZ 94, p. 243]). We denote the tensor product @™ (L?(Q,), W) of
n irreducible Weyl systems of Example 3.1.2 by (L*(Qn), W) on (Q2", B). Hence

WM (2) = @\ W(z;), 2= (21,22, ,2n) € Q2"

and the vacuum vector has the form
n

oM (z) |x|p:H (1z51p), @ = (21,22, ,x,) € QL.

On the group V, we normalize the Haar measure dx by the condition fVo dr =1. In
the Hilbert space L?(V) of C-valued square integrable functions on V, the standard inner
product and the norm are given by

(W, ) = /Q b(@)o@de, W] = (@, ).

We define a Hilbert subspace Lz(VO) of L3(V) by

(3.1.4) L*(Vo) = {f € L*(V) : f(z +y) = xp(B(x,)/2) f () ¥y € Vo } ,
and an operator W(az) by
(3.1.5) W(@)f(y) = xp(Bx.9)/Df (y —2) (x €V, [ €L*()).

Example 3.1.4 (cf. [Zel 91] and [VVZ 94, p. 243]). The pair (L2(V;), W) is an irreducible
Weyl system on (V, B), and the vacuum vector has the form ¢o(x) = Q(|z|,).

Let Sp(2n,Q,) be the group of automorphisms of the space (V, B) that preserve the
symplectic form B. We fix a basis of V and express any g € Sp(2n,Q,) by a matrix

(9jk) € M2n(Qp). Then G = {g € Sp(2n,Q,) : ||yl = maxi<jk<on|gjrlp = 1} forms a
maximal compact subgroup of Sp(2n,Q,).
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Theorem 3.1.5 (cf. [Zel 91]). Let (H, W) be an irreducible Weyl system on (V, B). Then
a family of operators {U(g) : g € G} satisfying

U(g)W(z) = W(gz)U(g), z€V

forms an unitary representation of G in H, and any vacuum vector of (H, W) is an eigen-
vector of the U(g).

3.2. An algebraic Weyl system. First of all, we recall that the definition of I-sheaf
on the [-space by Bernshtein and Zelevinskii [BZ 76, pp. 6-9]: A topological space X is
said to be an [-space if it is Hausdorff, locally compact, and zero-dimensional. Denote by
C>(X) and S(X) the space of all locally constant C-valued functions on X and the space
of Schwartz-Bruhat functions on X, respectively. We say that an [-sheaf is defined on X
if with each z € X there is associated a C-vector space F, and there is defined a family F
of cross-sections (that is, mapping ¢ defined on X such that ¢(z) € F, for each x € X)
such that the following conditions hold:

(i) F is invariant under addition and multiplication by functions in C*°(X).

(ii) If ¢ is a cross-section that coincides with some cross-section in F in a neighbourhood

of each point, then ¢ € F.
(iii) If p € F, z € X, and p(z) = 0, then ¢ = 0 in some neighbourhood of z.
(iv) For any x € X and & € F, there exists a ¢ € F such that p(x) = &.

The [-sheaf itself is denoted by (X, F). The spaces F, are called stalks, and the elements
of F cross-sections of the sheaf. We call the set supp ¢ = {z € X : p(x) # 0} the support
of the cross-section ¢ € F. Condition (iii) guarantees that supp ¢ is closed.

A cross-section ¢ € F is called finite if supp ¢ is compact. We denote the space of finite
cross-sections of (X, F) by F.. It is clear that F. is a S(X)-module, and that S(X)F. = F..
It turns out that this property can be taken as the basis for the definition of an [-sheaf.

Proposition 3.2.1 (cf. [BZ 76, Proposition 1.14]). Let M be a S(X)-module such that
S(X)M = M. Then there exists one and up to isomorphism only one l-sheaf (X, F) such
that M is isomorphic as an S(X)-module to the space of finite cross-sections F.

Proposition 3.2.1 means that defining an I-sheaf on X is equivalent to defining an S(X)-
module M such that S(X)M = M.

In this section, in order to define an [-sheaf (V, F) on the p-adic symplectic space (V, B),
we define an algebraic Weyl system, and we prove some necessary and sufficient conditions
for Weyl systems (H, W) on (V, B) to be irreducible.
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Let (H,W) be a Weyl system on (V, B) with a vacuum vector ¢o € Hy and S(V') the
space of Schwartz-Bruhat functions on V. Then the convolution product

(3.2.1) fig(z) = /V o (= Bl.)/2)F )9z — y)dy

makes S(V) an associative C-algebra without the unit element. For each f € S(V), we
define a linear endomorphism Eyy (f) of H by

(3.2.2) Ew(f)p = /V f@)W(z)p dx, ¢ € H.

Since f is locally constant on V' with compact support, this integral is well-defined. It is
easy to see that Ew (f*g) = Ew (f)FEw (g). Indeed, for f,g € S(V) and ¢ € H, using the
Weyl relation (3.1.2) and (3.2.2), we get

w (o) / / yol=B(,9)/2) [ )9z — )W (2) ddy
= [ | xal=Ben/2swewe+ g day

= [t ([ somwmwre ) a

= /Vg(t)EW(f)W(t)go dt = Ew (f)Ew(g)e.

Hence H is a S(V')-module.

Definition 3.2.2. a) Weyl system (H,W) is said to be algebraic if there exists an open
compact subgroup I of V' such that W(x)p = ¢ for all ¢ € H and x € I. For some open
compact subgroup I of V, let H! = {¢p € H : W(x)p = ¢ for all x € I} be the subspace of
I-invariant vectors in H. Then it is clear that (H!, W) is an algebraic Weyl system, called
the algebraic part of W. In particular, (Hy = H"°, W) is the algebraic part of W.

b) Weyl system (H, W) is said to be admissible if it is algebraic and if for each open
compact subgroup I of V, H' is finite dimensional.

Algebraic Weyl system gives an [-sheaf on (V| B) as follows:
Theorem 3.2.3. Weyl system (H, W) is algebraic if and only if S(V)H = H.

Proof. Let (H,W) be an algebraic. l.e. any ¢ € H is fixed by some open compact

—1x characteristic function of I. Then

subgroup, say I, of V. Let & = volume([)
Ew(&1)e = ¢. Conversely, let S(V)H = H. We can construct an open compact sub-

group I of V such that W(z)p = ¢ for all ¢ € H and z € I as follows: Let ¢ € H. Then
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¢ can be written as ¢ = Y . Fw(fi)@;. Then, using the linearity of W, (3.2.2) and the
Weyl relation (3.1.2), we have

Wil = W(@) 3 B (fes = S W) (s = LWl /fz y)pr dy
221/ﬁ@ﬂW@W@MM@=Z:Aﬁ@MMB®wW%WW+wwdy

=3 [ 5t B2 W 0 d

Since f; is Schwarz-Bruhat function, there exists a positive integer m sufficiently large such
that suppf; C p~™ Xy and for any t € suppfi, fi(t — ) = fi(t), |z, < p~™, where X
is a Zy-span of the symplectic basis of V. Let I = p™X,. Then I is an open compact
subgroup of V and by (3.1.1) B(z,t) € Z, for all t and x. Thus we have W (z)p = ¢ for
alpe Handx e l. g

Let I be an open compact subgroup of V. Then I N X is also an open compact
subgroup of V. Let O = {I N Xy : I is an open compact subgroup of V'} and Y € O, and
let & = volume(Y)~!x characteristic function of Y. Then &y is an idempotent in S(V)
and S(Y) = &y #S(V)&€y is an associative C-algebra with the unit element £y . Let [(x)
and r(z) be a translations of S(V') given by

(3.2.3) (2)f(y) = xp(B(x,9)/2)f(y —x), r(@)f(Yy) = xp(B(x,9)/2) f(y + @).
The following is easily proved.
Proposition 3.2.4. We have the following properties:

(i) W(z)Ew (f) = Ew(l(x)f) for allz € V and f € S(V).

(i) f(U(x)g) = (r(=x)f)*g, (r(x)f)*g = f*(l(=x)g) for all f,g € S(V).

(ifi) {(z)(f*g) = (U(z)f)*g, r(z)(f*g) = f*(r(z)g) for all f,g € S(V).

(iv) l(x)éy =r(x)y =& forallz € Y.

By (iv) of Proposition 3.2.4, S(Y') is the space of elements f of S(V') such that I(x)f =
r(x)f = f for all x € Y. Clearly, the image Ey (&y)H coincides with the subspace HY of
Y-invariant vectors in H. It follows, in particular, that for any exact sequence of S(V)-

modules 0 — H; — Hy — Hsz — 0 the sequence 0 — HY — HY — HY — 0 is also
exact.

Let Hy(Y) = {p € H : W(—y)p = ¢ Yy € Y}. Then the kernel of Ey (§y) is the
space H(Y) spanned by all vectors of the form W (y)p — ¢, y € Y, ¢ € Hy(Y). For
it is clear that Ew (&y)|zy) = 0 and that Y act trivially on H/H(Y) since H/H(Y) =
Im(Ew (£y)) = HY, so that Ey (£y) is the identity map on H/H(Y).
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Theorem 3.2.5. Let (H,W) be a Weyl system on (V, B). Then (H,W) is irreducible if
and only if for any open compact subgroup Y € O of V either HY = 0 or (HY ,W) is

irreducible.

Proof. Suppose that for any open compact subgroup Y € O of V, HY # 0 and (HY ,W)
is reducible. Then there exists a non-trivial S(Y)-submodule a of HY that is invariant
with respect to the action of the operators W (x), = € V. Let b be a S(V)-submodule of
H generated by a. Since a C b, b is non-trivial. Every ¢ € b is represented in the form

s t
p = ZEw(fz)az + anbj (S,t €N, fz € S(V), ai,bj €a, n; € Z)
i=1 j=1
Then, using (i) of Proposition 3.2.4, we have for x € V,

s t s t
W(x)p =Y W(@)Ew(fi)ai+ Y nW(@b; =Y Ew(l(@)fi)a;i + Y nW(a)b;.

=1 Jj=1 i=1 j=1
Since I(z)f; € S(V) and W (z)b; € a, W(x)p € b. Hence (H, W) is reducible. Conversely,
suppose that b C H is a non-trivial S(V)-submodule of (H,W). For any open compact
subgroup Y € O of V, the sequence 0 — bY — HY — (H/b)Y — 0 is exact. Hence for
Y € O with (H/b)Y # 0, bY is a non-trivial S(Y)-submodule of HY.

Let (H,W) be an algebraic Weyl system on (V,B) and H* = Homc¢(H,C) the dual
space of H. We define a Weyl system (H*,W*) on (V, B) by

(3.2.4) {0, WH()@™) = (W(=2)p,9%),

forx € V, ¢ € H, ¢* € H* and (,) is the natural pairing between H and H*. This
Weyl system (H*,W*) is not algebraic, so we take its algebraic part. More precisely, let
12 = Uyeo(H")Y and Wii(e) = W ()], . = € V. Then (H,
Weyl system on (V, B). Clearly, (p, Ew= (f)¢*) = (Ew(f)p,¢*) for f € S(V) where
flz) = f(—w).

Proposition 3.2.6. Let (H, W) be an admissible Weyl system on (V, B). Then we have:

W) is an algebraic

(i) (H,

X W) is also admissible.

(ii) (H, W) is irreducible if and only if (H}

al?

W) is.

Proof. (i) We show that for all Y € O, (H?)Y is finite dimensional. Let ¢* € (H})Y.
Then we have for ¢ € H,

(0, 0") = (0, Bw= (&v)¢") = (Bw (&), ") = (Bw €y )p, ).
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This show that (H*)Y = (HY)*. Le. (H})Y is finite dimensional, since (H,W) is an
admissible.

