ISSN 1343-9499

TOHOKU
MATHEMATICAL
PUBLICATIONS

Number 18

Dirichlet problem at infinity
for harmonic maps

by

Daishi WATABE

October 2000

(©Tohoku University
Sendai 980-8578, Japan



Editorial Board

Shigetoshi BANDO Masanori ISHIDA Katsuei KENMOTSU
Hideo KozoNoO Yasuo MORITA Tetsuo NAKAMURA
Seiki NISHIKAWA Tadao ODA Norio SHIMAKURA
Toshikazu SUNADA Izumi TAKAGI Toyofumi TAKAHASHI
Masayoshi TAKEDA Kazuyuki TANAKA Yoshio T'SuTsumMI
Eiji YANAGIDA Takashi YOSHINO Akihiko YUKIE

This series aims to publish material related to the activities of the

Mathematical Institute of Tohoku University. This may include:

1. Theses submitted to the Institute by grantees of the degree of Doctor
of Science.

2. Proceedings of symposia as well as lecture notes of the Institute.

A primary advantage of the series lies in quick and timely publication.

Consequently, some of the material published here may very likely

appear elsewhere in final form.

Tohoku Mathematical Publications

Mathematical Institute
Tohoku University
Sendai 980-8578, Japan



Dirichlet problem at infinity for harmonic maps

A thesis presented
by

Daishi WATABE

to
The Mathematical Institute
for the degree of

Doctor of Science

Tohoku University

Sendai, Japan

March 2000



Acknowledgments

Deep appreciation goes to Professors Shigetoshi Bando and Seiki Nishikawa for their
patience, encouragement and valuable advice throughout this project. Special thanks
are due to Professor Nishikawa for suggesting a problem, which prompted the author to
engage in this research. The author wishes to express his gratitude to Professors Kazuo
Akutagawa, Harold Donnelly, Tokushi Sato, Izumi Takagi and Keisuke Ueno for their
valuable discussions and suggestions. The author is supported by the Grant-in-Aid for
Scientific Research, The Ministry of Education, Science, Sports and Culture, Japan and
JSPS Research Fellowships. He is grateful for this generous support.



Contents

Acknowledgments

Introduction

Chapter 1. The harmonic map equation between k-term Carnot spaces
Chapter 2.  An existence theorem

Chapter 3. Applications to the Dirichlet problem

Chapter 4. The Cayley transform
1. The homogeneous model of KH"
2. The Cayley transform as determined by +k, € OKH"
3. A linear fractional transformation

Chapter 5. Harmonic maps inducing the identity map on the boundary
1. Preliminary computations

2. An asymptotic analysis of the translation invariant equation

Chapter 6. The boundary regularity
1. Regularity on Bg \ {k,}
2. Regularity of @
3. The estimate of ||Ja||
4. upp & C°(Bg,Bg) for e > 1/2

Chapter 7. Graham’s non-isotropic Holder spaces

Chapter 8. Harmonic maps between rank two symmetric spaces of noncompact type

1. An Iwasawa decomposition of su(2,2)
2. The invariant metric

3. The tension field

4. Proof of the Theorems 8.1 and 8.2

10
14
20

27
27
28
30

35
35
36

47
47
48
50
57

59

64
66
67
68



Bibliography

CONTENTS

70



Introduction

A harmonic map u: M — M’ between Riemannian manifolds M and M’, equipped
with metrics locally given by g = Z;Z’:l gijds'ds’ and g = ng;zl g’mduﬁdiﬂ, is a solution
to the harmonic map equation:

. m m’ i auﬁéu’y
Agu :_Z Zgjrﬁ7<u)%% (O[:l,...,m),

1,j=18,y=1

where {I'§,'} are the Christoffel symbols of ¢ and A, is the Laplacian of g. The exis-
tence of a harmonic map between compact Riemannian manifolds was established in the
sixties by Eells and Sampson in their seminal paper [10], when a target manifold M’ is of
nonpositive curvature. In the seventies, under the same curvature assumption, Hamilton
[13] investigated the Dirichlet problem for harmonic maps between compact Riemannian
manifolds with boundary. However, people have only recently begun to investigate the
noncompact analogue, for instance, the Dirichlet problem for harmonic maps between
Cartan-Hadamard manifolds which we state explicitly below. Recall that for this prob-
lem under consideration, the manifolds M are simply connected, complete, Riemannian
manifolds M of nonpositive sectional curvature. In particular, these are not compact, but
can be compactified by adding the spheres at infinity 0M of M defined by the asymptotic
classes of geodesic rays in M, thus giving us the compactifications of M, which will be
denoted by M = M UJM. This leads us to the following Dirichlet problem at infinity for

harmonic maps between Cartan-Hadamard manifolds.

Dirichlet problem at infinity for harmonic maps: For given Cartan-Hadamard
manifolds M, M' and a continuous map f: OM — OM’, find a map w: M — M’ satisfying
the conditions:

(1) ulopr = f and,
(2) u|lpr: M — M’ is a solution to the harmonic map equation.



INTRODUCTION

In the early nineties, Li and Tam [18], [19] and, simultaneously, Akutagawa [2] in the
two-dimensional case, carried out ground breaking work by introducing new techniques
for existence arguments, when M and M’ are both real hyperbolic spaces. Recently, in
order to simplify these arguments, Bando [3] combined Green’s function with Hamilton’s
method [13] as a basis for his own argument. On the other hand, Donnelly [6], [7]
extended Li and Tam’s results to prove the existence of harmonic maps between all rank
one symmetric spaces of noncompact type [namely, real, complex, quaternion hyperbolic
spaces and the Cayley hyperbolic plane]. In order to refine his own results, Donnelly [7]
later used Graham’s Holder space [12], where derivatives are assigned weights depending
on the direction. Recently, a few attempts were made to generalize their results as can be
seen in Nishikawa and Ueno [21] and Ueno [24]. The uniqueness of a solution belonging
to C1(M, M), in the work of Li and Tam, and C2(M, M) or C3, 8 > 2, in the work of
Donnelly, has been established for a given non-degenerate boundary value. In order to
confirm that these regularity assumptions up to the boundaries are necessary for obtaining
the uniqueness, we need to construct more than one harmonic map [for instance, those
provided by a family] which induce a given boundary value and are only Holder continuous
when being viewed as maps from M to M’.

With regard to this problem, Li and Tam [19] provided an explicit example of a fam-
ily of harmonic maps between real hyperbolic planes, which induce the identity map on
the boundary; these maps are only Holder continuous with exponent of 1/2 when being
viewed as self-maps of M. Hence, they have verified that the assumption of regulrity
cannot be removed from their uniqueness theorem [19] when the dimension is two. They
have constructed this example by, firstly, reducing the harmonic map equation to a non-
linear ordinary differential equation; and, secondly, giving explicitly expressed solutions.
In this rare example, we can express solutions for a nonlinear differential equation ex-
plicitly; but we cannot generally expect this to be the case. Subsequently, Economakis
[9] generalized Li and Tam’s example to higher dimensional cases by using a contraction
mapping theorem, but yielding no explicitly expressed solution; his examples constructed
abstractly are only Holder continuous with exponents of less than 1/2 when being viewed
as self-maps of M. Thereby, he also verified that the assumption of regularity cannot be

removed from the uniqueness theorem when dimensions are greater than two.

In accordance with these studies, the following problem was suggested by Nishikawa:
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PrROBLEM 0.1. Can we find a family of proper harmonic maps between complex hy-
perbolic spaces which do not satisfy the assumption of reqularity in Donnelly’s uniqueness

theorems ¢

In the present thesis, we shall resolve this problem by extending Li and Tam’s and
Economakis’s results to other rank one symmetric spaces. In fact, our approach is some-
what different from the one they used on the following points. Firstly, instead of using
a contraction mapping theorem as in Economakis’s existence argument, we shall simplify
the nonlinear ordinary differential equation into a translation invariant equation and then
utilize the comparison argument of solutions in conjunction with a diagonal method. We
can also use the latter method, with an additional slight modification, in the construction
of diverse families of harmonic maps between various tube domains as in Chapters 2 and
3. Secondly, in order to estimate the Holder regularity of solutions at the boundary, Li
and Tam, and Economakis utilized the fact that the Jacobian matrix of a geodesic sym-
metry of the real hyperbolic space is expressed as a product of an orthogonal matrix and
a scalar function. However, this fact is no longer true for other rank one symmetric spaces
of noncompact type. Therefore it is necessary to provide an argument which works even
in the cases where the Jacobian matrix can not be expressed as the product described

above.

Throughout this thesis, we shall identify the boundary of a rank one symmetric space
of non-compact type [other than the real hyperbolic space] with the one-point compacti-
fication of a two-step nilpotent Lie group, whose Lie algebra admits a natural filtration.
Regarding this identification, Donnelly [6, Proposition 3.4] showed that harmonic maps
extending to C*(M, M’) maps induce boundary values which preserve this natural fil-
tration. [As was pointed out by Donnelly [6], these boundary values are contact trans-
formations when both M and M’ are complex hyperbolic spaces of the same dimension,
and, more commonly, when they are non-degenerate maps (cf. Definition 3.2). Hence,
later in [8], Donnelly utilized the term “contact” instead of “filtration preserving’.] This
observation attracted a great deal of attention because this statement implies that not
all maps can be boundary values of harmonic maps. Following this, Nishikawa and Ueno
[21] defined generalizations of rank one symmetric spaces, which they call k-term Carnot
spaces (cf. Definition 1.1); and studied the filtration preserving properties of the boundary

values of harmonic maps between k-term Carnot spaces.
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In connection with the study mentioned above, Donnelly [8] provided a family of
Hélder continuous self-maps of the compactification M of a rank one symmetric space of
noncompact type, which are harmonic on the interior and assume a C* boundary value,
being given by a homomorphism which does not preserve the filtration.

Considering that the above harmonic maps are not uniquely determined for a given
boundary value, Donnelly suggested the following question through a personal discussion:

PROBLEM 0.2. Can we show the uniqueness of harmonic maps inducing a given bound-

ary value which is filtration preserving?

As for supporting evidences leading to an affirmative answer, we firstly refer to Don-
nelly’s uniqueness theorem [6] of harmonic maps, which extend to C? maps up to the
boundary and induce an assigned non-degenerate boundary value; and, secondly, we refer
to the filtration preserving property of the boundary values of harmonic maps which can
be viewed as maps in C*(M, M) C C'(M, M) by Donnelly [6, Proposition 3.4]. Regarding
the problem stated above, we shall prove the following:

THEOREM 0.1. Let M aud M' be rank one symmetric spaces of noncompact type. Sup-
pose that h: OM — OM’ is a map obtained by extening a non-trivial filtration preserving
homomorphism which is possibly degenerate. Then, there exists a family of harmonic

maps which assume h on the boundary OM .

Given this theorem, the answer to the problem above is not affirmative as shall be
illustrated in Examples 1 through 6 in Chapter 3, leading us to search for a stricter
condition than that of contactness.

At this point, it should be further noted that our theorem provides harmonic maps not
only for non-degenerate boundary values but also for degenerate ones. Hence, our theorem
is also useful for constructing harmonic maps between complex hyperbolic spaces even in
the case where the dimension of the target is less than that of the source; boundary values
of which are always automatically degenerate, as the author was personally informed by
Donnelly. We shall provide families of these maps in Examples 3 through 5 in Chapter
3. In this respect, we also refer to Donnelly’s existence theorem [6, Theorem 6.2] for
non-degenerate boundary values.

Up to this point, we have discussed the Dirichlet problem between rank one symmetric
spaces of noncompact type, the compactifications of which are C*manifolds [not neces-

sarily Riemannian ones|. In contrast, the compactifications of rank g (> 1) symmetric
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spaces of noncompact type have the so-called corners on the boundary and, consequently,
they are not even C* manifolds. Hence, it is important, at this point, to consider harmonic
maps between rank ¢ (> 1) symmetric spaces of noncompact type, a problem which has
neither seemed tractable nor been explored in the past. In this respect, the following
problem naturally arises:

PrROBLEM 0.3. Can we construct harmonic maps between rank two symmetric spaces?

In this thesis, we shall establish the existence of harmonic self-maps on rank two sym-
metric spaces of noncompact type; namely, Do 2(C), the space of 2 x 2 complex matrices
7 satisfying I, — ‘ZZ equipped with the metric 109 log det(I, — ‘Z 7).

THEOREM 0.2. There exists a family of harmonic self-maps of D 5(C) that induce the
identity map on the corner of Dy o(C).

For more detailed definition of the terminology in the statement, we refer to Definition
8.1.

