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Prefaces

The purpose of this thesis is to study partial regularity of the weakly evolu-
tional harmonic maps whose target manifolds are spheres.

Harmonic maps are considered a generalization of the closed geodesics in dif-
ferential geometry and have been studied by Almgren, Brezis, Eells, Giaquinta,
Hardt, Hildebrandt, Lin, Lieb, Nishikawa, Schoen, Struwe and Uhlenbeck, etc.
We recall several important results on harmonic maps.

Let B? and SP~! be the d-dimensional unit ball and the D — 1-dimensional
unit sphere respectively with positive integers d and D more than or equal to 2.
H'2(B% RP) denotes

H"(B4RP)={u=(u")(i=1,...,D);u' € L*(B%), 0u’ 0z,
eL*(BY)(a=1,...,d)}, (0u’/dx,;weak derivative of u'),
the norm ||u||g12 of H'?(B%RP)is given by

D ‘ d D
palo={ 3= [ a3 [

a=1 i=1

ou
ox

2 1/2
d:z:} .

HY(B%SP Y ={ue H"*(B%:RP);|u|=1, a.e.x€ B},

Hl‘Z(Bd;RD)

Also

(54 R0) - O BR)
Give ug € HY*(B4SP~1). We consider the boundary value problem to the
following system:
Au+|Vul|*u=0, in B,
U=1ug on OB

A solution of the boundary value problem above is called a (Dirichlet) har-
monic map.
Since harmonic maps are the Euler-Lagrange equations of the Dirichlet energy

Eul== [ |Vul*dx, with restriction |u|=1,
2 Bd
the existence of a harmonic map follows from the variational problem:

PROBLEM 1. Find a map upy;, in H?(B%SP~1) with

Eltmin]) = inf Elul,
uEHibQ(Bd;SD—I)
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where H.?(B%:SP~1) = {ue H"*(B%SP~1) ;u—uoelo-ll’2(Bd;RD)}.

The map uy,;, is often called “minimizer.” Related to the problem above, the
following two results on minimizer are fundamental:

(I) Umin exists in all d, D if H;2(B%SP~1) is not empty and it is smooth in d=2.
(Special case of the results by Morrey, C. B. Jr; see “Multiple integrals in
the calculus of variations”)

(IT) Uiy is smooth on an open set whose compliment is a set of at most finite
(d—3)-Hausdorff measure. (This result is due to Schoen, R and Uhlen-
beck, K).

As is well-known, H&(’]Z(Bd;sd_l) is not empty and any map u: B¢ — S9! with
deg(u|ppa) #0 has at least one singular point (non-continuous point) if >3. Thus
the result by Schoen, R and Uhlenbeck, K is sharp.

Umin 1S the critical point of the Dirichlet energy E and hence is a harmonic map.
The result above shows the existence of a harmonic map for a given boundary
value ug. However, in general harmonic maps are not unique. Then the following
problem naturally arises:

PROBLEM 2. For a given map uy € H*(B%SP~'), find all harmonic map
with a boundary value uq.

To solve the problem 2, Eells-Sampson proposed the strategy that considers
the following parabolic system:

ou 9 .

a_ﬂvﬁ—Wu\ u in Qu,
u(0,2) =up(z) in {0} xB%,
u(t,z) =up(x) in [0,00)xdBY,

(Qoo=(0,00) x BY)

shows that a solution u(t,z) of the system above, converges to a harmonic map
as t——+oo. A solution u(t,z) of the system above is called “evolutional har-
monic map”. By using a certain penalty method, Chen, Y and Struwe, M have
constructed a weakly evolutional harmonic map u(¢,x), that is, a map satisfying
[A-1]  wel™0,T;H*(B%SP1)nH"?(0,T;L*(B%:SP))

for any positive number T,

[A-2] u(t,x) satisfies the system above in the distribution sense,

[A-3] u(t,z) —uo(x)eﬁfl’2(Bd;RD) for almost every te(0,7),
[A-4] lim u(t,-)=ue(-) in L*(B%RP);

t—40
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a penalty method is to examine the following approximate systems:
ou

= D= M = L for Qu,
ux(0,2) =ug(x) in {0}xB,
uy(t,x) =wup(z) in [0,00)x0B,

where ) is any positive number, u, is a map from Q. to R” and ug is a map from
B? to RP with |ug|=1. However, in general, the weakly evolutional harmonic
maps are neither unique nor smooth on the whole domain by the topological
obstruction. To ensure the uniqueness, a class of solutions proposed by Chen, Y
and Struwe, M seems too broad. The main purpose of the thesis is to find a class
of solutions with the following two requirements:

(I) There exists a unique weakly evolutional harmonic map in a class of solu-
tions.
(IT) The singular set of weakly evolutional harmonic map in this class is smaller
than that of the weakly evolutional harmonic maps constructed by Chen, Y
and Struwe, M.

To the requirements of (I) and (II), we show the class of solutions u(t,x) that
implies the following properties:

[H-1] ) satisfies [A-1] - [A-4],
[H-2] }111{% / (a+he, V)u(t o +he) — (z,V)u(z) 2 dz=0,
[H-3] hm /|Vu (t+h,z) —Vu(z)|[*dz=0,

where z=(t,z), dz=dtdx, e is a unit vector in R% and any compact set Q CC Q.
Then we state our first main theorem:

THEOREM 1. Let d be 3. If a map u:Qs — SP~! satisfies the hypothesis [H-1]
- [H-3], then the map u is smooth except for a relative closed set in Qs having at
most zero 3-dimensional Hausdorff measure with respect to the parabolic metric
where the parabolic metric dp means for any points (t,x) and (s,y) €R, xR,

dp((t,2),(s,9))=[t—s|"+[z—y.

The proof of this theorem is directly performed by the combining the following
two theorems:

THEOREM 2. Let u be a map satisfying [H-1] - [H-3]; when we set
Y, = {zoz(to,xg)GQOO;liminfr_?’/ |Vu|2dz>0},
0 Qr(20)
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then X, is a relative closed set in Qo satisfying H?(X,)=0. Here the 3-dimensional
Hausdorff measure with respect to the parabolic metric H3(2,) is given by

H3 Eu - ' f 372uc P’I’- i)y — tia 7 EZ?M 1<R )
) Sup{coigmg{zrz U (20 2= (0, 2:) € 8,7 }}

R>0

with PR(Z()) :(tO—R2,t0+R2> X BR(Z’O).

THEOREM 3. There exist constants 0<ey, 79 <1 such that for any map u with
[H-1] - [H-3] and any Q,(z0) CC Qoo,
=3
— (Vul*dz<ey implies
2 Qr(z0)
(Tor) ™ 1r73

3
|Vul?dz< = |Vul*dz.
2 /QTOT(ZO) 22 Jg,(z0)

The following monotonicity lemma has played a crucial role in the proof of
Theorem 3:

LEMMA 1. For all map v with [H-1] - [H-3|, the inequality holds
1 [ dt Cu [® dt
— —/ |Vul*dr < MQ/ — |Vul*dr,
Ty Jtg—r2 71 By (z0) (2T2) to—(2r2)? 21y Bary (z0)

where (to—r3,t0) X By, (20) C Qry(20) C Qa2r,(20) CC Qoo are any concentric cylin-
ders with zo=(to,xo) and Cyy is a positive constant independent of r1,79,20,u.

To complete the proof of Theorem 1, we apply DeGiorgi-Nash-Moser’s itera-
tion technique to Theorem 3 and successively use the Schauder estimates for the
parabolic equations and the boot strap argument; we can verify that v with [H-1]
- [H-3] belongs to C*°(Qu\2,). Struwe, M suggests that the class of solutions
satisfying [A-1] - [A-4] and the monotonicity formula may permit us to possess
the unique solution u to the prescribed initial-boundary condition. The existence
of a map with [H-1] - [H-3] will be discussed in the forthcoming paper. This will
be stated in Chapter 2.

Chapter 3 demonstrates a new proof of a partial regularity of the weakly
evolutional harmonic maps constructed by Chen, Y and Struwe, M. This new
method enables us explicitly to estimate various constants appeared in the proof.
We show it by combining Giaquinta’s and Ladyzhenskaya-Ural’ceva’s iteration
techniques with the nonlinear Fefferman-Phong inequality which is instructive in
itself. Here the nonlinear Fefferman-Phong inequality is

LEMMA 2. Let uy be the smooth solution of the penalty system and n a non-
negative smooth function with a compact support on a parabolic cube Dg(2o)
and supp, .oy 1(2) <1; Then, for the Ginzburg-Landau energy density ex(ux)=
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1/2|Vuy*+ M\ /4(Juy > —1)2,

/DR(ZO) (( e(;)(u,\))pﬁ>
x /D " v(( 6&”)%))1’”) 2

holds where k is any positive number, eg\”) = max{ey—k,0}, p = 1,14+2/d, Crp

1S a positive constant independent of k, R, 2y, uy and n, and

24+2/p

dz S CFPQPQR(Z())

dz

t0+R2

&% (%)= (1034 +1)R / dt/ ex(uy)dx
to—4R? Da+5(r))r(0)

2
+10v3R* exp (—(S (R>>ess-sup/ ex(uy)dx
Bd

12 0<t<oco
2
+5\/§R( Sup (’$‘+|—) sup |V antio]”
reOB4 €0 ZG{O}XBdU[O,OO)XaBd
0
+2  sup 0 >£d Y(oBY)
2€{0} x BU[0,00) x O B4 ot

1
X sup max(sl_d,s5_d)exp(—— inf |2|?),

0<s<00 452 zcoBd

with 20=(to,20) € Qwo, dz=dtdz, §(R) = /(12(d—2)+1)-|logR| and L4 = the

(d—1)-dimensional Lebesgue measure.




CHAPTER 1

The evolution of Harmonic maps

1. Harmonic maps

Let M be a d-dimensional Riemannian manifold with metric v and N a compact
D-dimensional manifold with a metric g, respectively. By Nash’s embedding
theorem (See Nash [87]) we assume that N can be isometrically imbedded to a

D-dimensior}al Euclidean space RP for some positive integer D. For a C'-map
u=(u',...,u”?) : M— NCRP let

1 [ 7 i 1
e(w) =57 (@), u, =Vl

be the energy density, written in local coordinates x=(24)a=1..4 on M with
1

Y=Vas), (Y**)=(7a5)"!. Repeated Greek indices tacitly will be summed from
1 to d, repeated Latin indices from 1 to D. Moreover, u!, =du’/dz, etc. A C'-

variation of v is a family (u.) of C'-maps u.: M — N CRP smoothly depending
on a parameter |e|<ep, and such that up=u. A variation (u.) of u is said to be
compactly supported variations if there exists a compact set QCC M such that
ue=u on M\ for all |e|<1.

DEFINITION 1.1. A Cl-map u: M —NCRP is harmonic if it is stationary for
Dirichlet’s energy

(1.1) E(u):/ e(u)dvol
M
with respect to compactly supported variations.

Note that in local coordinates dvoly =+/|y|dz, where |y|=|det(Vap)|-

We derive the Euler-Lagrange equation satisfied by a harmonic map w: let
UCRP be a tubular neighborhood of N and 7y: U—N the (smooth) nearest-
neighbor projection. By T, N(CT,R”) denote the tangent space to N at a point
pEN. Choose ¢p€Cy(M;RP) satisfy

gb(x) GTu(w)N
for all ze M. ¢ induces a C''-variation
ue=mno(utep).
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Since dﬂN(p)‘T N:id for peN, clearly we have

P

d
CZ; ezoz(dwNou)(/ﬁ:(b.

Suppose that ¢ has support in a single coordinate chart. Then
dE « % 7
=/ VN I, 5, da
M

—[UE]
0 0 .. .
o0 |7|87U1)¢1\/|7|d$
B8

e=0

de
— 2
== —F— 5. 7
v /7] 0%a
:—/ Apu'dt dvolyy,
M

where Ay=1/+/|7] 8/0z4 (7*P+/]710/0x5) denotes the Laplace-Beltrami oper-
ator on M.
Thus, if u€C? is harmonic, u satisfies

(1.2) AyulT,N
and conversely. To obtain a more explicit form of (1.2), let vp.y,...,vp denote a

local orthonormal frame for (7,N)*, the orthogonal complement of T,N in RD ,

near p=u(x)€N. Then, by (1.2) there exist scalar functions )\D“,...,)\b such
that

D
—Ayu= Y M(you).
k=D+1
For any fixed k, multiplying by v, since (u,,,vou)=0 for all «, we obtain
0
)\k:—AM<U7(Vk0u>>:—diV(VU7Vk(U)>+’)/aﬂ<U$a,a—(VkO'LL)>
L
:’yaﬂAk(u) (uxa,uxﬁ),

where A*=dy,, denotes the second fundamental form with respect to v. (-,-)
means the inner product between a map and a map. Thus we find that (1.2) is
equivalent to

(1.3) —Apyu=Au)(Vu, Vu)ur,

where in local coordinates

A(u)(Vu,Vu)y= > A" () (g, 1) (vow).

k=D+1

EXAMPLE 1.1. If M=T9=R?/Z¢, N=S?CRI*! equation (1.3) simply be-
comes

—Au=|Vul*u.
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Harmonic maps are a generalized concept of harmonic functions. Harmonic
maps S'— N correspond to closed geodesics on N. Important applications of har-
monic maps are in Teichmiiller theory in understanding the Weil-Peterson metric
on Teichmiiller space, see Earle-Eells [31], [32], Eells [33], Fisher-Tromba [44],
Tromba [114], or in proving rigidity theorems for Kahler manifolds (Mostow [85],
Mostow-Siu [86], Siu [103]). Comprehensive surveys of harmonic maps and
their applications are given in Eells-Lemaire [34], [35], Hildebrandt [65], [66],
Jost [70], [71] and Schoen-Yau [99]. Also Hardt [58] gives a survey of the struc-
ture of the singular set of harmonic maps and Smith [104] surveys harmonic maps
from spheres to spheres. This thesis mainly treats with the case of M= B{(0) CR?
(the d-dimensional unit ball) and of N=SP~! (the D—1-dimensional unit sphere)
by the following reason:

(i) The sphere is the simplest target manifold in hard situation; the hard sit-
uation means, for example, the positive curvature target manifold and the
manifold with 7p(N)#0. If we compare Eells-Sampson [36] with Chen-
Struwe [24], what we should realize is that if we can obtain a result on
harmonic maps whose target is the D-dimensional sphere, we can show the
corresponding result on one’s of the D-dimensional compact Riemannian
manifold without a boundary.

(ii)) We have two applications to physics: One is liquid crystal theory in M=
B3}(0), N=52, another is the instantons in Yang-Mills connections in M=
R* N=S3~SU(2). For instance we refer to Ericksen-Kinderlehrer [38] and
therein for liquid crystal theory and to Atiyah [1] for Yan-Mills connections.

(iii) A higher symmetric structure of the sphere enables us to find “highly sym-
metric harmonic maps.” Later this will be discussed in detail.

Bochner identity

A Bochner identity is very useful to analyze the harmonic maps: It is a cer-
tain differential equation satisfied by the energy density e(u) of a harmonic map
u: M—N. Let R Ric™) and R™) denote the Riemann curvature tensor on
M, Ricci curvature on M and the Riemann curvature tensor on N, respectively.
Given any point zo€ M, RM™ =(R,,s,) and Ric™ =(R,s) respectively means
the coordinate representation of R™) Ric™) in normal coordinates z=(z4)
(a=1,...,d) about zo€M; while R™) =(Ry;;) does the coordinate representa-
tion of R™) in normal coordinates u=(u') around ug=wu(xo)€N. We use the
notation of Jost [72].

PROPOSITION 1.1. If u€C?(M;N) is harmonic, then in local coordinates as
above the following holds:

(1.4) —Apre(u)+|Vdu|? +Raﬁ“§:au§:5 :Rikjluiau;auiﬁu;ﬂ,

9



where V denotes the covariant derivative on T*M @u'TN. (See Jost [72, p. 96f]
for an equivalent expression in general coordinates and an invariant form of

(1.4)).

Proof. The proof relies on the following identities valid at zo€M in normal
coordinates around xg on M and around u(wg) on N. Let ¥4/ =(4*),,, etc.
Then the identities are

uv .
’77aﬁ = _fy;ul/)a67
1

(AMU>$;L - AM(uﬁp ) = (f}/aﬂ h/| )Iaxy.uxﬁ :’y,o&iuxg + §7pp,auuxa
1
=YaBaulzg + §7pp,auuxa )

1 1
Rop= Rcwﬁ 10 B Fgu,ﬁ ~9 (Yap,Bu +VBman) — 2 (Vo s+ Vyupsa) -

Thus, at z(y we obtain

Ape(u)= AM( 0 gzg( )u%ui)

) 1 o
i ny i .7 ko1
(AMU:): )u + 27 aaux U +ux xuuxax# + 2923 kl( )uavuua:M ux& ua:a

:(AMU )xu Ty +ua:aa:uuxaxu+7aﬁ, Muxgua:u

—5(mwaatYaa ) Ul U xy+;glj w(w)ul, ul, ui ul,
= (At ), oy, + 1y g, Uy 0, Raptiy, Uy
(1.5) +%(gij,kl+gil,jk_gjl,ik)uiuu;uuiauia
Finally, note that by (1.3) we have
(Apu' ):cM Ty Fkl]( )uk Ul Uxuui

at z0, because T'(u(z9))=0 by our choice of coordinates. Moreover, note

T i
R =L ;=g

- 1
(1.6) jl,kzi(gij,kl"_gil,jk_gjl,ik)-
Then we conclude
—Apre(u )—i—ux - iaxu— Raguiau —|—Rzl]ku uxuuﬁaufca
Since Riljk:f%ikﬂ the claim follows. O

As a consequence of (1.4), we have the following corollary; see e.g. Jost [72].

10



PROPOSITION 1.2. If M is compact manifold with Ric™ >0 and OM =0, and if
the sectional curvature of N is non-positive, then any harmonic map u€C>®(M;N)
15 totally geodesic in the sense that Vdu=0; that is, du is parallel with respect to
the pull-back covariant derivative on T*M @u T N. Moreover, if Ric™ >0 at a
point of M, then u=const. If the sectional curvature K~ of N is negative, then
u=const or u(M) is covered by a closed geodesic ball.

Proof. Integrate (1.4) over M to obtain |Vdul*=0, Ric™) (du,du)=0,
<R(N)(du,du)du,du>50 on M under the above assumptions. Il

For most of our purposes it suffices to note a weaker Bochner-type estimate.
On account of (1.6), we obtain

(1.7) —AMe(u)+|V2u\2§|Rz’cM|e(u)+C(e(u))2.

Weakly harmonic maps

Let
H1’2(M;N):{UEH1’2(M;RD);u(x)EN for almost every xe M},

where H%?(M;RP) is the standard Sobolev space of L2-maps u: M —R? with dis-
tributional derivative Vue L?. That is, H"?(M;N) is the space of maps u: M — N
with finite energy E(u). It was observed by Schoen-Uhlenbeck [98] that in gen-
eral H'?(M;N) as defined above is larger than the weak closure of C°°(M;N) in
the HY2-norm

ul|Zra= /M (u+ [Vul)dvolyy,

which in turn is larger than the strong closure of C*°(M;N) in H"*(M;N). How-
ever, if dimM =2, these spaces all coincide. By a result of Bethuel [4], the same
is true if m(N)=0. The relations between Sobolev spaces whose elements are
maps from M to N and it’s weak- and strong- closures were analyzed by Bethuel-

Zheng [9] and Bethuel [4].

DEFINITION 1.2. A map u€ H"?(M;N) is called weakly harmonic if u satisfies
(1.3) in the distribution sense.

EXAMPLE 1.2. The map u: B¢(0)CR?— S%"! given by

belongs to HY2(B¢(0);S%1) for d>3 and weakly solves (1.3), that is, this map u
satisfies

—Au=|Vul*’u in (D(BI0);RY))".

11



Existence of harmonic maps

As in Hodge theory, where one seeks to realize a de Rham cohomology class by
a harmonic differential form, a basic existence problem for harmonic maps is the
following:

Homotopy problem: Given a map ug: M — N, is there a harmonic map u
homotopic to ug?

This question, as we shall see below, has an affirmative answer if the sectional
curvature KV of N is non-positive (Eells-Sampson [36]) or if d=2 and mo(N)=0
(Lemaire [76], Sacks-Uhlenbeck [95]). However, for N=S5% and d=2, we have the
following counter-examples:

EXAMPLE 1.3. (Lemaire [76], Wente [119]): If u: B?(0) CR*—S? is harmonic
and u\aB%(O)Econst, then u=const.

EXAMPLE 1.4. (Eells-Wood [37]): If u: T%—S? is harmonic, then degu+1.

In higher dimensions (d>3), hardly any result is known for the homotopy
problem unless K~ <0. However, there are various existence results for the Dirich-
let problem.

Dirichlet problem and variational methods

The Dirichlet problem can be formulated as follows: Suppose OM#() and let
ug: M— N be any given map belonging to HY*(M;N). Is there a harmonic map
w: M— N such that u=uy on OM?

The Dirichlet problem can be attacked by using variational methods. Once
we can seek a map which minimizes £ among the class

HY2(M;N)={ue H"3(M;N);u=ug on OM},

we obtain a weakly harmonic map u satisfying the desired boundary condition
because the harmonic maps are the critical points of the energy (1.1) in the class
above.

In other words, the variational methods are to find a map uy, € Hif(M ;IN)
with
(1.8) Elumin)= inf  Elul.

ueHy (M;N)

The map satisfying (1.8) is usually called “minimizer.” It is easy to check that
(1.3) is the Euler-Lagrange equations of the energy (1.1) among H,>(M;N). That
is, to show the existence of a harmonic map, we have only to search a smooth
minimizer. If dimM =2, Morrey [83] has proved:

THEOREM 1.1. Every minimizer Uy, : M — N with dimM =2, is smooth.

On the other hand, in dim M >3, by the topological obstruction, we have no-
hope to prove the everywhere regularity. For instance the equator map x—x/|z|

12



: B$(0)— 52 is the unique absolute minimizer of E[-] in H}?(B3(0);S5?). (Brezis-
Coron-Lieb [11], Lin [79]). Schoen-Uhlenbeck [97] and [98] have established:

THEOREM 1.2. A minimizer uwi, of E[] in H*(M;N) with dimM>3 is
smooth on an open set whose compliment has at most (dimM —3)-dimensional
Hausdorff dimension.