(ii) If a is a non-trivial S(V)-submodule of H, then at = {p* € HY, : (a,¢0*) = 0} is a
non-trivial S(V)-submodule of H},. Hence (H};, W},) is reducible. The converse follows

al? a

from that H — (H},)%, is an isomorphism, i.e., (W}):, =W.

al/al

Proposition 3.2.7 (Schur’s Lemma). If (H, W) is an irreducible Weyl system on (V, B),
then D = Homgy(H, H) is a division ring. In other words, D = C, i.e., if ¢ : H — H is
a S(V)-module homomorphism, then ¢ is a scalar multiple of the identity morphism.

Proof. Clearly, any non-zero ¢ € D is bijective, hence is invertible. Consequently, every
non-zero element of D is a unit and thus D is a division ring. Also, if ¢ is not a scalar
multiple of the identity map Id, then ¢ — A -Id is invertible for any A € C. Let 0 £ ¢ € H.
If a sequence (¢ — Ay -1d) "1, (¢ — Ao -Id) Lo, - -+, for \; € C distinct, of elements in H is
linearly dependent, then there exists a sequence z1, 29, - -+ of elements in C such that not
all the z;, say z; and zs, are equal to 0 and z1(¢ — Ay - Id) "t + 29(¢p — Ao - Id) "L = 0.
It implies (21 + 22) (gb — % -Id) ¢ = 0, which contradicts the fact that ¢ — X - Id is
invertible for any A € C. Thus (¢ — A -Id)" 1y (A € C) are linearly independent. But,
indeed, by (iii) of Theorem 3.1.1 H is spanned by W (a)¢o, « € Jy, which is countable. So
H can not contain uncountable many linearly independent vectors. Therefore ¢ is a scalar

multiple of the identity morphism. g

3.3. Application. In this section, using Theorem 3.2.5 we give another proof of the

Stone-Von Neumann Theorem of p-adic Heisenberg group.

The Stone-Von Neumann Theorem. Heisenberg group N = N(V, B) of a p-adic
smplectic space (V, B) is the set of pairs (¢,z) € Q, x V with the multiplication law

(t,x) - (t',2")=({t+t + B(z,2")/2,x + 2'),

and it satisfies an exact sequence 0 — Q, -5 N (V,B) 5V — 0, where ¢ and k are
given by «(t) = (¢,0) and k(t,x) = x, respectively.

The group Im(:) = {(¢,0) : t € Q,} is the center and the commutator subgroup of N.
Thus a character n of Im(¢) is given by the formula n(c(t)) = xp(At) for some A € Q,.
From now we assume A\ = 1. Let ¢ be a Lagrangian subspace of V. Then L = Q, x £ is an
abelian subgroup of N, and there exists a unique character w of L such that w induces n

on Im(¢) and w induces the identity map on ¢. Explicitly, such w is given by

(3.3.1) w(t,z) = xp(t) (t€Qp, xel).

We denote by (Hy,T,,) = Ind(N, L;w) the unitary representation of N induced by the
character w of L. Hence, the Hilbert space H, is the completion of the space of all functions
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¢ : N — C such that

(3.3.2) o(nh) =w (h)p(n) (n€ N, he L),

(3.3.3) ¢ € L*(N/L) for the Haar measure dn on N/L,

and the unitary operator T,,(ng) on H, (ng € N) is the left multiplication of ng*:

(3.3.4) (T, (n0)¢)(n) = p(ng 'n).

We have the Stone-Von Neumann Theorem in our case:
Theorem 3.3.1 (The Stone-Von Neumann Theorem).
(a) (H,,T,) is an irreducible unitary representation of N.

(b) For any Hilbert space H, every unitary representation (H,T) of N satisfying
(3.3.5) T(t,0) = xp(t) - Idg for (¢,0) € Im(¢)

is a multiple of T,,.

Remark. It can be seen from [Per 81, pp. 371-372] that the Stone-Von Neumann Theorem
is connected with Weil [Wei 64] as follows: If V = ¢ @ ¢’ is a decomposition of (V, B) into
a sum of two Lagrangian subspaces, then we can define a map

H, > o+ plp € L2(£).

This is an intertwining unitary operator for the unitary representation (H,,7,) and the
irreducible unitary representation (L2(¢'), ®) of N, where ® is given by

(@(t, ) f)(v") = n(t + (u,v") — (u,u")/2) f(v" — u”)
for v = (u,u*) € V and f € L2(¢') if ¢/ = ¢* (Pontrjagin dual of £) and ( , ) is the canonical
bilinear form on V,

Let us consider also the subgroup A = {(¢,0) : t € Z,} of the center Im(¢) of N. Thus
all unitary representations of N satisfying (3.3.5) are trivial on A. Hence we may consider
them as representations of N = N/A. We can identify N with C x V via (¢, z) — (a, z).
Then the multiplication law of N is given by

(3.3.6) (o, ) - (B,y) = (afxp(B(x,y)/2), x +y).
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We call N the p-adic Heisenberg group of (V, B). The center C(]V) of N consists of the
elements

C(N)={(a,0) : . € C}'} ~ CJ

is a subgroup of the commutative group L. Let ' be a character of L extending the
character («,0) — «a of the subgroup C(N). We can consider v’ as a character of L
satisfying (3.3.1).

Remark. If (H,W) is a Weyl system on (V, B), then the family of operators T'(¢,z) =
Xp(t)W(x), (t,z) € N (resp. T(a,z) = aW(z), (a,z) € N), forms an unitary representa-
tion of N (resp. N) on H. Conversely, if T'(t,z), (t,z) € N (resp. T, z), (a,z) € N), is
some unitary representation of N (resp. N ) on the Hilbert space H satisfying the condition
T(t,0) = xp(t)-Idy (resp. T(a,0) = a-Idy), then the pair (H, W), W (z) = x,(—t)T'(t, z)

(resp. W(z) = T(1,2)), = € V, is a Weyl system on (V, B).
Another proof of the Stone-Von Neumann Theorem. Let (H,,T,) be the unitary
representation of the Heisenberg group N. Each element of the Heisenberg group N is
written uniquely as (t,z) = (0,z) - (¢,0). Hence, if ¢ € H,, (3.3.2) implies p(t,x) =
©((0,2) - (¢,0)) = xp(—1t)¢(0,z). Thus ¢ is determined by its restriction to V. Hence the
mapping

Hy 305 oly € L2(V)

is an intertwining unitary operator. The unitary representation 7'(n) = RT,,(n)R™! acts
on L?(V) by the following formula: For n = (t,z) € N,

(T(t,z)elv)(y) = RL,(t, 2)p(0,y) = Re((—t, —2) - (0,y))
= Rp(—t — B(z,y)/2,y — z)
= Ro((0,y — z) - (=t — B(z,y)/2,0))
= Xp(O)xp(B(z,9)/2)¢lv (y — ).

Let W(x) = xp(—t)T'(t,x). It does not depend on t and satisfies the Weyl relation
(3.1.2). Thus (L*(V), W) is a Weyl system on (V, B). In particular, if |y € L?(V}), then
(LX(V),W) = (L2(Vp), W) is an irreducible Weyl system on (V, B) (see Example 3.2.4).
To complete proof, we must show that (L?(V), W) is an irreducible. Let H = L*(V') and
Y € O. Then HY = S(Y) # 0, since l(z)p = ¢ = W(x)p for all z € Y. Let fo be a

vaccum vector of (S(Y),W). Then we have for z € Vy and y € V,

fo(y) = W(z) fo(y) = xp(B(x,y)/2) foly — ).

Since fo € S(Y), for any point y € V there exists an integer m such that fo(y —z) =
foly), |z, < p™. Thus suppfo C B, = {x € V : |z], < p"}, » = min{0,m} and
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fo(y) = constant, y € B,. Therefore fo(y) = c-Q(p~"|z|,), ¢ € C. It follows from (ii)
of Theorem 3.1.1 and Theorem 3.2.5 that (L*(V), W) is an irreducible Weyl system on
(V.B). 1

3.4. A Weyl system depending a selfdual Z,-lattice and a Q,-valued function.
Let £ be a lattice in (V, B). The dual lattice £* is defined by

(3.4.1) L={xeV : B(z,y) €Z, forall ye £}.

If £ = £* then £ is called selfdual. From now we consider only case where £ is a selfdual
lattice. We consider a commutative subgroup I' = {(¢t,z) : t € Qp, x € £} of N. Let
T be the image of the group I' in N. The fact that the lattice £ is selfdual is equivalent
to the fact that ' is a maximal commutative subgroup of N. Let 7 be a character of

r extending the character («,0) — « of the subgroup C;*. By the Stone-Von Neumann
Theorem, (H.,T,) = Ind(N,I';7) is an irreducible unitary representation of N.

Theorem 3.4.1 (cf. [LV 80, p. 143]). There exists a canonical isomorphism ©% , between
H, and H. intertwining the representations T, and T’ :

(3.4.2) Orep)n) = > T(@)p(n-(0,2)).

€L/ (LNL)
For any p € H;, z € V and y € £, we have

00,2 +y) = ((0,z) - (=B(z,9)/2,y)) = 7 (=B(z,1)/2,4)9(0, )

= xp(B(2,9)/2)771(0,y)¢(0, ).

Let H(L,0) be the Hilbert space obtained by completing the space of continuous func-
tions f : V — C satisfying the following two conditions

(3.4.3) F(o+1) = xp(B@,p)/2 — o(y) f(x) eV, ye ),
where o is a Q,-valued function on V satistfying (o(z +y) — o(z) — o(y))/p™ € Zp;
(3.4.4) f € L*(V/£) for the Haar measure di on V/£L.

We define a unitary operators We ,(x) by

(3.4.5) Weo(2)f(y) = xp(B(z,9)/2 = o0(x))f(y —x), yeV, fecHE0).
Example 3.4.2. The pair (H(£,0),We,) is a Weyl system over (V,B). Indeed, the
unitarity of the Wg ,(x) is obvious. It is sufficient to check the Weyl relation. We have

WS,J(x)WS,J(y)f(z) =W ,J(x)Xp(B( ,2)/2—=0y)f(z—y)

= Xp(B(2,2)/2 = 0(2))xp(B(y,z =) /2 = 0(y)) f(z =z — y)
= Xp(B(2,9)/2)xp(B(x +y,2)/2 = o(x) —a(y)) f(z = (x +y))
= Xp(B(2,9)/2)xp(B(x +y,2)/2 = o(z +y)) f(z — (z + y))

= Xp(B(2,9)/2)We o (2 +y) f(2).
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Theorem 3.4.3. The Weyl system (H(£,0), Wg ) is irreducible if and only if 0(£) C Zy.

Proof. Let Hy be the vacuum subspace of (H(L,0), We ), and let fy € Hy (by Theorem
3.1.1, such a vector exists). Then, using (3.1.3) and (3.4.5) we obtain

fo(z) = We o (2) fo(x) = xp(B(z,2)) fo(x) for z € £.

Thus it satisfies supp fo C {z € V | xp(B(z,2)) =1 Vz € £} = £. By (3.4.3), we have
flz+vy) =xp(—c(y))f(z). Thus

(H(L,0),Wg,) is irreducible
<= the vacuum subspace Hj is one-dimensional
<= f(x) = constant, z € £
< 0(L) CZy 1

Remark. (i) We denote by (H(L),Wg) the irreducible Weyl system of Theorem 3.4.3.
Then an irreducible unitary representation of the Heisenberg group N = Cy x QZ” is
defined as a pair (H(£),T¢), where Te(c,x) = aWe(z). This representation is a p-adic
analogue of the Cartier representation [Car 64] of the real Heisenberg group.

(ii) For the Heisenberg group N = C{ x V of a p-adic symplectic space (V,B) of
arbitrary dimension, £-representation corresponding Weyl £-system, which is analogues of
Fock representations of commutation relations, was constructed by Zelenov [Zel 94b].