This thesis is organized as follows:

o In Chapter 1, seeking particular forms of solutions, we shall simplify the harmonic
map equation between warped products such as k-term Carnot spaces, thereby
obtaining an ordinary differential equation.

o In Chapter 2, this ordinary differential equation shall be examined and a family of
solutions for this equation shall be constructed.

o In Chapter 3, we shall apply our constructions from the previous two chapters to
the investigation of the Dirichlet problem at infinity, thereby providing examples of
harmonic maps inducing filtration preserving boundary values which may possibly
be degenerate.

o In Chapter 4, in order to study the regularity of these constructed maps in the
following chapters, we shall review relevant facts about hyperbolic geometry.

o In Chapter 5, by utilizing a slightly different analysis from those in Chapter 2,
we shall reconstruct one of the harmonic maps we constructed which induce the
identity map on the boundary. This approach is more convenient for regularity
estimations and for the analysis of asymptotic behavior.

o In Chapter 6, making full use of the results from Chapters 4 and 5, we shall make

regularity estimations of our harmonic maps constructed in Chapter 4, thereby
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verifying that the assumption of regularity is essential for Donnelly’s uniqueness
theorem [6, Theorem 3.13].

o In Chapter 7, we shall re-examine the regularity of these harmonic maps by utiliz-
ing Graham’s non-isotropic Holder spaces. [Here derivatives are assigned weights
depending on the directions and the elements of these spaces have boundary values
belonging to Folland and Stein’s Holder space defined by means of the Heisen-
berg distance function.] Thereby, we shall verify that the assumption of regularity
cannot be removed from Donnelly’s uniqueness theorem [7, Theorem 2.8].

o In Chapter 8, we shall extend our investigation of the Dirichlet problem at infinity
for harmonic maps between rank one symmetric spaces, thus taking into account
rank ¢ (> 1) symmetric spaces. By utilizing thorough computations of su(2,2), we
shall reduce the harmonic map equation to an ordinary differential equation which
can be studied by using the result from either Chapter 2 or 5. Thereby, we prove

the existence of the family of harmonic self-maps on Dj5(C).

Throughout this thesis, C' = C(x, ... ,*) will always denote a constant depending only
on the quantities appearing in parenthesis. In a given context, the same letter C' will, in

general, be used to denote different constants depending on the same set of arguments.



CHAPTER 1

The harmonic map equation between k-term Carnot spaces

To begin with, we fix our notation and terminology. First, let S denote a simply
connected solvable Lie group satisfying the following conditions:

1. S is a semidirect product of a nilpotent Lie group N and a one-dimensional
abelian Lie group A.
2. If nand s = n+ R{H} denote the Lie algebras of N and S respectively, then

n has a decomposition n = Zle n; into k-subspaces given by
n={Xen |ad(H)(X)=iX}, i=1,...,k,

where ad(H) denotes the adjoint representation. Since ad(H) is a Lie algebra homomor-
phism, the above decomposition of n defines a graded Lie algebra structure of n, that is,
[n;,n;] C n;y; with the convention n; = {0} for ¢ > k; thereby, yielding a corresponding
filtration: n c n® ... c n® given by n® = Z;Zl n.

Utilizing these properties of S and denoting by W: N x A 5 (n,exp(tH)) — n-
exp(tH) € N - A the multiplication of S, Nishikawa and Ueno observed that the pull-back

metric g = ¥*(g) of any left invariant metric g on S is expressed as follows:
g=ego + -+ e Mgy, +dt,
where gn, + - -+ + gn, denotes a left invariant metric of N satisfying

g"j(X’X)#O(X(%O)Enj% gni(XvX):O(XGﬂj,i#j),
gnl(X,Y) =0 (X < ni,Y < nj,z' %j)

When log(p)/2 is substituted for ¢, the metric g on N x R, is realized as

10



1. THE HARMONIC MAP EQUATION BETWEEN k-TERM CARNOT SPACES
This leads us to utilize an orthogonal left invariant frame {e;}, satisfying:
em = 0/0p, [em,€a) =0, [en,e5] = Z:l llalﬁev, aj, = 0 unless a € Iy, B € I,,7 € Ixyy,
gi=p" (€D), gnm=p 4" g;=0, (i#£)) forg;=glee;)

Here, the index set [; corresponding to the gradation is given by

I = {] | 1+ 21951_1”1‘ <J< Zlgz‘gl ni}» n; = dim(nz‘)-

Although we do not need to specify the sign of the curvature up to this point, it is known

that there exists a left invariant metric g of S whose sectional curvatures are negative
[15].

DEFINITION 1.1 (Nishikawa and Ueno [21]). The warped product manifold M = (S, g)
described above is called a k-term Carnot space if its sectional curvature is negative.

Nishikawa and Ueno arrived at the above notion of k-term Carnot spaces as a general-
ization of rank one symmetric spaces of noncompact type. For example, real hyperbolic
spaces are 1-term Carnot spaces, and complex or quaternion hyperbolic spaces and the
Cayley hyperbolic plane are 2-term Carnot spaces. With these symmetric spaces included,
all k-term Carnot spaces M are homogeneous Cartan-Hadamard manifolds. The R,
directions (n = Constant, p) define asymptotic geodesics of this space, thereby yielding a
point at infinity co € M and allowing us to identify 0M \ {oo} with N x {0}.

As is well-known, a map u: M — M’ between Riemannian manifolds M and M’
equipped with frames {e;}7, and {(37}7 1, respectively, is harmonic if the tension field

7(u) of u given by the following formula vanishes identically on M:

) = 3 6 (Funles) - ua (9Ve)

ij=1
m'  m m’ m
1) = Y (w4 Y I ) = S e (Ve u ) el
a=1i,j=1 Biy=1 =1
"
= ZTa(u)e’a
a=1

Her? gij = g(ei,e;j) is the components of the metric g of M; (g;;)™' = (97); u.(e;) =
Yoy el and w); = euj; VM oand VM are Levi-Civita connections on TM and TM’,

respectlvely, and V is an 1nduced connection on u~H(T'M’) (see [6, (2.1)]).

11



1. THE HARMONIC MAP EQUATION BETWEEN k-TERM CARNOT SPACES

Hence, in order to compute the tension field of a map u between warped product
manifolds M = (S,g) and M’ = (5, ¢’) described above, (preserving the prime ' and
Greek-indices for the target, and letting p’ou denote the p’ component of u), noting first
that g;; is diagonal, we start by simplifying the components 7%(u) of the tension field (1)
as follows:

igﬁ(uﬂ Ze VMej Ju +Z " V €s) f ]ﬁ
=1

=1 B=1

+ Z (¢n (VY 6,5 )—l—e'*(Ve, eﬁ))uﬂM)

1<B<y<m/
This leads us to examine the following components of the Levi-Civita connections of M

and M’

e (Vie)) =20p ", ef(Vile) =0, e, (Vien) =—pt,
en(Vey) + en (Vi es) = —(pou) ((plow) a5, + (plou) ™ 2a',) = —(p/ou) a'},,
e, (VMlem/) + e*(VM/ eg) = —A(p'ou) ™,
e (Vi eg) = 20(plou) M e5(Vieg) =0, en (V2 e) = —(plou) ™!
forael,Bely,vyel, , A<Ap<k),jel (1<1<Ek),(@G#m),((0#m).
Thereby we can calculate the components of the tension field 7(u) of a map u as follows:

m k k
™ (u) = Zgjju?;/ —(2 Z Ing — 4)pu™ — Z ZPZ(P,OU)_l(uTI)Q
i=1 =

=1 jeI;
—4p*(plou +2Zg”(zkp o) MY (u )>,
el
SUI T JURPRER) o SR ER
Jj=1 = Jjen
m k'
—8p%(plow) " tup ug, = > g% > (o) Gl
=1 A=l pel e,

fora € I}, (1 <p <Fk'). Hence, denoting Zle In; as N, we have the following

12



1. THE HARMONIC MAP EQUATION BETWEEN k-TERM CARNOT SPACES

LEMMA 1.1. Let M and M’ be as above. A map w: M > (n,p) — (h(n),¥(p)) € M’

18 harmonic if the following conditions hold:

0= 1),
(2) k 1% )
LA (X Y @) - () >0
=1 A=1 Jeh el

(3) Z Z aﬁahﬁm—() (ael,) onN

JEN Bell yel}

for 1 <1<k, 1<pu\<FK,

Ap

(4) h; = Constant 1<j<m-1,1<y<m'—1) onN.

REMARK 1.1. When M and M’ are both one-dimensional complex hyperbolic spaces
CH?', it holds that n; = 0,ny = 1 and that the equations (2) through (4) reduce to the
following:

O:

L (p) 2 o db(p)N?
L )T ) = ) (d—j),

where h} is a constant. (p) = |hi| ' sinh(Cp)/C is a solution for each C' > 0 and
u: (t,p) — (hit,|h}|~tsinh(Cp)/C) is a family of harmonic maps parametrized by C.
This is Li and Tam’s [19] example when hi = 1.

REMARK 1.2. When £ is the identity map of N, it holds that h} = §; for j,v > 1,
and thereby (3) follows immediately and the first equation (2) reduces to the following:

(5) 0= pgd;ﬂp(f) - (%N 1 _|_ Z)\ )\w /\+1 ) pr(p)—l <%(pp))2

By providing the solutions of this equation, we can obtain a family of harmonic maps of the
form u: M > (n,p) — (n,¢¥(p)) € M as was studied in [25], which utilized an argument
similar to that described in Theorem 5.2. By substituting p for 1(p) in (5), one verifies
that the identity map is a particular member of the family, recalling that the identity map
is a harmonic map. In Chapter 2, by means of a slightly different approach, we shall prove
the existence of solutions for (2) based on the construction in Chapter 2, thereby obtaining
these harmonic maps as a particular case, as in Example 1 in Chapter 3. It should be
noted that, for this particular example, we have not assumed that sectional curvatures of

g are non-positive, and that M is not necessarily a Cartan-Hadamard manifold.

13



CHAPTER 2

An existence theorem

In this chapter, in order to provide harmonic maps, for any given h satisfying (3)
and (4), we shall construct a one-parameter family of solutions to the equation (2) of the

particular form ¢ (p) = C~1p® exp(f(log(|p|))) for positive functions f. To begin with, we
observe that

d d?

72<pp) _ C_l(a—i— f/)pa_lef, C;igﬂ) _ C_lpa_2€f(f” +(f + CL)2 —a—f"),
where f' = df(t)/dt, " = d*>f(t)/dt*. By substituting the above into each respective
term of (2), we can obtain

d2 1 d d 2 1 1
P~ GN =00 = ) () = el N ),

k K k k'
1 l —A+1 _ 1 lt -\
LS A ) e = L) 3 e ST Abo) e
=1 =1 =1 A=l

k' k

| a —a)t—
= 50 1p 6f<ZZ)\Cl)\C>\€A(l/)\ )t )\f).

A=1 =1

Here ¢ is a constant given by

(6) ax=»_ (n)

jG]l,’VGI;\
Hence, we can conclude the following:
Given a solution f > 0 for
1 1 1 en o
(7) () = SN T () + gNa — 5 D) AepCrAATAEAG e R,
A=1 =1

we are able to construct a solution for (2) as ¥(p) = C'p®exp(f(log(|pl))). When

cn are all zero, we find that there is an explicit solution given by f(t) = f(0)e** for

14



2. AN EXISTENCE THEOREM

p= (N + (N? 4+ 4Na)/?) /4. Accordingly, we shall assume that at least one of ¢, is not
zero.

Continuing our construction, we shall now set
(8) a=min{l/A|cp#0, 1 <I<k 1<AN<FK}

so that {[/\ —a > 0 for all [, A satisfying ¢, # 0, and let C' be the mnimum positive
number satisfying

NCL - Z )\CD\C)\ =0.
l/A=a
Then, for positive numbers a;, b;, o, 5;,7v; (i € Aa, j € Ap, where A4 and Ag are index

sets of finite number of elements), we can express the right-hand side of (7) as

1 1 1 1
§Nf,(t) + 5/\/(1 -3 Z AepnCre M® — 3 Z Aep CreMA=at=Af(#)
l/A=a l/X#a

1 1 1 1
= éf\ff'(lf) + iNCL —3 Z Aep C + 3 Z AepnCAM(1 — e O)
l/A=a I/)\=a
1
-3 Z Acp CHA A=A ()
1/ \a
1
- §Nf/(t) + Z a;(1 — e_bif(t)) — Z ozjeﬁjt—vjf(t)'
1€EA A jeEAR

This leads us to examine the following:

THEOREM 2.1. For positive numbers N, a;,b;, o, B5,7;, (i € Aa,j € Ap), satisfying
N /2 > maxjer, (3) or Ap =0, there exists a solution to the following equation :

(9) f//(t) _ %Nf/(t) + Z CLZ(l _ e—bif(t)) _ Z aje/@jt—%'f(t) (t c R)

€A JEAB
satisfying: f(t) — 0 (t — —o0), f(t) — oo (t — o0) and f(0) > 37\ a;/B;(N/2— ;).

Upon completing the proof of this theorem, we can then establish the existence of a
solution ¥(p) for (2) on R, as ¥(p) = C~'p*exp(f(log(|p]))) under the assumption that
max;ep,(5;) < N /2 or that Ap = (). These are reasonable assumptions to be satisfied
in many applications concerning the construction of harmonic maps. [For example, when
h = id, it holds that Ag = 0. Furthermore, when M and M’ are rank one symmetric spaces
of noncompact type, max;ea,(3;) < N /2 holds true for most of the homomorphisms h

15



2. AN EXISTENCE THEOREM

as shall be described in Theorem 2.2 and Lemma 3.1.] As we shall see, these assumptions
allow us to rule out the resonance condition of a barrier function (15) as a solution for
(13).

In the following, f(t) — 0 (t — —o0) and f(t) — oo (t — o0) are abbreviated to
f(—=00) =0 and f(o0) = o0, respectively.

PROOF. In the first step, we shall construct a solution f(t) of (9) for ¢t < 0 satisfying
f(—=o0) =0 and f(0) = fy for a given sufficiently large positive number fj. In the second
step, we shall make a continuation of this solution to ¢ > 0.

Rewriting the equation (9) above as
(10) (f'(t)e N2y —N/2(Z a;(1 — e bWy _ Z ajeﬁjtﬂjf(t))
1€EA A jEAB

we use the following well-known result from a two-point boundary value problem of an

ordinary differential equation.