This result is best possible. For example, even if a map 0|5 pace) 0B{(0)=
1

59— S% is smooth with 0-degree, a minimizer of E[] in H?(B{(0);S*') is not

always smooth, nevertheless a smooth extention of wuo|, , © inside B¢(0) exists.
1

In addition if we regard the map u(z)=x/|r| as a map u: B{(0) CR?— S9!
CSYcR™! there is no topological reason for a singularity. However the maps u
above are still minimizer in H}?(B{(0);5%) if d>7 (Jéger-Kaul [68], Baldes [2]).
Related to liquid crystal theory, a property of E[] in H,:*(B}(0);S5*) has been
much drawn into concerns from 80’ (Ericksen-Kinderlehrer [38]). Basic facts to
the minimizers of E[-] in H.*(B{(0);S5?) are the following:

(i) Monotonicity for the scaled energy and the hybrid inequality: The fun-
damental technical properties of minimizers may be monotonicity and the
hybrid inequality: Let wy;, be minimizers of E[-] in H.*(B}(0);5?%) and set
1o € B3(0), any ball B, (z¢) C B,,(x¢) CC B?(0); Then monotonicity denotes

1 1
— |Vul?de < — |Vul?dx,

(&1 Brl T2 Brg

while the hybrid inequality is given by
/ |Vu|2dx§0/ |Vul|lu—a|dH?,
. 8B,

for any vector a€R? and any ball B, (xy) CC B3(0) with some positive num-
ber C' depending only on the dimension 3. For the proof, see Schoen-
Uhlenbeck [97] and Hardt-Kinderlehrer-Lin [59].

(ii) Tangential approximation: A rich development occurred in a paper of Si-
mon [102] which provides with the problem the existence of the unique
tangential approximating maps. At regular points, the tangential approxi-
mating map is constant. For a singular point 3 of uy;, in B$(0), in the light
of Simon’s result [102], there exists the unique harmonic map f: S?—S?
such that u(y+rws)— f(wa) as r\,0 uniformly with wy=(x—y)/|x—y|.

Similarly, one can try to solve the homotopy problem by minimizing F[-| in a
given homotopy class. However, Lemaire’s example shows that in general homo-
topy classes are not weakly closed in H"?(M;N).

This is made explicit by the following example, whose construction relies on
the fact that the conformal group on S? acts non-compactly on H?(S5?;5?).
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EXAMPLE 1.5. When we set m,: S?\{p} —R? which denotes stereographic
projection and Dyx=Ax which is dilation by a factor A, the maps
UA:W;IODAOWPZ 52— 52,
are homotopic to the identity id=u;: S*—S?. But
Uy— U (T)=p  (A—00),

weakly in H'2(5%;5?). (Accidentally, by conformal invariance of £ in dimension
d=2, all uy are harmonic!)

Non-minimizing harmonic maps: By the lack of information, the study of non-
minimizing harmonic maps is quite challenging. If dim M =2, Griiter [55] proved
smoothness of conformal weakly harmonic maps. This result was extended by
Schoen [96] to harmonic maps that are stationary with respect to variations of
parameters in the domain: He showed that the harmonic maps above have a
holomorphic Hopf differential

(Ou)?dz? = (Jug|* — Juy > — 2i(uy,uy ) ) d2°
in suitable conformal parameters z=x+iy on M. Finally Hélein [63] recently has

shown the regularity of weakly harmonic maps in general.

THEOREM 1.3 (Hélein [63]). Assume dimM=2 and let u€ H**(M,N) be
weakly harmonic. Then ue C*(M;N).

Proof. For N=5P-! and M=B2(0), his proof invokes a trick: the equivalence
of (1.3) and

b
—Aui:Z<Vuj,uiVuj—ujVui>(i:L...,lA?),
j=1
in the light of 0=V |u[*=23",4/Vu/. He then observes that for any i,j=1,2,... D,
there holds
(1.9) div(u'Vu! —w! Vu')=u' Av? —uw? Au'=0.
Thus there is a potential a¥ € H'2? such that
rota”’ =u'Vul —u?! Vu'
and (1.3) takes the form
D
—Aui:Z(Uilag —ul_a) for x=(z1,2,)€Bi(0).
j=1

Here the right-hand side is the sum of Jacobians of H'?-maps. Continuity of
v (and hence smoothness) then follows from results of Wente [118] and Brezis-
Coron [10].
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Notice that (1.9) is a consequence of Noether’s principle and the symmetries

of SP=1. Hélein then generalized this simple and beautiful idea to arbitrary target
manifolds by an ingenious choice of rotated frame fields on u~'TN. ]

Inspired by Hélein’s result, Evans [40] has obtained a partial regularity result
for “stationary” weakly harmonic maps from B? to SP~! with d>3 and D>3.
A drastic difference between d=2 and d>3 actually emerges to the smoothness
result on weakly harmonic maps. Hardt-Lin-Poon [61] has constructed examples
of harmonic maps u: B}(0)—S? with the cylindrical symmetry whose boundary
data Up3(0) 0B1(0)x5%— 52 have degree 0 so that u possesses an arbitrarily

large number of singular points on the axis of symmetry and Riviere [93] has
exhibited weakly harmonic maps u: R?*— S? with line singularities.

2. Evolutional harmonic maps

The Eells-Sampson result

By Examples 1.3, 1.4 and 1.5 above, we know that it may be difficult to solve
the homotopy problem for harmonic maps by variational methods. To overcome
these difficulties, Eells - Sampson [36] proposed to study the evolution problem

(1.10) ur— A pyu=A(u)(Vu,Vu)y  on [0,00) x M
with initial and boundary data
(1.11) u=up at t=0 and on [0,00)xOM

for maps u: [0,00) x M — NCRP, the idea behind this strategy of course being
that a continuous deformation w(t,-) of uy will remain in the given homotopy class.
Moreover, the “energy inequality” (see Lemma 1.1 below) shows that (1.10) is
the (L?)-gradient flow for £, whence one can hope that the solution u(t,-) for
t—oo will converge to a critical point (a harmonic map) of E, if we can show
that the (L?)-gradient flow for E is smooth; for suitable targets, this program is
successfully solved.

THEOREM 1.4 (Eells-Sampson [36]). Suppose that M is compact without
boundary and that the sectional curvature K~ of N is non-positive. Then for any
up€C®(M;N), the Cauchy problem (1.10) and (1.11) admits the unique, global,
smooth solution u: M x[0,00) =N which, as t—oo suitably, converges smoothly
to a harmonic map us € C>®(M;N) homotopic to .

The proof uses three ingredients.

LEMMA 1.1 (Energy inequality). Set E(u(t)) = [, e(u)(t,-)dvoly and let T
be any positive number For a smooth solution u of (1.10) and (1.11), it follows

/OT/M|ut|2dtdvolM+E(u(T))SE(uO)_
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Proof. Recall that A(u)(Vu,Vu) LT, N. Multiplying (1.10) by u; and integrat-
ing by parts, we obtain

/ |ut|2dvolM—|—d—E(u(t)):0
o dt

for any >0 and the desired estimate (in fact, with equality) follows from inte-
grating in ¢. [

LEMMA 1.2 (Bochner inequality). If KN <0, then for any smooth solution u
of (1.10) with energy density e(u), there holds

(1.12) (%—AM> e(u)<Ce(u)
with a constant C depending only on the Ricci curvature of M.

Proof. To derive this estimate we use the representation of u in suitable local
coordinates on N: u=(u!,...,u”). Asin deriving (1.4) from (1.3) in the stationary
case, we can conclude that (in normal coordinates around xy on M)

0 o ~ o
(E — AM) e(u)+|Vdul’ + Ragug, uy, ZRikle;anaUI;BU;B
at (t,x0), where V, R,z3, I:Eikjl, respectively, denotes the pull-back covariant de-

rivative on T*M ®@u TN, the Ricci curvature on M and the Riemann curvature
tensor on N. From this identity, the claim follows. ]

From (2), we obtain

0
(1.13) (E_AM> e(u)+|V2u|2§C’Me(u)+CN(e(u))2,
where [V2ul> =y*" " wf , ul . and Cy, Cy respectively denotes constant
depending only on the Ricci curvature of M and the second fundamental form of
N.

The final ingredient is Moser’s [84] sup-estimate for sub-solutions of parabolic
equations. Set

7

0
— 2 A
‘CatM

By Qr(z0), denote the cylinder
QR(Z’()):{Z:(t,$);t0—R2<t<t0,|$—$0|<R}

in local coordinates on M, where zo=(tg,x9) € M and R>0. Note that y*Pe
C>(Qr(z0)) satisfies the uniform ellipticity condition: there exist positive num-
bers 0<A<A such that for any vector £ €R?

MEP <V v ()6 <AlE[?
holds in z€Qr(2).

16



LEMMA 1.3. Suppose that any smooth nonnegative function v on Qgr(zy) sat-
isfies Lo<Civ where Cy is a positive constant. Then for some positive constant
Cy=Cqu(\A,Ch) the following holds

sup e(v)SCHR_(d+2)/ e(v)dz.
@r/2(0) Qr(20)

Proof of Theorem 1.4. Local existence can be inferred from the a-priori esti-
mates for uniformly parabolic equations Ladyzenskaya-Solonnikov-Ural’ceva [75])
and the standard implicit function theorem; see Hamilton [57].

Let T be a maximal time of a local existence of the solution of (1.10) and
(1.11) and ue C*([0,7") x M ; N)) the solution of (1.10). By Lemma 1.2, the energy
density is a subsolution to the equation

(O —An)e(u)<Ce(u).

Let ¢y be the convexity radius on M. Choose R<min{1,v/T,ty/} and apply
Lemma 1.3 to conclude that

e(u)(zo)gCR_(d“)/ e(u)dz
Qr(20)
to

<CR™(+? / E(u(t))dt

to—R?2

<CR™E(ug)

for any zo=(to, o), to>R?, where C=C(M). Hence |Vu/ is uniformly bounded
on any compact set on [0,7]x M. By a boot-strap argument, we obtain uniform
bounds for all derivatives of u on the same region as above; there exists a positive
constant C' depending only on E(ug), M and N such that supy|V*u| <C for
any compact set K in [0,7]x M and for any positive integer k. The solution thus
can be continued as a smooth solution to (1.10) on [0,00)x M. The preceding
argument, then gives the uniform a-priori bounds for v and its derivatives on
[1,00) x M depending only on M, N and E(ug). Hence, by Ascoli and Arzéla’s
theorem, the flow (u(t,-))s>; is relatively compact in any C*-Topology. Finally,
by Lemma 1.1, for a sequence t;,— 00 we have uy(ty,-)—0 in L?*(M), therefore a
sub-sequence (u(ty,-)) converges smoothly to a harmonic map us. As u(ty,-) is
homotopic to ug through the flow (u(t,-))o<i<t, for any k, so is uy. If KV <0,
the uniqueness of u., and the convergencity of the flow wu(t,-) —uy follows from
a maximum principle due to Jager-Kaul [67]. O

The Eells-Sampson result was extended to harmonic maps with boundary by
Hamilton [57]. The condition K~ <0 can be replaced by the condition that the
image of ug (and hence of u) should support a uniformly strictly convex function;
see Jost [69] and von Wahl [116]. However, none of these results can be applied
in case ug: T?—S? has degree 1 and indeed Example 1.4 above shows that the
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flow (1.10) and (1.11) in this case cannot exist for all time and does not converge
smoothly as t— oc.

3. Finite time blow-up

It is remained to prove the question whether the heat flow (1.10) will develop
singularities in finite or infinite time. Reversing the order of the historical devel-
opments, we first state this problem and later present the existence results for
weak solutions that are the answers to these questions.

The heat flow (1.10) is a quasi-linear parabolic system and therefore hard to
deal with explicitly. However when N=.S5¢ by enough symmetry, (1.10) can be
reduced to a scalar equation in only two variables. Consider equivariant maps

up(z)= (‘i sinhg(r),cosho(r)>
x

of B{(0) into S¢, where r=|z|, ho(0)=0 and let u: [0,T)x B¢(0) —S¢ CR4*! be

the corresponding smooth solution of (1.10) and (1.11), defined on a maximal

time interval [0,7"). By uniqueness, also u is equivariant and can be written

(1.14) ul(t,r)= (isinh(t,r),cosh(t,r))

]

in terms of a smooth map h: [0,7") x [0,1] =R satisfying the initial and boundary
conditions

h(0,7)=hg(r) for 0<r<1,
(1.15) h(t,0)=ho(0)=ho,(0)=0  for  0<t<T,
h(t,1)=ho(1)(=:b) for 0<t<T.

In terms of h, the equation (1.10)

u— Au=|Vul*u,
becomes
d—1 sin2h
1.1 hy—hyp— h, =0.
(1.16) t r + 212 0

If d>3, it was shown by Coron-Ghidaglia [28] that for suitable hg, the solution h
of (1.15) and (1.16)—and therefore the solution w of (1.10) and (1.11)—cannot
be smoothly continued beyond some finite time. We will later see a deeper reason
for this; see Theorem 1.11.

The case d=2 is more interesting. In dimension d=2, a family of stationary
solutions h of (1.16) with h(0)=0 is obtained by stereographic projection from
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the south pole; see Example 1.5. In terms of r=|z| and the polar angle §=¢(r)
the stereographic projection is given by

sinf
=r
14cosé

¢(r)=arccos ( i;:j) .

From a dilation r—r\, we obtain the family

r A2 —p?

(ﬁ)\(r):qb(X) =arccos (m), A>0,
of stationary solutions of (1.16) with ¢,(0)=0.

we can write ¢ as

THEOREM 1.5 (Grayson-Hamilton [50], Chang-Ding [17]). Let d=2. Suppose
|ho|<7. Then the solution h of (1.15) and (1.16) exists for all time.

Proof. The idea is to construct a barrier, preventing h from becoming discon-

tinuous in finite time. Smoothness of & in (0,1) then follows from general results

on quasilinear parabolic systems; see Ladyzenskaya-Solonnikov-Ural’ceva [75].
First note that Lemma 1.1 translates into the uniform energy bound

W/O |hr\2rdr§E(u(t))§E(u0).

Hence, by Sobolev’s embedding theorem, h(t,-) is locally Hélder continuous on
(0,1] uniformly in ¢, and a singularity can only develop at the origin.

We assume 0<ho<m for simplicity. Let h;>hg satisfy 7/2<h; <7, hy(0)=m
and hq(a) <7 for some a€(0,1]. That is, h; maps into the (convex) lower hemi-
sphere. Therefore, equation (1.10) and hence (1.16) with initial data h(0,-)=hy
possesses a global, smooth solution h. Moreover by the maximum principle (See

Jager-Kaul [67]), h(t,r)<m for 0<r<1 and ¢>0. Choose a strictly increasing
function A(t) such that ¢x)>ho on (0,a] and ¢xy(a)>h(t,a) for all £>0. Let

- {inf{qﬁ)\(t)(r),ﬁ(t,r)} 0<r<a,

h(r,t)=
(r:1) h(t,r) a<r<l,

be our barrier. Note that h is a supersolution to (1.16). Similarly, h=0 is a
subsolution. Hence 0<h(t,r)<h(t,r) on [0,7]x[0,1] by the maximum principle
and h(t,-) is continuous. As a result, the smoothness of h follows form Chang-Ding
[17, Lemma 3.1] Thus u is smooth at 7=0 for any ¢>0. O

Quite surprisingly, the initial condition that |by| <7 in Theorem 1.5 is sharp.

THEOREM 1.6 (Chang-Ding-Ye [18]). Suppose |b|>m. Then the solution h to
(1.15) and (1.16) blows up at finite time.
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Proof. Let b>7. We show the existence of a sub-solution f to (1.16) with f(¢,0)=
0<f<f(t,1)=bsuch that f,.(t,0)—o00 as t—T for some T'<oco. Set ho=f(0,-) and
let h be the corresponding solution of (1.15) and (1.16), the maximum principle
then implies that h> f on [0,1] x [0,7). Consequently, h must blow up before time
T. (For general initial data the proof is somewhat more complicated.)

We make the following ansatz for f:

Ftr)=dx0 (1) +8u(r'),

where €>0,>0 and A=A(t) will be suitably chosen later. Note that for any e>0

we have
2_ 242

¢ H
¢, (r'T)=arccos (W) —0 (p—o0)
uniformly in 7€[0,1]. Hence, for any given ¢>0, taking p?>2/e+1, we obtain

1
cosg,(r't)> The for r€[0,1].

Next observe that for any p and >0 the function 0(r)=¢,(r'T¢) satisfies
1 (1+e)28in29_0

B R
Therefore
1 sin2 f
T(f)'—frr‘i‘;fr—w

(—sin2(pr+6)+sin2¢+ (1+€)?sin26)

2r2

(sin((ngA—i—@)—Q) —sin((2¢,\+0)—|—€)+(1+e)2sin29>
B 2r2
_ (—2cos(2¢+0)sinf+2(1+¢)cosfsinb )
B 212
> (1+e)—002s(2(b,\+0) <ind

r

€ . € 2ur'te o1 2116

ZT—QSIDHZT—QWZQT’ as 10Ilg as 61:m>0.
On the other hand, we have
3_f - 8@@)(7") - 2r d/\(t)

tr)= -
o= N di
Let A(t) solve d\/dt=—\ where 6>0 to be determined:
At) =\ = (1—e)at]/ 179,
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Then f,(t,0)—+oo as t,/T= \; “/(1—¢)d. Finally

of 20)\°r 1 [20Ner2e 1
E—T(f)SW_ElT :|:)\27—|—7"2_61 r

But by Young’s inequality
N2 <O (e) (N2 41?),

and hence f is a sub-solution of (1.16) for sufficiently small §=6(€) >0 as desired.
Since €>0 is arbitrary, sup|f(0,-)—7| can be taken as small as we wish O

4. Global existence and uniqueness of partially regular weak solutions on
the surface

Theorem 1.6 shows that in general, smooth and global solutions to (1.10) and
(1.11) do not exist. However, the following question comes to my mind: Is
there a “weak” analogue of Theorem 1.4 that will still provide a satisfactory
meanings towards deciding the homotopy problem? We state an exact defini-
tion on “a global weak solution of (1.10) and (1.11):” Set V((0,00)x M;N) =
L5((0,00): HY2(M; N)) 1 H2((0,00); L2(M: N)).

DEFINITION 1.3. Let ug€ HY?(M;N). If we say a map u € V((0,00) x M;N)
to be “weakly evolutional harmonic map”, u satisfy (1.10) in D'([0,00) x M),
lim;_, ou(t,")=up(-) in the sense of L*(M )-norm.

The following result is mainly due to Struwe [107]; the result was extended
to the case OM #() by Chang [16].

THEOREM 1.7. Suppose that M is a compact Riemann surface and N CRP is
compact Riemannian manifold without boundary. Then for any uo€ HY*(M;N),
there exists a global weak solution w: [0,00)x M — N of (1.10) and (1.11) satis-
fying the energy inequality and belonging to class C*> on (0,00)x M away from
finitely many points (ts j,zs;) (j=1,...,T). The solution u is unique in this class.

At a singularity (ts,zs), a (non-constant) harmonic sphere u: S?— N separates
in the sense that for suitable sequences ty /'ts, xr—xs, R \,0, the rescaled maps

uy(x)=u(ty,rp+RZ): Bi(0)—N

(in a local conformal chart around xs) converge to a non-constant harmonic limit
i: R2—=N in H22(R%N). @ has finite energy and extends to a smooth harmonic
map u: S?*=R2—N.

Finally, for a suitable sequence t,— o0, the sequence (u(ty,-)) converges weakly
to a smooth harmonic map ues: M— N in HY?(M;N).

The convergence is strong away from finitely many points x{° (I=1,...,L) and
there holds K +L<ey'E(ug) where

co=inf{E(u);u: S*— N is a non-constant smooth harmonic map} >0
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1 a constant depending only on N.
The proof of this result is based on the following inequality:
LEMMA 1.4 (Ladyzenskaya [74]). For any ve H"?(R?), ve L*(R?) and
lwlizs <2lv ][IV Z:
hold.

See also Friedman [45] or Struwe [112, Lemma 3.5.7].

We now proceed with the proof of Theorem 1.7.

Positivity of ¢g: We apply Lemma 1.4 to v=|Vu|@, where u solves (1.3) on S?
and ¢p€(C*(S5?) is a smooth cut-off function 0<¢<1 with support in a coordinate
neighborhood on S? to give

(1.17) / |Vu|*¢? dvoly
S2

<C |Vul?dvoly, (/ \v2u\2¢2dvon+/ |Vu\2]V¢|2dvolM>.
52 52

supp¢
In particular, if (qﬁ?) is a smooth partition of unity subordinate to a finite cover

(U;) of S? by local coordinate charts U;(j=1,...,J), we obtain from (1.3), (1.17)
and the Calderén-Zygmund inequality that

|V2u\2dvol52§0/ |Au|2dvol32+0/ |u|? dvol g2
s2 52 52
<C [ |Vul*dvolg:+C
S2

<CEu)( [ |V?ul*dvolg:+E(u))+C
S2

with a constant C=C(N). Hence the number ¢, defined in Theorem 1.7, is strictly
positive. Indeed, if E(u;)—0 for a sequence of harmonic maps uz: S?— N, we
obtain that uy—const in H**(5% N)—(C°(5% N). In particular, u(S?) lies in a
convex geodesic ball on N for large k. Thus u, must be constant, which provides
a contradiction.

L2-estimates for V?u: By (1.17), it is important to control the energy locally.
For Q2C M, denote

B(u;Q)= /Q e(u)dvoly;.

LEMMA 1.5. Set Ry =min{1,cys} where vy is the convex radius of M. Denote
Br(zo) by the ball in a local conformal chart around xy with 0<2R<Ry. Then
for any positive number R with 0<2R< Ry, a smooth solution u: [0,T)x M —N
of (1.10) and (1.11) satisfies

cT
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with C=C(M,N).