§4. SUPPLEMENTARY NOTE ON QUANTUM MECHANICS
WITH NON-ARCHIMEDEAN NUMBER FIELDS

4.1. Notations. Throughout this chapter, K is a complete field with a non-trivial n.a.
valuation | - |g and char(K) = 0. Let a € K and r € R>g. The open disc (resp. closed
disc) of radius r with centre a is

B.(r7)={z € K :|x—a|g <71} (resp. Bo(r) ={z € K : |z —a|x <r}).

We denote by r(K) = By(1)/Bo(17) and |[K*| = {|a|x : a € K>} the residue class field
of K and the value group of K, respectively. The following elementary result of the n.a.
analysis will be useful below: a series > a,, a, € K, converges if and only if |a,|x — 0
as n — 0. Using the definition of the n.a. valuation, we get |n|x < 1 for n € N and the
sequence |n!|x is decreasing. Thus we assume that there is an estimate

(4.1.1) 1/|nl|x < t(K)" (n€Z, o(K) € Rsy).
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This estimate holds for the field Q, (i.e., t(Q,) = pp_il) and its finite extensions.

Let us suppose that quadratic equation 22 — 7 = 0, 7 € K, has no solution in the field
K. Denote by Z, the quadratic extension K (1/7) of K. The elements of Z, are represented
as z = x ++/7y, x,y € K, the conjugate of z is given by Z = x — \/7y and the extension of
the n.a. valuation to Z, is defined by |z|x = /] [2]? |k, where [2]? = 22 = 2% —1y? € K
denotes the square of the length of z € Z,. We remark that it is impossible to define the
length |z| in K for all z € Z,.

Consider a n-dimensional space K™ of points ¢ = (1,2, -+ ,2,), ; € K. K™ isan.a.
K-Banach space by the pointwise operations and the n.a. norm ||z||x = maxi<;j<n|z;|x.

Let a = (a1, a9, -+ ,ay) € Nij. We will signify by D f(z) the derivative of the function
f(x) of order |a] = a1 +ag + -+ + ay,

0“f(x) 1l fay,ma,-++ ,an)

« - a1 a2 (6273
Ox 0x{" 0z, Oxn

Df(x) = [ (zx) = , D°f(x) = f(x).

We also use the following abbreviations: for 5 = (f1, 82, -, On) € Nf,

Yoy es ey (5)=(5) - (3),

|a|=0 a1= an=0 |a|=0 «a1=0 an=0
6% (6% [67%% _
fo=for, o an, =27 xpm, al=o1! !,
where [ &7 ) = @ilaj=1)(o;=0;+1)
B; Bi! '

4.2. The test function spaces and their duals. Raghunathan [Rag 68] investigated
the topological properties of the space of all K-valued sequences a = (ag, aq,---) for which
lim,, 00 |an|1%( = 0. This space correspond to the space of entire functions z — > > a,z"
on K. Also he, in [Rag 69], showed that its dual space may be identified with the space
of all germs of power series functions. Its ideal structure was studied in [Sri 73]. In this
section, more generally, we shall focus our attention mainly on the space of entire functions
with several variables. Since the proofs of [Rag 68, 69] can be translated in our case in the
obvious manner, we stated same results without proof.

A function f: K™ — K is said to be an entire if the series

(4.2.1) f=f@) =) far® (fa €K)

|a|=0

converges for all z € K", or equivalently (cf. [Bru 63, p. 114]), if limq|— oo |fa|g T = 0. Let
Ay = A(K™, K) be the family of all entire functions f over K™. Clearly, A; is a K-vector
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space by (f1 + fo)(x) = fi(z) + fa(z), (af)(x) = af(x). For each f € Ay, we define
1
IIfIl = sup{ |folxs |fali' :|al >1¢. This real valued function || - || has the following

properties:

(4.2.2a) ||f|| > 0 and ||f|| = 0 if and only if f = 0, where

f= Zfa$a=0<:>fa:0 for every |a| > 0.
|a|=0

(4.2.2b) [|f + gl| < max(|[f]],[lg]])-
(4.2.2¢) |laf|| < max(L, |a[x)[[f]] (a € K).

It follows from (4.2.2) that p(f,g) = ||f —g|| defines a topology in A;. We denote by T, the
metric p-topology on A;. As is shown in [Rag 68|, (A;,T),) is a complete, non-normable
linear metric space over K and totally disconnected.

Let R € |[K*|. By Kp{X}(= Kr{X1, -+ ,Xn}) we denote the set of all formal power
series f = Zm:OfQXO‘ for which lim|q|—oo|fa|x RI®! = 0. This Kr{X} is a subring of
K[[X]]. Define

(423) 171lm = supal fale RN | f = 37 faX* € Kn{X}

|a|=0
For all f,g € Kr{X} we have ||f||g > 0ifand only if f # 0, ||f+g||r < max{||f||r, ||lgl|r}
and || fgllr = ||f||rllg]|r. Also, Kr{X} is metrically complete. Thus Kr{X} is the n.a.
K-Banach algebra. Let Vg = {z € K™ : ||z||x < R} be the ball in the space K". Every
f € Kr{X} induces a bounded continuous function Gy : SpKr{X} — K" by

Gi(p) =o(f) (p € SPDKr{X}),

where SpKr{X} is the spectrum of Kr{X} (i.e., the set of all nonzero algebra homomor-
phisms Kr{X} — K") and G (resp. Gy) is called the Gelfand transformation of Kr{X}
(resp. the Gelfand transform of f). Since K[X] is a dence subset of Kp{X}, Gx is an
injection. As || X||g = R we see that the range of Gx is contained in Vg. Conversely,
every x € Vg determines an element ¢ of SpKr{X} for which ¢(X) = x by the formula
@ (Zrao‘zofaXo‘> = Zmzofaxo‘. Thus, we have a bijection SpKgr{X} — Vg. It is easy
to see that this bijection is a homeomorphism. In the sequel we identity ¢ with ¢(X),
SpKr{X} with Vi and the Gelfand transform of f = ZTS‘ZO faX® with the function
x Zmzofaxa on Vx.

A function f : Vg — K is called analytic if there exist f,’s in K such that f(x) =
Y mi=ofax® for all z € Vg. Then clearly lim|q| ool fo|x RI*! = 0 and f is bounded and
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continuous. As in the Archimedean theory, the sum and product of analytic functions
are analytic. Thus, the analytic functions on Vg form a subalgebra A(Vg, K) of the
commutative n.a. K-Banach algebra BC(Vg, K) of the bounded continuous functions
Vr — K with respect to the sup-norm || - || given by

1 flloo = sup{[f(2)|k : x € Vr}.

Theorem 4.2.1 (cf. [Van 78, Theorem 6.32]). The Gelfand transformation

Kp{X}3 ) fuX*— ) far™ € AV, K)

|a|=0 |a|=0

is an isometry if and only if K is not locally compact. Namely, if K is not locally compact,
then A(Vg, K) is a commutative n.a. K-Banach algebra with respect to the n.a. norm
|| - ||r given by (4.2.3).

We have A1 = Npexx| A(VR, K) as set. If R < Ry (R, R € |[K*|), then [[f|[r <
I fllr,s A(VR,, K) C A(Vg,K) and the canonical injection A(Vg,,K) — A(Vg,K) is
linear continuous map. Hence the natural topology on A; is the projective limit topology
Tp. Le. Tp is the weakest locally convex topology which makes all the canonical injections

Ay — A(Vg, K) continuous (for a general properties of the locally convex spaces we refer
to [Mon 59)):

(4.2.4) (A = projlimp ... A(Vr, K), Tp).

It is also given by the invariant (n.a.) metric d defined by

1 |lf = gllr,
4.2. d = >1— : dR; € |K*
(4.2.5) (f,9) SUPj>155 7 7 —dllx (f,g € Ay and R; € |[K™]),

where {R;} is an increasing sequence such that lim;_,., R; = oo (cf. [Mon 70, pp. 32-33]).

Proposition 4.2.2. The projective limit topology Tp and the metric p-topology T, on
A1 are equivalent.

Proof. Let {f;}, where f; is given by
(4.2.6) filw) = Y fiar® (fia € K),
|a|=0

be any sequence in A; such that f; — f in T,. If f is given by (4.2.1), then for each
n > 0, there exists a ng = ng(n) such that |fio — folx < 7 and |fia — falxk < nlel for
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all i > ng and |a| > 1. Therefore, for given € > 0 and each R € |K*| choosing 1 such
that 7/ Rl*l < ¢ and 0 < n < €, we have ||fi — f||r < supa{n, 7RI} < € for all
i > ng and each R € |K*|. Thus f; — f under each norm || - ||z and hence f; — f in
Tp. Conversely, let f; — f in Tp. Then f; — f under each norm || - ||g. Thus, for each
R € |K*|, there exists a Ny = No(R) such that ||f; — f||r < 1 for all i > Ny, which
implies |fio — folx < R™1®l for all i > Ny and |a| > 0. Let ¢ > 0 be given. Since K is
non-trivial valued field, there exists M € |K*| such that M < R, M~ < e. Then we have
Ifi — f]| < e for all i > Ny. Thus f; — finT,. g

Every polynomial is of course an entire function and many ezotic looking functions (from
the Archimedean point of view) such as f(z) = > oo (n))™z™ and f(z) = Y oo, ™ gn

n=0

(m € K with |r|x < 1), are entire functions. But e®, sinz, cosz, sinhx and coshx converges
for 2 € By(r~), where r = p~%/ =1 if char(r(K)) = p and r = 1 if char(r(K)) = 0; and
log(1 4 z), arctanz converges for © € By(17) (cf. [Sch 84, 25.6 and 25.7]). So, in contrast
to the complex case, all these elementary functions are not entire but analytic at zero,
where the definition of analytic at zero was introduced by Khrennikov [Khr 90a, 90b, 91,
92, 95] as follows:

Definition 4.2.3 (cf. [Khr 92, p. 763]). A function f: K" — K is said to be analytic at
zero if there exists R € |K*| such that f € A(Vg, K). The space of functions analytic at
zero, Ao = Upe x| A(VR, K) (as set), is provided with the inductive limit topology T} of
the K-Banach spaces A(Vg, K):

(427) (.A() = indlimRﬁoA(VR, K), T[) .

We denote by A%, i = 0,1, the set of K-linear continuous functionals on 4;. A} is called
the dual of the space A;.

Theorem 4.2.4. Every functional ¢ € A(Vg, K)' (resp. ¢ € A}) is of the form

(4.2.8) o(f) = Z fa¥a, f= Z fax® € A(Vg, K) (resp. f € A1),

|ee|=0 lo|=0

1

where ¢, € K, if and only if {\gpa|K/R‘O‘|} (resp. {|g0a I?}) is bounded as |a| — 0.
And we have Ay = Uge x| A(VR, K)' as set.

Proof. Suppose ¢ € A(Vg, K)" (resp. ¢ € A}) is of the form (4.2.8). Then there exists a
constant M such that |o(f)|x < M||f||r (cf. [Mon 46, Theorem 9 and 10]). Let ¢(z®) =

1 1
©Ya- Then |p|x < M Rlel (resp. |g0a|l‘§“ < MﬁR) Thus {]gpa\K/RW} (resp. {|<pa|[? })
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is bounded sequence. Conversely, if {|pa|x /R‘O‘|} is bounded, then ¢, given by (4.2.8),
is well-defined and linear. Now |p(f)|x < supa|falkl|valx < N||f||r for some N and all
f € A(Vg, K). Hence ¢ is continuous on A(Vg, K) and thus ¢ € A(Vg, K)'.