LEMMA 2.1. ([27, p.262-266], [11, 175C]). Let p(t) > 0 be in C([t1,t2]) and q(t) €
C%[t1,t2]). For a function f € C*([t1,t2]), set Lf = (p(t)f') + q(t)f. Consider the
following second-order equation

(11) Lf=F(,[)

with boundary conditions: f(t1) =mn and f(ty) = ns. Suppose that we have C? functions
J(t) and [(t) satisfying f(t) < J(t), [(t1) <m < [(ta), [(t2) <2 < [(t2) and
(¢, ),

f
- t <t <ty).
.7 ( )

)7

(Inequalities in this instance are reversed when compared with the comparison theorems

v

(12)

\I IM
—~
NN
“ij “ij

IN

in the initial value problem.) Assume also that F(t, f) is continuous for t; <t <ty and
f < f < f. Then, there exists a solution f(t) for (11) with boundary values f(t;) =
m, f(t2) = nz and satisfying

@) < f(t) < f(t)

for tg < t < t1. Moreover, the solution is unique if F(t, f) is a monotone increasing
function for f.

16



2. AN EXISTENCE THEOREM

In order to utilize the lemma stated above for our purpose, let us firstly abbreviate the
right-hand side of (10) to F(¢, f). Note that F(t, f) is continuous for —oo<t<0, —oo <
f <00, and is monotone increasing for f. Next, we define f and f as solutions for

(13 Pt = INTW- Y e,
JEAB

(14) £ = %Nf )+ 3 abif(t)
ISV

with boundary conditions: f(0) = f(0) = fo and f(—o00) = f(—o0) = 0. These equations
have unique solutions, which can be explicitly expressed as follows:

1 T = (- X gan=a) " X g

JEAB

[0 = S, A= (N (W16 ab)?).

i€ha
From these explicitly expressed solutions, we can observe that
ft) < J(t) for t <0,
f(t) < f(t) for t >0,
because it holds that A > N/2 > ;. Furthermore, noting that (1—e~%%)/z is a monotone

decreasing function of x > 0, we find that

(17) L= "0 = (1= e D)/ £(1)) (1) < bif (1),

and thereby it follows that

(NP = ) =23 (1= e0) —bif () = D g0

(16)

1€A Y JEAB
> F(t f(1)),
(NP = FLTF) - e*W/Q(Z ai(l— e TO) 4 3 agefit(1 — e (t>)>
i€AA JEAB

IN

F(t, f(t)).

Given the verifications made above, we can use Lemma 2.1 in order to obtain a unique
solution f.(¢) for (9) with boundary values f.(0) = fo and f.(—k) = f(—x), for each
positive integer k. Thus we can obtain a sequence {f,} which satisfies

(18) J(t) < fu(t) < f(t) on [+, 0].
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2. AN EXISTENCE THEOREM

It should be noted that the behavior of f,(t) is controlled by f(¢) and f(t) independently of
k. By using a well-known lemma [14, p. 428 Lemma 5.1] for (9), we have a constant C' such
that sup_,. <o |f1| < C for all A > k. Combining this with (9),
C" such that sup_, <o |[fi] < C" and sup_, ;| fy| < C” for all A > x. Therefore, when
we examine {f.} firstly on [—1,0], by using the Ascoli-Arzela theorem, we have a sub-

we have constants C’ and

sequence {f,,} of {f.} converging in C?*([—1,0]) topology. Focusing on [—2, 0] secondly,
utilizing the Ascoli-Arzela theorem once again, we see that there is a sub-sequence { fml}
of {f.,} converging in C?([-2,0]) topology. Continuing on, we obtain a diagonal sub-
sequence converging to f., locally in C?((—o0,0]). Thus we have obtained a solution

f(t) = f(t) of (9) satisfying

£0) < £0) < F#t) on (~o0,0]

Now we shall consider the continuation of f(¢) for ¢ > 0 to obtain a global solution
f(t) on (—o0,00). In order to prove the global existence of f on ¢t > 0, it suffices to find
functions which restrict the behavior of both f and f’ from above and below; thereby, we
show that the local solutions f and f’ do not diverge within a finite time. To this end, we
firstly note that f(t) < f(¢) for ¢ > 0 from (16). This reversal of inequality for ¢ > 0 when
compared to that for ¢ < 0 leads us to utilize solutions for (13) and (14) as a sub-solution
and a super-solution, respectively. If this seems to be contradictory, let us recall that the
directions of the inequalities (12) in Lemma 2.1 are reversed when compared with the
comparison theorem in the initial value problem. (See [4, p.73, Theorem 5.1] and [11,
175C, 176E]. See also [27, p. 246, p. 140].)

Moreover, since we assume fo > > . . @;/B;(N /2 — 3;), we find that f,f >0forall
t>0.

Hence, by utilizing (7), (13), (14) and (17), we can obtain the following differential
inequalities:

f=F) = %/\/’(f’ ~ )+ Z aze (1 — e =Dy 4 Zajeﬂft_%?(l — e nU=0)y

i€EAA JAp
+3 a(l- e ) + > ayelit(1 - eil)
SV jEAB
1 ' T 3 — —
> §N<f’ _ f’) I Z aie_bif(l _ e—bi(f_f)) + Z ajeﬁjt—yjfu _ e_yj(f_f))’
€Ay jeARB

18



2. AN EXISTENCE THEOREM

(f'=r) = %N (f' = 1)+ Y ae I (] — e D)

1€EA 7
+ Z azbzi - Z CLZ(l — e*&[) + Z Oéjeﬁjtf'yji+fyj(i,f)
7:EAA iGAA jEAB
1
> §N(i’ _ f’) + Z aie—bif(l _ e—bi(i—f))'
1€EA 7

Thereby, we find that f" — 7, f — f"and f — f, S — [ are all monotone non-decreasing,
and in particular, they are all non-negative for ¢ > 0; furthermore, they are bounded by
f — 7, and [ — f, respectively, for all ¢ > 0, and in particular, none of these differences
diverge at a finite time. Hence we obtain

f(t) = f(t) = f(1),

£t > F@0) > (1)
for all ¢ > 0, thus concluding that f(¢) and f’(¢), which exist locally, do not diverge at
a finite time for ¢+ > 0. Since O] > 0, we find that f(oc) = co and f(00) = oo, thereby
completing the proof. O

Consequently, we have the following:

THEOREM 2.2. There exists a one-parameter family of solutions to (2) satisfying
¥(0) =0, ¥(oc0) = 0o and Y(p) >0 for p >0 when k —a < N /2 or Ag = 0.

PrOOF. By utilizing the theorem proved above, we can obtain a family of solutions
for (2) as ¥(p) = C~1p* exp(f (og([p]))) parameterized by fo > X0 ay/N/2 — ).
if maxjea,(6;) <N /2 or Ap = 0.

When Ap # 0, since 8 € {I{—Xa | 1 <A<k, 1 <X<KY, it follows that 3; < k—a;
thereby, k —a < N'/2 implies that max;ea,(5;) < N/2. O
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CHAPTER 3

Applications to the Dirichlet problem

When M and M’ are k-term Carnot spaces, we can use the result from previous
chapters to the Dirichlet problem at infinity for harmonic maps between them. Typical
examples of k-term Carnot spaces are rank one symmetric spaces of noncompact type,

which can be described as follows:

Let K =R, C,H or Ca denote real, complex, quaternion or Cayley number field. Let
us set d = dimg(K) and Im(K) = {a —a | a« € K}. To begin with, we define N to be a Lie
group whose underlying manifold is K" x Im(K) with coordinate (x,t) = (x!,... ,x",t),
where the group law is given by

(x,t) - (X, t') = (x + X/, t +t' + 2Im(x - X)).

When K = C, N is the Lie group called the Heisenberg group. The left translation of N
by (x,t) shall be denoted as 7x ). Next, we define S = N -R_ to be a semidirect product
of N and R, given by the dilation p-(x,t) = (p'/?x, pt). Let 75 denote the left translation
of N-R, by s = (x,t,p). Now we endow S with a left invariant metric g on S so that
M = (S, g) becomes a symmetric space, which is called a real, complex or quaternion
hyperbolic space, denoted by KH"*! where K = R, C, H, or the Cayley hyperbolic plane
denoted by CaH?.

In the following, we shall examine the explicit formula of the metric g on S in con-
junction with the canonical generator of the Lie algebra of S when (S,g) = CH""! or
HH" .

To begin with, let {e’ }?:1 denote the canonical generator of K = C or H given
respectively by e! = 1 and e> = /—1 when K = C, and e' = 1, €2 = i, e = j,
el =k, i2 = j? = k? = ijk = —1 when K = H. Utilizing these, for the coordinate
(x,t) = (x',...,x",t) of N, we can express x/ as S.* zi'e! and t as 3", tle!. For
i > 0 we let Im;(x/) = 27/° denote the €' component of x/. Then, the left invariant
extensions in N of tangent vectors 9/9x%' (1 < j <n,1 <1<d), 20/0t' (2 <1< d) at
0=1(0,0,1) € K" x Im(K) x R, can be computed as follows:
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3. APPLICATIONS TO THE DIRICHLET PROBLEM

For x' € K" which is of the form

x' =(0,... ,0,ee’,0, ...,0), e eR,
j-th
we can easily observe that
. d
T (/0] = | F((x) - (%,0))
e=0
d 1 j l n P
= = f(x ..., x) +ee,... x" t+ 2Im(x'ce"))
c e=0
) d 0
= <@ +2 Z;Imi(xje )§)f
= €d(j—1)+lf,
l d 1 8
Ty« (20/01') f = Q%LZOJ%(X,‘J) -(0,e€')) = 250 f =1 €anviaf.

Similarly, we observe that the left invariant extensions of 9/9z% (1 < j < n,1 <1 < d),
20/0t' (2 <1< d) and 2e,, = 20/0p in N - R, are given, respectively, by

Lag-n+1 = p"eq-1)4 (1<j<n, 1<1<4d),
Linyi-1 = peanti—1 (2<1<ad),
L, = 2pe,,.

By utilizing these, we define n; and ny by

n = SpanR{Ld(jfl)+l}1<j<n,1<l<da np = SpanR{Lnd+l—l}2§l§d-

Then, for H = L,,, we have the following decomposition of the Lie algebra of S:
5:R+{H}—|—n1 + no,
where n, = {X € s | [H,X]|=1X} (Il =1,2). Furthermore, for m = ny + ny + 1, we have

m—1
[ea, €] = Z alﬁew
y=1

where a5 = 0 unless o, 3 € I, 7 € I, and thereby it holds that ny C [n,n].
Having obtained the explicit formula of the canonical generator of the Lie algebra s,
we shall consider the metric g of S. Firstly, since S acts on N - R, transitively, an inner

product (-,-) of the tangent space T,(S) at o = (0,0,1) € S, define the left invariant
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3. APPLICATIONS TO THE DIRICHLET PROBLEM
metric g by assigning gs.o(V, V') = (7;,'V, 71V") for V, V' € Ty (S) at each s € S. At
this point, by taking the inner product above as
<'7 > = |dX’2 + |dt|2/4 + d,O2/4,

we see that M = (S, g) gives rise to a symmetric space according to Lemma 4.1 below. Sec-
ondly, since L, are left invariant (as defined by 74.(L;) = L,), we can see that 7.’ (L;|s.0) =
L;lo. Thirdly, noting that {L,|o}", = {9/dz",... ,0/0x"%,20/0t?, ... ,20/0t,20/Dp}
is an orthonormal basis for the inner product (-,-) (as defined above), we find that

i S'e7Lj|S'0) = go(Ts_*l( i S~0>7 Tsx (L |s 0)) = <Li Lj|0> = 5%’]‘7

which implies that {L;} is an orthonormal frame of g. Hence, the explicit formula of left

95-0<

invariant metric g as determined by (-, ) is finally expressed as follows:

g= Z(L*) 2ien (€ n 2en(er)” | dp?

2 2

(19) — p p 4p
 |dx]? N |dt — 2Im(x - dx)|? N dp*
o 4p? 4p?

We have deduced this last equality by noting that

(dt — 2Im(x - dx)) <8 ]l+2ZIml (x7é )

d
= 2) Imy(x/e')e’ — 2Im(x’e’) = 0.
=2
Consequently, for g,; = g(e;, e;), we have
gu=p" (leh), gu= p (I € Ip),
Gmm = p724—717 gij - 0 (Z )
At this point it should be noted that ny = Ker(dt — 2Im(x - dX)) defines a codimension

d— 1 distribution in n. When K = C, this distribution and dt — 2Im(x - dX) are also called
a contact structure and a contact form of N, respectively.

DEFINITION 3.1. When ny,n},ng,n, > 0, a map h: N — N’ is said to be a filtra-

tion preserving map if the components of the differential map of h given by h.(e;) =
> 11h76’ satisfy

(20) hj =0for jeI,vel.
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3. APPLICATIONS TO THE DIRICHLET PROBLEM

DEFINITION 3.2. Suppose ng,n4y > 0. Amap h: N — N’ is said to be non-degenerate
if
Z (h])?> >0 on N.
JjE€l2,vET
h is said to be degenerate if the left hand side vanishes at a point on N. A proper
harmonic map from N - R, to N’ - R, is said to be non-degenerate if its boundary value

is non-degenerate.

A non-degenerate filtration preserving map h: N — N’ is referred to as a contact map

when both N -R, and N’ - R, are complex hyperbolic spaces of the same dimension.

LEMMA 3.1. Let N-R, and N'-R, be rank one symmetric spaces of noncompact type.
Suppose that h: N — N’ is any Lie group homomorphism satisfying
(21) 0= Z a Bahﬁh7 for any « € 1.
J€IL,BEI] e
Then, there exists a family of harmonic maps which assume h on the boundary N, except
in the cases when ny = 1,k = 1,a = 1/2 and ny = O,ny = 1,k = 2,a = 1, where
a=min{l/A| >, Zwelg(h})Q >0, 1<I<k, 1<A<FEK} asin(8).