Proof. Let ¢€D(Bsr(xg)) satisfy 0<4<1, p=1 on Bg(xg), |V¢|<2/R and test
(1.10) with u;¢?* to obtain

/\uty%?dvolMJri(/ e(u)¢2dvolM>§C/ |V ul|u| |V p|pdvol s
M dt M M

§/ \ut|2¢2dv0lM~|—C’/ IVul?|Vo|* dvoly.
M M
Hence
% ( / e(u)¢2dvolM> <CR2E(u(t)) <CR2E(uo)
M

and the lemma follows by integration with respect to a time variable from 0 to
T. O

In particular, for any given ¢; >0 and ug€ H“?(M;N), there exists a number T} >0
depending only on a maximal positive number R; with

sup E(U’O;B2R1 (‘TO)) <€y,
ToEM

the geometry of M, N and E(ug), such that any smooth solution u of (1.10) and
(1.11) satisfies

sup  E(u(t);Bg,(x0))<2e€.
0<t<T1,m0EM

Actually, we can set Ty =(e; R?)/(C E(ug)) where C'is the constant in Lemma 1.5.
Since M is compact, we can choose finite points (z;) (j=1,2,...J) so that
MCUleBRj(xj). Thus for any given €;>0, let R;>0 be determined as above

and ¢; smooth cut-off functions subordinate to a cover of M by balls Bag, (x;)
satisfying 0<¢; <1, |[V¢;|<2/R; and >_,¢?=1. Then by (1.17) we have

Vul|*dvoly = / Vul|*¢? dvol
J[vettaeon=3 [ [Vultgtavly
§C’supE<u(t);3231 (ml)> (/ |V2u(t)|2dv0lM+R1_2E(u0)>
i M

<Ce ( / |V2u(t)|2dvolM~l—R1_2E(uo))
M

for any t. Moreover, similar to our Bochner-type estimate (1.13), multiplying
(1.10) by Apu and integrating by parts, we have

%(E(u(t)))—l—/ |AMU|2dvolM§C/ |Vu|*dvolyy.
M M
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By integrating over (0,7} ) and combining the above estimates with the Calderén-
Zygmund inequality, we obtain that

Ty T
/ / \V2u|2dtdvolM§C/ / | A\ prul? dtdvol y +CTh
0o Jm 0o JMm

n CT,
§C’q/ / IV2ul* dtdvol s+ —5E(ug) +CTj,
o Jum Ry

with a constant C'=C(M,N). Thus, for sufficiently small ¢; >0, we obtain an
a-priori bound for u in the norm

o<t<T

T
FalBozean = sup E(u(t)+ /0 /M (192 +|ue]?) dtdvol
with T'=T7 of the form

[l iean O+ Bl +CT,.
Here we use the fact that W ((0,7)x M) is an admissible class for (1.10) in the
sense that if ue W ((0,7)x M) solves (1.10) with finite energy initial data ug€
HY“2(M;N), then ueC>((0,T]x M;N).

Local existence: A maximal positive number R; can be chosen uniformly for
a set of initial data which is compact in {ug}+H"*(M;N). In particular, if
ugm €C°(M;N) converges to ug in HY*(M;N) and if {u,,} (m=1,2,...) is the
corresponding sequence of local solutions (1.10) for initial {ug,} (m=1,2,...)
by the above a-priori estimate, we have ||un|fy o1,y <C (1+T1/RY) E(uo)+
CTy where Ty=(e;R?)/(CE(up)) and the sequence {u,} (m=1,2,...), weakly
converges weakly to ue W ((0,71) x M).

Vu,—Vu in L*(M) for almost every ¢ and then it is easy to pass to the
limit in equation (1.10); u then solves (1.10) classically in (0,77) x M. Finally, by
Lemma 1.1, u achieves its initial data continuously in H%?(M;N).

Uniqueness: The space of functions with bounded W ((0,7") x M)-norm is a
uniqueness class. Indeed, if v and veW ((0,7)x M) weakly solve (1.10) with
u(0)=up=0(0), their difference w=u—wv satisfies

lw, — A prw| < Clw|([Vul? 4 |Vo?) +C|Vw| (| Vu|+|Vol).

Multiply the above inequality by w and perform the integrate by parts to verify
for almost every t>0

t
1/ \w(t)]zdvolM—i-//|V’w]2dsdfuolM
2 M 0 JM
t
gc//|w\2(|Vu|2+\vU|2)dsdvon
0 JM
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¢
—I—C//|w||Vw|(|Vu|—|—|Vv|)dsdv0lM
0 JM

t
_C'(//\w|4dsdfuolM) (// \Vu\4+|V'U|)dsdvolM>
0 Jm
t
+C(//\w|4dsdvolM) (//|Vw| dsdvolM>
0 Jm
¢ 1/4
X (// (|Vu|4—|—|Vv|4)dsdvolM>
<Ce(t {sup /|w lgds—i—//\Vdes]
0<s<Ty

:(/ot/M(|Vu\4+\vvy4)d8dvolM) 1/4
x (1+ (/Ot/M(|Vu\4+lvv|4))d8dvolM> 1/4) |

Here we applied Lemma 1.4 to the term of [ [,,Jw|*dsdvoly; in the estimates
above. As in the same way as before, on account of Lemma 1.5 we estimate

€(t)—0 as t——+0.

1/2

where

Choosing t>0 small enough with ||w(?) || z2(ar) =supg<s<r, [|w(S) | £2(ar), the unique-
ness follows.

Global continuation: The local solution u constructed above can be extended
until the first time 7'=%,; such that

limsup (supE(u(t);BR(mo))) >e€;
t,/ T X0

for all R>0. By Lemma 1.1, u,€ L*([0,7] x M). Hence the L*limit uy =lim; ~ru(t)
exists. Let v be the local solution of (1.10) with initial data v=wu; at time T". The
composed function
t 0<t<T
o(t)  T<t,

then is a weak solution of (1.10). By iteration we obtain a weak solution u on a
maximal time interval [0,T). If T<oo, the above arguments again permit us to
extend u beyond T, contradicting our assumption that T was maximal. Hence

T=o00.
Finiteness of the singular set: Let ty=t51>0 be the first singular time and set

Sing(ts)={xo€ M;limsup E(u(t); Br(zo)) > € forany R>0}.
t/ ts
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Sing(ts) is finite. Indeed, let zy,...,2;€Sing(ts). Choose R>0 such that
Bap(x;)NBagr(2)=0 (i#7). Then by Lemma 1.5 for some 7€ [ts— (€1 R?) /(2CE(ug)),ts)
where C is the constant in Lemma 1.5,we obtain

K
K61<th/supE( u(t); Br(x;))
=1 t/ts

<Z( 7); Bar( 932))+%1><E( )+%

and K= #Sing(ts1)<2E(uo)e; . Set K be K;. Moreover, for ui=lim; ~.  u(t)
we have

E(ul)—hmE (ul,M\UBgR T )

=1

<lim liminf B <u(t) M\ U Bm(%))

RN\ t ts,1 el
<lim limi E ); B
S ] GO SEOE )

<lim <E(u0) — limsupz E (U(t) ; B2R(9Ui)) )

R\0 t/ts1 T

< E(up) Zh{%hgfulpE u(t); Br(z;))

SE(U,Q)—Klel.

Similarly, let K5, K3, ... be the number of concentration points at consecutive
times t,o<ts3<... and let u;=lim; »  u(t) for j=2,3,.... Then by induction we
obtain
E(Uj)SE(Uj_l)—Kj€1S"'SE(U())—<K1+"'+Kj)€1.

Thus it follows that the total number Ky, of concentration points and at same
time the number of concentration times ¢; are finite; Ky <FE(ug)e; .

Smoothness: Let t;=t;; for some j. To see that u is smooth up to time %
away from Sing(), we present an argument based on scaling, as proposed by
Schoen [96] in the stationary case. For a simplicity, we discuss the smoothness
in M =R2. In addition, by scaling we can assume t,>1 and we shift time so that
ts=0. The solution u then is defined on a domain containing [—1,0] x M. For any
R>0 and zo=(to,7¢), denote

QR Z() {Z t JZ tO—R2<t<t0,|l’ ZEO|<R}
and shorten Qr(0) to Qg and Q; to @ when no confusion may arise.
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PROPOSITION 1.3. Suppose that uc C*(Q;N) solves (1.10). There exist con-
stants C' and e5>0 depending only on N such that if

sup OE(u(t);Bl(O)) <€,

—1<t<

then
sup |Vu(t,x)|<C
Q1/2(0)

(and corresponding bounds for higher derivatives), holds.

Proof. Choose 0<p<1 so that

Q,(0) Oso<l Qo (0)

(1—p)? sup e(u)= max {(1—0)2 sup e(u)}

and let Zmax= (tmax,Tmax) €Qp(0) satisfy

e(u)(Zmax) = sup e(u)=:eq.
Q0(0)

Then either eg(1—p)*<4 in which case
sup e(u)<4(1—p)?ep<16,
Q1/2(0)
1
or e, 2 <(1—p)/2. In the latter case, the scaled function

v(t,T) :u(tmax+eglf,mmax—|—eal/2f)
is well defined on @(0). Moreover, e(v)(0)=1 and

1—p)?su e(u
sup e(v)<ey' sup e(u)gegl( 2 pQP(O; )
Qi(0) Qi/2(0) ((1-p)/2)
Thus e(v) satisfies a linear differential inequality

e(v)i—Ae(v)<Ce(v) on (4(0).

By Lemma 1.3, we have

1=e¢(v)(0,0)=< sup e(v)SCH/ e(v)dtdwﬁe%/ e(u)dtdx
Q1(0)

=4.

Q1/2(0) Q1(0)
<C sup (E(u(t);B1(0)))<Ce.
—1<t<0
This is a contradiction if we take Cyey <1/2. Thus we conclude our claim. L]

Blow-up of singularities: As in the same way in Struwe [107], we use the scaling
technique to analyze the singularities in more detail. Let (ts,x5) be a singular point
of the solution u constructed above. Shift time so that (ts,25)=(0,0). Moreover
after scaling we can assume that u€ C*(Q1(0)\{0};N). Let {Ry} (k=1,2,...) be
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a sequence of numbers R €(0,1), R, \,0 (k—00). Set €; >0 be as above and take
sequences {t} and {zy} (k=1,2,...) satisfying £;\,0 and z;—0 and
€1

E(u(tk);BRk(xk)): sup E(u(t);BRk(x)):Z,
—1<t<ty;(t,2)€Q1(0)
where L is the number of unit discs needed to cover By(0). We may assume
ty—4R3?>—1. Rescale
t—tk _ X=Xk
T= ,

t=
R R,

and set

vk(t,:f):u (tk—i—RiﬂfL‘k—i—ka) s

v Qr={(£,z)€(—4,0]xR?; (t}+ Rit,x,+ R.Z) €Q1(0) } — N. Note that by Lemma
1.1 we have

(v )52 dEdvoly < /

t—4R2

/ || dt dvol yr—0 (k—00),
Qk

E(ui(t))<E(up),  —4<t<0,  keN.

Moreover, we obtain

sup  E(vp(1); Ba(z)) <L sup E(vi(f); Bi(x))
(t,z2)eQk (t,2)eQ

<L sup E(u(t);Bg,(r)) <LE(u(ty); Br, (zy))=€1.
(t,z)€eDy,
Thus, by Proposition 1.3, the sequence {v;} (k=1,2,...) is locally a priori bounded
in C! for any [€N and a sub-sequence converges strongly in Hllo’f ((=1,0)xR?%;N)
to a smooth solution v of (1.10) on [—1,0] x R?. Moreover, from v;=0, it follows
that v(¢,-)=:@ is harmonic. Finally
B (i By(0)) = Jim B (u1(0):B1(0)) = lim B (u(ty); B, () =

and then @ is non-constant. If 4: R*— N, by conformal equivalence R?225%\ {p},
@ induces a weakly harmonic map #:5%— N. By Hélein’s result, % is smooth.
Thus, singularities at small scales can be seen as harmonic spheres. In particular
we obtain the estimate €;>¢.

A similar analysis is possible at concentration points at “ty=o00;

see Struwe [112, Lecture IIL.5] for details. Moreover, it seems possible to
iterate the above procedure and decompose u in the limit ¢ t, into its weak limit
u(ts) and a finite sum of harmonic spheres y,...,uys for some positive integer M,
similar to Struwe [106] to a related problem, we arrive at

2

(1.18) —|—ZE ) —hmE (u(t)).
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This analysis has been done by Ding-Tian [30]. See also Qing-Tian [91] and
Wang [117]. They call (1.18) “the energy identity.”

Extensions and generalizations

Theorem 1.7 has been extended to target manifolds N with boundary by Chen-
Musina [23]. The same technique can be used to study the evolution problems re-
lated to other two-dimensional variational problems. For instance, in Struwe [108]
and Rey [92], the evolution problem for surfaces of prescribed mean curvature is
investigated; Li Ma [77] has studied the evolution of harmonic maps with free
boundaries.

5. Existence of global, partially regular weak solutions in higher dimensional
manifold

Earlier we observed that singularities must do emerge even for energy-minimizing
weakly harmonic maps if d=dimM >3 and therefore for the evolution problem
(1.10). The following result was obtained by Chen-Struwe [24].

THEOREM 1.8. Suppose that M is a d-dimensional compact manifold with
d>3 and OM=0. For any uo€ H"*(M;N), there exists a distribution solution
u: [0,00)x M —N of (1.10) and (1.11) satisfying the energy inequality and being
smooth away from a closed set ¥ such that for each t the slice L(t):=XN({t} x M)
is of co-dimension more than or equal to 2. As t—oo suitably, u(t) converges
weakly to a weakly harmonic limit us, which is smooth away from a closed set
Y (00) of co-dimension more than or equal to 2.

Originally, the estimate on the co-dimension of ¥ was obtained in space-
time, the above improvement is due to X. Cheng [25]. For manifolds M with
boundary OM #(), a similar existence and an interior partial regularity result
hold; see Chen [20]. Boundary regularity is open. The proof of Theorem 1.8
rests on two pillars: A penalty approximation scheme for (1.10) is developed
independently by Chen [19], Keller-Rubinstein-Sternberg [73] and Shatah [100];
while a monotonicity estimate for (1.10) is due to Struwe [109].

Penalty approximation

We discuss the case N=SP~'CRP”. Given ug€ H"*(M;SP~') and \eR; con-
sider the Cauchy problem

(1.19) wy— A pru+A(|ul® —1)u=0,

(120> u‘t:D:uo

for maps u: [0,00) x M —RP. This scheme enables us to “forget” the target con-
straint. We can regard all map u: M —RP as admissible. However, we “penalize”
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violation of the constraint |u|*=1 more and more severely as A—o0. (1.19) is the
L?-gradient flow for the functional

EA(u):E(uH—)\/

M

(Jul*—1)*

Indeed, we have
LEMMA 1.6. If uyxeC*([0,T) x M;RP) solves (1.19) and (1.20), then we have
the following identity:

/0 /M |0u|* dtdvolys + Ex(ux(T)) = Ex(ug) = E(ug)

holds; in particular, u attains its initial data continuously in H%?(M;RP)

Proof. Multiply (1.19) by 0,u, and integrate to obtain the energy estimate. Since
Owur€ L2([0,T) x M), clearly uy(t)—wup in L?(M) and weakly in H“?(M,N) as
t—+0. Since also

limsup E (ux(t)) <limsup E) (ux(t)) < E(uo),
t—+0 t—+0

we also have strong H“2?-convergence. O
Moreover, we have an L* a-priori bound.
LEMMA 1.7. If uy€C>®([0,T) x M;RP) solves (1.19) and (1.20), then
[urllpee <1.

Proof. Multiply (1.19) by u, to obtain

AL L Gy a1 u =0
dt 9 A A Al —Y,

in particular,

d
(a—A+2)\|uA\2> (Jux|*—1) <0.

The claim now follows from the parabolic maximum principle, since |u(0)|=|ug| <
1. U

Thus for any A€R, we have the unique, global, smooth solution u, of (1.19)
and (1.20). Moreover,

0o oy < Eluo), - sup B (u(8)) < E(uo),

4E(UQ
A

~—

—0.

|ua <1, Sl;p|||u>\(t)|2_1”%2(M) =
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Thus, passing to a sub-sequence, if necessary, we can claim that for a map u €
L((0,00); HY*(M)) NH((0,00); L*(M))
u—u in L3, ([0,00) x M;RP),
(1.21) Vuy—Vu weakly-+ in L>®([0,00);L*(M)),
Oyuy—Oyu weakly in LZ([O,oo) x M)

and |u|=1. Relations (1.21) are not sufficient to pass to the limit A—o0o in (1.19).
In case N=SP~1 however, a clever manipulation of (1.19) will do the trick.

LEMMA 1.8. Suppose N=SP~1CRP. A map ueV ((0,00)x M;N) satisfies

(1.22) lul=1 ae z€(0,00)xM,

(1.23) w Au—div(VuAu)=0, in the sense of D'((0,00)x M;R”),

where “A” denotes the wedge product between RP -vectors, if and only if the map
ueV((0,00) x M;N) is a weakly evolutional harmonic map.

Proof. If u is a weakly evolutional harmonic map, an approximation argument
justifies taking an exterior product between (1.10) and ¢, where 1€ D((0,00) X
M;A%(RP)), then we obtain (1.23). Conversely, suppose taht u weakly solves
(1.22) and (1.23); (1.23) is written by

(1.24) (ui? —ulu®) — div(Vule! — Vulu') =0, (i,j=1,2,...,D).

Multiply (1.24) by w/n® where n=(n') (i=1,2,...,D) € D((0,00) x M;RP), sum-
ming up it from 1 to D with respect to 7 we deduce that u is a weakly evolutional
harmonic map. O

Now, taking the wedge product of (1.19) with w,, the nonlinear term of (1.19)
vanishes. Because of the divergence structure of this equation and since by (1.21),
we have

Oy Nuy— OyuN\u,
VuyAuy—Vuru

weakly in L2 ([0,00) x M), we may pass to the limit A— oo suitably and find that

also u satisfies (1.23). That is, by Lemma 1.6 and Lemma 1.8, u is a weak solution
of (1.10) and (1.11).

Note that this method extended to a homogeneous space by Hélein [64] and
the regularity of the approximating maps u, may be lost in the limit.
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The monotonicity formula

Monotonicity first were introduced as a tool in the regularity study for minimal
hypersurfaces. After that, Schoen-Uhlenbeck [97] and Giaquinta-Giusti [48] ob-
served that similar estimates hold for the energy-minimizing harmonic maps and
can be used to obtain a partial regularity result for such a minimizer. We review
the monotonicity for energy-minimizing harmonic maps u: B=B;(0)— N.

THEOREM 1.9. If u is energy-minimizing (for its boundary values), then for
any 0<p<r<1 with B,CB, CCB;(0), there holds

p2_d/ |Vu|2dx§7“2_d/ |Vul*dz.
B By

P

Proof. Note that the quantity
p> ¢ 2
B(p)=t(p)=" [ [VuPda
By

is invariant under scaling u(x)—ug(Z)=u(RZ), which (in case M=B;(0)) also
leaves (1.3) invariant. This observation allows us to give a simple proof of Theo-
rem 1.9 for smooth harmonic maps as follows: Note that ®(p)=P(p;u)=2(1;u,).
Hence, for instance at p=1, we have

d®(p) dP / (8up>
——=—(Lu,)= Vu, V| —=|)dx
d,O dﬂ( P) B1(0)< P ap >

Ou, 9,

= x,V)u,, dw_—/ Au,,—E)dx.
ARG SLREY ARG

Since du,/dp =(zx/p,V)u,€T,,N, by (1.2), the last term vanishes and the
boundary integral simply becomes

dd
# :/ (2, V)u,|*dwa_1 >0,
P p=1  YOB1(0)
proving the monotonicity for smooth wu. (]

Moreover, since ®(p) scales as a dimension-less quantity, smallness of ®(p) for
some p>0 yields a-priori bounds for u near the origin.

A similar result holds in the time-dependent setting. For simplicity we con-
sider smooth solutions ue C*([—1,0) x R%; N) of (1.10) with E(u(t))<Ey<oo in
—1<t<0. Denote by



the fundamental solution to the backward heat equation on R_ xR?. Using G as
a weight function, we define
2

D(p)=(pru) =" / VuP G,
{=p?}xRe

We then obtain:

THEOREM 1.10 (Struwe [109]). For u as above and any 0<p<r<1, the fol-
lowing holds

(1.25) O(p)<P(r).
Proof. As in the stationary case, we use invariance of (1.10) under scaling

u—ug(t,x)=u(R?,Rx). Note that ®(p)=(p;u)=>(1;u,). Hence, at p=1, we
compute

dd(p) dP / (8up> _
T (L) = Vu,, V| =2 )\Gdz.
dp dp ( P) {_1}><]Rd < P ap >

Integrate by parts; use (1.10) and the relation VG(t,z)=z/2tG to obtain

d®(p) / ( <x,V)up> u,, -\ o
— = —Au,— = , Gdzr
dp {—1}de< 8 2t dp )

:_/ <2t65up+(f,v>up aup>Gd:i'
{-1}xRd

2t " Op

1 _
:—/ |2t05u,+(Z, V)u,*Gdz>0.
{—1}xRd

Since E(u(t))<Ey<oo, no boundary terms appear. 0

REMARK 1.1. (1.25) is the energy inequality for (1.10) in similarity coordi-
nates s=—log|t| and y=x//|t], as introduced by Giga-Kohn [49] in a different
problem.

By a scaling argument as in the proof of Proposition 1.3, smallness of ®(p)
can be turned into an a-priori gradient bound for wu.

PROPOSITION 1.4 (Struwe [109]). Let us suppose that a solution u of (1.10)
belongs to C°([—1,0)xR%;N). There exists eg=¢o(d,N)>0 such that for some
positive number R>0 if ®(R)<e then

C
sup |Vu|<—
Qsr(0) R

holds with constants 6=6(d,N,Ey)>0 and C=C(d,N,Ej).

Proof. Scaling with R, we may assume R=1. For any 6 >0, choose p€(0,0) and
Zmax = (tmax, Tmax) € @, satisfying
(5—p)supe(u) = max {(6—0)?supe(u)},

o 0<o<é Qo
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e(u)(zmax) =supe(u)=ey.
Qp

First assume e; ' <((6—p)/2)2 and scale v(7,2) = tu(tmax+€5 f,Zmax+€ | “Z). Note
that veC*(Qq;N) and
1

supe(v)(0)=e,’  sup  e(u)<ey' sup e(u)
Q1 Qeal/Q(zmax) Q54p)/2

§4ealsupe(u):4,
e(v)(0)
1.

Therefore, by the Bochner inequality (1.1

(i _A) e(v)<Ce(v) in Q1(0).

while
1.

3), we have

dt

Lemma 1.3 gives

1:e(v)(0)§CH/ e(v)dtd:i':CHeg/2/ e(u)dtdz.

1 Q —1/2 (zmax)
€0

Set G..(2)=G(z—z) with 2z, =(t;,z5) and choose z;=2max+(0,e5"). Then
1§C’/ e(u)G, dtdx,
Qe—l/Q(Zmax)
0
and by applying Theorem 1.10 for each t € [t — €5 ", tmax], We proceed to estimate

1§C/ e(u)G, dx.
{—1}xRd

Now |z4|<d and [t;|<d%. Thus at t=—1 we can estimate

1 1 2 — X 2
ot (e () ()
A T+¢] 4 4|1+
<C,
and therefore we obtain that
13(15/ e(w)dz+C e(u)Gdr<Ci3By+Cid(1),
{1} xRd {1} xRd

with a uniform constant C;=C4(d,N). Choosing 6=1/(2C1 Ey) and ¢y=1/(2C"),
the above inequality will lead to a contradiction. Thus (§—p)?ey<4: we deduce

supe(u) <1662,
Qs/2

The proof is complete. ]
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As an application we establish the following result from Struwe [109].