1

On the other hand, suppose {|g0a g} is bounded and f = Zmzofaxa € A;. Then

1

we can find Ny such that |@o|x < No and |pa|x < N(‘)a| for || > 1. Since |fq|T — 0,
we can find ng such that |fo|x < (ﬁ)'o‘| for |a| > ng. Hence |fapalx < (1/2)1%1 for
|a| > ng. Therefore ¢, given by (4.2.8), is well-defined and linear. Let f; — 0 in A; and
fi given by (4.2.6). Given € > 0 choose 1 such that 77“"']\7!)0‘| < €. Since f; — 0, we can
find j such that ||f;|| < n for i > j. So |@(fi)|x < supa(nNo)!*! < e for i > j. Thus ¢ is
continuous on A; and thus ¢ € Aj.

Nextly, for each R € |K*|, if ¢ is continuous on (A(Vg, K),Tr), where Tg is a topology
induced by || - [|r, then ¢ is continuous on (A1, Tp). Thus Uge g« A(Vr, K)" C Aj. To
prove the reverse inclusion, let ¢ € Aj. Then there exists a real number M > 0 such
that |pa|x < Ml |a| > 1. Since K is non-trivial, we can find R € |K*| such that
0 < M < R. Thus |pa|x < RI°l, |a] > 1. Hence (|pa|rx/R®!) is bounded and thus
¢ € A(Vg, K)'. Therefore A} C Upe x| A(Vr, K)'. 1

For R< Ry <--- and f = Zmzofamo‘ € A(Vg, K), we have

A(Vr, K)' <& B(R) = {A = (Aa) € K™ : sup|A\o|x /R*l < 00} C B(Ry) C -
U U

A(Vy,K) PRAR) = A= (\a) € K> | 1|im Aolr/RI% =0} ¢ A(Ry) C ---,

where pr and ¢pr are isomorphisms of K-vector spaces which are, respectively, given by
SDR()‘)OC) = Z JaAa, ¢R(f) = (fa)'
|a|=0

Proof. Choose R and take any R; > R. Then B(R) C A(R;) since |foé|K/R‘1a| =
|folic/RI®!/(R/Ry)?!. Then, for R < Ry < Ry < --- we obtain

B(R) € A(Ry) C B(R;) C A(Ry) C B(Ry) C - --

and the result. g

Consequently, we have an one-to-one correspondence between A} and g g A(V% ,K).

I.e. we can regard A} as the space of all power series with positive radius of convergence
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at zero and it can be topologized by a metric induced by the valuation defined as

1

||90||:Sup{|900|1<, a7 - [of 21} (oe A

which coincides with that of A; when restricted to A; because that A; is the unique

maximal metric vector subspace of A].

Theorem 4.2.6. Let s(A, A;), i = 0,1, be the strong topology of A,. Then we have:
(1) A; are complete and reflexive.
(2) (A, 8(AL, AL) = (Ao, Tr) and (Ag, s(Ap, Ao)) = (A1, Tp).

Proof. If K is spherically complete with respect to | - |k, then by [Mor 81, Lemma 3.5],
the image by the canonical injection A(Vg,, K) — A(Vg, K) (R < R;) of the unit ball of
A(Vg,, K) is c-compact. Hence it follows from [Mor 81, Theorem 3.3 and Theorem 3.4]
that we have the theorem. On the other hand, let K be not spherically complete and
b € K with |b|xg = R. Then the map

Z faxa = (fO;fa(l)b17foz(2)b27fa(3)b37 o )7

|a|=0

where foq) € K is the coefficient of the monomial x“ of degree d, induce isometry
A(Vr,K) = ¢o. Hence A(Vg, K) is of countable type and reflexive (cf. [Van 78, Corol-
lary 4.18]). Since A; contains all finite sums of the form Zmzofaxa, the image of the
canonical injection A; — A(Vg, K) is dense for each R. Put

Z faxav Z gﬁlﬂ = Z fagﬁ~

|oe|=0 1B81=0 r lal+IB1=0

Then (, )i : A(Vg, K) XA(V% , K) — K is a nondegenerate bicontinuous bilinear form and
A(Vg, K) and A(V% , K) become mutually K-Banach dual spaces with respect to ( , ).
Hence by [SM 86, 1. Duality Theorem| theorem holds.

Here after, we consider the complete n.a. locally convex spaces A;, i = 0, 1, as the spaces
of test functions (i.e., the spaces of the locally constant functions with compact support)
and their dual spaces A} as the spaces of generalized functions (i.e., the linear sets with
weak convergence). We denote by (f, ) the effect of the generalized function ¢ over the
test function f. An example of a member of A} is the (Dirac) delta functional at the point
y € K™. It is denoted by §(z — y) and defined on A; by (f(z),d(z —y)) = f(y). The

o

partial differential operator 52— is a continuous linear mapping of A(Vg, K) into A(Vg, K),
J
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as well as of A; into A;. Indeed, for any f € A(Vg, K), we have H%HR < R7Y|f||r- If
f € A; then f(®) is again in A; (cf. [Van 78, p. 230]). Then for ¢ € A} we define, as in the
classical case, the |a|th order partial derivative ¢(®) of ¢ by

(429) <fv 90(06)> = <f(a)7 90> (f S Az)

Theorem 4.2.7. The spaces Al, i = 0,1, can be explicitly described in the form of the
spaces of infinite-order differential operators with coefficients from the field K.

Proof. Since the sequence {z®} is a Schauder basis for A; with ||2%||r = R!®l and with
corresponding sequence of coefficient functional {5(®)/al}, if ¢ € Aj, then for all f =
Zr§|:0faxa € A; we have

(fr0) = (D (6 /alz®,0) = > (f,6 /al) (2%, ).
la|=0 |ae|=0

If the series Zr;\zo (z, )6 /ol is T'a;-convergent in Aj where T, is a topology on Aj,
then obviously ¢ = Zm:()(za, ©)6(™) /al. Further it is easy to see that this representation
of ¢ is unique and that the coefficient functional ¢ — (z%, ) is continuous. Thus the
sequence {6(®/al} is a T ‘a;-Schauder basis in Aj;. We give the topology T4, on A; as
follows: Let P = Zm:OPaé(o‘), P, € K, be an infinite-order differential operator. Then

we have

P= Z P53 converges in A(Vg, K)'
|a|=0

— (f,P) = Z faPoa! converges in K for all f = Z faz® € A(Vg, K)
|a|=0 |a|=0

= supa|Pa|K|a!]K/R|a| < 00.

Let

(4.2.10) Dyg=qP= Z P, : P, € K, ||P||, = supa|Palx|a!| kg% < o0
|a|=0

Then we have

(4.2.11) A} = indlim,_,o.D,, 0 = projlim,_oDy. 1§
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Corollary 4.2.8. For all R € |K*|, we have

[(foolx < |Iflrllellr (f € A, g€ Aj, i =0,1).
Proof. Let f = Zmzofaxo‘ and ¢ = ng\zo 6. Then, by using (4.2.9) and (4.2.10),
we have (f, ) = Zm:ofa(pa@!. Thus

(£, )| < supalfapad!|x = supalfalk R palxlal [k BT < || flrll¢]R- W

4.3. The non-Archimedean Gaussian distributions and the Hilbert spaces. As
usual, it is convenient to use the symbol of an integral to denote the action of a generalized
function on a test function. Also, if not specified otherwise, [ will always denote a | Fon -
By the definition, we will use the symbol

(o) = / F(2)delz) (f € A, g€ Al i=0,1).

Definition 4.3.1 (cf. [Khr 92, Definition 1.1]). The (two sided) n.a. Laplace transform
L: A, — A; of a generalized function p € A; is defined to be the function

(43.1) L)) = () = [ =P d(a),

where (z,y) = Z;.Lzl z;y;, *,y € K™

Theorem 4.3.2 (cf. [Khr 92, Theorem 1.2]). The n.a. Laplace transform L : Aj — A;
and the adjoint operator L' : A} — Aq defined by the Parseval’s equality

(1.3.2) [ Po@dn) = [ L @detw) (e Ly, ¢ e A
are linear isomorphisms. Moreover, (L')~1 = (L™1Y’.

If f(z) = Zmzofaxa € A;, i = 0,1, then it is easy to see that for every y € K"
the function f(z + y), considered as a function in z, is still in A;. Let ¢ € A., then the
convolution ¢ * f of ¢ and f is defined by

(4.3.3) (% f)() = / f(@ + y)doly).

It is not hard to see that ¢ * f € A; whenever f € A;, ¢ € A.. Note that in particular

(0 f)(x) = [ flx+y)do(y) = f(z). Hence 5+ f = f.
If  and ¢ are distributions, then the convolution ¢ * ¢ is defined by

439 el = [f@des i@ = [ [ [ s+ y)dso(x)] ().

It is easy to see that ¢ x 1 € A, whenever p,9 € A]. Also, as above, we derives that
dxp=pxd=pforall ¢.
The following properties of the n.a. Laplace transform are easy consequences of (4.3.1).
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Proposition 4.3.3. For u, 1, u2 € Aj and ¢, @1, 02 € A}

43.5a) L(6)(y) = 1; L'(6)(z) = 1.

43.5b)  L(Z=m)(y) = y*L(p)(y); L' (L= e)(x) = 2L (p) ().

3.5¢) £ L()(y) = L(x®p)(y); 4= L' (9)(x) = L' (y*¢)(x).

4.3.5d)  L(p1 * p2)(y) = L(p1)(y) L(p2)(y); L' (1 * p2)(x) = L' (01)(2) L (p2)(2).

Application (cf. [DeK 96, chapter 5]). (Fundamental solutions of differential operators)

4.3.

(
(
(4.3
(

Formula (4.3.5b) used to prove that the existence of solution of n.a. differential equation:
Let P, (D) = Zm:o P,D* P, € K, be an arbitrary differential operator with constant
coefficients. As usual, a solution of the equation

(4.3.6) P, (D)p(x) =d8(z) (6,9 € A))

is called a fundamental solution of the differential operator P,,(D). Let Py # 0. With the
aid of the n.a. Laplace transform L', we transform the equation (4.3.6) in the following

equation in the space Ag:
(4.3.7) Po(z)L (p)(x) = 1.

Since Py # 0, the function u(x) = 1/P,,(x) belongs to the space Ag and the distribution
o = (L')"Y(n) € A} is unique fundamental solution of the equation (4.3.7). Also, for
f € Ay, using (4.3.5d) and (4.3.7) we have L' (P,,,(D)(¢ * f))(z) = Pn(x)L' (¢ * f)(z) =
L'(f)(x). Thus g = ¢ * f € A; is the solution of the equation P, (D)g(x) = f(x).

Let P(D) be an infinite-order differential operator. Assume that P(x) belong to the
space Ap and Py # 0. Then there exists a unique fundamental solution ¢ € A] of
the equation P(x)L'(p)(x) = 1. Again g = ¢ * f € A; is the solution of the equation
P(D)g(x) = f(x). &

Definition 4.3.4 (cf. [Khr 92, Definition 1.2]). The n.a. Gaussian distribution on K"
(with mean value a € K™ and symmetric covariance matrix B = (b;;), b;; € K, detB # 0)
is defined to be a generalized function v, g € A} with the Laplace transform

(4.3.8) L (7a,) (&) = exp {%(Bm, 2+ (a, x)} .