PROOF. To begin with, from the definition of a, we find that @ = 1/2,1,2 when both
the domain and range are rank one symmetric spaces of noncompact type. Consequently,
we obtain k — a < N'/2 =n;/2 + ny except in the cases when ny =1,k =1,a = 1/2 and
ny = 0,ng = 1,k = 2,a = 1. [The case ny = 0,ny = 1,k = 2,a = 1/2 does not occur
according to the definition of a.]

Next, since h is a Lie group homomorphism, the differential map h, preserves the Lie
bracket product, thus it maps the center ny into nf,. This implies that h7 0 for j € I,
and v € I} except in the case when ny = 0,ny = 1, k = 2. Consequently, we have

0= Z aﬁahﬁm for any «a € I,
FISCHCISI URTISI IS
thereby, we can reduce the condition (3) into
0= Z aﬁahﬂfﬂ for any « € I.
Jje€IL,Bel] eI

Moreover, since h is a Lie group homomorphism, the components of the differential

map of h are constant, see, e.g., Donnelly [8, Proposition 3.1], and thereby (4) follows

automatically.
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3. APPLICATIONS TO THE DIRICHLET PROBLEM

Now utilizing Lemma 1.1 in conjunction with Theorem 2.2 we have completed the
proof. O

When £ is a filtration preserving homomorphism, the condition (21) follows automat-

ically and a = 1. Therefore Lemma 3.1 implies the following:

THEOREM 3.1. Let M and M’ be rank one symmetric spaces of noncompact type.
Suppose that h: N — N’ is any nontrivial filtration preserving homomorphism. Then,

there exists a family of harmonic maps which assume h on the boundary OM N N.

We shall now illustrate how one can apply our Lemma 3.1 and Theorem 3.1 in the

following examples:

Example 1. The identity map of N preserves the filtration; thereby we can construct
harmonic maps that induce the identity map on the boundary:

u: (x,t,p) — (x,t,9(p)).

The case where M = M’ = RH™ was studied by Economakis [9] but his approach was
different from our’s, which will be provided in Chapter 2 and again in Chapter 5 with
a slight modification to that of Chapter 2. Their Holder regularity will be discussed in
Chapters 6 and 7.

Example 2. More generally, we have the following examples of harmonic maps that
assume non-degenerate filtration preserving homomorphisms on the boundary:

w:(x,t,p) = (Cx,C%,¢(p)).

Example 3. We can construct a harmonic map u: KH" — RH" (n’ < n) of the

following form:

w: (x,..,x"tp) — (M 2% 2™ w(p)).

Example 4. Let us consider a degenerate filtration preserving map between the bound-
aries of M = KH" and M = KH" (n’ < n) given by

hiea-1)+1) = €gi_ysrs hsleag-1+1) =0 (2<1<d,1<j<n),
h * (edn+l_1) =0 (2 S l S d)
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3. APPLICATIONS TO THE DIRICHLET PROBLEM

This clearly preserves the Lie bracket product and hence is a degenerate filtration pre-
serving homomorphism of the Lie algebra. By using this h, we can construct a harmonic

map u of the form:
u: (x,t,p) — (h(x,t),9(p)).

We can also consider a filtration preserving map given by
h*(ed(j,l)ﬂ) = 621(j-1)+1 1<y< n’), ha(anti-1) =0 (2 <1< d).

This is another example of a degenerate Lie homomorphism that preserves the filtration.

Utilizing this homomorphism h, we obtain the harmonic maps of the form:

us (x,p) — (h(x,£), (p)).
Example 5. A map between the boundaries of M = KH” and M = KH" (n’ < n)

d d
h:(X17"'7Xn’t)_>(Clzx1la"'7Cn’zxn,l70) (C17"'aCn’EK)
=1 =1

is also an example of a degenerate filtration preserving Lie homomorphism. Therefore we

can utilize Theorem 3.1 to construct its harmonic extensions.

Example 6. We have an example of harmonic maps u assuming a filtration preserving
map on the boundary in the case where the dimension of the target is greater than that
of the source:

u: (x,t,p) — (X,%x,t,%(p)).

Example 7. Let us consider a homomorphism that does not preserve the filtration of
the boundary of complex hyperbolic spaces given by

hoe(xt,...,x"t)—(0,...,0,2").

This map satisfies h?,ﬁl =1 and @ = 1/2. Hence we can utilize Lemma 3.1 to construct
harmonic maps inducing A on the boundary. The images of these harmonic maps are
contained in CH"’s which are totally geodesic submanifolds in CH™ . This example was
inspired by Donnelly [8] obtained through a suitable composition of homomorphisms:
n — n; — n. Donnelly’s approach [8] to prove the existence of harmonic maps is analogous
to that of Economakis. In his construction of harmonic maps, Donnelly [8] assumed that
h does not preserve the filtration, namely that c¢;o # 0 (cf. (6)); but, our construction
in Lemma 3.1 does not assume this and we can therefore obtain harmonic maps that

induce filtration preserving homomorphisms as well. Furthermore, Donnelly provided
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3. APPLICATIONS TO THE DIRICHLET PROBLEM

other homomorphisms that do not preserve the filtration in [8] and our construction also

works when we utilize these boundary values.
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CHAPTER 4

The Cayley transform

In this chapter, we review some facts from hyperbolic geometry. In the following, K
denotes R, C or H.

1. The homogeneous model of KH"
Let V17(K) be the vector space K" together with the unitary structure given by
O(z,w) = —Zowo + Zywy + -+ - + Z,Wy,.
The group G = SO(1,n), SU(1,n) or Sp(1,n) is a subgroup of SL(n-+1, K) which satisfies
®(g(2),9(w)) = ®(z,w)  Vgel.
Define V_, by
Voo ={¢=1(¢"....¢") e K®((, () = —1}.
A projection map P: V_; — V_;/ ~ is induced by the following equivalence relation:
¢ ~ (" if and only if there exists a A € K\ {0} such that ( = '\
Since ®((,() = —1 < 0 implies that
[ e+ IS < 1COP,

we have [¢°|? # 0. Hence, P(V_) is identified with

n

Z\wﬂ'|2<1}

j=1

Bﬂié:{w:(wl,... ,w") € K"

by assigning [(] € P(V_) to w € B, where w’ = ¢/(¢")~!, j = 1,--- ,n. Then, in the

coordinate representation, the map P: V_; — Bg is given by
P(Q)=w, w = (")
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4. THE CAYLEY TRANSFORM
2. The Cayley transform as determined by +k, € OKH"
Let {ki,... ,k,} and {eg, ... ,e,} be the standard basis of P(K"!) and K", respec-

tively. An element g in G is said to be parabolic if g leaves exactly one point on the
boundary fixed.

Firstly, we shall focus on the particular boundary point k, = (0,...,0,1) € OKH™.
Since k,, = P(ep+e,), an element g € G leaves k, fixed if and only if g(eg+e,) = (ep+e,)A
for A\ € K\ {0}. Because of this, in order to examine the parabolic subgroup, a different
basis é; = Z?:l e;d;; which contains a multiple of ey + e, is often of use. Following this,

we shall change the standard basis as follows:
eo = (60 - €n)/ \/57
én - (60 + en)/\/ﬁa

e = €, 1<j<n-—1,

which is provided, in the form of a matrix, by
1/V2 —1/V2
D = En—l )
1/v2 1/v/2
where E,_; is the identity matrix of the degree n— 1. The linear transformation C' = D1
or the projective transformation which it induces is called a Cayley transform. In the

coordinate representation, C' is given by
C: (¢ ¢ = (= VR T+ CV2).
Viewed as a projective transformation,
o= V2w (1w
n"o= (w1 —w")

which maps an open ball

n
lwk|? < 1}
k=1

Bﬂg:{weK”

to the Siegel domain of type II

Z:{nEK"

Re(r") > Y I P?/2),
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2. THE CAYLEY TRANSFORM AS DETERMINED BY +k, € OKH"

Our convention in the case of K = C differs from that of Graham’s [12, p. 444]. Note that
his 2" is v/—1n", 27 is V217 and his w is —w, respectively. Following Graham’s change of
variable [12, p.444], setting a new coordinate (x,t, p) by

(22) X =0 /V2, p=Re(n") =S W/2, —t=Im(n"),
we obtain a diffeomorphism from Bg to K" x Im(K) x R, given as follows:
x) = —w/(1 —w") ™,

(23) = ,
—t+p=(T+w)(1—w") " =D w1 —w"|
j=1

At this point it should be noted that the group G=D"'GD preserves D~1(V_y), thereby
the action of G on By is converted by the Cayley transform C into the action of G in .
Furthermore, C' maps k,, to the point co = C(k,) € 0¥. Thus, the isotropy group of k,
in G corresponds to that of oo in G.

Secondly, we shall focus on another boundary point —k, = (0,...,0,—1) € OKH".
Noting that P(—eq + e,) = —k,, we can perform the same computation by replacing k,
with —k,. In the coordinate representation, we have

(¢ ¢ = () =€) VR 7 (=6 + ¢ V).
Viewed as a projective transformation,

7= VA=) (1 ()
n n n -1
n" = (1+(—w ))(1—(—w )) )
If we set a new coordinate (x,t,p) according to (22) again, then the formula above is

given in the following form:

-1

x) = —(—w’)(1 = (—uw")) ",
(24) . .
—t+p=(1+(-w"))(1-(—w") =) W1 - (—uw")

i
L

<.
Il

Thus, we constructed Cayley transforms as determined by the two boundary points k,
and —k,. We shall denote these as Wy, and W_j , respectively. They satisfy Uy =
(—=Id)oW_4,. Hence, we have the following boundary charts of the compactification By =
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4. THE CAYLEY TRANSFORM

B U S™tn2 (Smt12 heing a ny + ngy dimensional sphere) given by the Cayley transforms
Wy and W_y -

Uy R xR, — By \ {kn},

(25) -

3. A linear fractional transformation

G = S0O(1,n),, SU(1,n), or Sp(1,n) acts on P(V_) = Bg, as linear fractional trans-
formations B} 5 w — s(w) € By given by

w'os(w) = (s, + Z S W) (S0 + Z sew’) ! for s = (s;;) € G.
=1 j=1

There is an Iwasawa decomposition G = KAN, where K coincides with a stabilizer
subgroup of G that leaves the origin of P(V_) fixed. Noting that S = N A is diffeomorphic
to G/K = P(V_), we shall examine the Lie algebra s of S. The a-gradation of s is given
by s = R{H} 4+ n, + n,,

1 —x! . -t t
H = s X—l = —Xl Xl y T — 5 )
1 —x! —t t
n—1
o= X ek n = {T [t e m(K)},

=1

n, = {X_e 5 ‘ ad(H)X =iX}| (i=1,2)

where, each X; has four entries depending on x’/, —x’/ and —x’ placed in the (I + 1)-st
column and (I + 1)-st row and the other entries being zero. Since any element of n is
provided as linear combination 27;11 X!+ T, we can express each element of S [being
defined as (s;;) = exp( 7:_11 X!+ T) exp(sH)] as follows:

Ch(s) +e*(x]*—t)/2 —x' -+ —x""! Sh(s)+ s %(—|x|*+t)/2
_e—sxl e—sxl
1
(si5) = .
—eSxn—1 e—sxn—1
Sh(s) +e*(|x|* —t)/2 —x! -+ —x""1 Ch(s)+s*(—|x*+1t)/2
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3. A LINEAR FRACTIONAL TRANSFORMATION

Recognizing that an action of an element of S to B is a linear fractional transformation,

we can observe that (s;;) maps the origin of Bg to
w' = —e*x'(Ch(s) + e *(|x|* — t)/2) "
= —2x'(e*+1+|x]*— t)_l,
W' = (Sh(s) + e (xf = £)/2) (Ch(s) + e ([x2  £)/2)
= (@14 xP—t) (14 [xP—t)

1

Hence, by substituting p for e¢*, we obtain a diffeomorphism M > (x,t,p)
(wh,... ,w") € P(V_) given by

wo= (P —t+p+1)T (1<i<n-1),
w" = (|X|2—t—{—p—1)(|X|2—t—|—p+1)71.

Since the point oo determined by R directions is mapped to k, € 0Bg, this diffeomor-

phism shall be denoted by ®;, . Recognizing that

1—w" = 2(x? —t—l—p—i—l)_l,

1+w" = 2(xP—t+p)(x"—t+p+ 1)_1,
the inverse of this diffeomorphism is given by

x! = —wl(l—w")_l,
n—1
Sty = () (m ) = Sl -
=1

At this point, it should be noted that this diffeomorphism is identical to the Cayley trans-
form (23). By setting ®_; = (—Id)o®y, , we have boundary charts of the compactification

By = BR U S™*2 given by
Dy, RMF™M X Ry — E% \ {kn}
(26) —n

As we see from Chen and Greenberg [5, Proposition 2.3.1], the left invariant metric on
P(V_) = B} is dw-dw at the origin 0 = (0,...,0) € Bg. Furthermore, we can verify the
following

LEMMA 4.1.

d(we¥y )-d(weVy )|o = d(weV_g, )-d(w-V_y )|o = dx-dX + dtdt/4 + dp® /4
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4. THE CAYLEY TRANSFORM

for 0 =(0,0,1) = ¥, '(0). This determines the canonical left invariant metric g so that
(N -R.,g) is a symmetric space.