PROPOSITION 1.5. Suppose that up€ C([—1,0) xR N) is a sequence of so-
lutions to (1.10) with E(uk(t))<Ey<oco for any t and for all keN. Moreover,
suppose uy(—1)—ug in HY2(R%N) (k—o0) and

([=1.0]xRY),
([=1.0]xRY),
([~1,0] xR%).

Then u weakly solves (1.10) and (1.11) and u is smooth away from a closed set
Y of co-dimension more than or equal to 2; moreover, for any R>0 we have

—R? 2
(1.26) @(R;u)—l—/ / ‘Qtut+2<‘j|’v>u| Gdtde<®(—1;u).
—1 Rd

up—u in L7,

T2
Oyu,— 0w in Li,.

T2
Vu,—Vu in Lj,

Proof. Set
Y= ﬂ {z;h}gloglf@z(R;uk)ZeO},
R>0
where for any points zo=(to, o),

2
(I)zo(’f’;uk)zr_/ \Vur|*G., dz in to—r2>—1,
2 Jitg—r2)xpd

Y is relatively closed. Indeed, if zo, €%, there exists a sequence of points 2= (t;,1;)
€¥ (I=1,2,...) such that z—z,. By definition of ¥ and the monotonicity in
Theorem 1.10, we have

2
liminfliminf <R—/ \Vui*G., dx) > €
l—o0 k—oo 2 {t;—R2} xR?

for any R>0. Since G,,— G uniformly on any compact set away from z., and
since E(uy(t)) < Ey<oo, the limits [—o00 and k— oo may be interchanged for any
fixed R>0, thus we obtain

likminfCI)’;oo (R) > e,

for all R>0: z€X.
Next observe that for zp¢X there is a sequence {u;} (k=1,2,...) and some
R>0 such that
(I)zo(R;uk)<€0-

Proposition 1.4 implies that
C
sup |Vug|<—=
Qsr(20) R

hold for a positive constant §=46(d, N, Ey)>0 uniformly in k£ and similar bounds
for higher derivatives. Thus we may pass to the limit k—oo in (1.10) and find
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that u is a smooth solution of (1.10) on any compact set outside . In order
to assert that u extends to a weak solution beyond >, we need to estimate the
d-dimensional Hausdorff measure with respect to the parabolic metric

dp((t,2),(s,y)) =t=s|"+|a—yl.
For a set SCR, xR%, the latter is defined as
HA(S:dp)=c(d)su inf r&:Sc| |P,(z),% €8, <Ry ¢,
(Sidr) <>p{{z U }}
where ¢(d) is a normalizing constant and
P (z0)={z=(t,2);[t—to|<r? |z —z0| <7} With zo=(to,20).

Fix a compact set PC[—1,0)xR? and let S=PNX. Fix R>0 and let P,,(2;)(r;<
R) be a cover of S. Since S is compact, we may assume that the cover is finite.
Moreover, a simple variant of Vitali’s covering lemma shows that there is a disjoint
sub-family P,,(z;) (i€J) such that SCU;csPs, (). Let z;=z+(0,r) (i€J).
Since J is finite, there exists kEN such that

ti—
€0<(I) (eom,uk <C/ / ‘VUM G dtdl‘
,_492 2 R4

<o) / V|2 dtda
Q'r (Zz)

1 ti —9 'r
ol _— 5 dtd

1
<C(# rfd/ Vg 2dtdr+C03 %ex (——) E
B ( 0) ' Qr (Zi)| kl ’ P 16(1+400>60 ’
for all 1€ J where we used the fact that
_ 1
G., <0, exp (—m> Gz on [ti—405r7 ti—05rY] xRN\ Q, (2:)
and Theorem 1.10 to derive the 1st inequality. Take 6,>0 satisfying
1
COexp |~ | Eg<—~
0 eXp( 16(1+490)90) 057

to verify

ngC/ |Vug|*dtdz.
PTZ-(ZZ)

Summing over €, we obtain

> <CZ/ \VukIZdtdx
J

1€ i€J
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:C'/ \Vu2dtde<C(J)Ey
ieg Pry(2i)

with constants C' independent of R>0. Thus the d-dimensional Hausdorff mea-
sure of ¥ is locally finite.
In particular, for a suitable cover (Q,,(z;))ics of S(r;<R), we can achieve

that
£ (U Prz.(zi)> —0  as R\,0,
ieJ

where £27¢ denotes the Lebesgue measure on (¢,7) in R, xR? with respect to
the parabolic metric. Now let p€D(FP2(0)) satisfy 0<¢p<1,0=1 on P;(0) and
scale ¢;(2)=¢((t—t;)/r?,(x—x;)/r;) €D(Por,(2;)). Given eD(Py;RP), then 7=
Yinf;(1—¢;) is a Lipschitz function and 7(z)—(z) a.e. as R\,0. Multiplying
(1.10) by 7, we obtain

// (ur—LDu—A(u)(Vu,Vu))pdtde
—1JRa
C Vu||Vint(1—¢;)|dtd 1
< //| ol [V inf (1~ )| e+ 1)

1/2

0
SOVul.or o) ( / lviefu—@)ﬁdtdas) +o(1)

1/2
_2d dx o(1
(Z/P,«Z (2:) ' ) - ( )
1/2
(Zm) +o(1)=0  (R\0),

where 0(1)—0 as R\,0 and u weakly solves (1.10). Finally (1.26) follows from
(1.25) and the fact that ®(R;u) <liminfj . ®(R;ux), P(1;u) =P (1;up) =limy_ 0o P(1;ug).
([

The proof of Theorem 1.8 uses the fact that results similar to Theorem 1.10
and Proposition 1.4 hold for solutions u to (1.10) on a compact manifold M,
where ® is defined with reference to a local coordinate chart V' and where we
truncate the integrand with a smooth cut-off function 7€D(V'). Set AeR,. If Us

is 30-tubular neighborhood on N in R? and if for maps u: M —>RD E) is
Ek(u)::E(u)—i-)\/ x(dist?(u,N))dx,
M

where x(s)=s for s<d, x'(s)>0,x(s)=2d for s>39, then the sequence of ap-
proximate solutions {uy} (A>0) to (1.10) defined by the gradient flow of E again
satisfies an analogue of Theorem 1.10 and Proposition 1.4. Similar to Proposition
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1.5, we then establish that a sub-sequence {uy} (A>0) converges weakly to a par-
tially regular weak solution w of (1.10) and (1.11). Moreover, inequality (1.25)
holds. See Chen-Struwe [24] for details.

Let us now turn to some further consequences of the monotonicity formula.

Nonuniqueness

Coron [27] observed that for certain weakly harmonic maps ug: B*— S?, the sta-
tionary weak solution u(t,z)=ug(z) of (1.10) does not satisfy (1.26), hence must
be different from the solution constructed in Theorem 1.8.

We repeat his construction: Suppose uOGHl (]R3 S?) is weakly harmonic,
up(z)=ug(z/|x|) and consider u(t,z)=uq(x). Then u weakly solves (1.10) and

1 |z —zf?
O (p)= / \Vu0|2exp( )dx<oo
0ir pJes 4p?

for any z=({,7) €R, xR? and any p>0. Suppose that u satisfies (1.25). This
implies

1 ) |z —1|? 1 ) |z — |2
(1.27) P R3|Vu0| exp (— 1 dxﬁ; RS\VUO| exp |~ 3 dx

for any 0<p<r<oo. We show that (1.27) does not hold for a suitable map wuy.
This ill-behaved map ug is obtained as follows. Let m: S?\{(0,0,1)} —R?*~C be
the stereographic projection from the north pole (0,0,1) of S? and let g:C—C be
a rational map. Composing the weakly harmonic map u:x—x/|z| from Example
1.2 with 7 and ¢ we obtain a map

s (o(<(2)

Regarding ug(z)=ug(z/|z|) as a map ug:5?—S?, by conformal invariance uq is
harmonic; hence uy:R3—S? is weakly harmonic. By suitable choice of g (for
instance, g(z)=Az with A€R and A>1), we can achieve that the center of mass

/|Vu0 £| —|dvol527é0

(Hence the map wy is not minimizing for its boundary values on B} (0); see Brezis-
Coron-Lieb [11, Remark 7.6].)
22
/ |Vu0]2exp< 2 x| ) dx
for simplicity. Note that

Denote
s00= [ ([ IvuatERavors Yoo (1) 2l e

P*) p
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is independent of p>0. Moreover, compute

b(0.0)— EATES jf?
Vaolp0)= [ [Vl 2P (< 11 ) do

: ()
= [ (L sunl RS bt ) — el dia
; o) Tl %

/“’eXp(— o)do _q
0 P P

Hence for z=tq and 0<p<r, if t>0 is sufficiently small, we then obtain
2
S+ O > d(r,z)= ao—l—t|q| +0(t?),

contradicting (1.27). On the other hand, as in Theorem 1.8 we can construct
weak solutions @ to (1.10) for initial data ug satisfying (1.25): This reads that
u#u and therefore we show nonuniqueness in the energy class of weak solutions
o (1.10) and (1.11).

Note that we look at spontaneous symmetry breaking, since u cannot be of
the form wu(t,z)=v(t,x/|z|). The latter map v would solve (1.10) and (1.11) on
[0,00) x S2. Since ug:S5?— S? is smooth and harmonic, by local unique solvability
of (1.10) and (1.11) on [0,00) x S? for smooth data, this would imply v(t)=uj.

It is remained to discuss a class of functions satisfying (1.10) and (1.11) which
possesses a unique solution. Struwe, M suggests that the class of solutions satis-
fying the strong monotonicity formula

Dz (p) <P:(r)
for all Z and all 0<p<r<+/1 is a likely candidate.

Development of singularities

The most surprising aspect of the monotonicity formula is that it may be used to
prove that (1.10) and (1.11) in general will develop singularities in arbitrarily short
time. The existence of singularities was first established by Coron-Ghidaglia [28];
see also Grayson-Hamilton [50]. These results were based on comparison princi-
ples for the reduced harmonic map evolution problem (1.16) in the equivariant
setting. A deeper reason for the formation of singularities was worked out by
Chen-Ding [21]. This is related to a result by White [120].

THEOREM 1.11. Let M and N be compact Riemannian manifolds and consider
a smooth map uy: M— N. Then

inf{E(u);ucC*(M;N), wu is homotopic to ug}>0

if and only if the restriction of ug to a 2-skeleton of M is not homotopic to a
constant.
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REMARK 1.2. In particular, there are examples of non-trivial homotopy classes
of maps ug: M — N such that

inf{ £'(u);u is homotopic to ug}=0.

EXAMPLE 1.6. Let u;=id: $3—S53. Let m: S3\{(0,0,0,1)} —R3 be the stere-
ographic projection and let Dy: R*—R3 Dy (x)=\z be dilation with A>0. Then
define

uy=n"toDyor: S?—S3.

Clearly, uy~u;=id for all A>0 and E(u))—0 (A—o00).

Singularities of first and second kind

Let ueC*([—1,0) xR% N) be a solution to (1.10) with an isolated singularity at
the origin and satisfying (1.25). If

C
(1.28) |Vu(t,x>|2§|7|,
the rescaled sequence
up(t,7)=u(R*,RT), R>0
satisfies the same estimate and hence a sub-sequence converges smoothly locally
on (—00,0)xR? to a smooth limit @ as R\,0. @ satisfies (1.10). Moreover,

u#const; otherwise ®(R;u)=®(1,ur)<ey for some R>0 and u is regular at 0.
Since by (1.26) there holds

—TR2 2 —T iy — 2
2 270 )
/ [2t0u+ (z, V)l Gdtdxghm/ [20pur+{T.V)url” - oo
_TR2 JRd 2]t| R\OJ_7 Jpa 2]t|
—r 2* — _ —12 ~
:/ 2t0a+ (@, Vyul® e
_7 JRd 2|t|

for any 0<7<T <00, it follows that u satisfies
2tur+zVu=0;

u(t,z)=v (ﬁ)

Struwe, M calls the singular point satisfying (1.28) “singular point of the first
kind.” It is not known whether self-similar solutions u(¢,z)=v (:)3/ \/\t|> actu-

ally may exist. All other singular points are said to be “singularities of second
kind.” Since singularities in d=2 by Theorem 1.7 are related to time-independent
harmonic maps %: S?— N of finite energy and since a non-constant, radially

that is possibly

or
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homogeneous map u(x)=w(z/|z|) in d=2 has infinite energy, Theorem 1.6 of
Chang-Ding-Ye [18] above shows that singularities of second kind exist for the
evolution problem (1.10).

Extensions and generalizations

Further current developments include the evolution problem to harmonic maps on
general complete, non-compact manifolds (Li-Tam [78]) and to harmonic maps
with symmetry (see Grotowsky [51], [52], [53] and [54]).

6. Notation

In this section, we collect abridged notation and function spaces used in the
following chapter. Let T be a positive number or +o0o. Set €2 be a bounded
domain in R? with a smooth boundary.

Abridged Notation
(i) B{(0) = {z=(21,22,...,74); ||=1/>>%_,(z4)2 <1}, we abbreviate B%(0) to

By or B when no ambiguity may occur.
(il) Qris (0,7) x 2 and 0Qr (the boundary of Q) means {0} xQ U [0,7") x 0f2.
(iii) The parabolic metric function d(z,2’) is given by
dp(z,2") =t —t'|"* + |z — 2|
whenever z=(t,z) and 2'=(t',2') €Qr, and we set
dp(z,aQT):Z,iG%gpo(z,z'%
diam () = sup |z —yl|.
z,y€eN

(iv) v, denotes the outward normal unit vector to Q at x€ 9. When no con-
fusion may arise, we shorten v, to v.

(v) For a point 2y = (294) (a=1,...,d) € R? or 25 = (tp,z9) € R and
positive numbers p,7, we set

(B, (z0) ={zeRe: |z —xo|<p},
Cy(zo) ={zeR¥: |z, — 10| <p(a=1,...,d)},
P, (z0)  ={(t,x) Rty -2 <t <to+72, |z — 0| <p},
Qor(20) ={(t,x)eR"™:tg— 12 <t <ty,|x—m0| <p},
D, (z0) ={(t,x) R :tq—12<t<tg,|T0a—Toal<p
(a=1,...,d)},
(Fo(20) =Py p2(20), Qpl20)=Cp,2(20)and Dy(20) = D, p2(20)-

We call B,(zg), Cy(z0), P,(20), @,(20) and D,(29), a ball, a cube, a full

cylinder, a cylinder and a semi-cube and moreover when no confusion may
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arise, we respectively abbreviate B,(z), C,(z0), P,(20), @,(20) and D,(2)
to B,C,P,QQ and D.

(vi) For vectors z = (z4), ¥ = (ya) €RY, u = (u'), v = (v') €RP and any
matrices A = (A!), B = (B!) eR>P (a=1,...,d;i=1,...,D), (-,+) respec-
tively designates the inner product given by (z,y) = Zi:l ToYa, (U,0) =
S P wivtand (A,B) = ¢ 577 Al B The respective norm is also given
by |ul = /322, (u)? and |A| = \/23:1 S°P (Ai)2. Moreover, for any vec-

tor # = (z4) (a=1,2,...,d), we use the symbol (z,V) as 3.¢_,2,0/0,.
(vii) For a map v:R?—RP we denote Vv and V2v by

Vu:(g;:) (=1,2,...,d;i=1,2,...,D);
0
2= =1,2,...,d;i=1,2,....D).
u 8:Ba0.rg) (a75 yLsee (51 1Ly )

In addition, a normal derivative du/0v is given by (v,V)u, while a
tangential derivative V., is by Vu—v(r,V)u.
(viii) Let k be a positive number. For any function v on Qp, we write the
truncation function of u by

u'™ =max (u— £,0).

(ix) Ag)(z()) is the set of Qgr(z0) at which ey (uy)> k.

(x) L% (A) expresses the Lebesgue measure of a measurable set A in R% with
respect to the canonical metric in d;=d—1,d and with respect to the para-
bolic metric in d;=d+1.

(xi) A is the closure of A where A is a set in R%, (d;=d,d+1).

(xii) The letters C, Caiphabets and Oﬁgggggts denote generic constants.

Function spaces

(i) If 1<p<oo, LP(Q2) and LP(Qr) is respectively the Banach space consisting
of all pth summable functions on 2 and Q7 with the norm of ||f||rr)=

1 1/p
(JulF@)lrdz) """ and || fllssian= (fo, |F(2)dz)
(i) L>°(£2) is the space of essentially bounded functions on € with the norm of

|1 f ]| Lo (@)= ess-sup| f(z)].
e

(iii) C*°[0,T), C*(2) and C*°(Q7) respectively means the space of infinite dif-
ferentiable functions on [0,7), Q and Q7.
(iv) D(Q) and D(Qr) respectively denotes the space of infinite differentiable

functions with a compact support on €2 and Q7 and D'(Qr) does the dual
of D(QT)
(v) H'2(Q) = {fELX(Q)] 0f [0z, €L3(Q), (a=1,....d)}.
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(vi) 1(3]1’2(9) = H"(Q) N {f=00n0N in the trace sense}.
In the following, X (€2) denotes a Banach space on € endowed with the norm
[ lx@
(v) X10e(Q) = {f€X(K) for any open set K CCQ}.

(vi) X(RY) = {u=(u) (i=1,...,D) | w'€ X(V)}.
(vil) X (Q;SP7Y) = {u=(u?)(i=1,.. D)EX(Q RP) | |u|=1fora.exeQ}.
(viii) L®(Qr;RP) = {f|f is measurable from Q7 —RP with the norm of || f|| (o)
= ess-sup|f|}.
2€QT

(ix) C°0,T;HY?(;RP)) = {f|fis continuous from [0,7)— H"?(;RP)}.
(x) HY2(0,T;X(;RP))
= {f|fand0f /Ot are measurable of [0,T)— X (Q;R”) satisfying
1/2 1/2
(o @I Bydt)  + (Jo 197/04D]Bgpet)  <oc}.
(x) H'2(QpR)= H'2(0,T;I2(4RP)) 1 I2(0,T HY(O;RP))
(xii) H"3(Qr:RP)= H'Y2(0,T;L2(:RP)) N L2(0,T; H*(RP)).
(xiii) V(Qr;SP~1)= HY2(0,T;L*(;8P~1)) N Le°(0,T; H?(£;SP71)).
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CHAPTER 2

Modified strong evolutional harmonic maps

1. Introduction and theorem

In chapter 1, we have reviewed various results on harmonic maps and evolu-
tional harmonic maps. In this chapter, to discuss the well-behaved solutions of
the weakly evolutional harmonic maps from (0,+00) x B}(0)—SP~!, we propose
a certain function class and discuss an evolutional harmonic map belonging to
this function class, which will be called “modified strong evolutional harmonic
maps.” The similar class of solutions of evolutional harmonic maps can be seen
in Feldman [43] and Chen-Li-Lin [22]. We begin with formulating “modified
strong evolutional harmonic maps” from (0,+00) x B$(0) to SP~1. Here B3(0) is
the open unit ball in R* and SP~! denotes the (D —1)-dimensional unit sphere in
RP where D is a positive integer with D>2. In the following we abbreviate B3 (0)
to B;. Consider the Sobolev space HY?(By;SP™1) := {ue HY*(By;RP) ;|u|=
1 fora.e.r€B;}. When we set Qo =1[0,+00)x By and fix uy € H"?(By;SP1)
being any given maps, “weakly evolutional harmonic maps u” are to satisfy the
following:

(2.1) U:Qoo— S,

(2.2) %:Auﬂvm% in Qu,
(2.3) u(0,2) =up(z) in {0} x By,
(2.4) u(t,z) =up(x) in [0,7)x0B;.

This parabolic system strictly holds in the following weak sense:

(2.5) w€V(Que; 8”7,
9]
1586+ (V0.96) ~ (] VuFld==0
Q
(2.6) for any ¢€D(Qu;RP),
(2.7) u(t,r) —up(x) 6;11’2(31;]1%17) foralmosteveryt e (0,400),
2.3 T u(t)=w() i LA(ByRP)

45



where the definition of various function spaces VD, H "2 and L2 will be given
in p.42.

We call a map u with (2.5),(2.6),(2.7) and (2.8) weakly evolutional harmonic
maps; as we saw in the previous chapter, weakly evolutional harmonic maps are
still not unique. To distinguish a well-behaved solution among many weakly
evolutional harmonic maps, we give a new notion of solutions to the problem
(2.1),(2.2), (2.3) and (2.4); we name such a solution as “modified strong evolu-
tional harmonic map.” The exact definition of modified strong evolutional har-
monic map from Q. to SP~! is as follows: For any unit vector e€R3, and for
any compact set ) CC (), if weakly evolutional harmonic maps satisfy

1
(2.9) lim—/|(:E+he,V>u(t,x—l—he)—(x,V}u(z)|2dz:O,
NOh Jo
1

then this heat flows u i.e. map wu satisfying (2.5), (2.6), (2.7), (2.8), (2.9) and
(2.10) is said to be “modified strong evolutional harmonic map.”

In this chapter, we discuss a partial regularity result on the modified strong
evolutional harmonic maps. The further imposition, i.e. (2.9) and (2.10) on
modified strong evolutional harmonic map wu, is required to show that u satisfies
a fundamental energy estimate and a monotonicity for the scaled energy on the
whole domain.

We must recall that the monotonicity for the scaled energy is a one of the key
ingredients to investigate the structure of the singular set of solutions to various
elliptic systems or variational problems.

We close this section by introducing a partial regularity result, which is our
main theorem of this chapter. The proof of theorem is directly derived from the
following two theorems: Former theorem proves a Hausdorff dimensional estimate
for a singular set to modified strong evolutional harmonic map. This sort of
theorem is founded in Caffarelli-Kohn-Nirenberg [14] and Giaquinta-Giusti [47].
We state this theorem without proof. On the other hand, the latter crucially is
modeled on Evans [40]:

THEOREM 2.1. Let u be the modified strong heat flows. When we set
Eu = {ZOZ (to,l’o) S Qoo 3 liminfrg/ ‘VU(Z) ‘2d2 > O} ,
™0 Qr(z0)
then 3, is a relatively closed set having a property of H*(3,) =0 with respect

to the parabolic metric.