To calculate a integrals with the n.a. Gaussian distribution, we prove the following

formula for integration by parts:
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Proposition 4.3.5 (cf. [Khr 92, Theorem 3.1]). If f € A; and a € K™, then

(4:39) [ 1@ i@ = [ (8o ) (D@

Proof. Let 3, = (¢',a) = Y77_, a; ay 5. Using (4.3.5b), then f(z)(a,z) = L(L7L(f) *
Ba)(x). Hence, using (4.3.2), (4.3.4) and the symmetry of B = (b;;), we have

1= [ 1@ @a)dsln) = [ L0 @dL () 5@
= [ oo+ narie| asnw

- [ [ 2e0n @Y aexw {58000+ 5Bua) + B} dLl(f)(w)]

— [ L6on) Z(Zag ) 5l ()(w) = [ '(0.0)(@)(Ba, )L () (o)

=1

= [ LB (1) @) = [ (Ba g ) (Do)

Example 4.3.6. Using (4.3.5b) and (4.3.2), we have

Mo = [wtdrnnte) = [ 1(58) @ina(o

- [oumwa(52) 0 = | mew{] Brn

=11 3y P { 5 D bijyivi }]

n aai 1 n 1 ,
— Zl;ll —8y?i (exp {2 | Z .bz‘jyjyi} exp {51)“% })]

J=1j#i

[ g 1
— || —by?
i=1 a/y?i P { 2 vi }]

y=0

y=0

y=0
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If = (261,202, ,20,), then

Mo = (135 (200 = 1))+ (135 (28, = D)bi} -0y
_ (@8 (bl_lyl (28! (b_)ﬁ _(29)! (@)5
A\ 2 Bl \ 2 T \2 )
where 5 = (B1,02, -+ ,0n) € N and d(B) = (b11,b22, - ,bny)). Thus for any entire
function f(x) = 3717 ¢ far® € A1, we have
T ()

Remark. All the previous consideration can be extended to the case of the analytic func-
tions f: K™ — Z; (vesp. f: Z? — Z;) and the n.a. Gaussian distributions v, g, a € K"
(resp. a € Z7), B = (bsj), bij € Z.. Then we have the space A(K", Z,) (resp. A(Z?,Z;))
of entire functions, the space Ag(K"™, Z,) (resp. Ao(Z",Z.)) of functions analytic at zero,
and the spaces of distributions A(K",Z;)" (resp. A(ZF,Z;)) and Ao(K",Z;)" (resp.
Ao(22,2,)).

Example 4.3.7. We denote by z and z independent variables on Z”; w = (z,2) is a

variable on Z?", 2z = £(Bw,w), where B has the form ( 0 En ) Using (4.3.5b) and
(4.3.2), we have

E, 0
azp 8044‘5
[, =t = [ 1 (5get) s

L/ d 8064-/@6 aOH—ﬁ zz
- /Z?_n ('}/073)(10) (azﬁaza) (’lU) - 8z582ae

Thus for any entire function f(w) = Z\al ofaz®Z € A(Z2", Z,), we have

(4.3.10) /f )dvo0.B( Z f2a

lor|=0

= dap0l.
w=0

(4.3.11) f(w)dryo,s( Z facd.

2n
Z7 |a|=0

Example 4.3.8. We introduce the Hermitian polynomials H,, ;(¢) on the field K:

ST
QU

3
T

(4.3.12) Hpp(t) = (~1)"e5 — e 5 (meNo, be KX, t € K),

. 2 2 4
l.e.,Hoyb(t) :1,H1’b(t): %,H2,b(t>:—%+z_27H3,b(t>: b2+b37H4 b( ) 3 —%—f—zj,

Hs () = % — lgﬁs + 2—27 -+-. Then we have the following properties:
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(4.3.138)  Hap p(0) = (=)™ =20 H, o 014(0) =0,

ml2mpm )

(4.3.13b)  Hyppg1(t) = £ Himp(t) — 2 Him—1,6(t),

(4.3.13¢)  Hpp(t+s) =320 (Zl) (%)j Hy—ju(t) for s € K,

(4.313d) L Hypp(t) = LHpp(t) — Hing1,6(t) = 2 Hyp1 p(2).
(4.3.13¢) [y Hyno(t) Hynr 1()d90,6(8) = O 12

In particular, to compute the integral (4.3.13e) we used the fact that the product of the
Hermitian polynomial H,,; by the distribution vy 5 is equal to the generalized derivative

of Y0,b-

(43.14) Hya(Oroa(®) = a (700 ) ).

Kalish [Kal 47] investigated the properties of a p-adic Hilbert space (E, |||, (-, ")), where
(E,]|| - ]]) is a n.a. K-Banach space and (-,:) : E X E — K is a symmetric bilinear inner

product satisfying the Cauchy-Schwarz inequality

(4.3.15) |z, )| < Nz|l]|yl].

The orthogonality was defined by the inner product (-,-). On the other hand, the orthogo-
nality based not on an inner product but on a norm defined by Monna [Mon 70] as follows:

A system of vectors (e;);cs in a n.a. K-Banach space (£, || -||) is said to be orthogonal if
(4.3.16) 1> zje)ll = maxjes|a;|wlles|,
Jjes

for every finite subset S C J and for all ; € K. An orthogonal system (e;) e is called
an orthogonal basis in F if x = ) e, for every vector z € E. If a n.a. K-Banach space
E has an orthogonal basis (e;), then E is called an orthogonal n.a. K-Banach space.
There is no canonical way of defining the inner product (+,-) in the orthogonal n.a. K-
Banach space (E,|| - ||). Khrennikov [Khr 90a, 90b, 91, 92, 95] gave a new definition of a
n.a. Hilbert space that connect two definition of orthogonality as follows: Let (E, || -||) be
an orthogonal n.a. K-Banach space, (e;) an orthogonal basis in E and (-,-) a symmetric
bilinear inner product satisfying (4.3.15). Assume that (e;,e;) = 0, ¢ # j. Then we
have (z,x) = Y A\jz5, where \; = (ej,e;) # 0. This series converges if and only if
lim; oo |xj|K\/m = 0. But the n.a. K-Banach space E consists of these x for which
lim; o |7;|K]le;]] = 0. If ||e;||? € |[K*]|, then we can take as \; any elements of the field
K such that [\j|x = ||e;||?>. Now if ||ej||? is not in |K*|, then it is impossible, in general,
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to find A\; € K. Thus it is natural to include the numbers A; into the definition of a n.a.
Hilbert space.
For the sequence A = (\,) € K, \,, # 0 for all n, we set

(4.3.17) Hy = {f = (fn) € K : the series Z f2\, converges in K} :

(4.3.18) (resp. Hy, = {f = (fn) € Z2° : the series Z | fn|*An converges in K}) :

In the space H, we introduce a norm || - ||» and an inner product (-,-) relative to which
the base vectors e; = (J;;) are orthogonal as follows:

(4.3.19a) Lf1Ix = maxn | frlk V[ An |k
(4319b) (fa g))\ = angn)\n (resp. (fv g)/\ = ang_n)‘n> .

Then the space H) is a n.a. K-Banach space and (-,-), is continuous on H) X H) and
satisfy the Cauchy-Schwarz inequality (4.3.15).

Definition 4.3.9 (cf. [Khr 92, Definition 2.1]). The triplet (Hy,|| - ||x, (-,)x) is called a
n.a. coordinate (resp. complex) Hilbert space.

An inner product on the n.a. K-Banach space F is an arbitrary nondegenerated sym-
metric bilinear form. It is evidently impossible to introduce an analog of the positive
definiteness of a bilinear form.

The triplets (Eq, || - ||, (-,:)i), @ = 1,2, where E; are the n.a. K-Banach spaces, || - ||;
are norms, and (-,-); are inner products satisfying (4.3.15), are isomorphic if there exists

an isometric and unitary isomorphism [ : Fy — FEj.

Definition 4.3.10 (cf. [Khr 92, Definition 2.2]). The triplet (E, |||, (+,-)) is said to be a
n.a. (resp. complex) Hilbert space if it is isomorphic to a n.a. coordinate (resp. complex)
Hilbert space (Hay, || - ||x, (+,)x) for some A.

Example 4.3.11. This example illustrates how the n.a. Gaussian distribution ~; can
be used to construct a n.a. complex Hilbert space L?(K™, o), according to the following
three step:

Step 1. On the space A(K",Z;) we consider a n.a. Gaussian distribution vy, b €
K*. Using the fact that the space A(K"™,Z,) is a topological algebra, we introduce on
A(K™, Z.) the inner product as a continuous map (-,-) : A(K", Z;) x A(K",Z;) — Z,
defined by

(4.3.20) (f.9) = / F(@)g@)dvos ().
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Step 2. We denote by H, (), b € K*, the Hermitian polynomials corresponding to the
n.a. Gaussian distribution 7 p:

n
Ha,b(x> :H(al,ag,-n,an),b(l'lvx%'" ) H aj,b

where H,, ,(z;) is given by (4.3.12). By (4.3.13e), we see that H,; is orthogonal to Hg
for @ # 3 with respect to (4.3.20) and (Hap, Hap) = a!/blel. Then we can prove that
for any f € A(K™,Z;), we have the orthonormal series expansion of f with respect to

{Ha,b/(Ha,b; Ha,b)}. Ie.

& 7 _ (fHap)
(4.3.21) f@) = 3 faHop(x), where fo = s

lor|=0

€ Z;.

Indeed, it is sufficient to show that for n = 1 the series (4.3.21) converges to f in A(K, Z;).
Let f(t) = > oo o fmt™ € A(K,Z;). By the recurrence formula (4.3.13b), we have for
x € Byo(R), where R € |K*| with R > 1,

R m+1
1322)  Hpalln < () max (ol Hooaslle) << (1)
10| i K
Also, using (4.3.20) and Example 4.3.6, we have

foj+1(25 + 1) &7
127

Y

(4.3.23) (f, Hip) =

J=0

and using hypothesis (4.1.1), we obtain for Ry > /t(K)|blx /|2|x,

Wbl 1 _ Il
R?|2|x R — R

(4.3.24) Kfmwm<wmhmm#”(

Thus we have for R > 1 and Ry > /v(K)|b|x /]2|,

t(K)R
Ry

Falill sl < 511, (55 ) " =005 m - o0

if Ry > v(K)R. Therefore Y °_, };Hm’b(t) € A(K,Z;) for all f € A(K,Z,). Next we
show that > o fmHm p(t) converges to the function f. For this, it is sufficient to show
that 4= f(0) = %9(0) for all n € Ng, where g(t) = > fmHmp(t). Indeed, using
(4.3.13a) and (4.3.13d), we have

dr > (f, Hajanp) (25 4+ n)lb7
0 =2 (-1 (]Z2j ++n)!b) ( jj!Qj) '
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Thus if we take fojin = (=1)(f, H2j1np)/(25 + n)!, then by (4.3.23), we have

dn

dn
dt—”g(o) = (f, Hnp) = %f(()) for all n € Nj.

Step 3. The formula (4.3.21) gives the coordinate representation for (4.3.20):

(4.3.25) (f,q) = Z faga al/blel,

|a]=0

We introduce on A(K", Z,) a n.a. norm relative to which the Hermitian polynomials are

orthogonal as follows:

(4.3.26) 1] = maxal falx\/la! 5 /[b]i2.

The completion of the space A(K"™, Z;) in this norm is called the space of square-integrable
functions with respect to the n.a. Gaussian distribution oy, and is denoted by L?(K™, o p):

(4.3.27) LA (K™, yop) =4 [ = Zfa op(r) : lim |fa|K\/|Oé'!z</|bl'o‘|

lo|=0

The inner product (4.3.25) is continuous on L?(K"™, vy ;) and satisfy the Cauchy-Schwarz
inequality (4.3.15). The triple (L?(K"™,v0s),|| - ||, (-,-)) is a n.a. complex Hilbert space of
class Hq1plaly- 11

Since the dual space to a n.a. (complex) Hilbert space does not coincide with it, we
have the following nested Hilbert space

AK™, Z.) C L*(K™,v03) C L*(K™,v03) C A(K™, Z,)'.

Proposition 4.3.12. For b € K* and Ry, Ry € |K*| with Ry > \/t(K)|b|k/|2|x and
1 < Ry < +/|b|x/t(K), we have

A(VRU ZT) C LQ(KH,’yO,b) C A(VRQ, ZT).