Since the geodesic symmetry of the ball Bg at the origin 0 € By is Bg 2 w — —w €

Bg, the geodesic symmetry of N -Ry at o = (0,0,1) = ®,'(0) = &7, (0) € N -Ry is
provided by

7= B lod_y, = By lo(—Id)ody, : R x R, \ {(0,0)} — R x R, \ {(0,0)}.

This will be the coordinate transformation of the coordinate system as given in (25).
Regarding the estimation in Proposition 6.3, it should be noted that o*(g) = g, since
w +— —w is an isometry of (Bg, gp) and it holds that g = ¥} (gp) = ¥, (g9B).

LEMMA 4.2. The explicit formula of o s given as follows:

xloo = —Xl(|X|2—t+p)_1,

-2
—too + (poo) = (t+p)|[x[* +t+p|

PROOF. Recognizing that

1+w)(1—wn)? = 1T+ (1-w)(1-7") " (1—w")?

= (1-2"+w"+ [w")[1 —w"| 2

1—wh (14w = 1—w) ' (1-w) " (1-7")(1+w")
1 —w"|~ 2(1—w +w" —|—|w"|)

we obtain
xPP—t+p=(01+w")1—-w")"=(1-w")""(1+uw"),
and thereby

(xP—t+p) " =1 —w)(A+w") " =1 +w") (1 —w")
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3. A LINEAR FRACTIONAL TRANSFORMATION

Utilizing the above, we find that

xor = —(=uh)(1 - (~u")”
= —(—uwh(1- ) 1(1 w”)(l—l—w”)f1
= X(IXI2 t+p)
—too + poo = w")) " (1 + (—w")) = |xo0]?

(1-
= (1+w) (1— ") — |xo0|?
(I = t+ ) ™" = [xeo?
= (t+p)|[x>+t+p"
O
LEMMA 4.3. Defining the Heisenberg inversion as ¢ := o|,—o, when K = C, we have
& (dt — 2Im(x - d%)) = (dt — 2Im(x - dX))||x|* — t|7>.

In particular, on the overlapping region S™*"2 \ {k,,—k,}, Ker(dt — 2Im(x - dx)) C
T(S™*2\{k,}) on one chart given in (25) coexists with Ker(dt—2Im(xd-x)) C T(S™ "2\
{—kn}) on the other.

PROOF. Note that
xo0 = —x(|x|? —t)fl, tod = t|x[? —trz

Since d||x|* — t|2 = d|x|* + d|t|?, we have

27 dtes = —dt||x|*> — t
(27) |Ix]

|—2

+t(dx|* + dit)?)| x> -t

Next, we obtain

dxo6 = —dx(|x|* — t)f1 + x(dx|* + dt) (]x|* — t) -

and furthermore
dxog = —(|x[> — t) " dx + (|x[2 +t) 7 (d|x[? + dt)x.
By using (|x[2 +t)~" = [|x[2 — t| *(|x[2 — t), we have

Xo& - d%e0 = x.dx||x[2 — |7 = x[[x|* — t| 7 (|x[? — t) (d|x[* + dt)x.

33



4. THE CAYLEY TRANSFORM
In order to compute Im(xo6 - dood), we must observe that
2Im (—x - (|x[> — t)(d|x|* + dt)x)
= x(]x* = t) (d|x]* + dt)x — x-(d|x|* — dt) (|x|]* + t)x
= x(2[x|*dt — 2td|x|* — tdt + dtt)x.

Combining this with the second term of (27) x | x| —t * we have

t(dlx|* + d|t|*) + x-(2|x[*dt — 2td|x|* — tdt + dtt)x
= td|t]* + 2x |x|2dtx
+td|x|* — 2x-td|x|*X + x-(—tdt + dtt)X.
In the case where K = C,
td|t]? + 2x [x|2dtx = 2dt(|x|* + [¢]?) = 2dt|[x|* — t°,

and other terms cancel out each other.
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CHAPTER 5

Harmonic maps inducing the identity map on the boundary

1. Preliminary computations

Once again, we shall prove the existence of harmonic maps in Example 1, by utilizing
a slightly different method from those in Chapter 2. This method is more convenient for
regularity estimation as well as for the analysis of asymptotic behavior.

Recall from Chapter 1 that the components of the tension field of the map u: M >
(x,t,p) — (x,t,9(p)) € M are given by

T (u) = 4p 24 Z ( )

dp

£ )~ A (f;ﬁ)

and 7'(u) = -+ = 7" (y) = 0. Remark that we observe these by noting that u” =
diy/dp and u} = 9,, (i, # m), which are valid because u.(e,,) = di/dpe,, and u.(e;) = e;
for j = 1,...,n, +n,. Once these are observed, setting N' = ijljnj, )= diy/dp and
Y = d*/dp?, we have the following

LEMMA 5.1. Suppose ¥(p) is a solution to
(28) 2 2 &= ¥ (p)

Then u: (x,t,p) — (X,t,9(p)) is a harmonic self-map of M inducing the identity map
on the boundary OM .

In the next section, we shall establish the existence of a one-parameter family of global
solutions to the equation (28) and study their asymptotic behavior. The growth estimates
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5. HARMONIC MAPS INDUCING THE IDENTITY MAP ON THE BOUNDARY

in Proposition 5.2 will be used in Section 3 of Chapter 6 in order to prove Proposition
6.1.

2. An asymptotic analysis of the translation invariant equation

THEOREM b5.1. There exists a one-parameter family of global solutions ¥ (p) = 15(p)
parameterized by X > 0 to the equation (28).

The translation invariance of the equation (29) in the proposition below is a key to
the non-uniqueness of solutions for (28). By means of the following proposition, in order
to prove Theorem 5.1, it suffices to show that there exists a nontrivial global solution f(t)
to the equation (29).

PROPOSITION 5.1. ¥(p) = pexp(f(log(|p|))) is a solution to (28) if and only if f

satisfies

£() — SN ——szl—e 0y — g,
£, £(5) > O,xgr_noof( ) - 0, lim_f'(t) =

where f' = df/dt and " = d*f/dt*. Given a solution f(t) to (29), we have the
solution f(t + log(X\)) satisfying (29) for each X > 0. In consequence, we see that
a(p) = pexp(f(log(|plA))) (X = 0) form a one-parameter family of solutions of (28)
parametrized by A > 0.

(29)

PROOF. Note that log(|p|)’ = sgn(p)/|p| = 1/p. By substituting pexp(f(log(|p|))) for
Y(p) in equation (28), we have

p(p) — (%N— D(p) + % > in, (%) o (@/}(p)fﬁp)

= p(f"(t)+ (FO) + 1)1 ()W — (%N— DL+ f/(1)e’

1 P / 2 P
—1—5217’” (pef(t)> N ((1 +f (t))ef(t)) pef®)
=1
1
= /0 (f”(t) SN+ Zlnze t) =0,
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2. AN ASYMPTOTIC ANALYSIS OF THE TRANSLATION INVARIANT EQUATION

where t = log(|p|). Since f(t) > 0 and f(t) — 0 as t — —oo, we have 1(0) = 0 and
Y (p) — oo as p — oo. Moreover, it follows from f(t) — 0 ast — —oo and f’(t) — 0 that

$(0) = 1.

Conversely, if (p) satisfies (28), then we can verify that f(¢) = log(v(exp(t))) — t
satisfies (29). Indeed, for p = ¢, 7,/)(0) = 1 and ¥(0) = 0 being the case, it holds
that f(t) = log(y(e')/e’) — 0 and f'(t) = ¥(e')e!/ib(e!) —1 — 0 as t — —oo. Since
e~ = p/ah(p), we have

k
£ = SN0 = 3320 = e O)in

Proof of Theorem 5.1. By setting X (t) = f(t) and Y (t) = f'(t), we can express the
equation above as a system of first-order ordinary differential equations:
k

g _1 1 —5¢()
(1) = SNY () + 2;(1 e XO)in,,
dX

E(t) =Y(t).

Consequently, we have

dY N N S (1 —e )y

dX 2 2Y
N X
= —+EX)=

where

Zf—l(l —e )iy
E(X) === .
(X) 5%
At this point, it should be noted that E(X) is a monotone decreasing function of X > 0.

In the following, in order to show the global existence of the solution Y (X) satisfying

Y (0) = 0, we shall solve the following equation:
av N X
AN D '@ st
(30) X 27 ( )Y’
Y(X) = 0,dY/dX —a (X —0), a=N/2+E®0)/a>0.
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5. HARMONIC MAPS INDUCING THE IDENTITY MAP ON THE BOUNDARY

Remark that the condition dY/dX — a (X — 0) corresponds to the requirement that
limy .o dY/dX =limy (N /2 + E(X)X/Y). We shall define a constant ¢ to be

k
1 2
c=E0)=3) I'n.
=1
Then a constant a in (30) is given by

a= N+ VN2 +16¢)/4.

Our strategy to complete the proof of Theorem 5.1 is as follows: in Step 1, it will be shown
that Y (X) exists globally; in Step 2, by using Y'(X), we shall solve f'(t) = Y(f(t)) with
boundary values f, f' — 0 t — —oo, and thereby we will establish the global existence
of a solution f(t) to the equation (29). Once the global existence of f(t) is established,
the proof of Theorem 5.1 will be completed by using Proposition 5.1.

Step 1: Our method to show the global existence of Y (X) to (30) is as follows: Note
that the right-hand side is C'*° for the variables Y > 0 and X > 0. This means that
for any &, > 0, the solution Y (X) with an initial value Y (g,) > 0 exists locally for
X > g, and that dY/dX does not diverge at finite X as long as X (> 0) and Y (> 0) are
finite. Accordingly, in order to prove that Y (X) exists globally on [g,, 00), it suffices to
construct positive functions which restrict the behavior of Y (X) from above and below
for all X > g,. We can then verify that neither Y (X) nor dY/dX diverges at any finite
time.

Supposing that ¢ > ¢ > ¢ > 0 and
a=N/2+c/a>0, a=N/2+¢c/a>0,

we have a < a < @. Next, given any ¢, > 0, we shall solve

V(X) N X
X 2 %y
dv(X) N X
1 _N X
(31) e 5 +EX)
yXx) N X
X 2 ¢y

with initial values:
ag, =Y (g,) < Y(gy) < Y(g,) = @c,.

Clearly, Y/(X) = aX and Y (X) = @X are solutions for the first and third equations.
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2. AN ASYMPTOTIC ANALYSIS OF THE TRANSLATION INVARIANT EQUATION
This being understood, let us observe the following lemma:

LEMMA 5.2. Given any Ty > &,, it holds that
(32) Y(Y) <Y(X)< T(X)
on [y, Tp] for all ¢ and € satisfying
0<c< E(T,), c<ec

PROOF. Since F(X)X/Y > 0, we have dY/dX > N /2, and thereby Y (X) > 0 is
monotone increasing. Thus we can conclude that Y is bounded by X axis and that
dY/dX does not diverge at a finite time from (30). Consequently, let us next assume that
Y cannot bound Y from above, and accordingly, there exists an initial intersection of Y
and Y at X, < oc.

Then, since Y (g,) > Y (g,) and Y (X) meets Y (X) for the first time at X,, we have

[d(? - Y)}

<0.
dX 0

X=Xo

On the other hand, since F(X) is a monotone decreasing function of X and F(0) = ¢ < ¢,
it follows that

dY dY
dX dX

c X)) = >0
X=X Y(X,)
Hence we obtain a contradiction, which implies the global existence of Y on [g,, 00).
Next, in order to verify (32), let us further assume that Y cannot bound Y from
below, and accordingly, there exists an initial intersection of Y and Y at X, < T,. Then
we obtain [d(Y —Y)/dX]|x=x, < 0. On the contrary, our assumption E(X,) > E(T,) > ¢

provides

dy dY X
—_—— = (E(X,) — >0
[dX dX] s (B0 =9 7
Therefore, we obtain another contradiction. O

By making use of the Lemma above, for each integer 7 > 0, we can obtain the solution
Y =Y, which has an initial value Y'(g,) = ag, on [g,, 1], defined as ¢, = 1/j. It follows

from the conclusions made above that each element of the sequence {Y;} satisfies:
Y<Y;, <Y on [1/4,1].

Furthermore, it should be noted that the equation (30) combined with (32) provides

the upper and lower bounds for dY/dX and d?Y/dX?. Given these, when we examine
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5. HARMONIC MAPS INDUCING THE IDENTITY MAP ON THE BOUNDARY

{Y;} firstly on [1/2, 1], by using the Ascoli-Arzela theorem, we have a sub-sequence {Y}, }
converging in C'([1/2,1]). Then, secondly, focusing on [1/3,1], by utilizing the Ascoli-
Arzela theorem once again, we can select a sub-sequence {Yj, } converging in C"*([1/3,1]).
Upon continuing, we obtain a diagonal sub-sequence converging to Y, locally in C*((0, 1]).
Thus we obtain a solution of (30) satisfying

Y(X) < Yoo (X) < Y(X) on (0,1].
Having already established the existence of solution Y for (30) with an initial value

Y (1) = Yoo (1) satisfying Y (1) < Yo (1) < Y(1) as in Lemma 5.2, the continuation of Y,
provides a solution Y on (0, 00).

At this point, it should be noted that, when dividing (32) by X, it holds that
Y(X)

< — <a.
a e a
By setting 0 < X < T, — 0 in order to let ¢,c — c and @,a — a, we observe that
Y(X)
X

Hence, we obtained our desired global solution Y'(X) to (30) defined on (0, c0).

—a X — 0.