THEOREM 2.2. There exist constants 0<eqy, 7o <1 such that for any Q,(zy) C
cQ
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-3
% |Vu(2)|?dz<ey implies

Qr(z0)

-3 1 -3
(2.11) (7or) / Vu(z)[2de< 2T
2 2 2
QTOT(ZO)

|Vu(z2)|dz.
QT‘(ZO)

Now we can state our main theorem in this chapter:

THEOREM 2.3 (Main theorem of this chapter). Modified strong evolutional
harmonic maps are Holder continuous on an open set in Qs whose compliment
has zero 3-dimensional Hausdorff measure with respect to the parabolic metric.

Preparation

We introduce a glossary of notation, function spaces and various results from
functional analysis used only in this chapter.

Abridged Notation. Suppose X be a Banach space. Let {v;} (k=1,2,3,...) be a
sequence of functions in X and v a function in X.
k—o0 .
v, —— v in X,

k— o0

v, — v in X,

respectively means that {vx} (k=1,2,3,...) weakly and strongly converges to
vin X.

Let h be a positive number sufficiently small. For a map u: Q. —R”, various
forward and backward difference operators are given by

otu 1

W(Z)ZE(U(%L}L,%)—U(@@),

V-u() = {1/h (u(t,) —u(t.|z|=h.z/lal)  h<lal
1/h (u(te)—u(t.h=|zlx/la)))  la| <h,

with 2= (||,

2

For a map f:Q. —RP, we use the following notation:

f 10 g [ 1@z rana= g [ sy

where A and B is respectively a measurable set on R'*3 and R3.
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Preliminaries Lemmas. We review a few technical lemmas which will play a cru-
cial role on the proof of our result. First we state the well-known decomposition
lemma on L?— maps (See O.A.Ladyzenskaja [74]. ).

LEMMA 2.1 (Weyl Decomposition Lemma). Let J(Q1;R?) be a closure of {ve
D(Q1); divo=0} in L*(Q1;R?). Then for a map fe L*(Qq;R?), there exists a

map g€J(Q1;R?) and a function he L*(0,1;H*(By)), such that f is uniquely
decomposed to f=g+ Vh.

To state the second lemma, we first introduce the definition and a few proper-
ties on B.M.O and the Hardy space H'. These function spaces are used to control
the nonlinear term of our parabolic systems. Let f be a function belonging to
Li (R3R3). Set

loc

o= sup ][B()\f—fx,rldy,

z€R3 reRy

Br(x

Then we say that f has bounded mean oscillation (B.M.O) provided [f]gm.0 <
00. Also ¢ is any smooth function with a support in the unit ball and fRS ¢(x)dx
=1. Say that f belongs to the Hardy space H! if f*€ L'(R?) where f* is defined

by
Fo? 09552 )

Also, its norm is given by ||f||x1 := || f*||11(ms). For the facts above, we refer
to Fefferman-Stein [42], Stein [105] and Torchinsky [115]. The well-known result
states that (H') = B.M.O and

[ (x):=sup
r>0

(2.12)

. f(y)g(y)dy‘ <Crs(flaamollgll

holds for any f€ B.M.O and any g€ H".
We successively introduce the following lemma by Coifman-Lions-Meyer-Sem
mes [26].

LEMMA 2.2 (Coifman-Lions-Meyer-Semmes [26]). Assume f€ H“?(R3) and
g€ L*(R3;R3) with divg=0 in the distribution sense. Then (V f,q) € H' with the
following inequality:

(2.13) KV, e < Cormsl|V 2@y 9] L2 s p3) -

Next, we prepare the fundamental energy inequality on modified strong evolu-
tional harmonic maps. Let zo=(to,20) be a point in Q, and positive numbers 1,1,
and r1,re with 0<tg—ty <tg—t; <ty and all balls B,, (o) and B,,(z) satisfying
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B, (z9) CC By, (z9) CCB. We also choose two cut-off functions neD(B,,(zo))
and y € C*(0,t,] given by

1 in B,
n(\ivl):{ .

0 outside B,,,
0<n(fz)) <1, [Vn(l])| <2/(r2—r),
1 to—t1 <t<t
X(t):{o 0 1 =40,
t<to—ta,

0<x()<1, [dx/di(t)| <2/(t2—t1).

LEMMA 2.3 (An energy inequality). For modified strong evolutional harmonic
map u, there holds

1
/ dt/ dm—i— / \Vu(ty,z)|*da
to—t1 Br, 2 B

(2.14) g

<{ }/ dt/ \Vu(z)| de.
(rg—m1)? tz—tl to—tz JB,,

Finally, we show the monotonicity inequalities for the scaled energies of mod-
ified strong evolutional harmonic map.

LEMMA 2.4 (A monotonicity formula). The modified strong evolutional har-
monic maps u satisfy the following monotonicity formula:

l
/ |Vu )|?dx
to— 7‘2 ™ B

to dt
< G / — IVu(z)[2dz
(2r2)

(27”2)2 £ 227’2 Bary (0)

holds for any concentric cylinders (tg,to—73) X By, (20) C (to,to— (212)?) X Ba,, (o)
CC R and C)y is a positive constant independent of 1,79, 29, u.

(2.15)

Proof of lemma 2.3

First, fix 0<h and recall the weak formula (2.6); We test 0% u/0t n?x into
¢ in (2.6). This is always possible by taking the mollifier of 0%tu/0t. Then we

obtain
0 ou otu )
[, GG e
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t td / 2). V() (2 x(t)dz

+2 / L / <w<z>,%(zmuwmn(m)x(wdx

T2

:/t d’f/B V()P (2), (e

Here, a non-negativity of the right-hand side is derived from (u(z),

u(z)) <0 because of |u(z)|=1, a.e 2z €Qx.

u(t+h,x)—

Thus, by applying Schwarz inequality to the 3rd term on the left-hand side,

we infer

/tOt2 / z)> (l])x a:——/to tht/

_% A tht/ [Vu(t+h,2) = Vu(t,z) P (|jz])x(t)de

%to L / [V u(t+h,a) = [Vu(t,2) ] P (2]) x(6)d

<2 / L /B Vu(2)2IVn(|2]) P (t)dz

which implies

/tOtOtht / <@(2>’@(2)>ﬁ2(\$’)x(t)d:c
1 /t L / a+u

_ﬁ A tht/ IVu(t+h,a) — Vu(t,2) P () )x () de

0 (|2 ])x(t)dz

to+h

+_ dt/ Vu(z) P () () da

1 to— t2+h

e / V(=) Pr2(|2]) () da

totozhdt/ V(=) 2 yx\)( ()= h(t h)>d:v
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8 o
+— dt/ Vu(z)*x(t)dx.
oad Y MO0

By a few properties of definition on modified strong evolutional harmonic
map, i.e. (2.5) and (2.10), we can pass to the limit A\ 0. Thus we can conclude
the claim of this lemma.

Proof of lemma 2.4

First of all, let us remark that our system (2.6) is invariant under translation
z— z— 2y, hence we may shift zy— 0. For any positive number ¢ sufficiently small
and any positive number r<ry/2, we define three support functions given by

1 |z <,
1
ns(z) =ns(|x])= —g(]x\—(r—i-é)) r<l|z|<r+d,
0 r46<|x|,
[ s (t)dt || <744,
Ws(z) =Ws(|z|) =< 1!
s(2)= ([ {0 o
3 (r? —lz[?) [ <r
Uy (x) =Y, =<2 ’
o) =0 ) {0 e
Here note that ns(|z|) and ¥s(|x|) have the following relations:
v, .
(2.16) d—/j<p>+pn5<p>:o in p>0.

After the preparation above, we start the proof of our monotonicity for the
scaled energy. To this end, recall the weak formula: The evolutional evolutional
harmonic maps u satisfy

ou

Qh ) bdet [ (Vulz), V(=) dz
(2.17) /Q’“2 ot /Q’“?
- /Q V(=) u(2),6(2))d=

T2
for all maps ¢ € D (Q,,;RP).
As before, set a positive number h with 0<h<|to—T|. By approximations,
we can take ¢ as follows:

otu
0(2) = 5 (2)s(|a]) + |2 [V 7 ul2)ns(J]).
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We calculate the space gradients of ¢:

Vo(2) = 2 () (1al) + L) Vs )

+ VI[z[V7u(z)]ns(|2]) + 2|V ulz) Vis(l]).
By testing ¢ chosen above into (2.17), we obtain

ou, . dtu ou
L GO enmstelizt [ G (e

8+ out
(VU GVl [ (V) S (el

2

n / (Va(2).V [|2]V~u()] s () d=
Q

2

n /Q (Vu(2), 2|V u(z)Vis(|2])) dz

ey =/ V()2 u(2), & (il fal) + oV () =

We successively perform the estimates of the 3rd term and the 5th term on
the left-hand side:

o9+
A(Vu(z),aVu(z»%ﬂdez

12
:E/Q (Vu(2), Vu(t+h,z) = Vu(2))&s(|z])dz

T2

1
=—— (Vu(t+h,z) — Vu(z)*¥s(|x|)dz
2h Jq,,

</ dt/ Vu(t+h,z)? yvu(t,x)P)%(m)dx

:_ﬁ QT2|Vu(t+h @) = Vu(2)[* s (|x])dz

h
+ dt/ |Vu(z) 2@ (|z|)dx
h Jo By,

1 —T%—l—h

(2.19) - — dt/ |Vu(z) 2@ (|z|)dx
2h 773 Br2
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(Vu(2),V [|2[V 7 u(2)])ns(|2])dz

S~

Qry

2),V[z[V = u(2))ns(|])d=
Qz

/ 2), 2| V'V u(2)) (2] )z
Qr

T2

+

/ (Vul2), V]|V~ u(2))15(|2] )z

Qry

/ / ]
_7’2 Bry\Bn

banf L, Ve

Vu(z)—Vu(t,|x|— ) 775(|$|)

1
- — dt/ z||Vu(t,|z| —h, =) [*ns(|z|)dx
|y, lITulel—h ) Pt

1 [0 .
—ﬁ/_T;dt/Bh‘$’<V“<Z>7W<z>—Vu(t,h—rﬂ,@m(\xr)das
S CCACARIEITEIE

2

1
+ — dt/ T

2h BTQ\Bh| | ‘1"

1 ey gy dx
! dt Vult, o]~ b)Y (sl ) 2

T E E
o dt / 2|V u(z) P (2] )
B r2 h

|2|[Vu(2) s (|2])dz

2

Vu(2) = Vu(t,|z|—h, )| ns(|e])dz

1
2h frg By,

(2.20) —i—l/ dt |x|(Vu(z),Vu(z)—Vu(t,h—|x\,%)>ng(\x|)d:r

h —7‘% Bh

Combining (2.18) with (2.19) and (2.20), we infer

(T—gé)z/Q ou

5 %)

?75(!%\)
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o W%(z),%*@—%z»%uxndz

1
—— [ |Vult+h,z)— Vu(2)|*s(|2|)dz
2N o,

1
L / 2]
2h —T‘ TQ\Bh

2 "l

+/Q (@ﬁ )iV u(z >>n5<|x|>+<<x,v>u<z>,5’;u<z)>%ﬂxb) .

2

Vu(z) - Vult,|z|— 1s(|2|)dx

=)

LA / IV u(2) P2 do
hJo  Jg,

1 —ry+h
s dt/ V(=) 20 (|| )dar
2h —T‘g B'rg

N /Q (Vu(2), V]2V~ u(2) (] =

T2

N /Q (Vu(2), |2V u(z)Vis(|2]))dz

T2

1 / ngt / [t el =h )P (aself >| :
% L /B Y [ol|Vu(z) P (ol do

L 2
- / L] el V)Pl

By

+%/ dt |a:|<Vu(z),VU(Z)—Vu(t7h_’$|v%)>776(|x|)dx

; ||
—r2 By,

(2.21) Z/Q IVU(Z)IQW(Z),(g—u(Z)%(MI)+IwIV_U(Z)m(IwI)MZ

t
2

where we used Ws(|z|) < (r+6)?/2:ns(|z|) in the 1st term on the left-hand
side.

We here estimate the 1st term on the left-side hand in (2.21) as follows: First,
recall the weak formula (2.6):

ou 9
| Grereendst [ (vue Vo= [ [9ue)tue) o

ro T 2
for any mapping ¢ € D (Q;RP).
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As before, by the approximation, we can substitute 07 u/dt n; for ¢ to obtain

/Qrg

0" o', i)
+ (e, Grounmleaz | (G 9pu(e), ) B

- Qr, t

ou otu ou

ou
lel)dz+ |, GiO G O~ g Cmtieye:

5 7

= [ ue P S el
Q

t
T2

A similar calculation modifies the term above to

ou otu ou

P mtietaz=— [ (20, D) ey

5 %)

1
+— \Vu(t+h,a;)—Vu(z)\2n5(|x])dz

2h ).,
1 2 2
- Qrz(]Vu(t—i-h,x)] —|Vu(2)[?) ns(|))dz
0w, n5(|x))
_/QQ(@,VW(Z), o (N rd

) otu
n /Q V(=) (u(2), 5 (2))ns(lal =

y ou, . Otu ou
- /Q G ()= g (e

1
% |Vu(t+h,x) —Vu(z)|2n5(|x|)dz
Qrqy

K / V(o) sl )z

b dt/ V()P
A TN
/%<< Vpu(z). G ) B

@2) o+ [Vl Plute) T e

t
2

We substitute (2.22) for (2.21), which leads to
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ou, . 0Tu ou (r+6)?2
/QW(E(“”)’ﬁ(Z)—a(Z»( (1)) - <|x|>)

—21/ Iw<t+h,x>—Vu<z>|2< 5(l2)) — ) Uw\))dz
+% dt/B LUCCR RN |>|2na<|:v|)dx

of (@;( )29 () ] =

+ ((z,V)u(z), a;u(z»%(lﬂ)) dz

t ]

dt/ (o) (el — o)

;h _T%Mdt IR @ (e ) ds

n / <Vu<z>,V|x|v u(z)yms(2])dz

T2

n / (V). ||V~ u(2)) Vigs(|2] )z

T2

__/_ dt/ . |Vu(t,|x|—h, ﬂ)l Y (776(|$|)|95‘ )| 2

/ dt/ 2| Vu(z) Pns(|a])de
2\32 h

_(r+9) oFu,  n5(|z])
2 / e Vu(z) =5 ~(2) 6|a:! e

T2

1 /[° -
+E/_,,§dt Bh]x\(Vu(z),Vu(z)—Vu(t7h—|x],ﬂ)>n5(’x‘)dx

> [ 9ute)ptu o (a5 (el )

Qr, t

@2) [ Va7 w2l 20

A non-negativity on the last 2-terms in (2.23) follows from (u(z),u(t+h,x)—
u(2)) <0, (u(z),u(z) —u(t, (x| =h),z/|z])) 20, and s(|z|) <(r+06)*/2-ns(|z]).
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We now pass to the limit A \,0 in (2.23): By recalling a few properties of
definition of modified strong evolutional harmonic map: (2.5), (2.9), (2.10) and
by a property of cut-functions, we infer

(r+6)?

#3 [, a0 (9= o) )

_%A;!Vu(ry)l(ﬂﬂxU—uiff”“mm>dx

T2

" / V() Pns(|] )z

Qry
-3 /Q ZCRACISS: /Q V(=) el )z
NG
Nl

(r+6)? Ou . n5(|z])
- /Cg«x,V)u(z),a(z)) 6:1: dz>0.

o ]

Finally, taking the limit 6\ 0, we conclude

2

5 ) Va0 (via) - o5 [ 19at-rtao (wlal - )

By
1

0
——/° th@ﬁdz+i/ncﬁ/1|Vu@ﬂ%ﬁﬂ
2 Q’I‘,’I‘Q 2 —7"2 837«
0
+f/ ﬁ/‘«%VM( mﬂ——/ ﬁ/ (2)[2aH?
2 —r2 9B, 8t 9By
1 2 r’ 2 2 r’
=< [ [Vu(0,2)]" o(|z]) -+ dr— (Vu(=r3,2)]" | Yo(|2|) — — | d
2 B, 2 2 B, 2
1 r (0
——/ \Vu(z)\%lz%——/ dt/ |Vu(z)|2d7'(2
2 QTTQ —7'2 6B,~

+T dt/
9B,

——/ ﬁ/‘ (2, V) g(ﬂdﬂ%m
0B,

2

dH2

Multiplying the above by r=*, we deduce
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dH2

shomaor (B e f ][

~ L v dz+—/ dt/ V(=) [2dH?
Q"‘TQ 8B7‘

27’2

- \V4 - >0.
3 /ngt/a T|<x, Yu(z) t(z)| dH*>0

We thus show that for a.e. >0 with 0<r<r,,

3 | vura (%(?')—%)dfc

r

2
1 d / ,
Vu(z)|*dz
// M( ) )
(2.24) > 1 dt/ I v>(>—ﬁ@( J[2dH2 >0
) == - z,Vu(z T z >0,

holds.
We integrate (2.24) from 7 to 7o with respect to r, which obtains

T ou

2 d 2g

4 BT2|VU( T27 )| x+].6 at( >| <
1

+ 2 vae) dz>—/ V(2 [2dz.
2ry Jq,, Qryira

We apply Lemma 2.3 to the 1st and the the 2nd term on the left-hand side
above to complete our proof. O

2. Proof of theorem
2.1. Proof of theorem 2.2

We prove the claim of this theorem by contradiction: Were our statement false,
there would exist a sequence of cubes {Qg, ()} (k=1,2,...) in Q such that

R’ 1
—k |Vu(z)]?dz< — whereas
2 QR (2k) k

-3
M/ (Vu(z)*dz
2 QToRk (Zk)
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R,

(2.25) >

/ |Vu(z)[*dz  wouldhold.
Qry, (2k)

We rescale the variables z= (t,z) to the unit cubes Q1(0) CR*3 as follows:

_ / / 5\ — o
UQe /81, (21) _][Qe/sgk(zk)U(z )dZ ) Uk(z) = A [u(z) UQs/sr,, (1) | -
From the change of variables, (2.25) becomes

-3
To

1
(2.26) A< e |V (2)|?dz> 1.

2 w0
Also, choose w € D(Q7/5(0);R”) and set

t—tk T — T

wk(z):w( 7 ,R—k>€D(Q7Rk/8(Zk)3RD)-

We substitute wy, for ¢ in (2.6), which gives

ou
ar 2 wele)dz Vu(z),Vwg(z))dz
(227) /wa%t( e +/c97/8Rk<Zk>< (), Vur(2))

- / IVu(2)| (u(2) i 2))dz.
Q78R (2k)

From definition of vg: u(z) = Apv(2)+ uqy s, (=0)5
we find that v, satisfies

v ) -
—(2),w(z))dz Vor(2), Vu(2))dz
(2.28) /Q7/s<o>< o ) +/Q7/8(0)< (2), Vw(z))
=\ Vo (z QUE,wZ .
/Qm(o)\ (2)P{u(z).u(2)

From lemma 2.3, we obtain
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2

ou
E(Z)

1 1
—/ dz+—/ \Vu(t,z)|” dx
2 Qo/sRy, (21) 2 Bg/sry, (k)

<C |Vu(z)|?dz,
Q7/8R,, (2k)

for almost all ¢ with ¢, —(6/8R;)* < t < ty.
By transferring the variables z=(t,z) to z=(¢,Z), we find that the above
(2.29) becomes

(2.29)

2

1 1 _
5/ %(2) d2+§ \Vup(t,2)|"dz
(230) QS/S(O) BG/S(O)
<C |V (2)|?dz < C,
Q7/8(0)

with a.e £ in (—(6/8)%,0].
Thus, there exists a subsequence {vg;} of {vx} € V(Qg/5(0);RP) (i=1,2,...)
and a mapping v € V(Qg/s(0);R?) such that

k—oo
Vugp(2)  — Vo(2) inL*(Qes(0);RP),
8vk(i) k—oo 8@ _

W(_) — a(z) in L*(Qg/s(0);RP).

In view of these facts (2.28), (2.30) and (2.31), we deduce that

(2.31)

ov
—(2),w(2))dz Vu(z),Vw(z))dz=
/Qﬁ/g(o)<at<> 2)) +/QG/8(O)< (2).Vw(2))dz=0

holds for all we D(Qg/3(0);RP). This shows that the map above v is the
solution of the linear heat equations, i.e. v satisfies

(2.32) %(2)—&@(2):0 locally in  Qg/s(0).

Thus Lemma 1.3 implies that for any positive number 79<1/2,

1/2
][ |Vv(z)|2dz]
Qg/5(0)

holds where C is a universal positive constant.
Now, we assume

V]| (@ry (0) S Cr
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k—o0
(2.33) Vup(z) — Vo(z)  in L*Qy(0);R*P).
Thus, from assumption (2.26), we deduce that

1 1
=<:—3 |Vu(2)|?dz  implies
2 2T0 QTO (0)

11 NI |
5<_/ [Vo(2)*dz < 5 51Qn (0] Vl [F ., 0
Qry(0) 0

275‘
2
1
<z 19l T—O/ Vo(z)[2dz < -,
T1Qossl 2 Jaq 00 4

1 /4\"? 1
as long as 0<my< = | = —.
& 0% 9 (3) Cr
Since 7y is any positive number with 79 < 1/2, then the above choice of 7y gives
a contradiction.

2.2. Proof of theorem 2.3

Since 3 er(ZO) |Vu(2)|?dz is continuous function with respect to 2, if z0 € Q/%,,
there exists an open cube Q,,(20) with Q2,,(20) CC Qo such that for any z €

Qr‘o (ZO)a

7~03/ Vu(2)[2dz <co.
QTO(Z)

By using (2.11), a standard iteration technique implies that

1 r 3+log2/log(1/70)
/ Vu(z)Pdz< = (—) / |Vu(z)|?dz
Qr(2) To \To Qro(2)

holds for any r <rq/2.
By using Lemma 2.3, we then infer

2
7’2/ d2+/ |Vu(z)?dz
Qr/2(z) Qr/2 (z)

r 3+log2/log(1/70)
<c (—) / Vu(z)[2dz.

To Q2r (20)

Then it consequently follows from Campanato [15] that u€ C*(Q/3,;R?) with
a= 1/2log2/log(1/7).

ou
E(z)
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3. Compactness of the blow-up sequence

The reminder of this paper is to show the compactness of a blow-up sequence.
This compactness is our main technical result. To this end, we first prepare the
inequality of Poincaré type:

LEMMA 2.5. In any t in (—(6/8)%,0], vy satisfies

(234) Hvk({?')HLz(B(;/g(O))SO’
where C' 1s a positive constant depending only on D.