Proof. Let n =1 and f(t) = _, FmHmo(t) € L2(K,70,). Using (4.3.22), (4.3.26) and
the hypothesis (4.1.1), we have

~ i ([
Folicl sl <1l (1) < ey o8 (Rz m) <71

48




for 1 < Ry < /|blk/e(K). Thus Hﬂ’Rz < maxm|f7;|KHHm7bHR2 < ||Ifll- Next let
f@&) =37 _o fmt™ € A(Vr,, Z;) and fr, = (f, Hmp)/(Hm,ps Hmp) € Z7. Using (4.3.13e)
and (4.3.24), we get that for Ry > /v(K)|b|k /|2|K,

(ttaa) | ) (< U ()

‘(Hm,bvﬂm,b) k Imlg ~ mllx \ Ry

Consider the function g(t) = Y >°_, fnﬂm’b(t). Then g € L2(K™, 7o), since using (4.3.27)
and the hypothesis (4.1.1), we have

[1milc rE)lx )
|fm|K o <|Ifllr, (T) —0 (m—o00). §

4.4. Iwasawa isomorphism and unboundedness, and problems. In 1990, the

(4.3.28) [ fml i =

question of whether the p-adic Gaussian distribution vo, b € Q,, can be extended up to
the measure on Z, was considered by Khrennikov. In [KE 92| the answer was given by
negative for a wide class of correlations b, p # 2. In the case of p = 2 the question still
remains open. In this section, we explain and supplement the article [KE 92] and present
the open problems.

Let us restrict to the case K = Q,. Denote by C, the completion of the algebraic
closure of Q,. The absolute value | - |, extends uniquely to C, and we use for it the same
symbol |- |,. Let © = {xz € C, : |z|, < 1} be the integer ring of the field C,.

A set p = {pu,} of functions is called a measure on Z, if for each integer n > 0 the
function p,, is defined on Z,/p"Z,, takes values in O, and satisfy the condition

p—1

(4.4.1) pn(a+p"Zp) =Y pinga(a+bp" +p" 7).
b=0

We denote by M (Z,,9) the set of the measures on Z,. Then, Iwasawa isomorphism say

that there is a one-to-one O-linear correspondence of the formal power series ring O[[X]]
onto M(Z,,O)

O[[X]] 2 f(X) = p=u(f) = {pn} € M(Zp,O)
such that

(4.4.2) fin(a+ p"Z,) Zg “f(¢—1),

where, in the sum ZE."), ¢ runs over all the p™th roots of unity in C,. Conversely, if
f(X) =32, aX!, then the coefficients ¢; are given by the formula

(4.4.3) o= lim pf (’;’) 1 (R).

k=0
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Let F(C(Zp,D),90) be the set of bounded linear functionals A defined on the set
C(Z,,9) of continuous functions with values in ©. Then, there is a one-to-one O-linear
isomorphism

M(Zy,O) > p={pn}t — X € F(C(Zy,9),O)

such that

(1.4.4) M) = [ pla)dua) = lim S o) (4),

n—oo
ZP k=0

If we denote by BC,[[X]|, BD(Z,,C,), and BF(C(Z,,C,),C,), respectively, the set
of bounded power series, the set of bounded distributions and the set of bounded C,-
linear functionals, we can easily extend the above correspondence f(X) < pu < A to the

one-to-one C,-linear correspondence of
BC,[[X]] «— BD(Zy,C,) «— BF(C(Zyp,Cp),Cp).
But we can not extend the correspondences to the one-to-one C,-linear mapping on
Col[X]] «— D(Zyp,Cp) «— F(C(Zp,Cp),Cp).

Endo [End 83] gave a one-to-one C,-linear correspondence between F'(C,[X],C,) and
C,l[X]) as follows: Let f(X) = S22, e X! € Cp[[X]]. We put far = far(X) = St e X!
(partial sum of f(X)). Since far(X) is a polynomial and so is bounded, we can define the

measure g, = {ftfy,n} o0 Z, and define for any ¢ € C(Z,,C,) the integral

MM@=é¢@Ww@)

P

If the p-adic limit limp/ o0 Af,, (@) exists, we define the limit as the integral of the contin-
uous function ¢ by the power series f(X) and we denote it by

(4.4.5) Ne) = | e@ydus(a)

P

If the power series f(X) is bounded, the new integral coincides with the original one.
Let p(z) =Y 100 w ( ) € C(Zp,C,) be the Mahler expansion [Mah 58]. Then we see
that

l
a; = / x)dux (z Z < > “*o(k) and |a;|, — 0 as I — oo
/

ya
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and that

)‘fM(SD) :/ o(x deM chal

P

Thus the integral [, ¢(x)dug(x) exists if and only if the infinite sum Y% ¢;a; converges.
In particular, since 2" =)' (‘7) S o (é) (—=1)!=Fkn, if M > n, we get

n l

(4.4.6) /Z a"dpg,, (z ;CZZ< ) YR

P

This shows that, if M > n, the right hand side is independent on the choice of M, so that
the integral \(z fz z™dps(x) always exists. By linearlity the integral pr o(z)dus(z)
always exists for arbltrary polynomial ¢(z) in Cp[z] with degree less than M. Thus we
have the one-to-one and invertible correspondence

CpllX]] 3 f «— X € F(C,[X],Cp)

such that

M) = [ ol f(X)zicle md a=2((1)).

p

From now, we suppose that the series A(¢) = >~ @nA(z™) converges for any analytic
function ¢(z) = Y ", ¢naz™ defined on Z,. In that case, the distribution A extends to a
linear functional on the space of analytic functions. I.e. it is a p-adic Gaussian distribution
Yo, (b € Q). By (4.3.10) in Example 4.3.6, for any analytic function ¢(z) = 7 (@ z"
defined on Z,, if g € Zp, then the sum

0o k
(4.4.7) /z p(x)dyop(z) =) @ (g) Dok

converges. Let f(X) = Y 2 aX! € C,[[X]] and ¢ = fzp (?) dvo.p(z). Then using
(4.4.6) and (4.4.7), we have

92) = e 1) =Y ale? 1 =3 7 (/ xnm,b<x>) = b7
1=0 n=0 Zyp

On the other hand,

9(2) = i % </Zp :I;"dyo,b(x)> = /Z i (xj)n dyop(z) = /Z e*Z dryg ().




Thus we have the following formulas:

(4.4.8) / edryo p(z) = €27 ;
ZP
b o 2 > 1 b " n
F(X) = o3 (log(1+X))* _ Z ] (5) (log(1 —I—X))z
n=0
2n
o) 1 b n e e} (_1)m—1 " e I
=> 5 (5) (Z T ) St aXt
n=0 m=1 =2
where

(4.4.9) a= Y (:nl!)l (g)m 2. m

1<m<i z1+ - t+rom=l,z; EN
In contrast to the real theory, we have the following theorem:

Theorem 4.4.1 (cf. [KE 92, Theorem 1]). A p-adic Gaussian distribution yo, (b € Q)')

is not a measure on Z,. lLe. the coefficients {c;} of the function f(X) are unbounded: Let

g = p®u, where u is a p-adic unit and a € 7Z.

(1) If a is even, then for all primes p the coefficients {¢;} are unbounded.
(2) If a is odd, then for all odd primes p the coefficients {c¢;} are unbounded.
For | = 2npl®/2+1 where n = p® (a power of p), the equality

laa], = p2n(=9)+(n=1)/(p=1)
is valid, where 6 = 0 if a is even, and § = % if a is odd.

Problem 1. Is it possible to prove (2) in Theorem 4.4.1 for p =2 7

Problem 2. Is there a method, called regularization, for turning the p-adic Gaussian

distribution 7 into measure on Z,, ?
Problem 3. Is it possible to extend 75 on the space of C1(Q,) or C*(Q,) ?

Problem 4. Is it possible to prove the problem of boundedness or unboundedness of a

n.a. Gaussian distribution for any n.a. valued field K ?

The analytical function ¢(x) defined on Z, is said to be 7 ;-negligible (or annihilator
of the p-adic Gaussian distribution o) if

(4.4.10) /Zf(x)go(x)dfyo’b(:c):() <resp./Z

for every analytical function f(z) (resp. for alln =0,1,2,---). Let N be the set of all ¢ -

2o ()dyo, () = o)

P

negligible functions. It is easy to see that N is a Q,[z]-module. For the p-adic Gaussian
distribution 7, (b € Q,;), we have the same property of the usual Gaussian distribution:
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Theorem 4.4.2 (cf. [EK 95]). If p is odd prime and % is a p-adic integer (i.e., b € Zy),
then there are no non-zero o p-negligible functions. ILe. N = {0}.

Problem 5. Is it possible to prove Theorem 4.4.2 for p =2 7
Problem 6. Find the class of vy ;-negligible functions for any n.a. valued field K.

The isomorphicity relation (see Definition 4.3.10) decomposes the set of the n.a. Hilbert
spaces into equivalence classes. An equivalence class is characterized by some coordinate

representative Hy, for instance, H(;) and H o) belong to the same equivalence class for
the field K = Q), p # 2, and to different classes for the field K = Q».

Problem 7. What are the restrictions on the weight sequence A\ = (\,,) and p = () for
the unitary isomorphism of Hy and H,, ?

Problem 8. Let us consider a linear operator U : Hy — H,. It can be realized as an
infinite matrix. What are the restrictions on the coefficients to be a unitary isometry 7
It would be interesting to study not only the canonical basis but an arbitrary orthogonal
basis.

Problem 9. Does there exist some kind of the coordinate representation of the norm on
H) in an arbitrary orthogonal basis 7

Problem 10. Is it possible to define the Hilbert space topology with aid of only the inner
product ?

4.5. A p-adic Hilbert space associated with the Morita p-adic I'-function. In
this section, we construct a p-adic Hilbert space using the Morita p-adic I'-function.

We set B = {z € Q,(v/7) : |z — 1|, < 1}. For any x € Z,, the function

n

BBZHzI:i(w)(Z—l)"G@p(\/F)

n=0

is an analytic because the mapping = — (2) carries Zj, to Z,. Le. 2* € A(B,Q,(\/T))

for x € Z,. Also, if z € B, then |z — 1|} — 0 as n — oo, and thus the function

Zp>x— 2" € Q1)

is continuous, i.e., 2% € C(Zp,Q,(y/7)) for z € B, where C(Z,,Q,(y/7)) is the space
of continuous functions f : Z, — Q,(y/7) equipped with the topology induced by the

sup-norm

1 flloo = sup{[f()]p : @ € Zy}
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Here after, we consider the space C(Z,,Q,(1/7)) as the space of test functions and its dual

space C(Z,,Q,(\/T)) as the space of generalized functions. Let f(z) =>"" fn (:Z) €
C(Z,,Q,(1/7)) be the Mahler expansion. Then we see that

Jn = Z(—l)k (Z) f(n—k) and |fn]p, — 0 as n — oo.

k=0

The system of polynomial fb) is an orthogonal basis with respect to the norm || - || in

C(Z,,Q,(1/7)) in the sense of the theory of n.a. Banach space. Thus we have

(4.5.1) C(Zy, Qp(v7)) = {# = (pn) € (Q(VT)™ : [[¢lloo = supslenl, < 00}
and we can define a transform Z : C(Z,, Q,(\/7)) — C(Z,,Q,(\/7))’ by

(4.5.2) (Z9)(2) = /Z ().