Step 2: It is important to note that Y (X) € C* by induction: Firstly, (30) implies
Y(X) € C', and secondly, Y(X) € C* (k > 1) implies that the left-hand side of (30)
[that is, dY/dX] is also C* thereby giving Y (X) € C**!. Consequently, we see that a
solution for f'(t) = Y(f(t)) exists locally and f’(t) does not diverge unless f(t) diverges.
We shall prove that f(¢) exists globally on R by showing that f(¢) does not diverge at a
finite time .

Given ty € R, let us firstly solve

T =ajw), fO=Yw), ft)=af®

for ¢ > ¢, with initial values: f(t,) = f, > f(to) = fo > f(to) = f, > 0. According to
(32), as long as 0 < f < Ty, it holds that

F=r=ar-vnHzaf-rn [=r=v{)-af >alf- /),
and hence

(33) f—f=elt™(f —f),  f—f=elT(f, -
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2. AN ASYMPTOTIC ANALYSIS OF THE TRANSLATION INVARIANT EQUATION

Substituting both f = f,e@~)% and f = f e(~") for each respective term of (33), and
noting that f,e*=%)% < T, implies

t <

ST

10g<T0/f0> + to,
we find that
(34) S (O

for the time interval [t,,@ " log(T,/ f,) + to]. Since T, can be infinity, we can observe that
f(t) and f’(t), which exist locally, do not diverge at a finite time. Therefore we obtain
the global solution f(t) for the time interval [¢,, 00).

Secondly, in order to see the behavior of f(t) for t < t,, by setting f, = —t,, we shall
solve the following equations:

—g(t) =ag(t), —4{)=Y(9(t), —g)=ay()

for t > t, with initial values: g(t,) =g, > g(t,) = g0 > g(to) = g, > 0. By adapting the
argument given in the above for ¢t > ¢, to t > fo, it holds that

—(G —-9¢)=ag-Y(g) >aG—-9), (g
from which we obtain

g-g<e g —g),  g-g<e g, —g).

By substituting both § = g,e~ (=17 and g= goe_(t_f(’)ﬁ for each respective term in the

above, we have
(35) goe” e < g(t) < goe (IO

for t > t,. Since f(—t) = g(t) when t > #,, we obtain the solution f(t) for the time
interval (—oo,t,]. Hence, we have a positive solution f(t) for the equation (29) for all
t € R, which is in C* by an argument similar to that in the case of Y(X). By means
of Proposition 5.1, we are led to the family of solutions 1, (p) for the equation (28), and
thereby we have completed the proof of Theorem 5.1. O

THEOREM 5.2. There ezists a family of harmonic diffeomorphisms uy|pr: M — M
which induce the identity map on the boundary.
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5. HARMONIC MAPS INDUCING THE IDENTITY MAP ON THE BOUNDARY

PROOF. Since t5(p) > 0 for all p > 0, we have Ju = (9s‘ou/ds?) > 0 for all (x,t, p) €
N -R,, where (s!,...,s™) = (2'%,... ;¢4 p). Hence the result follows from Theorem 5.1

combined with Lemma 5.1. ]

PROPOSITION 5.2. For C, > 0, N = Zle In; and 6 > 1, there exist positive constants
Ci(Co, N),Co(Co, N) and C5(Cy, N, 0) so that, for p > Cy, the following inequalities hold:

(36) P(p) > pexp(Cip™?),
(37) dbp) < Cop™MPy(p),
(38) blp) < C(p)’ (6> 1)

PRrROOF. Firstly, let us set f, := f(log(t,)) for t, = log(ACy).
By setting ¢ = 0 and a = N/2, accordingly, we may set T, = oo, so that the inequality
(34) holds for the time interval [t,, 00). Owing to this inequality, we have

Y(p) = pexp(f,eN 1A TIBACN2) — pexp(f,(Cytp)N/?) = pexp(CipV?),

where C, = f,Cy N2, Thus, we obtain the inequality (36).
Secondly, since each n; is a non-negative integer, it holds that

k k k
Zlin < ZZQTLZQ < (Zlnl)2 =N?
I=1 I=1 I=1

from which it follows that

a= (N—i— \/N2 + 8256:1 l2nl>/4 < N.
Recognizing that @ in (32) and (34) can be arbitrarily close to a, we may set @ so that
N <a<3N/2
holds. Since C;'p > 1 from our assumption p > C,, we have

(39) C«()—(3N/2)+a—1p(3/\//2)_5+1 > 1.
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2. AN ASYMPTOTIC ANALYSIS OF THE TRANSLATION INVARIANT EQUATION

Moreover, by using (32) and (34), we have f'(t) = Y (f(t)) < af(t) < af,e?*~*). Hence,

d(p) = (1+ f'(log(Ap)))p~ 0 (p
< (1 + CLf e (log(Ap)—log(ACo) )E)p p
< (1+max1af0(001) )p (p)
< 2max(1,af,)C, * " 1(p)
< G0 1p3N/2¢<p) = C.p™ 2 (p),

where C, = 2max(1,af,) and C, = C,Cy BND7L Thys, we obtain (37).
Thirdly, combining the inequality (36) with our assumption p > C,, we have ¥(p) >
pexp(CipN7?) > Cyexp(C,pN/?). Hence

(40) PN < O og(v(p)C ).
Combining (40) with (37) and setting n(p) = ¥ (p)C; !, we have a constant C, so that
Wp) < Cop™P(p) < GO (O og(n(p)) () n(p)?

3 log(n(p) 7))\’
BTN < st (6> 1)

—t nlp) e
where the last inequality is deduced by observing that n(p) = C; ' (p) > exp(C,CN)
for p > C, according to (36), and that log(z)/x is a bounded function on x > C;. Hence,
we have (38). O

= 020510;3<

LEMMA 5.3. There exists C, = C,(N) so that

o fos)
e (NJ2) ANV = &

PROOF. Let h be the solution for h”(t) = N'h/(t)/2+ N /2 with initial values: 1 (t,) =
f'(t;) > 0 and h(t,) = f(t,) > 0. Noting that

k

1 / / 1 — 1 / /
= SN —f)+§Ze Y®On, > SN = 1),

=1

d(h' — f')
dt

we find that h'(t) > f'(t) for t > t,, and hence

W (t) = NERR(F () +1) =12 f(1).
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Dividing the above by ¢V'/2, we see that f'(t)e~"*/? is bounded from above. Moreover,
since f(t) > 0, we have

/ —-Nt i
W:e—w(m FNI0) = 560230 (1= O >0,
=1

which implies that f'(t)e~V*/? is monotone increasing. It follows from these observations
that there is a constant C; such that

AN f(t
(41) C; = lim eN(t/z = lim W

O

THEOREM 5.3. Let n = (x,t) denote a point on K™ x Im(K) = N. Then, for X # X
and fived sy = (ng,po) € N - Ry, we have dist(ux(s),ur(s)) ~ exp(Ndist(so,s)) as
s := (n, p) — oo, while bounding |n|.

PROOF. Let (n, p(t)) be the geodesic of N-R, joining (n, p,) and s := (n, p), satisfying
p(0) = p, and p(1) = p. Noting that

p(t)?
p(t)?

(42)  dist((n, ,, dp

_ |10g 1/2/p1/2>‘

by using Lemma 5.3, we have

dist(ua(s), uv(s)) _ [log(v(Ap)) _ log(@D(Xp))‘ _ ‘f(log(kp)) _ f(log(XN'p))
(43) PN PN PN pNI2 pNI2
= G/ NP =X ass = (n,p) — oc.

Since the line segment joining (n, p,) and (n, p) is a geodesic of N - R, we have

dist((n, po), (n,p)) < dist((no, po), (n, p))
S diSt((nm pO)? (l’l, IOO)) + diSt((l’l, Po); (1’1, P))

Applying the exponential function exp(x) to the above, we have a constant Cy such that

exp(Ndist(m, o). (. p))) < exp(Adist((mo. ). (. )
< Gy exp(Ndist((n, p), (1, po))),

since dist((n,, po), (0, p)) < oo from our assumption |n| < oo when (n,p) — oo. Fur-

thermore, combining this with (42), we obtain

exp (N dist((ny, py), (m, p))) ~ exp(Ndist((n, p), (1, po))) = p"/* /00",
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2. AN ASYMPTOTIC ANALYSIS OF THE TRANSLATION INVARIANT EQUATION

when we let (n,p) — oo while keeping |n| finite. Combining the above with (43), we
obtain the result. O

PROPOSITION 5.3. Near p =0, we have

(1) () = ptolplel®)  foranya < (N + N2 HETE, ) /4

PROOF. Fix a solution f(—t) = ¢(t) and let ¢t = —log(|p|). Dividing (34) by e, we
have
g(t)e'e > g(to)eiog etla=a),
Consequently, we see that g(t)e'® is bounded from below. Furthermore, we have

w = ae'g(t) + e'tg/(t) = ‘<@9(t> T g'(t)> =e® <X(g> - Y<g)> <

Hence ¢(t)e™ is monotone decreasing.
It then follows from these observations that there is a constant C(c) such that

C. = Tim g(t)

—ta”

t—oo €

Now, suppose C. # 0. By using de I’'Hopetal’s theorem, we have

dY 1 t / t / t —ta
a=lim —— = —img():—limg(>: limg()lime =a,
X—0 dX t—o00 g/(t) t—o00 g(t) t—o00 e—tg t—o00 g(t)

which contradicts a < a. Hence, we must have C,(c) = 0 and lim,_o f(log(|p]))/|p|2 =0
Therefore we have

exp(f(log(lp])) = 1+ fuogqpmzw

a J(og( p

= 1+ Jol2(f08(lo1)) /ol )Z ey
= 1+o(pl*).

Furthermore, for a given t, and T, satisfying T, > f(t,), we have

foe(t—to)g S f(t) S foe(t_to)a on [to, 6_1 10g<T0/f0> + to];
foe(t—to)a < f(t) < foe(t—to)g on (—ooo7 to]
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5. HARMONIC MAPS INDUCING THE IDENTITY MAP ON THE BOUNDARY

for all ¢ satisfying 0 < ¢ < F(T,). Since f(t,) — 0 as t, — —o0, we can let T, — 0 so
that E(T,) — c as t,,t — —o0. This leads us to conclude the following:

o) = ptolplol®),  a< N+ A2 +8EL ) /4
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CHAPTER 6

The boundary regularity

1. Regularity on Bg \ {k,}

Keeping the notation in previous Chapters, we denote by u,: K* x Im(K) x Ry —
K" xIm(K) xR, the maps constructed in Chapter 4; and by @, : K" xIm(K) xR, — Bg
the Cayley transform defined in Chapter 5.

Let us first remark that
(I)knoquq),;nl = UBH’(f,)\

is a harmonic map from By to itself. Recall that B—]ﬁ is equipped with boundary charts
as in (26). Since uy|goy = id and o® = id, the regularity of the self-maps upy \ of B is

equivalent to that of

-1 -1 _
(I)kn o(q)knoqu(I)kn )O(I)kn = Uy,

(I):l{;no(q)knoukoq)l;nl)oq)_kn = 0OolU)oO0

viewed as maps from R™*"2 x Ry to itself. By using the asymptotic expansion (44), we
obtain the regularity of u) which then implies the following

COROLLARY 6.1. uppy € C'"4(BE \ {kn}, Bg \ {kn}) for

a< (N+ NIy z2n,>/4.

The regularity is invariant under the coordinate transformation on an overlapping
area within an atlas. Thereby, the regularity on Bg \ {k,, —k,} is also given by Corollary
6.1. Hence it suffices to estimate the regularity of @, only near a small neighborhood of
(0,0,0).

In the following, we suppose K = C or H and shall abbreviate u,, u, and ugr ) to @
and upp, respectively.
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6. THE BOUNDARY REGULARITY
2. Regularity of u
DEFINITION 6.1. For s = (x,t,p) € K" x Im(K) x Ry, let || - ||z: M — R, be
Islle = [ 4+ 6 4+ p[ > = ((xI> + p)? + [617) .
Here | - | denotes the Euclidean norm.
REMARK 6.1. It holds that poo = p/||s||%;.
The following observation will be useful in order to prove Lemma 6.8.
LEMMA 6.1. [[o(s)||lz = 1/||s]]4-
PROOF.

lo@®IZ = |xeo]? + too + poo

—2 _
= |xP—t+pl|x*+t+p| " =[sll* O
LEMMA 6.2. For |s| < 572, we have
(45) Cls| < |Islla < C,[s|'?.

Proor. It is immediate that

sz = (IxI* + p)* + [t]”
(46) 2 2 2 2
< (Is|”+[s])” + |s|” < 5ls|” (< 1),
sI* = [xI* + [t]* + o
(47) 2 4 4 2
< [Isll + lIslli + [Isllz < 3lsll-
This completes the estimate. O

LEMMA 6.3. [[(uoa)(s)||; szt < 1.

PROOF. By using Definition 6.1, we have ||(x,t,0)|lz > ||(X,t,p)|lx when p > p.
Since ¥(p) > p, by using Lemma 6.1, we have

Juso()lln = [1(xe0, to0, ¥(pe0)) e > || (X6, toa, poo) 1
— Jlo(s)llu = lIsll;"- =

LEMMA 6.4. For |s| <572, we have

[a(s)] < Cils['2.
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2. REGULARITY OF @

PRrROOF. By using Lemmas 6.1 and 6.3, we have
(48) il = lloouco]ln = llueallz" = lluea |l IsllZ sl < [Is]la

Note that we have ||@||; < 5'/4|s|'/? by using the inequalities (46) and (48). In particular,
we also have ||@||; < 1. Hence, by using the inequality (47), we have 37Y2|a| < ||l|5.
Summing up, we have obtained C,|@| < C,|s|'/2, thus completing the proof of the lemma.