Proof. Recall definition of vy:

Hvk@? ) | |L2(B6/8(()))

1/2
1 ) .
<[ uEo-f u(t,mdm?dx]
Ak | By s(0) By)s(0)

1/2
1
Ak Bg8(0) Qe/8(0)

(2.35) <OV (t, )| 22(8s s 0)) + CllOvk | 12(Qg s 0)) < C
where we used Lemma 2.3 and 1/2 [, [Vouy[dz = 1. O
Now we are in the position to state main lemma:

LEMMA 2.6. Let v, (k=1,2,...) and v be maps appearing in the previous sec-
tion.

k—o00
Then Vup(2) —- Vo(2) in  L*(Q1/2(0);R**P).

Proof. To prove the strong convergence of {Vu,} (k=1,2,...), first recall (2.28),
(2.32):

Gvk _ -~ _ _ -~ B
—(2),w(z))dz Vur(2),Vw(2))dz
" L (G [ oue v
=\ Vo (Z) 2 (u(2),w(Z))dz,
/@6/8«»‘ (2) P (u(2) w(2))

and
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ov, o _
(2.37) /Q R CRC Iy ACCATCIEED

where w is any mapping of D(Qg/s(0);RP).
After subtracted (2.37) from (2.36), we have

/ (2 (0(2) — 0(2)) w(2))dz
Qs/5(0)

0 Ot

(2.38) +/Q/ (0)(V(vk(2)—v(z)),Vw(z))dé
=\ Vur(2)* (u(Z),w(2))dz.
/Qm«»' () u(z),u(2)

By the approximation, the same identity obtains for we L?(—(6/8)2,0; '
(Bgs(0); ]RD)) N LOO<Q6/8(0);RD). Fix g C>~(—(6/8)2,0; COO(Bg/B(O);R+))
satisfying

B! in Qus(0),
¢(2)_{0 outside R'?/Q5/5(0),

0<¢(2)<1,|Ve(2)| <16,
|V20(2)] <128,|0,0(2)] < 128.
Substituting (vy —v)¢?® for w in the identity (2.38), we obtain

1

- vp(2) —v(2)|?¢*(2)dz

2/36/8(0)|k() (2)[7¢°(2) .
3 _ 2 2 6‘¢>

— = Vi (Z dz
FRZCRICIACE (D

VUk 3

+/Qﬁ/8(0)| (k(2) — v(2)) 6" (2)dz

3 / (7 (0x(2) — 0(2))6"2(2), (0n2) — v(2))6V2(2) V6 (2)) dz
Qe/8(0)

n [ V), () - o) )iz
Qe/5(0)

We here apply Schwartz inequality to the 4th term on the left-hand side above
and invoke Hélein’s trick (See Hélein [64].) on the right-hand side; We obtain
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1
- V(uk(2) —v(2))?¢*(2)dz
I CICRICIED

1 _ 2 (2420000 2
<3, OO (3O 5 @+ 90T ) i

+/\k/ Vo ()P (u(2), (vk(2) —v(2))¢*(2))dZ
Qe/8(0)

_1 vz 2 ¢ 2\ 7=
—Q/QG/S(O)| «(2)—v(2)] (3¢<> ) (2) +96(2)|Vo(z >|)
— Ak Ui (2)V(2), (vl (2) —v?(2))p(2
i;/@ﬁ/g(o)< (2)Vo(2),(0](2) — 7 (2))(2)
X §(2) (v (2) Vi (2) —u'(2) Vi (2)) )dz
HZ /Q PRACICECNCOERCIED
(2.39) x ¢(2) (W (2)Vup(2) —u'(2) Vi (7)) )dz.

We proceed to estimate (2.39). For this purpose, we implement Lemma 2.1
to the 3rd term on the right-hand side in (2.39): When we set B, = (B.%)

(0=1,2,3) as Béjk(g) = (WVul — uivavi) ¢, there exists a map C/ €
L?(Qe/s(0);R?) and a function ¢}’ € L? (—(6/8)2,O;H1’2(BG/8(0) ;R?)) such that
B =C;/ +V¢y’  inQgs(0),

with (Czjeto],
Apy =divB}’ in L*(Qss(0)),
0¢y’ /on =0 on 0Bgs(0), a.et.

Here we must remark that diVBZJ does belong to L*(Qg/s(0)). Indeed, since
vy satisfies (2.36),

3
divB} = V. [(0/Vavk —u'V,0]) d]
a=1
= (W Av, —u' Av]) ¢+ (W Vol —u' Vo],V §)
= (WO}, —u'Opv]) ¢+ (W Vvl —u'Vul Vo) (:=Dy’) in D'(Qgs(0))

holds. In the following, we write (sz = A‘lDi’j .
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Thus, (2.39) becomes

1
- ve(2) —v(2)) ¢’ (2)dz
AACICRICIE0

<3, OO (3O F @ +90EITer ) i
—Af i 6/8(0)<v,i<2>w(2>,(vi(‘)—v]( o) BY (2))d=
“"””21 [ (V0. (00) v Do) C )
> > oL (T CLEOD). (42— 0 ()62 V(A D )iz

= (RY) + (R) + (By) + (R}).

From now we begin with estimating (R), (j=1,2,3,4). First, since |[Vuy||2
(Qeys(0) and [|Ovy. /O | L2(Qq 5 (0)) are uniform bounded with respect to k, Rellich-
Kondrachov theorem reads

(2.40) Jim (RY)=0.

Next, we perform the estimates of (R%) as follows: By using Holder inequality
and Sobolev imbedding theorem H1’2(Q6/g(0)) — L*(Qs/3(0)), we infer

D

1/4
(Rg)<AkZ </QG/8(O)|UZ(Z)I4\V¢(Z)\4dZ>

1/4 1/2
x ( / |vi<z>—vj<z>|4dz> ( / |Bzf<z>|2dz>
Qe/8(0) Qe/8(0)

:C)\k||UkHL4 (Qs/8(0))
(\IkaIL4(Q6/8<0)) +liminf{[vg]|2sQqs(0) ) V0|20

<O\ HWk”LQ(QG/s(o»+HakaHL2<Q6/8<o>>>

[ — TN

X <vak||L2(Q6/8(0))"‘hkn_l)ioI.}fHVUH|L2(Q6/8(0))>
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n <||agvk||L2 (Qe)5(0)) +1iminf|Iaka”L?(Qg/s(o»ﬂ
(2.41) X HVUICHL2 (Qe/5(0) S CA-

The last evaluations directly follow from Lemma 2.3, definition of v, and
1/2 5,0 VUil dz =1.

We next perform the estimates of (R%) and (R}) (k=1,2,...): We apply
Lemma 2.2 to Vui¢ C;’. This is possible because of vi¢ € H?(Bg/s(0)) for
a.e t and C}’ € L?(Bgs(0)) with divC}’ =0 in D’ (Bg/s(0);R?) for a.e t. Also
note that ¢ vanishes outside Bj/5(0), and v,v), belong to L>®(Qs5/5(0);R?). Then
by using (H')" =B.M.O, i.e. (2.12), we infer the following inequality:

/ di / (V (h(2)6(2)). (1(2) — 17 (2))6(2) T (2))
(6/8)2 JRr3

zglf

<)‘kCFSZ/ IV (020) C |l [(v], — v")¢]mar.odL.

=17 —(6/8)2

<)\kCFsCCLMSZ/ HV Uk¢ HL2 R3) HB” (A 1D )HL2 R3)

i,0=1

x [(v], — ') ¢lparodt

<20 CrsCorms ess-sup ||V (vpd) || 12 ms)
—(6/8)2<1<0

1/2
<y ([ (13 197D e )

4,7=1

0 1/2
([ lo=odiao)
—(6/8)?

=20;.CrsCerms X (Rl?f.l) X (R§.2) X (R§.3)-
First, by using Lemma 2.3 and lemma 2.5, we obtain
(R§.1> < ess-sup ||Vupd||p2msy+ ess-sup [[op V|| r2ms) < C.
—(6/8)2<#<0 —(6/8)2<#<0

Next, we estimate (R%,): We invoke a continuity of VA~ from L? to L.
Then we obtain

(RE,)= (/ dt/ ' (2) Vol (2) —? (2) Vi (2)[dz
2,7=1 (6/8)2 Bﬁ/s
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1/2
/ i / A-LD)(5) 2z
(6/8)2 Bgs(0

Once we recall definition of D,i’j , we then proceed to estimate (R%,) as follows:

1/2
(RE,) < (/ dt/ 0/ (2) V0l (2) — i (5)V vi<z>|2dm>
i,j=1 6/8)2 B6/8

o | 1/2
+CZ ( / i / i (2)00i (2) —ui(z)atvi(z)ﬁdj)
i —(6/8)2 Bg8(0)

3,j=1

1/2
+C d uj Vvk u'(z V’Ui Z),Vo(z 2dz
E (/(6/8 t/BG/s(O) (2) (2) —u'(Z) (2) ()l )

2,7=1

(242) S OHVUI‘?HL2(Q6/8(O)) +C| |8tvk| |L2(Q6/8(0)) S C

Finally, (R% ;) will be estimated from above. By definition of B.M.O, we can
always assume that there exist sequences of positive numbers {r,} with 0< r,
<1/8 and points {x,} in Bg/s(0) (v=1,2,...) such that

(RSs)= ( [ anim ( A R CICR (DI

—(6/8)2 V7

<liminf (/iG/S)QdE][B . ‘(Uk(é)—v(i))qb(i) — ((Uk—U>¢)BTV(a:V)

V—00

0 1/2
< Climinf ( / (0p(2) —v(2))6 (2))|2d:f>
v—oo —(6/8)2 Tu B, xy)
< Climinf

voee (/—<6/8>2 m/w ) V (e (2) —v(2)) 6(2)| dm) v
(/_(:6/82m/3 () [v(2) —v(2) [V ()] d:L“)l/Q.
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Successively, using Lemma 2.4 to the 1st term and Hoélder inequality to the
2nd term, we infer

1/2
(R% ) < Climinf </ / |Vug(2)] dm)
v—oo 6/82Tv JB,, ()
/2

+ Climinf </ / |Vou(z)] dx)

v—00 —(6/8 2 Ty my

0 2/3

+ Climinf (/ dt(/ log (2) —v(z)|3|V¢(z)|3da:) )

T\ (6/9) By (zv)

. 1/3\ 1/2
§C+C/ dt(/ |vk(z)—v(z)\6|v¢(z)|6dx)
—(6/8)2 Bg5(0)

We apply Sobolev imbedding theorem ];1’2(36/8(0)) « L5(Bg,s(0)) to the 2nd
term; We can continue to estimate (R% ) as follows.

1/2

1/2
(R§.3):C+C</Q ()!V(vk( z2)—v(2))PIVo(2)] dz)
6/8(0

1/2
C v (Z \V& dz )
n (/Qm«»‘ (2) oDV )

From Lemma 2.5, it consequently follows

(2.43) (Ro)<C  (i=1,2,3).

Finally, we perform the estimates of (R%): For this purpose, note that

I T
|VA—1Dk’](t,x)\§_/ &~ 3171 Dy (1.9) | d.
27 J By (0)

In addition, Riesz-Hé6lder inequality implies

VAT D || (850 < CUDY 12 (54 500

for a.e. t.

Then we implement Holder inequality, Sobolev inequality and Riesz-Holder
inequality to obtain
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(RY) <Ak2/ [V V)12 (g o) | (Vh = 07) b | 1535 (0))

i,7=1

X ||V( _1DZJ)||L3(B6/8(0))

<C)\k2/ ][V Uk ®)1 2286500 ||V (V] = 07) D) | 286 (0 DR 1 L2 B4 15 0))-

i,7=1

As in the same way as in the estimates of (R%), we conclude the estimates of
(13):

(Ri) <O\ ess-sup (| Vo |L2(BG/8(0)) +||vx Vol ‘LZ(B6/8(O))>

—(6/8)2<t<0

X ess-sup (IIWWIIL%BS/S(O)ﬁ||UN¢||L2(BG/8<0>>
—(6/8)2<t<0

+|yvU¢||Lz(Bﬁ/8 () +|!vV¢|IL2<Bﬁ/8<0»)
(2.44) X Z 1D ||z2(@g w0 < C Ak

i,7=1

From (2.40), (2.41), (2.43) and (2.44), we conclude

/ IV (00(2) — 0(2))Pdz=0(\e),
Q4/5(0)

which completes the proof of Lemma 2.6. O
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CHAPTER 3

Evolutional Ginzburg-Landau mappings

1. Introduction

In chapter I, section 5, we observed that to construct “a weakly evolutional har-
monic map into a sphere,” Chen [19] plied a penalty scheme. The corresponding
elliptic system:

AutA(Ju=1u=0  wu: B{(0)>R” AeR,

are called “Ginzburg-Landau systems,” which stem from superconductors and
superfluids such as helium II in physics. For the physical background, ask to
Bethuel-Brezis-Hélein [5] and Neu [88]. Main interest of Ginzburg-Landau sys-
tems in physics, is to investigate the zero points of it because zero points are
translated into the normal state in the superconductivity state. In this chapter
we mainly study the relation between zero sets of solutions of Ginzburg-Landau
systems and the singular set of weakly evolutional harmonic maps into a sphere
that are constructed by passing to the limit of a subsequence of A\—oo of wuy
which is a solution to (3.1), (3.2) and (3.3). We start this chapter by stating our
problem exactly:

Let d and D be positive integers greater than or equal to 3 and A\ a positive
integer. Suppose that Q2 C R? is a domain. For any fixed positive number T, the
parabolic cylinder Qr is defined by Qr= (0,7) x Q C Rt

The evolutional Ginzburg-Landau mappings uy = (ul, -, u?) :Qr —RP are
given as the solutions to the following parabolic systems:

(3.1) %:Au,\—)\ﬂu,\ﬁ—l)u;\ for z=(t,x)eQr,
ux(0,2) =1uo(0,2) for t=0, z€Q,
uy(t,2) =ug(t,r) for t€[0,T7), x€dQ

where ug=(u,---,ud) :Qr —RP with |ug|= /3.2, [ui|? =1 for a.e. z=(t,z)
€ 0Qr.
This system (3.1) is the L?-gradient flow for the Ginzburg-Landau energy

71



(3.4) E,\(u)::%/g<|Vu\2+%(]u\2—1)2> da.

In the following, we call e, (u,) the energy-density of the evolutional Ginzburg-
Landau mappings defined by

(35) ex(tn) = 5 (Vs[4 5 (jusf*~ 1)?).

This chapter studies the evolutional Ginzburg-Landau mappings on Qr =
(0,7) x 2 when € is a bounded star-shaped domain with respect to the origin in
R? (d>3) with the following properties:

(i) 09 is of C*-boundary.

(ii) v(x) := infy=0,nz¢00 Az belongs to C*(Q).

(iii) The inner product between each point z €0 and the outward normal unit
vector v, at z €0S), denoted by (z,v,), is greater than 2.

We prove that the energy density ey (uy) of the evolutional Ginzburg-Landau
mappings u) is uniformly bounded with respect to the parameter A if the scaled
energy of the evolutional Ginzburg-Landau mappings is uniformly small. After it,
we indicate that these energy estimates much concern the behavior of the evolu-
tional Ginzburg-Landau mappings near the so-called cluster set of zero points of
the evolutional Ginzburg-Landau mappings u,. The uniform bounded estimates
to an energy density e)(u,) may be firstly obtained by Chen-Struwe [24] in case
of Q= R? with d>2 and D>2.

This chapter is organized as follows: In section 2, we mention existence and
uniqueness results to our initial - boundary value problem. Section 3 collects
the technical auxiliary lemmas: We establish a fundamental energy estimate, a
Bochner type formula, the monotonicity inequality for the energy density and a
Fefferman-Phong type inequality; Section 4 first applies e-regularity theory to the
scaled energy of the evolutional Ginzburg-Landau mappings. The proof of the
theorem above is performed by reductio ad absurdum. Successively we discuss a
certain estimate related to a behavior near zero sets of the evolutional Ginzburg-
Landau mappings. Finally, we study an alternative approach to prove the uniform
boundedness of ey(uy) on the cylinder where the scaled energy is uniformly small
with respect to A. The benefit of this method is the point that we can explicitly
estimate a certain constant appeared in the statement of the theorem. We state
this result as the third theorem.

2. Existence and uniqueness

In this section we first formulates our problem exactly and we next establish
the existence and uniqueness theorems to the problem. Set d and D be positive
numbers greater than 2. Let ug be a map belonging to C°(0,T;W12(;RP)) with
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Uolyg (A trace to 9Q) € C=([0,T) x I RP) and |ugl = +/>°2,(uf)? =1 on
IQr.

DEFINITION 3.1. If we say uy :Q7 —RP to be evolutional Ginzburg-Landau
system. a smooth map u, satisfies (3.1) classically, (3.2) and (3.3) in the sense

that limy_yo[us(t,) — o(t, )|z =0 and ua(t,) —uo(t,-) € H"2(RP) for ac.
te(0,7).

To the initial-boundary value problems (3.1), (3.2) and (3.3), we show

THEOREM 3.1. There uniquely exists the evolutional Ginzburg-Landau system
uy such that

uy € C°°([0,T) x Q),
luy| <1 in QT,

(3.7)
(3.8) %/Q dz+ 1ess sup/ﬁe,\(u,\)(t,az)das

4 o<i<r
e (7 2 2 3qd—1
g—/ dt/ ((x,u>+|x| ) [V oantto)|2 dHE

+ 4 dt / 8u0
o0

with ey = min(l/(2d1am(Q) ), /(1—}-|\V’y|\%oo diam(£2)?)).

8’&)\

-5 )

de L+ /|Vu0(0,x)|2d:v
Q

Proof of Theorem 3.1

For the time being, suppose that evolutional Ginzburg-Landau mappings exist
and these satisfy

(3.9) lim sup / |Vuk(t,x)|2dm:/ |Vuo(0,7)|*d.
h\Oo<t<h Q

Then we preliminarily verify the uniqueness, the boundedness (3.7) and the

fundamental energy inequalities (3.8). To this end, assume the existences of two

evolutional Ginzburg-Landau mappings u, and vy: these maps u, and v, satisfy

(3.10) %(z)zﬁux(z)—)\(|u>\(z)\2—1)u,\(z) in Qr,
3.11) %(z):Av,\(z)—)\(]v,\(z)lg—1)U,\(z) in Qr,

(3.12) ux(0,2) =v(0,2) =u(0,2) in {0} xQ,
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(3.13) ux(z)=wvr(2) =uo(t,x) in (0,7 x 09Q.

Subtracting (3.11) from (3.10), multiplying ¢ € C5°(Qr;R”) and integrating
it over QQ, we have

| Gun@—n@oe)dt [ (Ve -ne). Vo)

(3.14) = —A/ ((Jua(2)]* = Dua(z) = (Joa(2)[* = 1)oa(2),6(2)) d=.

Noting uy —vy =0 on dQr, we substitute ¢ in (3.14) for (uy—wvy) e 2 to
obtain

(3.15) A |ua(z) —va(2)|Pe M dz.
Qr
By using Schwarz inequality to the 1st term on the right-hand side, we arrive

at

1

—/ lux(T,z) — (T, x)|?e 2 da + IV (ux(2) —vx(2)) PP d2

2Jq Qr

A
(316) —5/ Hu/\(z)lz_’U)‘(Z>’2|2€_2/\td2’§0.
Qr

Thus, we deduce uy=vy in Q7.
Second, we show (3.7): We multiply (3.1) by (Jux|> —1)© uy and integrate it
on Qr with respect to z. Then by recalling |up| =1 on 0Qr, we obtain

1
Z/ (Jua(T,2)P—1)" da
Qnflua[>1}

T / V()P (Jua(z)P = 1)@ dz
Qrn{lux|>1}

1 2
+§/ |V|U>\(Z)|2| dz
QrN{|ux[>1}
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—i—)\/ (|u,\(z)|2—1)2|u,\(z)|2dz:0.
Qrn{fux|=1}

Thus we conclude £ ({z€ Qr;|uxy|>1}) =0: |uy| <1 for a.e. z€Qp. Since
Uy GCQ(QT), ]uA|§1 on ZEQT.
Next, we prove (3.8). For this purpose, we first estimate fOT dt [o, |0un/Ov(t,x)
dH*t: We multiply (3.1) by duy/0t (v2(x) —|z|?)/2 + (2,V) uy, integrating it
n (h,t) x Q CQr over z to imply

o
__/ dt/ <AuA a“A( >>(72(:v>—!$\2>dx
/dt/at [ur(2)P = 1) (4 (2) = |o]?) da
_/h dtL(AuA(z),(x,VWA(Z»dx
= i [ (u@F -1)ds

Repeating the integral by parts and taking the limit A\ 0 and noting V=
v0/0V +Vian, we have

1
=
2Jq,

1

+§/QGA(UA)(Z)(72(I)—|x\2)dm—i Vg (h,2)[* (v*(x) — [2]*) dz

n / t<<w(x),v>m<z),%(z)>v(m)dz

S ALE! dz—% ()P -1)’a:

/dt/ de ! /dt/ <a“A A2, Vian o (2 )>de1
o0 00
+—/ dt/ (2,0 [V (=) 2dHO .

2 0 oN

Thus we infer

|2

() = |2[*)dr

8uA '

2

O | () — [Pz

E(z)

8U)\
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8u,\

dt /
/ o0 v

< w/ﬂe,\(u,\)(t,x)dx

‘ Hdl

- 2
1|V . o [ |9ux

+ P G0 / % @)z
3—d Ad

+— [ |Vur(z)[Pdz—— (|uA(z)|2—1)2dz
2 Q¢ 4 Q¢
1 t

(317> +_/ dt/ (<x7V>+|ZL‘|2)|Vtanu0(z)|2d7{d_l,

2Jo  Joe

By using (3.17), we complete (3.8). Similarly as above, a multiplier of (3.1)
by Ou,/0t, an integration of it over (h,t) x £ C Qr, the integral by parts and

the limit A\,0 read

J,

o) et 2 [ extua)(ta)a
By z z 2QeAu,\ ,x)dx

/dt/ <6“A a“‘)( )>dx+1/|vuo(o,x)|2dx
o0
/dt/ a“A ‘ dH + /dt/ 6“0
o0 81/ 260 90

(3.18) —|——/|Vu0(0,x)|2dx
2/

de 1

for any positive €.
By substituting (3.17) for (3.18) and taking ¢, as

1
T2V IF) diam ()2
we have
1 8’&)\ 1
5/@ 615() d+2/Q Aluy)(t,z)dx

t
< %0 (diam(Q) +diam(Q)2)/ dt | |Viantio(2)|dHE

0o Joo
0
Lt / o,
260 o9

1
de_1+—/|Vuo(0,x)|2dx
2 Ja

76



for any te (0,7)).