P

Proposition 4.5.1. The transform Z is an isomorphism of C(Z,,Q,(\/7))" and the func-
tion space

Fr = {f € A(B,Qp(v7)) : |If|| = supn| f™ (1) /nl], < o0}
Let (2%,2%) = |2%]? = F(M)(:): + 1), where FI(;M)(JJ) is the Morita p-adic I'-function (see
Appendix B), and

H(Z,) =< f(z) = Z fz2® : the series |f|* = Z F](DM)(.I +1)| f2|* converges in Q,
TELy TELy

The scalar product is (f,g) = erzp FI(QM)(x + 1) f, g and the norm is || f|| = sup{|fz|p :
x € Zy}, which satisfying the Cauchy-Schwarz inequality |(f, )|, < ||f]|||g]|- The triple
(H(Zp), |- I, (-,-)) is a p—adic Hilbert space of class H(F(M)( L))

The differential operator - is continuous linear mapping from H(Z,) to H(Z,). Indeed,
for any f € H(Z,), we have \|df /dz|| = ||f]|. Let (dz) be the adjoint in H(Z,) of the

operator % . Then

(jz ) DD fgyr(z T2 = Y fogem el M (@),

TELy YELy €Ly

Let A be a linear operator in H(Z,) such that A(2%) = a(x)z""!. Then

(f,Ag) = Z Z fegga(y) (2%, 24T = Z foGe—1a(x — 1)F](,M)(x+1).

TELyp YELyp TELyp

Therefore, for the adjoint operator (d%)*, we have
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Proposition 4.5.2.

A\ oy _ @D @41 oy
— ] (") = on 25T
dz Iy (x+2)

By (B.16) in Appendix B, if |x + 1|, = 1, then (d%)* (2%) = =2 and if |z + 1|, < 1,
then (L) (2) = —(z + 1)z**1. Thus

(4.5.3) (%) fE)==q > LT ) (a+Df

|lz+1]|,=1 lz+1],<1

Also, we have the commutator [d%, (d%)*] = AMx+1) — A(x) of the operators d% and (d%)*,

where
£C2F(M)(£U)
Iy /(x+1)

4.6. A restricted non-Archimedean Heisenberg group N; depending h € K.
Let r € Ryg. Set [r]x = sup{R € |[K*|: R <r}. For a operator A in a n.a. Hilbert
space H over K" and the real number t(K) € R-; in the hypothesis (4.1.1), we set
A(R(K)) = 1/||AlJe(K).

On the n.a. complex Hilbert space L?(K™, 9 ,) coordinate and momentum operators

x;,kj, 7=1,2,---,n, are introduced by usual formulas:

(4.6.1) (x; f)(z) = z; f(x),

(46.2) (6, )(2) = =" f(@) (r.h € K)
.6. if)(x) = V7 ox; x) (1, .

Then these operators satisfy HCR
h
NG

Proposition 4.6.1. x;,k; are bounded self-adjoint operators in L*(K™, o).

(463) [XZ‘,X]'] = [kz,k]] = 0, [Xi,kj] = (523

Proof. Since x;,k; are symmetry for the inner product (4.3.20), it is sufficient to show
that x;,k; are bounded. Let f(z) = Y75 _ofaHap(x) € L*(K",70,). Then we have
f@) = 31520 Haw(2) 220 _o faHa, b(x;), where & and & denote respectively o and z
dropped jth element. Set ¢g(z) = ZT&:O Hgp(2). Then ||g|)* = maxd|éz!\K/|b||;§|. Using
(4.3.13b) and (4.3.13d), we get

(550)(@) = 9(&) (X3 0 bfaHay+10(2) + X0 o 0ifaHa, -16(5))

(ki f)(@) = J29(2) X0 o FFaHa,-16(x;)-
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Using (4.3.26) and the strong triangle inequality, we have

Iy
1 1P < (ol | £11%, 1k f117 < b |KHf|!2~
Thus we get
|hlk
(4.6.4) %511 < Vbl K| < -
|bT|K

Theorem 4.6.2. For any y € Vg-, R* = [ |b|K/t(K)}K, the operator T defined by
(Tf)(z) = f(xz + y) on the n.a. complex Hilbert space L*(K™,vy) is bounded and

isometric.

Proof. For the Hermitian polynomials H, (b € K*), using the formula (4.3.13c), we have

o] a 8
465)  (CHa@) = Y () fHass) (3= (e ) € NG)
|8]=0

Let f(2) = Yope_ofaHab(z) € LA(K™, v0,). Using (4.6.5), we have

(Tf)(@) = |1d+ Y v’ As | (f)(@),
181=1

where the operators Ag are defined by

(Apf)(x) = Lﬁ Z B ( ) Hep(z) € L* (K™, 70,).

Using (4.3.26), we have

| (5+9)!| B+ £())
1401 = gemes {osele | Gset |||} = ()
18]

Thus we get ||As] < ( r(K)/yb|K) . Lety € Vpe, R* = [ |b|K/t(K)}K. Then we
have [|y”||x|[As]| < 1 and

1T fIl = max AL Do w”As | fllp = 1If1-
181=1
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Theorem 4.6.3. Let A be a bounded self-adjoint operator in a n.a. Hilbert space H over
K™. Then for h,t € K and x € Vg,, Ra = [ [hlxe A(t(K))} , e *A js an isometric

VITlK K

unitary operator in H.
Proof. Since
A o0
A = Id+z (yrad)™ =1d+ ) An
m=1

hmm!
and ||[A,,|| <1 for m=1,2,---, we have

e 4 £ = max(||f]], | Am £11) = |1 £1].

Thus the isometric property is proved. Also, a simple algebraic computations dependent
only on the fact that (1/7)%2 = 7 gives unitarity.

Corollary 4.6.4. Let h,7 € K and
(4.6.6) z; € By (Rx;) C Bo(R*), kj € By (Rx,)-

Then operators U(x;) = e 7iki and V(k;) = e hixi in L3(K, 7o) are isometric unitary
operators acting on L*(K,~o ) and satisfy WCR

(4.6.7) {WaW@ﬁ:Wm+@»V@mww=V%+@y

Ulay)V (k;) = e TRV (ky)U ().

Corollary 4.6.5. We have a n.a. analogue of Heisenberg uncertainty relations:

| [k, k|5 . bk 1 \2
(4.6.8) Ry, - Ry, [mkg(r(K))]K[m g(r(K))LZ o (t(K)> .

Proof. Tt is easy consequence of the inequality (4.6.4). g
Let f € L*(K™, ), t € K and

z=(r1,,2n) €Vie=[[Bo (Ri,), k= (k.- kn) € Ve = [[ Bo (Rx,)-
i=1 '

We define the action of W (x, k,t) on f as

(4.6.9) (W(x,k,t)f](y) = exp {ﬁ(t + (y + =z, k))} fly+z) (r,h € K).

h
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(or Wz, k,t) = e tU(21)U(x2) - - Ulan)V (k) (ka) - V (k).

Let Dj be the region of convergence of the exponential function et for fixed 7 € K
satisfying |7|x = pios if char(r(K)) = p and |7|x = 1 if char(r(K)) = 0. Then by
[Sch 84, Theorem 25.6], Dy, is given by

(4.6.10) Dy, = {t c K |t‘K < |h‘K}
Since e %t = e %°* (mod Dy,) if and only if t = s (mod Dy,), we have
(4.6.11) Wz, k,t) = W(x,k,s) (mod Dy) if and only if ¢t =s (mod Dy).

Thus we obtain a one-to-one parameterization if ¢ is chosen among representatives of K/Dj,.

The product of two transformations (4.6.9) given by
(4.6.12) Wz, k, )W (2" K¢y =W(x + 2" k+ K, t+t — (2, k)).

We see that W (0,0,0) is the identity and that W (—z, —k,—t — (z,k)) is the inverse of
W(x,k,t). Thus we have

Proposition 4.6.6. The set
(4.6.13) Ny ={W(z,k,t):x € Vi, k€ Vyx andt € K/Dy}

is a group for the product (4.6.12). We call N}, the restricted n.a. Heisenberg group
depending h € K.

The center of NV}, consists in the elements W (0,0,¢) and we have
(4.6.14) W (z, k, )W (2", k', t") = W(0,0, (x — k') — (2, k))W (', k', t YW (x, k, t).

This shows that (4.6.9) defines a projective representation of the abelian group Vi x V.

In particular, for the one-dimensional case, let g = (CCL Z) € SL(2,K) and [-], the

mapping of NV}, into itself defined by
(4.6.15) Wz, k,t)]y =W (a:zc +ck,bx +dk,t — —— — —— — bcwk) .

The following properties of the mapping [-], are easy consequences of (4.6.12), (4.6.15) and
the multiplication of 2 by 2 matrices.
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Proposition 4.6.7. For all W,\W' € N}, and g,¢" € SL(2, K)
(1) VW], = (W], [,
(2) W]yl = W
(3) W]y =W if and only if g =Id, (Id is the identity of SL(2, K)),
(4) {[']g : g € SL(2, K)} is a group of automorphisms of Nj,.

Proof of (4). By (1) in Proposition 4.6.7, [], is an homomorphism of N}. Under this
homomorphism, W € N}, is the image of an unique element [W] -1 of N}, as a consequence
of (2) and (3) in Proposition 4.6.7. This shows that [-], is an automorphism of N}, and by

(2) in Proposition 4.6.7 the above set of transformations inherits the group properties of
SL(2,K). g

Appendix A: The p-adic Gaussian integrals and the Gelfand-Graev p-adic
I'-function. The purpose of this appendix is to explain how to compute p-adic Gaussian
integrals and to find the p-adic counterparts of the Gelfand-Graev I'- and B-functions,
which are defined by integrals of suitable combinations of additive and multiplicative char-
acters of the field R.

Being locally compact, @, has a real-valued Haar measure, i.e., the unique translation
invariant measure dx with the properties

(A.1) d(az) = |a|pdz (a # 0); the measure of Z, = u(Z,) = / dr =1.
|z <1

We calculate the measure of any ball p~"Z, for r € Z. Let us start with » = 1. Since

_ —1, _ —1 _ .
p'Z, = Ui_g(bp~t + Zy), we have u(p~'Z,) = Y 7, p(bp~t + Z,) = p. Repeating the
reasoning we get

(A2) Wz = [ de=p
‘$|pSpT

Using (A.2), clearly

(A.3) / dacz/ ch‘—/ de=p"(1—p 1.
lz|p=p" lz|p <p” ||, <pr—*

Since the set {|z|, : z € Q,} is discrete and takes the countable set of numbers |z|, = p”
for r € Z, we have Q, = [[,cz{z : |z|, = p"} U {0} and so for a sufficiently well-defined
function f: Q, — C

A4 x)dr =
(A4) [ 1@ Z/m

r=—00

) f(z)dx.

lp=p
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One important property of the p-adic integration is its behavior under GL(2,Q,) trans-
formations of the integration variables. GL(2,Q),) acts on a p-adic variable z by

, _ar+b a b
Toal= o < d) € GL(2,Q,),

and the change of measure is given by

lad — be|,

A. -
(A-5) W= a2

Integrals of the form f@ Xp(az? + bz )dx are called the p-adic Gaussian integrals. Here
Xp is the usual character on Q,. Using (A.2) and (A.3), for b # 0 we get

(A.6) /| By Yo (b)dz = Q" |bl,),
T|p<p”

where Q(z) is 1if 0 <z <1and 0if x > 1;

p"(1—p 1 for |bl, <p~"

(A7) [ amae={ =t o ply =
lz|p=p 0 for |b|p > p—r—l—l'

For a # 0, using (A.4) we write, with ¢t = 2 + b/2a and dx = dt,

oo

/Xp(a:c +bx)da:—xp( Z) S Gola) = ( ) 3 /t J(at?)dt.

P m=—oQ m=—oQ |P_p

To calculate G,,(a), it should be noted that: Using (A.2) and the necessary and sufficient
condition for the equation z? = @ has a solution = € Q, (p # 2), we have

P=1 <~ ome 1
dy = / dy==——)_p = oA oI
/22 Z Z {p>™ (yo+-)} 2 2 2(1+p~1)

m=0 (yo|p)=1,y0=1 m=0

where (yo|p) is the Legendre symbol. Also, for all prime number p, we use the quadratic
changes variables da? = $|2z|,dz, then using (A.3), we have for p # 2

[ av=75 [ 120l Ly~ [ !
y=3 z|pdr = 5 p T = -
2 2 Jz, P 2~ PRJ— 2(1+p~1)

Thus, changing variables and focusing on the case p # 2, we have, with z = at?,
dr = %|G‘P‘t|10dt7 and ord,z = —k = ord,a — 2m,

Gn(a) = ——p~™ / o (@),
|alp (wolp)=(ao p).lzlp=p*
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where xo and ag are the first digit of « and a, respectively. If k£ < 0, then y,(x) = 1 and
using (A.3), we have

(A.8) Gm(a) =p™(1 —p~ ') for 2m < ord,a.