[

PROPOSITION 6.1. For |s| < 572 we have
|Ja| < C,,[s|~°*? for any 6 > 1.

Here ||Jul = (rl’lr(t(]d(]@))l/2 = > |3(Sloﬁ)/8s”|2)l/2 for (s,...,s™) =
(...t p).

The proof of this proposition shall be made in the next section.

LEMMA 6.5. Let |s,| < |s,| < 1/2. Let s be any point on the line segment joining s,

and s,. Suppose that we have
lJall < Culs[7%,  la(s)] < Cyls|”
with B+~ >1+¢ fore > 0. Then
|stoti(s,) — s'oti(s,)| < C,ls, —so| /P, i=1,... m.
PROOF. In the case of |s,|?*7 < |s, —s,|, it holds that
|a(s)) —a(s,)| < |as)]| + [a(s,)| < Cylsi|” + Cpylsa]” < 20, [s, — 52‘7/(ﬁ+7)'

When |[s,|?*7 > |s, — s,|, for any point s on the line segment from s, to s,, we have
Is| > [8o] — I8 — 8o > I8 = |81 — 8a] > [s5](1 — [8]7T77") > Is,[(1 — 27¢), and thereby
s| 7% < O, |s, — s,|7#/5+"). By using the mean value inequality, we have

[a(s:) — alse)] < | Ja(s)lIs: — sl < Cuuls|Is: = 52 < CoCiylsy — s/,

U
Combining Lemmas 6.4 and 6.5 with Proposition 6.1, and noting that 271 /(271 + 2 +
d) =1/(5+ 29), we can prove the following:

PROPOSITION 6.2. ugn € C°(Bg, BE) fore < 1/7 and K = C,H.
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6. THE BOUNDARY REGULARITY

3. The estimate of ||Ja|

The purpose of this section is to prove Proposition 6.1.

LEMMA 6.6. Ifs; is a path satisfying |s,| < 572 and poo(s;) — 0 ast — oo, then we

have Ju — 1d (the identity matriz) as t — oc.

PROOF. Let s.. = (X..,t.,p.) be any point in M so that poo(s;) — 0 as s; — s...
Since poo(s..) = 0, it holds that x.. # 0 or t., # 0. Moreover, since |s;| < 572, we also
have x,00 # 0 or t oo # 0. In addition, o € C* near s, = (X, to, Poo) When x, # 0 or
t.. # 0. We also have u = (x, t,p+ o(pﬁl)) according to Proposition 5.3.

If a function f is in C*° near x,t # 0, it holds that

F(xt,p+0(%™)) = f(x,t,p) + 0(p*")
and we therefore have
f (xe0, to0, poo + 0((pe0) 1)) = f(x00, te0, poor) + o((po0)* ™).

By applying this observation to 9(s’0)/ds!, we have
I(s'0) (s'o0)
Os! 0s!

Utilizing the above and the chain rule, we have

(xe0, o07, pocr + 0 (po0)**1)) = (%00, to07, pocr) + 0((po0)* ).

d(s'on) _ i J(s'0) (UOU)O(slou) ((7).6(3’“00)

0s’ as! os* s’
Lk=1
m—1 ; .
B J(s'0) d(stoq)  O(s'0) d(sme0) -
m—1 .
d(s'eo d(s'oo
= (P ) 4 ooy 25
=1
+(a(si00') (O’) + 0((p00')g+1)).a(sm00-) (1 + 0((p00'>g))
Os™ 0s7
= 0(s%0) | O(s'e0) atl
- ; o5 W)y T oller)™)
= 62.7 + O((poO')ngl).
This completes the proof of the lemma. O
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3. THE ESTIMATE OF |Ji

REMARK 6.2. Given Lemma 6.6, in order to prove Proposition 6.1, it suffices to
estimate ||Ja|| for sufficiently large poo. In what follows, we shall assume poo = p/||s||% >

C, for a constant C, > 0, accordingly.

In the following, we prove Proposition 6.3, which is a key to the estimation of ||.Ja||.
To begin with, let us note that the left invariant orthonormal frames obtained in the
previous section can be expressed as follows:

When KH"*' = CH™ ™,
(Lo, = p'/?(0/0x7" 422720/ 0t?) ,
Ly, = p'%(0/0x7*—227'0/0t%)
Ly,.i = 2p0/0t,
| L2ni2 = 2p0/p.
When KH"t = HH™
(Ly,_y= p'/? (0/0x 422720 | 0t*+227°0 | Ot +227°0 | Ot*)
Ly, = p'/?(0)02* =227 0/ 0t 22740 | Ot* 42270 | Ot*) ,
Ly, = pY?(0)027* 422740 | Ot* =227 ) Ot* 22720 JOt*), (1 < j < n).
L, = p?(0/0x 227200t +227%0 | Ot* =279 | Ot*) |
L
L

dntl-1 — QPa/atl (2 < [ < 4)a
nia = 2p0/0p.

Regarding these, for a point s € N - R, we define the matrices 7 = (7;;(s)) in the
case of CH™*! by

(1ij(s)) =

_9pl2 o ... 9pnl 2[01/2
2p1/2
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6. THE BOUNDARY REGULARITY

and in the case of HH"t! by

1
1
1
1
(ri5(s)) = .

=2z 2zt 2z 22" ... 223 2pl/2

— 213 2zt 2@t —2x12 ... —2gm2 2p1/2
—2xt -2z 2x'? 2zttt ... 2z 2p1/2

2p1/2

Let 7-! = (7%(s)) denote their inverse matrices. Utilizing these, we can express the
frame {L;} as

- 0
L; = p1/2 ZTM(S)@,
=1

and the dual frame {L}} as
L = p /2 Zle(s)dsl,
1=1
where (s',...,s™) = (z',... ,t% p). Indeed, we can see the following:

Li(L;-) = Znﬂ'ﬂ = 5{
=1

Next, for a column vector ds = “(ds',... ,ds™), we define the column vector IL* by
L3 ds?
L* = L = p_l/zT_l(s) S = p_l/zT_l(s) - ds.
Ly ds™

Utilizing this notation, we can express g = ‘L*-IL* because {L;} is an orthonormal frame.

Moreover, since ¢ is an isometry, we have

(49) g='L*-L*=' ((poa<s))‘1/27<a(s))*1da).((poa<s))‘1/27<a(s))*1da).
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3. THE ESTIMATE OF |Ji

Furthermore, for the Jacobi matrix Jo = (0(s'e0)/ds’), we can express the column vector
do = '(d(s'e0),... ,d(s™0)) as follows:

d(SloO')
do = t | =Jo-ds=Jo-T(s)p?p V1?7 (s)tds = Jo - T (s)p"/*L".
d(s™o0)
By substituting the above do to each respective term in (49), we can obtain the following
PROPOSITION 6.3.
~1/2 _
P2 (pocr(s)) T (0(s)) ™ Jo(s) T(s)
18 an orthogonal matrix.

REMARK 6.3. Observing that

oD _0:0/05") = D a;7..(0/05")
=1 i=1

= Z a’ pt/? Z 7;0/0s' + 21 Z o2 Z 7;0/0s'
jel =1 jel2 =1

+27 g pt/? Z Tim /08,
=1

it is easy to confirm the following well-known fact, since (7;(s)) is non-singular: The
linear map

p1/2

Tee: T,(M) 2 (a',...,a™) — (a*,...,a™) | 27'p2 | (1;(8)) € Tyo(M)
i
is non-singular; this fact is in consistent with the fact that multiplication 75 (the left
translation) is a diffeomorphism of the Lie group.
By means of Proposition 6.3, we have the following lemma:

LEMMA 6.7. For|s| < 57Y2 and p/||s||%, > C,, we have

1Tall < Curllueo |2l (peor) =24 (poor)|s| 2.

53



6. THE BOUNDARY REGULARITY
PROOF. To begin with, by using the chain rule, we have
Ju = Jo(ueo)-Ju(o)-Jo.
Then, Proposition 6.3 leads us to rewrite the above as follows:

Ji = (poa(uoo))l/Z(,oou( ))‘1/27(0<u00>>

(50) (pu(0)) ' (poo (uoa)) ™2 T (0 (uo0r)) " o (uo0) T (o0 )
T (o)™ Ju(o): (peor(s)) 7 2T (o(s))

(51) -pI/Q(poo<s>)‘”27— (0(s))-Jo () T (s)
T(s)™h

Here, factors (50) and (51) in the above product are orthogonal matrices by Proposition
6.3. Hence, by using the triangle inequality, we find that

1l < m?(peo(uec)) ' (pu(e)) ™ (pocr) /2712
T (o (o) 1T (weo) " Tu(o) T ()17 ()7,

where m = n, +n, + 1.
Next, we shall evaluate each term of the above inequality individually.
Firstly, by using Remark 6.1, we have

1/2 ~1/2 _
(poor (o)) (peu(@)) ™2 (poer) 2912 = |lucor||, I8 2
Secondly, we can observe that
1T (s)II* = Tr(*T(s) 7 (s)) = n, + dna(|x[* + p) + 4p.

Furthermore, according to the proof of Lemma 6.4, it holds that |pot| < |xoti|? + |pot| <

|@||% < 1. Hence we have
T (o(uoc))|? < n, +4n, + 4.

Thirdly, we can easily see that 7 (uec)™'.Ju(c).7 (o) is a diagonal matrix with entries:

L (poo/t(pe0)) %, (peor/i(pec) P ib(pecr).

In the first case, by utilizing our construction of v, we find that poc/1(poc) =
exp(—f(log(Apec))) < 1, thereby we have

(peo/w(pecr))* < 1.
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3. THE ESTIMATE OF |Ji

In the second case, since ©(p) = pexp(f(log(Ap))) and f' > 0, it holds that

(po0 [1(po0)) 24 (pear) = (1 + f'(log(A p0r))) exp(2~" f(log(A pesr))) > 1.

Comparing them, we have

_ ; 1/2
T (uoor) - Tu(0) T (o (8))|| < map(peo) (peor/(pecr)) .
Fourthly, because |s| < 57'/2 implies p < 1 and |x| < 1, we may observe
TP = i+ 4 n(IxP+1)p7" +p 147!
n, + (3n, +1)4 " p7!
< max(n,, (3n, + 1)47H)p~ L.

IN

Finally, by using the inequality (45), we obtain
(poo)'2p~ 112 = 1/|Is|[3; < C2Is| 2.

Summing up these, we have completed the proof of the lemma. O

LEMMA 6.8. Given § > 1, for |s| < 5742 and p/|s||* > C,, we have

(52) 1(ueo) ($) 12 l1815,%0 (poo)ib (poor) 12 < O 181

PROOF. It should be noted that it suffices to get the estimate (52) for 3/2 > § > 1,
since we assume 1 < 1/|s| (as in |s| < 571/2).
By using Definition 6.1, we have the following:

luea || Isll5*4 (po0) ~ 4 (poor)

_ b (peo)(poa) 1/ _. R

9 1/2
(1l ool + sl (o)) + [teor2 s 1,

In what follows, for the sake of simplicity, we shall set n = ||s||%¢(po0).
In order to complete our estimation, we shall discuss the following two cases separately,

with careful consideration of the following identity as in Lemma 6.1:

(53) = o)l lIslE = lIsllz[tol* + (sl xea|* + p/l1s%)*.
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6. THE BOUNDARY REGULARITY

In the first case when |[|s||%[too|? > 1/2, by using (38) and (45) we obtain,

o )51/2 5-1/2
R, < Cs1(poo) _ Csn 1
(L/24n2)Y2  (1/2+92)2 |s||2 !
03021 04021022

HsH%{(S—l — |S|26—1 ’

where C,, = 081*25.