From now on, we prove the existence of the evolutional Ginzburg-Landau
system: We begin with constructing an approximation map of the evolutional
Ginzburg-Landau system: Let v(®) be the solution of

N
SN—
[>
@

( ):0 iIl QT,

(,x) uo(0,7) at {0} xQ,
O(t,2) =u(t,x) on (0,7)x09.

Set X = {UECOO ((0 t)\)XQ) '|’U|‘Loo((0t>\)><9) <1 U ‘89 0 U(O I)ZO}
with a certain positive number t5 depending only on . Assume that v() (j=
0,1,...,k—1) exists in X.

Then v is decided by

v (2) =Av* V(2 /ds/ (t—s;2,9) (v (s,9) +0 O (s,9) > = 1)

x (v ”<s y)+00(s,)) dy,

where U(t;x,y) (t>0,2,y€) is the fundamental solution of

ow
E@_Aw(z)zo (t>0,7€9Q),

w(t,x)=0 on (0,7)x 0.

By employing Ladyzhenskaya-Solonnikov-Uralceva [75] and Friedman [45,
Theorem 6 in Chap III], a choice of ¢ implies that A is a contraction opera-
tor from X to X: If we define uy by v(>) 40 then we easily show that the
mapping u, satisfies (3.1), (3.2), (3.3) (3.6) and (3.9). By virtue of an energy
inequality (3.8), we can extend u, constructed above in (0,t) x Q to Qr. O

3. Theorems

After the preparation in the former chapter, we can state our main theorems of

this chapter. To this end, we need to introduce more symbols:

(i) ®k(20) and &% (2g) will be given in Corollary 3.1.

(ii) For any positive number ¢, §(¢) := \/(12(d—2)+1)[logt|.

(i) N:= U2, N, with N, := {ZOEQT,UA(ZO):O}.

(iv) If we say a point z to belong to N, it means the following: there exist
sequences of positive integers A(j) and of points zy(;) € Ny with A(1) <
A(2) <--- < oo such that 2y — 2 as j—o00.

T



(V) Reg = Uif):l UR>O m;oz)\o {ZQEQT; @}%(t0+2(R/4)2,£E0) <€ with (to—i—
2(R/4)?>— AR? to+2(R/4)*+4R?) x Buisr)r(zo) CCQr} for a positive
number €.

THEOREM 3.2. Then there exists a positive constant €; depending only on
d such that if for a point zo = (tg,x0) and a cylinder (to+ (R/4)?>—4R? ty+
(R/4)?*+4R?*) X Buysryr(To) CCQr, the evolutional Ginzburg-Landau system
uy satisfies

(3.19) Dh(to+(R/4)% m0) <€ then,  sup ey(uy)<64R™2
Qry4(20)

Next theorem is
THEOREM 3.3.
(3.20) NCLﬂReg:(D, ie. NcCReg.

REMARK 3.1. By using (3.20), as in the similar way as in the proof of Chen-
Struwe [24], we find

HYN) <H(CReg) < co.

REMARK 3.2. Let B be the d-dimensional unit ball and wu, an initial-boundary
mapping of the evolutional Ginzburg-Landau system satisfying

upe WH(B%S71),
Up | e € CF(0B%ST),
uo(0B%)isnot homotopic toaconstant map.

Here note that by Bethuel-Zheng [9], such v exists. From the theory of degree
of a mapping (See for example, Nirenberg [89].), the evolutional Ginzburg-Landau
system u, must have at least one zero point in B¢ at each t€ (0,7) if UA| e =

U| has a non-zero degree. This shows N, # () and furthermore if u) has a finite
zero point in B¢ at each t (0<t<T), Ny may be finite in 2-dimensional Hausdorff
dimension with respect to the parabolic metric. While, as showing in the previous
remark, N has at most finite d-dimensional Hausdorff measure. These observa-
tions draw me to the question how sharply the Hausdorff measure of N°- depends
on the Hausdorff dimension of the zero set of the evolutional Ginzburg-Landau
system with the initial-boundary value. Recently several literatures study a zero
set of solutions of various equations. For instance, to second-order elliptic equa-
tions, it is studied by Caffarelli-Friedman [13] and Hardt-Simon [62] and to the
heat equations on an analytic compact Riemann manifold, it by Lin [80].

From Lemma 3.4 stated below, Giaquinta [46] and Ladyzhenskaya-Solonnikov-
Uralceva [75], the 3rd theorem follows
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THEOREM 3.4. Let uy be the evolutional Ginzburg-Landau system. Then for
any point zo= (to,xo) and a cylinder (to+(R/4)?—4R? to+(R/4)*+4R?) X Bats(r)r(%o),

1 d 1 1 2 1
2 <mi ) d/80(d+2) [ £ \(d+2)/(d+1)(1460)/52
R(ZO)_mm<64.24-CFP a2tz 7 Cle
where
Cso
oL, =—22
RET w21 — 72))
Cso 3d 87 1672 8d 1672
% = ) Ad )
Ri d(27’2—1)(d—|—2 —r (1—72)+(d+2)2 (1—7)2
N d 1672 N 64
(d+2)2 (1-7)% d+2)’
64d)
O3 —41/d (422 ( 32(1+2/d)
RH ( RH+ (d—|—2) )7

7 = 1/2(1++/2), Cpp is the nonlinear Fefferman-Phong’s constant appears
in Lemma 3.4 and Cso is the best Sobolev constant,
implies

(3.21) sup ey(uy)(z) <2/R%.
Qrya(20)

4. Technical lemmas

We review a few technical lemmas which will play a crucial role on the proof of
our results. The first lemma is as follows:

LEMMA 3.1. Let uy be the evolutional Ginzburg-Landau mappings. Then we
have

Olux|® B 2 2 2
(3.22) AL AP 27~ ) <0,
0
(3.23) (a—A> ex(uy) + frluy) <1663 (uy)

: 1 2
with f,\(u,\):§<|V2u,\|2—|—4/\|u,\|2|V|u,\|| )
We successively present the second lemma:

LEMMA 3.2 (A local energy inequality). Let zo = (to,x¢) be a point in Qr
and set positive numbers t1,ty and ri,r9 with 0< tg—1ty < tg—1t1 < tg and ri<rg
with Copy(x9) CCQ. Then the evolutional Ginzburg-Landau system uy satisfies
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dx—l—/B ex(uy)(t,x)dx

(3.24) / K / T
= {(7“2—7”1 tz—tl :|/to tgdt/BTzeA(UA)(z)dx

(3.25) /t tldt / ot /C ex(u) (t,7) dz

1

§|: ‘|/ dt/ 6)\ U,\
(rg—11)? 2—?51 to—to

for any time t with to—t; < t <ty.

Next, we state the monotonicity inequality for the scaled energies of the evo-
lutional Ginzburg-Landau mappings

LEMMA 3.3 (A monotonicity formula). Let uy be the evolutional Ginzburg-
Landau mappz'ngs Then the following inequality holds:

|z —aq|2

— dt/ ex(uy)(z)e o) dx

|z— £0\2
<— dt/ ex(uy)(z)e o) dx

r
+ 2 (Sup (|x|+u) sSup |vtanu0(z)|2

d+1 \seon €0 /) 2c0Qr
dug , . [ d-1
+2 sup |——(2)| | L (09)
zeoQr| Ot
1
3.96 1-d _5—d ——— inf 2
(3.26) xogg)oomax(s ,8° " exp 12 1€aﬂ| x|

for any point zo=(to,x¢) €Qr and any positive numbers ry, ro with 7y <r. Here
€0 = Mingego ((z,v4)/2—1).

To prove the next lemma and Theorem 3.4, we prepare the following corollary;
this corollary is easily derived from Lemma 3.2 and Lemma 3.3:

COROLLARY 3.1. Give two parabolic cylinders Qr(z0) C (to—4R%to+4R?)
X Btsryr(70) CC Qr with R<e 42 For any point Zy = (to,T0) € Qr(20)
and any positive number r < R, we have

pd / PRNCEE
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9l—d to+R?
(8 ) e*R™ / dt / ex(uy)(z)dx
to—3R2 B(14s(r))r(20)
21 —d RQ d R
+ (8+ ) 1/4 exp (— ( )>ess-sup/ e,\(u,\)(t,x)das
3 2 4 0<t<T Jo

R |/” 2
+ 5 sup |x’ + — sup |vtanu0(z)‘

) €0 / z€dQr
Oug ? d—1
+2 sup |—(2)| |L(09Q)
2c0Qr| Ot
1
3.27 x 1= god ——— inf z* | (=:®;
( ) Oglg)oomax(s ;87" %)exp 1g2 lenm|37’ ( R(ZO))v
ess-sup rzd/ ex(ux)(t,r)dw
to—r2<t<tg Cr(Zo)
to+R?
<36v/3e! /AR dt / ex(ur)(z)dz
to—4R? C(1+6(R))R(x0)

+ 10\/§R2_dexp( 12 ess- Sup/ uy)(t,z)dz
Q

0<t<T

2
+5\/§R(sup (\:UH— =1 ) sup |Vianto( z)|2

€00 z€0QT

12 sup |24z )cd 1(09)
ze0Qr| Ot
(3.28) x sup max(s' ¢ <‘55_d)eXp(—L inf |z|? )(::62 (zo)>
0<s<00 ’ 452 2o R

for the number ¢y = min,caq ((x,v)/2—1).

By employing Corollary 3.1, we can prove the following inequality. This in-
equality can be regarded as a sort of the weighted Poincaré inequality. In the

following convenience, we set $%(zg) =: 5;(20) + 1/R4 fDR(ZO) ex(uy)(z) dz:

LEMMA 3.4 (Nonlinear Fefferman-Phong inequality). Let n be a non-negative
smooth function with a compact support on a cube Dr(20) and supp, .y n(z) <1.
Then, for the Ginzburg-Landau energy density ey(uy),

\/;R(Zo)

(3.29) ></
Dr(z0)

2+2/p

(Ve (wn)(2)'n(z)| e <Crpdi(z)

v(( e(f”)(m)(Z))pn(Z))
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holds where p = 1,142/d and Cpp is a positive constant independent of k,
R, 29, uy and n.

Proof of lemma 3.1

The inequality (3.22) directly follows from multiplying (3.1) by w,.
On the other hand, (3.23) can be proved as follows: Taking the gradients of
the both sides of (3.1) and multiplying it by Vu,, we have

1/ 9 ,

(3.30) Vs 24 20 a2 Vs [P+ A (Jus 2 = 1) [Vua 2 =0 inQr.
The similar way as above, namely a multiplier of (3.1) by A(Juy|> —1) u, leads
to
)\ a 2 2 2 2
3 (5-4) (=17 + 20 Tl
(3.31) A (Jus 2= 1) [Vun 2+ 2% (Jua 2 = 1) |un 2 =0.
Adding (3.30) with (3.31), we infer
1/0 A 2
(3-2) (e
‘|“V2U,\|2+4/\|UA‘2|V|UAH2
— 2\ (Jua? = 1) |Vun 2 = X% (Jua | = 1) un|?
-1
< (Jul+ (0 =1)%) 19w+ 42 (2~ 1)
1 A ?
(3.32) <16 (§|VU>\‘2—|—Z(|UA|2—1)2) .

Proof of lemma 3.2

We multiply (3.1) by d,uxn?x, integrate it over (tg—ts,to) X By, and (to—t2,t) X
B,, for any t €(ty—ts,ty) with respect to z and perform the integral by parts to
conclude (3.24). Here two smooth cut-off functions 1 and y are given by
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1 in B,
n(!w\)z{ :

0 outside B,,,
0<n(jz)) <1, [Vn(lz))[<2/(ro—m),
1 to—1t1 <t <%
x(t)={0 o

tStO_t%

0<x(t) <1, |dx/dt(t)| <2/(ts—11).

We can prove the desired inequality (3.25) as in the same way as above. [

Proof of lemma 3.3

First of all, let us remark that our system (3.1) is invariant under translation
z— z—zp, hence we may shift zy—0.

We mean ¢ by

o2) = 20 216 5+ (2, Dyun (2)e

multiplier of (3.1) by ¢ implies

0 12
0= % 2te +< 5 Az, V)u,\>e|
aU)\ 1\2
—<Au,\, 5 >2te 1 — (Auy, (x,V)uy)e 1
A0 2, 2 A 2,, l=®
(3.33) +Z§(|u,\|2—1) 2te 1 +Z(x,v>(|u>\|2—1) 2te ar .

We integrate (3.33) on (—r%,0) X to obtain

Ouy, |7, 12
- dt —(z) 2te i dz
/ dt/ 8u,\ (x,V)uy(z )>e e dx
/ dt/ oy aW( )y 2te i dpet
B

/ alt/a |Vun(z |2te4t dx



0 BTk ouy
+ dt | ((Veim Vuy(z)),——(z))2tdx
2 Q ot

0 2
/ dt/ 8u>\ ),(a:,V)uA(z))e% dH?
o0

0
—l——/ dt/|Vu>\ )| e4t dx
——/ dt/ xVeM |Vup(2) | dx

_/ dt/ (2,02 [V (2)[2e 5 !

o9

/ dt/ (Ve Tuy(2)) (2, V)ux () da

AN T2 o1y ape s
+4/r2dt/gat (Jua(z)? —1)"2te o dx

0 2

—@/ dt/ (|u,\(z)|2—1)26%dx
——/ dt/ (x,V)e |u,\ )|2—1)2dx

:—2/ dt/ 8” <x’v>u,\(z) e d
2/1]
2
/ dt/ el H—%(@ T ap!
—7‘2 o0

/ dt/ 2,V 6‘4‘5@ (up)(2)dx
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AP 9 Lo
(3.34) —— dt | (Jual —1) e dx.
1) .,

—T
Since

\z|2

o

\Y% =0
at (@9}t =0,
VU'/\ =V <V:t ) v>u/\ + Vta,nu/\7

using Schwarz’s inequality, we arrive at

8u,\ >
/ i [ | e |
61&0 8U)\ ﬂ d—1
z)| e dH
/—7"2 /8Q ay( )
Ouy [E1 _
dt/ <1+—— xux>> —2(2)| eae dHIT
/ o) 2 37/( )
dug o l=l2 g4
dt —(z e dH
a0

I 1 |2
+§/ dt/ (<$’Vx>+_|x|2> |Vtanu0(z)|2€%d’Hd_1
—r2 a0 €0
(3.35) —l—/e,\(u,\)(z)Zter:U —d/ dt/e)\(u,\)( e|4‘t dx >0
Q t:—r2 —T‘2 Q
with any positive number €.

Dividing (3.35) by r~%! and recalling a property of 99, ie. 1+¢/2 <
(x,v;)/2 on x €0N as long as €y < 2mingegq ((z,v,)/2—1), we conclude

4 (T—d /_ 0 dt / ex(uy) () dx)

( T,V) |x| )|Vtanu0( )|e i de !
o0

0
(3.36) ot / dt / %(Z)
—r2 o0

We integrate (3.36) from 7 to o with respect to r to deduce the desired
estimates. U

t%% dH1 >0,

Proof of Corollary 3.1
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Substituting respectively v/2r, v2R and ty+7r2 for ry, 7o and o in Lemma 3.3
and noting e="/* < exp (|v—2o|? / (4(t—(fo+7?)))) in ty—r? < t < {y, we have

to
r_d/ dt/ ex(uy)(z)dx
to—r2 »(Zo)

£0+7‘2

= 12
§61/42d/27‘d/ dt/ ex(uy)(z)exp (|$—_—$0|> dx
fo+r2—(v2r)2  J B (z0) A(t—(to+7%))

to+r2

= 12
<e'/*242(\2R _d/ dt/e,\(u,\)(z)exp (&) dx
N ( ) forr2—(ver? Jo 4(t—(to+1r?))

24/2 R 2 ou 2
+ Tl <sup (|x!—|—u> sup |Vtanu0(z)|2+2 sup 0

—(2)
€N €0 2€0QT 2€0QT ot

1
x L71(00Q) sup max(s'™? 5" %) exp (—— inf |x|2>

0<s<00 452 z€00

to+R?
<eY4R~ / dt/ ex(uy)(z)dx
to— 3R2 B(1+5(R))R :1?0)

ot/ R ey p( @) essesup [ ea(u)(t.0) s
Q

8 0<t<T

8u0
E(z)

R | 2) ) 2
+——1 su r|+— ) sup |Vianuo(z)|"+2 sup
d+1 (:cea%(H €0 zeagT| tantio(2) 2€007
1
><ﬁd_l(aQ)Ogggoomax<51_d755_d)e){p (—E 1€nafﬂlx|2>
(3.37) (::@}%(zo)).

Here note 7 < R and 5 € (to— R2,tp).

On the other hand, we use e™'/* < exp (|z—2o|?/(4(t—(fo+7?)))) for each ¢
€ (to—r?%1o) and we respectively take v/3r, V3R and fo+7* as 71, ry and {y in
Lemma 3.3. Then we can estimate r—¢ jg)o_zﬂ dt szr(fo) ex(uy)(z) dz as follows:

_d/ dt/ ’LL>\
to—2r2 r .’ZO

to —H"

= 12
<eM4342(\/3r) d/ dt/ ex(uy)(z)exp (ﬂ) dx
fotr2—(vV3r)2  JOn(zo) 4(t—(to+1?))

to+r?

< el/43d2(\/3R) ™ | dt/ﬂe,\(u,\)(z)exp (ﬁi) da

Fot 2 (V3R)? —(to+7?))
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V3R

x|? ou
+—<SUP (Il’|+u) sup |Viantio(2)[* +2 sup |—=

E(Z)

d+1 \ zeo0 € ) 2007 2€0Qr

2) L£371(00)

1
1-d _5—d 2
X —_—— f
O;ESP max(s ,S )exp( 432 leIngE’ )

1/4 p—d fotr? |z —T|?
<e’"R” / dt/ ex(uy)(z)exp (—) dx
£O+T2*(\/§R)2 BS(R)R(iO) 4(t - (to +T2))

52
+e'/*3R* exp (—ﬂ) ess-sup/e,\(u,\)(t,a:)dx
12 0<t<T Ja

(9u0

3R |z|? 2
ot [l 9
+d+1 (sup <\:UH— ) sup |Vianto(2)|”+2 sup ot (2)

eI €0 z€0QT z€0QTr

2) L£371(00)

1
1-d 5-d 2
X S a e f .
Oé}slgp max(s ,s°7%) Xp< 1a2 1399|x] )

We must remark that r <R, ty € (to— R?,ty) and Ty € Bgr(zo); Then we obtain

to
r_d/ dt/ ex(uy)(z)dx
to—2r2 CQT 2_70

to+R?
<e*R- / dt/ ex(uy)(z)dx
—4R? Ba1s(ry)r(®o)

+ /43R dexp( 51(2R))ess-sup/e,\(uA)(t,x)dx
Q

0<t<T

; 3R( (| k2 ) Veantto(2)]?
—_— Ssu T _— Ssu anu z
d+1 xea% €0 zeagT ran 0

2) £471(09)

+2 sup
ZE@QT

1 —
(3.38) x sup max(s' "4 5% exp (—— inf |ZL‘|2) (z:@i(zo))

Ug
0<s<o0 452 zeon

We next set 7y = r, 1o = 21, t; = 1%, ty = 2r? and Zy = % in Lemma 3.2;
Then the left-hand side of (3.38) can be estimated from below as follows:

ess-sup rd/ ex(uy)(t,z)dx
Cr(j())

to—r2<t<tg

to
(3.39) §36r_d/ dt/ ex(uy)(z)dx.
t Car(Z0)

to—2r2
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Combining (3.38) with (3.39), we can conclude our second claim. O
Proof of lemma 3.4

First of all, we introduce a few symbols: For any cube C' and a function f on
Rt we define a few averaging functions of f by

fc(t)::%/cf(t,x)da:,
fo(t)=f(tx) fc(t),

P& () =swp s | [0z,
P ) s s [ 1700 = ool

zeC
We must remark that without a loss of generality, it suffices to prove this
inequality as (( eg\'{) (u,\))Pn)CR(IO) instead of (( (”) (up))Pn).
We divide our proof into two steps; the first clalm is to show the following:

Recall Dg(z9) = (to—R%,ty] x Cgr(xo). For any function f € D(Dg(z)) with
fen(zo) (t) =01n each t € (to—R? 1),

(3.40) /C UGl / AP () da

Cr(z0)
holds where C}p is a positive constant depending only on d.

") Let ap = 1/L£4(CR) fCR(xo) |f(t,z)|dZ. Suppose that K be a certain positive
number sufficiently large. A Calderén-Zygmund stopping process yields for each
a> ayp the following: There exist two sequences of cubes {Cy }, {Cr i} (k,I=1,2,...)
satisfying

Cry CCh,

(3.41) |f(t,7)|dz <24 3,

1
A I(aA) C

1
Ko< —+7+——
~ LYCy) /ck,l

Here give a positive number § sufficiently small. Note that obviously f# >
da holds on any cubes C} >x with

|f(t,7)|dz <2 Ka.
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1 = _
m o |f(t,Z) — fe, (t)|dz > da.

On the remaining cubes, we have

dal?(Cy) > If(ti’)—fck(t)ldff

>Z/ |ftg; — fo, (t)|dz

Cr,l
> —Zﬁd(CkJ) as long as K >2¢T4,

Thus, we infer
LY (tx); [ > Ka)) ch (Cri)

:Zﬁd (Cran{(t,z); f# <da})

k.l

+Z‘Cd(ck,l N{(t,x); f*>da})

k.l

20 d d o :
<?;E (Co)+LY{(t2); f*> Ka}n{(t,z); f* >da})

26 .
<L (ta): > a})

(3.42) +L{(t,x); f*> Kayn{(t,x); f* > da})
for a>0.
By noting

{(t,z);f*>Ka}yn{(t,z); f# >da}
(3.43) c{(t,z); (f#)p/ p+1)(f )1/ p+1) 5 g0/ (1) jr1/ (1) 1,

we then multiply the above (3.43) by a'*?/Pda and integrate it from g to oo
over « to verify

/ WMo LU({(t2): 7> K o))

<2 [ e ({(12): 1> a))

@Q
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0

N / A o LA (8,2 (fEPOED (YLD 5 o) 1) g )

Namely, we obtain

1 2(14+1/p) poo
(K) / A2 Pda L({(t,x); f*>a))

Kag
2§ [
<z

S A2 rdaLt({(t,x); f*>a))

1\2/ 1\2P [
+(5) (K> /0aHQ/pdozEd({(t,a:);(f#)p/(p+l)(f*)1/(p+1)>a})7

which is equivalent to

/ |f*(z)|2+2/1’dx§2(5[(1+2/p/ |f*(z)|2+2/pda:
{z€CRr(z0); f*>a0}

Cr(z0)
(1Y pensam F N2 ()2 o
a5 (5) e [ g

While, noting fo,(t) = 0, [i,cont@o):s-<ao} |f*(2)|**?/Pdx is estimated as fol-
lows:

/ |f*(2)|2+2/pd$
{z€CRr(x0);f*<Kao}

345 SLUCal) K <k [ (R )
Cr(zo)

If we take §=1/(4K'*?/?), we thus complete the first claim with Cfp =

20/ 2) (L5 K 4I = 32 K K =

Substituting f for ((ey” (112))?/20) o, 4y With any n € Cg*(Cr(0)), SUP e (ng)

<1, p= 1 or 142/d and any positive number x>0, gives

2+42/p
/ " ((e&”(w)(@)pﬂn(z)) s

Cr(wo)

<Cyp /CR<m> ((«e(;) (1) (z”pﬂ”(z))%(m)) #> 2

(e <uA><z>>p/2n<z>>cR(m))*)wdas.