If kK =1, then we have

-1 _
2 & 6271'\/—_1m0/p _ G(‘rO 1;p) -1

Gn(a) = ,
VPlaly (Iolp)—%p),fro—l Vplaly

where G(n;m) =>"" e2mV/=Inr?/m ig the quadratic Gauss sum. Since p is an odd prime
and p { zg, we have the formula (cf. [Apo 76, p. 195])

T for p=1 (mod 4
(A9) G<xal;p>:<xo|p>a<1;p>:{(O“’M’ p=1(mod 4)

V—1(zo|p)\/p for p=3 (mod 4).

We use an arithmetic function A, : Q; — C defined by, for p # 2,

1 if k is even
A.10 () = xXo|p if kis odd and p =1 (mod 4
P
Vv —1(zo|p) if k£ is odd and p = 3 (mod 4),

where x = p~¥(zg + z1p + ---). Then we obtain

Ap(a) 1

~ Vdl,  Vrlal,

Finally, if k£ > 1, then we have

(A.11) G (a)

for 2m =1 + ord,a.

9 p—1 p—1 p—1
(A.12) Gm (a) frd Z €2ﬁﬁI0/P Z P Z eQTr\/jl‘rk—l/p — 0
Plalp (o) =(anlp)ao=1 21=0  z4_1=0

for 2m > 1+ ord,a, since Zi;é e2mV=lz/p — ),
On the other hand, for p = 2, we have easily the following formulas: Let a =14 a;2 +
@92% + .-+ then

2r—1 for r <0
(A.13) / x2(ay®)dy = { (—=1)1y/—1 forr=1
lyl2=2" 0 for r > 2,
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or—1 for r <0

(A14) / (204%)d -1 forr=1
. (0% =

ez TN Ayt (L (<) yTT) forr =2

0 for r > 3.

From (A.13) and (A.14) we obtain the values of the integrals

(A.15a) / xa(ay?)dy =1+ (=1)*/—1;

2

(A.15b) / xa(20%)dy = V3(—1)¥ 02 (1 4 (—1) y/7T).

2

Let a =27 (1 4+ a12 + az2? +---). If m is even (resp. m is odd), then changing variable
y = 27™/2t (vesp. y = 27 ™+1/2t) and using (A.15), we obtain

% V1 for m is even
/ X2(at2)dt - 1 a1+a22 1 1)*1/=1
2 =1 (\/T_ﬁ_ ) —1 for m is odd.
alz

Thus, summing up (A.9) and (A.11), and using an arithmetic function Ay : Q5 — C
defined by

A1 N %(1 + (—=1)2r /1) if m is even
(A.17) 2(a) = %(—1)'11%2(1 +(=1)*y/=1)  if mis odd
gives
(A.18) /Q Xp(az® + br)dr = )\p(a)|2a\gl/2xp (—g) (a #0).

The symbol )\, (a) has the following properties: For a,b € Q,
(i) Apl@)] = Land Ap(@Ap(—a) =1 (i) Apla?h) = Ap(a);

(i) Ap(@)Ap(B) = Apla+D)Ap(= +3); (i) [ Awla) = 1.

a

S| =

Remark. A function similar to A,(a) was considered by Weil [Wei 64] for locally compact
fields, and the function A\,(a) is connected with the Hilbert symbol ( , )g by

Ap(@)Ap(b) = (a,b)gAp(ab) for a,be Q) p# 2.
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Here by definition the Hilbert symbol (a,b)m, a,b € Q,
if the form az? + by? — 2?2 represents 0 in the field Q, or not.

is equal to +1 or —1 subject to

The p-adic Gaussian integrals on the disc |z|, < p" is given as follows: If p # 2 and

a # 0,
(A.19)
PrQp"|blp) for |al, < p="

2
Xp(az® + bxr)dx = _1/2 2 . —op
/|x|pgpr v M(@l2aly " (<52) @ (p7715:1,)  for Haly > p=

ifp=2anda#0,

(A.20)
27€2(27[b2) for |aly < 272"

No(a)|2al; P xz (= 5) (bl = 2177) for fal; = 272+
No(a)|2al; e (—

)\2(a)|2a|2_1/2x2 (_E> 0 (2—2r ‘%‘2) for |CL’2 > 2—2r—|—3,

b2
4a
2
x2(azx® 4+ bx)dxr = o
/|:v2§2r ( ) ZZ) Q(271b]2) for |a|y = 2727 +2
b2

where 6(|b, — p") is 1 if |b|, = p" and O if |b[, # p".

The Gelfand-Graev I'- and B-functions, I'so () and Bs (e, 3) are defined by: for any
a,feR

(A.21) o) = / 2| > e ™V 4y = 2(27) 7T () cos E,
R 2
_ a1y _ -1, _ Lol ()

(A.22) Boo(a,B) = /R 2| > 1 — 2P tda = T(at )

The I'o-function satisfies the relation

(A.23) Feo(@)lo(l —a) =1.

According to (A.22) and (A.23), the By -function can be represented in the following form
(A.24) Bao(0,8) = Too(@)Tao(B)Toc(1 — = ).

We can show that other symmetric representations of the B,,-functions are given by

_ @) | TEr6) |, Tere)
A2 Pl A = v ' TG 1) P Tar )

(A.25b) By (a,p) = % cos % Cos ? Cos %F(Q)F(ﬁ)F(v),
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(A-a)(1-=p)¢(1—7)
(o) <) <) 7

where v =1 — a — # and ((s) is the Riemann zeta function. By the well-known functional

(A.25¢) Boo(a, 8) =

equation
(A.26) (1 — @) = 2(27)~“ cos %F(a}((a}

and the relation (A.21), we have
(d-a)
()

The Gelfand-Graev p-adic I'- and B-functions are defined analogously by changing R
by Q,. We define

(A.27) I (a) =

a—1

1 _
(A.28) T, (a) = / ol xpla)de = TE— a e R

P

and

(A.29) Bp(ozﬁ):/Q 271 — 2] da %, a, BER.

Then we have the following:

(A.30) Ty(a)Ty(1—a) =1,

(A.31) By(a, 8) = Tp(a)l'p(B)p(1 — a— B).

Appendix B: The I'-function and the Morita p-adic I'-function. Let s = o+it €
C, where i = /—1. There are several equivalent definitions for the I'-function as follows:

1 1\* -1
(B.1;Euler’s formula) I'(s) = , nl:[l (1 + ﬁ) (1 + %) :
(B.2;Euler’s integral) I'(s) = / e *2°"tdz for o > 0.
0

This integral is convergent only when o > 0. To show that, we remark that for a fixed
€ € Ry and for any o € R, there exists M > 0 such that if z > ¢, then Mz72 > e7#27 L.

Thus we know that
g/ Z"ldz<M/ de_—.

o0
/ e 25 ldz
€
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Thus integral f:o e ?2z°"1dz converges for all s and gives an analytic function of s. The
problem of divergence lies in the other integral:

€
/ e 25Nz
0

To find the analytic continuation of I'(s), we consider e*z*~

€ € (o2
€ .
< / e %27 dz < / 2 ldz = — if o > 0.
0 0

o

L as a function of z € C and

then it is multivalued with a branch point at z = 0. Make a branch cut along the negative
real axis and let P(e) be the contour which is a loop around the negative real axis, and is
composed of three parts C1, Ca(€), Cs. Ca(€) is a counterclockwise oriented circle of radius

-7

€ < 27 with center 0 starting from e = |e|e”™, and C4,C5 are, respectively, the lower and

—7

upper edges of a cut in the z-plane along the negative real axis (i.e., z = re on C7 and

z =re™ on Cy where r varies from € to co). Then we have

/ e*2° 1dz = lim {(e”s — e T) / e s dr + ies/ eeew(ew)‘g_lewdH}
P(e) e—0 ¢ Cs(e)

For o > 0 the second integral on the right vanishes as ¢ — 0. After taking the limit, we
have an analytic continuation of I'(s) to the left-hand half plane,

1
(B.3) I'(s) = 7/ e*2° 1dz for o > 0 and for s # integer.
2isin(7s) Jpe

By writing the integral (B.2) as two piece,

1 00
I'(s) :/ e_zzs_ldz+/ e 25 ldz,
0 1

we see that the second term is analytic everywhere because its derivative exists and the

range of integration does not include any singularities of the integrand. Now expand e™~?

and reverse the order of summation and integration. This gives,

/1 e—zzs—ldz _ i (_1)71 /1 Zs—l—n—ldz _ i (_1)71 1
0 n! Jo nl s+n’
n=0 n=0

Thus we have

(B.4) the singularities of I'(s) are simple poles on the real axis at s = 0,—1,—2,-- -, with
residue (—1)"/n! at s = —n.

S

|
(B.5;Euler) I'(s) = lim nw

for s £0,—1,—-2,--- .
n—co s(s+1)---(s+mn) 4

65



1 oo
(B.6;Weierstrass) T(s) = 5e°° H (1 + %) e /™ for all s,

n=1
where C = lim,,_, (1 + % 4+ -+ % — log n) = 0.5772157 - - - is Euler’s constant.
(B.7) I'(s) has an essential singularity at s = occ.

(B.8) TI'(s) has no zeros because the product converges for all s in (B.6).

(B.9) T(1)=1,T(})=m(n)=(n— 1) lim, o 5t =1 and € = ~I'(1),

B.10) (Two functional equations) I'(s + 1) = sI'(s) and I'(s)['(1 — s) = 7/ sin(7s) for all

s.
(B.11) (Legendre’s duplication formula) I'(s)T" (s + 1) = 2¢/m272°T(2s).

(B.12) (Gauss’ multiplication formula)

F(E)F<S+1) ---F(S+n_1) = (2m) = I'(s) for all s and all n € N.

n n n

1 1 s—1
(B.13) I'(s) = / (ln ;) dt for o > 0.
0

[()T'(0)

(B.14) Blo,#) = B(3,0) = g g

where B(a, (3) is the B-function defined by

1
B(a,B) = / t*~ Y1 —t)P~ldt, Rea > 0, Rej > 0.
0

Let p be an odd prime. Many authors have considered p-adic analogs of the classical
I'-function. Morita defined the following function in [Mor 75]

m—1

(B.15) IM(z) = lim (-n)™ [ 4

m—z . .
(p,3)=1,j=1

where m approaches z through positive integers. I‘](JM)(Z) is called the Morita p-adic I'-

function. This gives a continuous function F](DM) : Ly — Z,, where Z; is the group of

p-adic units, which satisfies the functional equation:

—zFéM)(z) if z€Z)

(B.16) Mz 4 1) =
? —I‘éM)(z) it z € pZy,.
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Morita shows that F](,M) is analytic on pZ, and gives a uniform analytic function on the
set {x € C, : |z[, < p}. It is not analytic on the closed unit disc, or else the functional
equation I‘j()M)(z +1) = —F;,M)(z) would hold on all of Z,,.

I‘éM) (z) satisfies the following properties:

(B.17) F]()M)(z)FI(DM)(l —z) = (=1)* if 20 = z (mod p), 20 € Z, .
(B.18) Jim M (n) = (-1)"T'(n), n € N.
m—1
(B.19) M (mz) = ¢pymm== 1 [(m==1)/7] H TM (2 +a/m),
(m,p):l,a:O

where m € N and ¢,, is a constant depending on m.
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