920




Thus, to establish the result of our lemma, it suffices to show

(7)) 1) ) 2 (@) ) o
Cr(wo)

(3.46)

2/p £d 9
s%q%(,zo) /C ( )\v(( eg\k)(u,\)(z))pn(z)> dz.
") Put

1 _ _
0= g6 o VDS Ol

and set K = 2445,

For any o> ap and each t € (to— R?,t], we apply the Calderén-Zygmund stop-
ping process; {z€Cr(zo); f7(2)>a} and {x€Cr(zo); f#(2)>Ka} are divided
into cylinders Cy, and C},; with the following properties:

(e € Cnlao): f#(t2) >0} = G,
k

{z € Crlao); f#(t,x)> Ka} = JCr.
k,l

Ck,l C Ok,

1
< =) - 2d+3
a_iﬁd(()’k) Ck|f(t,:r;) fo,(t)|dz < Q,

1
Ka<——— t,7) — t)|dz <29 Ka.
< gy ., VDT
Now observe that
(3.47) (Vf)*>a(diamCy,) throughout Cf,

(3.48) LYC) >2L4U,Cyy)
Indeed, (3.47) follows from

Iz Ck / |f(t,Z) — fe,(t)|dz < (diamCY,) Ed Ck / |V f(t,z)|dz.

While (3.48) is a consequence of
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200> [ 1705 Ja 0= Y | 1)~ fe0lds

Ck,1
ZiXZ:/CkJ'f(tvj)_kaz ‘dx>—2£d Ckl

and the fact that K = 295, We thus write

/ (V)" ()P > 0 (diamCi)2L%(Ch/|JCrs)
Cr\U,Ck 1 l

2
(3.49) > % (diamC, ) 2L4(Cy).

Also from Corollary 3.1 and the maximal function theory (See Ziemer [122].),
we obtain the following:

«\ 2/p
= [ (V@) ey) ) o

22/p 5d n 2/p
C (e memne) g, o
p 2%/7 5 ; »
o L |

2/p

(3.50) - (1OR> /C L e () (1,2))Pn(t,7)dT|  do

2/p

(el (un)(2))Pn(z)|  dx

<p 24/p 1 5d/
- 2-p Cr

P 24/10*1 5d< 1 >2/P J / ) 2/p
+ LY(C ey (ux)(2))Pn(z)dx
s mem) £ /)
24/p—1 d
S % (diaka)d_zgp%(Zg).

Combining (3.49) with (3.50), we infer
| Cr/UiCry — 24 p 24/p-1 5a T R 0 HACE )

which implies
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2—p -
¥ 2dr>— = ¥ (P2 1
/{a<f#<Ka}|(Vf) (2)] S yee = 5d( 2 (20))

X %2u(f#>a).

Let now « range over 2K"ag (n= 0,1,2,...) and sum over n to imply
JIRCAECRE
Cr(20)

1 2—p  (D%(z)) 7t
2_2 — d( R( 0)) / |f#(Z)|2d,U
K2 p 275t 2 Jipetan)

On the other hand, f{f#<2a0} |f#(2)|? du is estimated as follows:

(3.52)

(3.53) /{f NACIRIEACHED

424 p 24/p—1 5d( 1 / )2 ) s
< 1) = forwn(O)|dT | P%(20) R
2—p ,Cd(CR) C’R(xo)| ( ) Cr( 0)( )| R( 0)
_424p 24/P=1 54 Cp

LT R0g e ([ wreapir)

Combining (3.52) with (3.53), applying the maximal function theory and in-
tegrating it with respect to ¢ on (to— R?,ty], establish our claim. O

5. Proof of theorems
5.1. Proof of Theorem 3.2

Set 0 € (0,R/4). Also fix Zo= (to,Z0) €Qr/a(20).
Since wy is smooth, there exists oy €[0,R/4] such that

(3.54) (%—JO>2 sup ex(uy)= max (5—0)2 sup ex(uy).

Qo (%0) 0<o<R/4\ 4 Qo (20)

Moreover, there exists a point zmax = (fmax;Tmax) € @00 (Zo) such that

(3.55) sup ex(uy)=ex(ux)(Zmax) :==€o-
QU()(EO)

We must note that og= R/4 implies supQR/4(ZO)e,\(u) =0. Thus we can always

assume R/4—0¢>0.
If we set pg = 1/2(R/4—0y), by choice of oy and 2., We obtain
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(3.56) sup ex(uy) < sup  ey(uy) <de.
on(zmax) Q00+p0(20)

Now we define

Toi:\/eo'po,j\iz)\/eo,

(1,7) Lot
v ). =U - max;  — Tmax | -
A A eo a \/% a

Assume 79> 1. Note that v, also solves (3.1) in @),, and moreover v, satisfies

(3.57) ex(va)(0,0)=1, sup ex(vy)<4.
Qry(0)

By (3.23) in Lemma 3.1 and (3.57), ex(v,) satisfies

(3.58) (%—A) ex(vy) <6des(vy) in Q-

Thus Lemma 1.3 implies

(3.59) 1:e;\(v,\)(0,0)§C’H/:ldt/B (O)e;(v,\)(i)dis.

But scaling back, by means of 1/,/eq+09 <py <R/4, and the monotonicity
(3.27) in Corollary 3.1, we have

tmax+1/eo0
e5(0)(0,0) < C(/eo) / dt /B ex(uy)(2)da

tmax_]-/eo 1/ﬁ($max)
(3.60) <CPR(20)(to+(R/4)%,20) < Cey.
We arrive at a contradiction if we take ¢; <1/C'. Consequently we can assert
that ro <1, which implies our claim. O

5.2. Proof of Theorem 3.3

Suppose that N°-(Reg 3z, for a point zy€ Q7. Then from definition of Nt
and Reg, there exist a sequence of \; and positive numbers Ay and R, such that

(361) {Zk(j)}()\(l)<)\(2)<"'<OO)Wich)\(j)€N)\(j) s.t. ZX(j) 7 205
(3.62) Ao, Ro>0 s.t. Pl (to+2(Ro/4)%,x0) <& for any A > \o.
Theorem 3.2 implies the following:
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(3.63) sup |V |<£ A1) <A(2) < <00).

Qg alto+(Ro/4)2,20) Ro
Since z)(j) — 20 as j — 00, there exists jo € N such that for any j > jo, 2x(j) €
Qro/a (to+(Ro/4)%,20); and {uxy} (4 =Jo,Jo+1,jo+2,...) is uniform bounded and
equi-continuous. Then Ascoli-Arzela’s theorem asserts that for a sub-sequence
AU} ('=12,...) of {A(J)} (F=Jo,Jo+1,...), uxg uniformly converges to s
on Qry/a(to+(R/4)% 1) as j'— 00 and us is continuous mapping in Qg4 (to+
(R/4)?,20). From (3.8), |ucs| =1 on Qp,/4(to+(R/4)? o). However this forces a

contradiction because the following holds:

oo (20)] < [Uoo(20) — (i) (20)] + [uagiry (20) — uagry (2an)|
8

asj'—>oo. O

5.3. Proof of Theorem 3.4

First of all, we prove that

| d/(d+2) o
(3.65) / e (uy)(2)dz < ZBH / ex(uy)(z)dz
R**2 QRry2(20) * R Qr(20)

holds for any cylinders Qr/2(20) C Qr(20) CCQr and a positive constant
Chy depending only on d.

") Define a sequence of numbers R; by

_J R/2 (j=0)
(3.66) Rﬂ'—{ R/24+(1-7)/TSL, 7 R/2 (j=1.2,.),

Furthermore, give a smooth cut-off function n with

1 on Qr._,(2),
3.67 = it f t<t
(3.67) ) { 0 outside Qg, (20) o =t
and
4T 1
< < <
0<n(z)<1, |Vn<z>|_(1_7) W
72 1 1
[An(2)] < (1— 7)27'29 R2’ 8t( 2= (1— T)TJ R2
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Then, we multiply (3.23) by n* and successively integrate it on Qgr(zy) to
imply

_8@ 4 — ex(uy)(2)n*(2)dz
/R(ZO) t(u,\)(z)n (z)dz /R(ZO) A\ /\( /\)( )77 ( )d

3.68 + yun)(z Y)dz<16 ei uy)(z Y(2)dz.
( ) /R(Zo)f( )( )77 ( ) > /R(ZO) ( )( )77 ( )

From the integral by parts in the 1st and the 2nd term on the left-hand side
in (3.68), we obtain

[ h@nte
Qr(20)
5,.,9M 2 2
<[ et () G + 120 9
X 47]3(2)A7](z)> dz
(3.69) +16/ (ex(uy)(2))*n*(2)dz.
Qr(20)

By recalling a property of n and applying Lemma 3.4 as p=1 and =0 to the
Ist term on the right-hand side in (3.69), we infer

/ F(u) () (=) dz
Qr(z0)

< (14-1672 n 167 ) 1 / (1) (2)d
> - extuy)lz)az
(1=7)*  (1=7)) TR Jgpx)

(3.70) 16Cp T (20) /Q » v( eﬂuﬂ(z)n(z))ﬁdz.

Noting |Vex(uy)| < 4+/fr(un) v/ea(uy), we proceed to estimate

/ fa() (2)* (2) 2
QRj (20)

1672 16
g((14+320quﬁ;(zo)) . ’ )

(1—rz (-7
1

X ——— ex(uy)(z)dz
THR? /QR(ZO)
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(3.71) +16-8Cp @ (20) /Q CEIE

As in the similar calculation as above, we obtain

ess-sup / ex(uy)(t,z)n'(t,x)dw
BR]' (:1?0)

to—R?Stgto

1672 16
g((14+320Fp¢§(z0)) T T )

-2 a7
1

—_— d
- T R? /QR(ZO) e)\(u)\)(Z) ’

(3.72) —|—16-8C’Fp§2%(20)/ fu(un)(z)dz.
Qr, (20)

We again invoke |Vey(uy)| < 4\/f)\(u>\) \/e,\(u,\) and (3.71) to estimate as
follows:

| Ve @)
Qr;(20)

W) (2t (2)dz+-4 ex(uy)(2)n*(2)dz
g/QRj(ZO)ﬂ () dz+ /QRM () () (2)

4 /Q CCCHENECTE

<4 /Q ) ()= 16800 ) /Q Fa(x) (2)dz

R]-(ZO)
1672 327
2Crpd>
+ ((14+3 Crp@p(20)) (1-7)? + (1_7)>
1
(3'73) X —/ e/\(u/\)(z)dz.
T R? QRr(20)

Thus, from (3.71), (3.72) and (3.73), the Sobolev imbedding theorem of the
parabolic type (We refer to Ladyzhenskaya-Solonnikov-Ural’ceva, N.N [ [75],
Chapter II, p75].) and definition of 7, it follows that

d/(d+2)
Cs_(% (/ (eA(U,\)(Z))HZ/ddZ) +/ Ia(ua)(2)dz
QR/Q(ZO) QRJ'_l(ZO)
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Qr; (20

4872 647 ) 1 /
+ +4 . ex(uy)(z)dz
(1-7)> (1-7) T2 R? Qr(z0)

where Cyg is the best Sobolev constant.
Since 24-32 Crp®%(29) < 1/2, recalling definition of 1, we have

i ((14+ 16Ckp 2 (20))

-1 / 1+2/d 1+2/dd ) J
B[, @) e + / fa(un) (2) dz

Qr;_,(20)
1

: 2 /QR]- (20) A=)

(1+14.48) 72 647 1/
(S ) o 2N D

If we employ the usual iteration technique by Giaquinta [46, Theorem 3.1,
p. 159 and Lemma 3.1, p. 161] to the inequality above, we then conclude

Ogég (;) ( / m(m)<ex<uA><z>>1+2/ddz>

+ /QR/Q(ZO) Ialua)(2)dz

() o (MR

Jj—1 i
1 1
(3.74) X E (—) / ex(uy)(z)dz.
i=0 212 ) TP R? QR(20)

Let j—o00 to obtain the conclusion (3.65) because of 1/v/2 < 7 <1, i.e. 7=

1/2(14v/2). O

We proceed to the second step: Set o be any number with 0 <o <1/2. Then
we establish a higher integrability of the truncation function of ey (u,) as follows:

d/(d+2)
2
[ @) e
Q(l—a)R/2(z0)

C]Z%H / (k) 1+2/d
ex’ (un)(z)
(UR>2 QRry2(20) ( ! >
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(3.75) +32(d+2) R4 k21D LA (2))

holds for any cylinders Qu—_q)r/2(20) C Qr/2(20) CC Qr where Chy is a
positive constant independent of o, R,zp,x and ey (uy).

") We define a sequence of numbers R; by

_[ a-om2 =0,
(3.76) R { (1—0)R/2+(1—7)/r0_ 7(6R)/2  (j=1.2,..).

Also choose a smooth cut-off function 7 satisfying

1 on Qr,_,(20), .
3.77 = -t t<to,
(377) ) { 0 outside Qg,(20) o °
with
At 1
< <1 <—=
0<HASL IVaIS s
872 1 on AT 1

2GS Gy e e S siaa e

Set p = 1+2/d; A multiplier of (3.23) by (\"” (u))%/4 n**2/? and an integration
of it on Qr(z0) yield

% u)(z e(f-c) w2 2/d_o942/p Nds
/QR(zo) at( )\)( )( A ( )‘)( )) Ui ( )d
2

+E/Q ( )((6(;)(“/\)(2))2“_1‘Ve(;”)(u/\)(z)‘2n2+2/p(z)dz
+/ (Vel (un) (=), (e87 (ur) (2)) V20 (2)) dz
Qr(20)
39 eg\n) w)(z 2+2/d_949/p N
<o ()

(3.78) +32 K2 /Q ( )(e(;)(u,\)(z))Z/dn2+2/p(z)dz.

By using the integral by parts in the 1st term, Schwarz’s inequality in the
3rd term on the left-hand side and applying Lemma 3.4 to the 1st term on the
right-hand side in (3.78), we obtain
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>1+2/d

d ( ()
— ey (ux)(to,x)
d+2 Br(wo) g a)lto

n 4d /
<d+2)2 QRr(20)

d 2 (k) (1+2/d) 142/ 87]
<% (942 ()2 (2)d
i (20) [ (o) e Fes

1 . (1+2/d)
ra [ () P
Qr(zo

772—1-2/]) (tO ) ZL‘) dx

2

1/2(1+2/d)
) 22 (2) dz

V(e ) ()

p
2

Qr(20)
(3.79) s ,€2/ ( )(e(;)(UA)(Z))2/d772+2/p(Z)dZ-
Qr(20

v (Ve e )

Namely, we infer

2

dz

>1/2(1+2/d)

[ CUONE) R

2
n? 2P (2)dz

o),
(d+2)2 Qr(20)

n 2d /
<d+2)2 Qr(20)

QR(20)

(1+2/d) d 2 0
(k) 9 2\ 1t2/p n
+/QR(z0) <6/\ (UA)(Z)> <d+2 ( - p) K (Z) ot (Z)

1
+d<1+5)2|Vn<z>|2+

)1/2(1+2/d)

V(e w)(2)

2

1/2(1+42/d)
) () dz

V(e () (2)

1 2 2
a1V

+64Ckp 5 (20)| Vi (2)
64 1 32d K
(3.80) =y ) Qe ORI LA (),

As in the similar calculation above, we infer

2

1/2(142/d)
> 772+2/p(z)dz

(7 () (2)

d /
———— ess-sup
(d4+2)%,,_Rre<i<t, Br(z0)

2d ()
+(d—|—2)2 /QR(ZO) V(eA (ur)(2)

2

1/2(1+2/d)
) n2+2/p(z)dz
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2

1/2(142/d)
) () dz

Qr(20)

(1+2/d) / d 2 0
(k) 142 ) pltt2/p n
+ /Q ) (M ( +p) () S (2)

2., , 2 1\? )
b1+ 22900 P+ g (145 ) 19062)

64 1
+64CrpPh(20)| VN (2)]? + ——= —) dz

v (e (w)(2)

32d K
(3.81) + mRydﬁz/d(dJ&) £d+2<A§%)(ZO>>'

Thus, summing up (3.80) with (3.81) and applying the Sobolev imbedding
theorem of the parabolic type as before, we arrive at

O_ld . (1+2/d)2 d/d+2
(diOQ)Q </Q () (eg\ )<UA)(Z)> 772(1+1/p)(1+2/d)(z)dz)
r(z0

i 4d /
<d+2)2 QRr(20)

<128 Crp®H(20) /
Qr(z0)

(1+2/d) d 2\ a1
2 % — ([ 14+=)— 14+2/p
" /QR(ZO) <6A (UA)(ZD (d+2( +p) g )

1, , 2 1\° )
FA1+ DAV g (14) (96

64 1 64 d ’
(3.82) +mﬁ) dz+ mR4/%2/d<d+2> LAY (2)).

2

1/2(1+2/d)
) 2P (2 dz

V(e )

2

1/2(1+2/d)
) dz

v (e (w)(2)

Since D%(z0) < 1/(64 Cpp) d/(d+2)?, we then conclude

Cld SRR
[d+2) / (e)\ (u,\)(z)> dz
Qu-o)r/2(20)

L / 2
(d+2)? Qr,_, (20)

1/2(1+2/d)
) dz

V(e (2)
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1/2(1+2/d)|?
) dz

,\ UA)(

Ar 1\> 1672
) oz ta(e))

+—(1+ >2 16> d 1672 64
(d+2)? p) (1-7)2 (d+2)2(1-7)2 d+2

2 1 / ) (1+2/d)
X ey’ (uy)(2) dz
(oR)? 72 QR (20) ( g )

64 d
3.83 —= T RY/d2/d(d+2) pd+2 A(n
B8y s (AR z0)).

We here used the iteration technique from Giaquinta [46, Theorem 3.1, p. 159

and Lemma 3.1, p. 161] again; a choice of 7 i.e. 1/4/2 < 7 <1 and the limit for
]

d

J—00 proves our second step.

Now we are in the position of completing our theorem: To this end, take a
sequence of decreasing cylinders:

: R R .
QR]’(ZO) with Rj_ 4 +W (j:0717>

and a sequence of increasing levels:

1 ,

where M is a certain positive number selected below.
Here in (3.75), choose

(1-0)R/2=R;11, R/2=R;, oR/2=R/27"
/ﬁ}:kj+1.

Then recalling (3.75), we can estimate 1/(M!'*¥4Rd+2) [ A% () (ef\kj“)
20

41
(uy)(2))H%/4 dz as follows:

1 (kjt1) 1+2/d
M1+2/d Rd+2 /ucjﬂ) (e/\] (UA)(Z)) dz
ARjH (20)

1 d+2( A(kj+1) 2/(d+2)
< grzagme £ AR ()
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waae @)
X (/ (eg\kj“)(uk)(z» dz)
J+1)(Z )

1
< M1+2/d Rd+2

CEudi™t (kj11) (1+2/d)
" (RHT/A(’%H) (e/\ ' (UA)(Z)) dz
R (20)

64d
d 2

k.
£d+2(A§%;+l) (ZO))Q/(dJr?)

R4/d(2M>2/d(d+2 £d+2(A(k]H ( 0)))
By means of
,Cd+2(A(Rk;+l)(Zo))

< (kja — ky) "9 / o, )(e&’“”(un(z)

we can proceed to estimate

1 (kj+1) 1+2/d
Mit2/dRdr2 | ;i (6)\ (u A)(Z)) dz
ARjJrl (20)

64 d
d+2

1 142/d oo
(k)
x <M1+2/de+2 /ij) (eA ] (UA)('Z)> dz)
R; (20)

1
. 1 (k;) 1+2/d
(384) :CgH-Zl(l/d-i-l)] (W/A(kj)( )(6)\ (U)J(Z)) dz
R; (70

with C3yy = 414 (4*C2%, + (64 d)/(d+2)320+2/D (M R?)1+2/4 ) and §y = 2/(d+2).

Thus, an induction for j leads to

< A1/dy(1+1/d) (CRH 44 93(1+2/d) § r1+2/d R2( 1+2/d)>

+do

1+2/d
) dz

1 (k)
M1+2/d Rd+2 /Agjj)(m) (eA ( )(Z)

< (CE{H)_1/604_(1+1/d)(1+50)/50

(1+do)
) 1 . 1+2/d
% ((CéH)1/504(1+1/d)(1+50)/5oW/Q ( )<eE\ 0)(u)\)(z)> dz) .
Rr/2\%0

Here recall (3.65); We infer
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1 (k) 14+2/d
Ml+2/de+2/(k]-) (6)\] (UA)(Z)> dz
ARj (20)

S (C]:ZS{H)_1/504_(1+1/d)(1+60)/50

(1460)J5

1+2/d
> 1 Ch
% (Cf’{H)1/504(1+1/d)(1+5°)/50 YEET (R‘ig/Q ( )e,\(u,\)(z)dz>
R/2(20

< (C§H>—1/604—(1+1/d)(1+5o)/6o

1 1+2/d (1460)J
x ((O%H)1/504(1—&-1/11)(1—&-50)/5(2) (MR2> (C%H QB%(ZO))H-Q/CZ)

where we used Corollary 3.1 and
If we choose M = 1/R?, since

_ _ 2 _
¢2R<(013%H) d/(6o(d+2))4 (d+2)/(d+1)(1+60)/6 (C%H) 1

)

we can pass to the limit j — oco; We conclude

/ eg\k"") (un)(2)dz=0 which deduces
Alkoo) (20)
R/4

2
sup ey (ux)(z) < R?
QRrya(zo0)

This provides us the assertion of this theorem.
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