In the second case when |[|s||%[toc|? < 1/2, it follows that

Yo/ lIslli)w o/ lIsll4) "
R, < = R,
18117 xea|? + 8[| (po0)

Firstly, when ||s||%|xoc|? > 1/2, by using (38) and (45) once again, we have

R, < C3w(p°‘7)6_1/2 _ 03776_1/2 1 03023 03023022
4 > 1/2+77 1/2+77 HSH?{J—l — HSH?{J—l — |S’2671 '

Secondly, when ||s||%|xcc|* < 1/2, by utilizing the identity (53) together with ||s||%,|teo|?
1/2, we have (5| ool + p/lsI2)? > 172, which implics that |ls[2lxeol? + /||
1/4/2. Hence it follows that

IV IA

p/lIslls = 1/v2 — [Islhlxe0l.
Combining this with ||s||%|x.0|? < 1/2, we have p/||s||% > 1/v/2 — 1/2, and hence
Isll%/p < (1/vV2—=1/2)7".
Making use of this inequality together with (36) and (37), we have

Calp/lIsl3) ™ Culp/lslit)™ ™ (o/llsla)
= Do/lIsI I T (p/l1sl1%) Y exp(21C (p/lIsIA) Y s

= Cullsli/o) (o/Isl) ™ exp(=27C o/ Isl13)7*) < o0

Summing up these, we have verified (52). O

R,

Proof of Proposition 6.1. By combining the estimates in Lemmas 6.7 and 6.8, we can
prove Proposition 6.1. O
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4. upy & C°(Bg,By) FOR € > 1/2
4. upp & C°(Bg, By) for € > 1/2
PROPOSITION 6.4. upp & C*(BY, Bg) for e >1/2 and K = C, H.
Define two paths s;(7) (i = 1,2) by
pesi(1) = TN (1/7%), pesa(T) = 0,
Is: (7l = 7 lls(7) | = (o8 (7) 172 = (e8,(7)) 2,
Xo8;(T) = t?es;(7) = thesi(7) =0, i=1,2.
First, we note that ||s,(7)[|% = 8¢ ~1(1/72)% + (#?.s,(7))? implies
(e (7)/lIsa(T)II5)? = 1 — 771 (1/7%)%
Since poti(s,) = ¥(peo(s:)) /(¥ (peo(s1))® + (18, (7)/l|s:(7)})?), we have
a(s:(7)) = a(so(T))] = |potl(s,) — poti(s,)|
= poii(s,) = 7°/(2— 77N (1/7%)?).
If @ is e-Holder continuous, we have
[a(s.(7)) — (s:(7))] < Cislsi(r) = so(7)|" = Cosm™ 07 (1/77)°.
which implies that
T/(2 = T TH1/T?)?) < Cor® (07N (1))
Hence we obtain
< (2 U 1/ D (07 (1/7)°
< 20,72 (7Y (1/77))
For p' = poa(s,) = pos, /T, we have 1/7% = ¥(p') = p'exp(f(log(\p'))). Therefore we
obtain log(1/72) = log(p') + f(log(A\p')). Thus, by using (41) we have
Cs = )EI;O N /g)( l—(igeg\l? 122(,;/) /2
L los(1/r) ~ log(p)
T N2
log(1/72

(54)

Hence it follows that
WN(1/7%) = o~ (log(1/7%) "
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6. THE BOUNDARY REGULARITY

Combining the above with (54) and further supposing that ¢ > 1/2, we observe that the
right-hand side of (54) tends to be 0 when 7 — 0. However, the left-hand side is one.
This leads to a contradiction. O
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CHAPTER 7

Graham’s non-isotropic Holder spaces

In this chapter, for coordinate functions of those harmonic maps we constructed in
Chapter 5, we shall estimate their regularity in terms of Graham’s non-isotropic Holder
spaces.

To begin with, let n = (x,t) denote a point of N = K" x Im(K) and define the
Heisenberg distance function dy of N by

_ 1/4
dy(ng,ny) = (|X0 - X1|4 + [to — t1 — 2Im(xp - X1)|2) / ’
which has a good property for scaling, that is,
(55) PdN(n7 l’l/> = dN(p "I, P n/)v

1/2

where p-n = p- (x,t) = (p'/?x, pt) is the dilation. Then, by utilizing dy, Folland and

Stein’s Holder space I's is defined to be the set of functions f on N satisfying:
|f(ny) — f(ny)] < CQQdN(nl,ng)ﬁ for all ny,ny, € N.

Extensive research has been made regarding the properties of this I's space. Well-known
inclusion relationships are given below:

LEMMA 7.1.
C? cTyc P2
This can be proved by noting that
(56) Chody(ny,ny) < |ny — ny| < Cyidy(ny, ny)*/?

for small ny, n,.
Given these spaces, let us consider the boundary value h of coordinate functions of
our harmonic maps. We can easily observe the following:

[Hoh(ny) — foh(my)]| < Cudy(nin)’  forall <2 (2<i<d),

|27t oh(ny) — 27'oh(ny)| < Chdn(ng, ny)? forall <1 (1<j<n,1<1<4d),

which concludes the following:
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7. GRAHAM’S NON-ISOTROPIC HOLDER SPACES

COROLLARY 7.1. ulgp € I'g for § < 1.

Taking spaces I'g into account, Graham [12] defined Hélder spaces on M = N - R
whose members have boundary values belonging to I', by utilizing a discretization of the
invariant metric g, that is, the distance function:

2 2 21[2
_ |Ax| N ]Ag\ N |At — 21m(2X1 - AX)|
P P P
for s; = (x;,t;, ;) € M, (1 =1,2), where

d(S1,52)2

p=min(py, pa), AX=x; —Xy, At=t; —ty and Ap=p; — po.

In order to identify the above with Graham’s expression [12, (6.2)], we may compute the

following;:

dlsi,s2)? = (o720, p~ Ap, p~ (At — 2Im(x, - A%)))?

= o7 (i -myt oo — )
By using this distance function, Graham defined a two-parameter family of Holder spaces

'Y as follows: for —oo < 3 <, 0 < a < 1, a function f on M is in I'? if
1£(s1) — f(s2)| < Coup®d(s1,85)" for all s1,s9 € M.

In this section, we shall assume that all functions on M U{p = 0} are compactly supported,
by multiplying smooth cut-off functions if required.

Now let us recall the following theorem by Graham [12, Theorem 6.17, Proposition
6.7]:

THEOREM 7.1. Suppose that o > 3 > 0. Then we have C* C T'2. Moreover, f being
in T8 implies that f(-, p) belongs to U uniformly in p. Consequently, f has a boundary
value f(-,0) belonging to T's.

As a consequence of this theorem, we may make a characterization of I'’ as a space
of functions which belong to C'* in the interior and whose boundary values belong to I's.
The space C’,f analogous to I'? was examined by Graham, where the interior regularity
was measured in terms of C* norms, rather than C® norms. This space is defined in the
following way:

For multi indices v = (v!,... ,7™), let us set

DY — 6'171 . ..eznm, Iy = Zyi, wt(y) = Zvi + Z27i + 24™.
i=1

i€l i€la
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7. GRAHAM’S NON-ISOTROPIC HOLDER SPACES
Then C,f is defined to be the space of functions f satisfying
|IDVf| < 035p(ﬁ—wt(7))/2

for all multi indices v satisfying |y| < k, taking into account the appropriate weight for
each derivative.

PROPOSITION 7.1 (Proposition 6.15 [12]). C¥ c T'%.
It should be remarked that these spaces I'? and C,f are invariant under group actions.

PROPOSITION 7.2 (Proposition 6.7 [12]). f € ['? if and only if fors € and f € Cﬁ

if and only if fors € C’f.

a}

In order to study the Dirichlet problem at infinity for harmonic maps, Donnelly [7]
adopted Graham’s space C’,f and proved the uniqueness of the solution within C’g for
£ > 2. Following them, let us estimate the regularity of the coordinate functions of our
harmonic maps % near the origin on the chart given in (25).

First, we remark the following:

|Ja - T (s)p"/?||* = ZZ(L s oU) > i Z (\D'ysioﬂ]th(V)/Q)Z.

=1 j=1 =1 |y|=1

Similar to Lemma 6.7, supposing that p/||s||3; > C, [as given in Remark 6.2], we have
LEMMA 7.2.
_ Coyn—2; 1/2
| i T(s)p"?|| < Clluco | Z2lIsl72(po0) (90 /1 (pocr)) %12,

Here, it should be remarked that, since 7 (s) is multiplied to J@ from the right, the

troublesome term |7 ~!(s)|| is not present at this time as it is in Lemma 6.7.

Let us now evaluate the right-hand side of the above. Firstly, ||s||%; > p* implies that

1/2
(pe0) "0 = (p/Ilsll 1) 0 < 1.

Secondly, by utilizing the proof of Lemma 6.8, we have

lucor||3llo |37 (p e0) i (peo) ™2 < Cusls >

Finally, combining ||s||;;% < p=29/2 with the above, we obtain the following:

PROPOSITION 7.3. @ € CV for f < —1.
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7. GRAHAM’S NON-ISOTROPIC HOLDER SPACES

Proposition 7.3 shows that the assumption on regularity in Donnelly’s theorem [7]

cannot be removed.
Next, let us consider the space I'j. First, we remark the following:

LEMMA 7.3. ([12, Lemma 6.4]) Let n;,ny € N, and suppose that ny varies over a
bounded set. Then Cugln; —ny| < |ny -n5t| < Cor|ny — ny.

Utilizing the above as in Graham’s proof [12, Proposition 6.8], we have the following
rough estimate:
|s'oti(s1) — s%oti(sy)|
< Cyllxi = %ol + [t =t + |1 — paf*)*/?
< CholPxa —%of* + [t1 — o — 2Im(xy - (%1 — %)) + [p1 — pol*)*?

— Xp)? t; — to — 21 (% —%9))|? — po|?\ /2
_ ngpa/2<|xl Xa| JrP| 1~ b m(;q (X1 — X3))| Jr,0|,01 2,02| )
p p
X; — Xol?  [t; —ty — 2Im(x; - (X1 — X)) |? — po|?\ /2
< O4Opa/2<| 1 2| +\ 1~ b (p?1 (X1 2))l n p1 pzpz\ )

for a < 1/7 near the origin. In the last inequality, we remark that the right-hand side
may diverge. Hence, we find that near p = 0, each coordinate function of @ is in I'? for
—o0 < # < a for a < 1/7. Thereby, once again, we can verify that the assumption on

regularity cannot be removed from Donnelly’s theorem [7].
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CHAPTER 8

Harmonic maps between rank two symmetric spaces of

noncompact type

The pourpose of this chapter is to establish the existence of harmonic self-maps on
rank two symmetric spaces of noncompact type; namely, D;5(C), the space of 2 x 2
complex matrices Z satisfying Iy — *ZZ equipped with metric i00logdet(l, — Z7).

THEOREM 8.1. There ezists a family of harmonic self-maps of Do 2(C) that induce the
identity map on the milpotent Lie group N.

Before we start our discussion, we shall explain NV in the statement above in con-
junction with the outline of this Chapter. To begin with, we recall that an element in

SU(2,2)
A B
C D

acts on Dyy(C) = {Z € My(C) | I, — 'ZZ > 0} isometrically as a linear fractional

transformation:
Z — (AZ+ B)(CZ + D)_l.

In Section 8.1, we describe an Iwasawa decomposition of su(2,2), corresponding to the
Iwasawa decomposition of SU(2,2) = KAN, whose K coincides with the isotropy sub-
group which fixes the zero matrix. Thus, Dj+(C) is diffeomorphic to AN through linear
fractional transformation. N in the statement above is the locus N C AN in this realiza-
tion of Dy(C). In Section 8.2, we compute the invariant metric of Dy 5(C) and, in Section
8.3, we compute the tension field. Finally in Section 8.4, we prove Theorem 8.1. This
N appears on the ideal boundary of Dj5(C) as codimension one subspace. In particular,

this proves Theorem 0.2 in the introduction.
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8. HARMONIC MAPS BETWEEN RANK TWO SYMMETRIC SPACES OF NONCOMPACT TYPE
1. An Iwasawa decomposition of su(2,2)

Firstly, we recall that an element in su(2,2) is of the form

11 a2 a13 Aaiq
—Q12 Q2 Q23 Q24
13 G23 A3z A3

Q14 Q24 —0a34 Gy

where a1, age, azz and ayy are in v/—1R and satisfy ai; + ago + azs + agq = 0. Next, we set

10 0 0
01 0 0
Ly = :
22 00 —1 0
00 0 -1

making Og = I529l55 a Cartan involution. The decomposition € + p of su(2,2), through
the utilization of this Cartan involution, is given by

a1 a2 @13 a4
—G12 G292 n A23 G4
a3z A34 a13 Q23

—a34 G4 Q14 Q24

Given this p C su(2,2), we can select two generators of the maximal abelian subspace a
in p given by

0 001 0000

0000 0010
Hl — 9 H2 -

0000 0100

1000 0000

64



1. AN IWASAWA DECOMPOSITION OF su(2,2)

Furthermore, considering the eigenspace decomposition of su(2,2) by ad(H;) and ad(Hz),

we set
0110 01 —1 0
1] =100 1 1| =10 0 1
Xii=— X0 — —
"Ll 100 -1 |0 2Ll 10 0 1|
0110 01 —1 0
0 2 2 0 0 2 —2 0
1 i 00 —i 11 i0 0 —i
Xoyg = — X9 — —
2Rl =00 |’ 27 Al io0 0 —i |’
0 i i 0 0 i —i 0
—i 0 0 i 00 00
n_ 1] 0000 1|0 —iio
e 0000 |’ "2l 0 =i i o0
—i 0 0 i 0 0 00

=
la
Il

a
=
>
o
>
=
>
0
>

[
[
[
(57) [
[
[

and all the other Lie bracket products vanish.
Furthermore, let us observe that n = Spang{ X1, X12, Xo1, X992, T1, T} is closed under

the Lie bracket product [, ] and that

n(l) — [n, n] = SpanR{ThXQl?XlQ}?
n® = [ =R{T}},
a® = n, n(2)] = {0},

which verifies that n is a nilpotent Lie algebra. Similarly, we can check that a + n is a

solvable Lie algebra. Furthermore, we can also observe that there is a vector space direct
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8. HARMONIC MAPS BETWEEN RANK TWO SYMMETRIC SPACES OF NONCOMPACT TYPE
sum decomposition of g = su(2,2) in the following form:
g=t+a+n

This is an Iwasawa decomposition. If we denote K, A and N the subgroup of G = SU (2, 2)
corresponding to the Lie algebra €, a and n, respectively, then, K x A x N 3> (k,a,n) —
kan € G is a diffeomorphism. Hence S = A- N is diffeomorphic to G/ K. We should note
here that K is the isotropy subgroup of G = SU(2,2) at the origin Z = O (zero matrix).
Hence, we can identify D, 5(C) with N - A through the fractional transformation to the
origin. That is, we have obtained a diffeomorphism

R® x Ri S (@11, T12, To1, Taz, Ly, to, p1, p2) — Z = BD ' e D, 5(C),
where B and D are submatrix of
A B 1
C D :exp( Z T X5 + Z tiTi) -exp( Z 2 10g(Pi)Hi)-
1<i,j<2 1<i<2 1<i<2
2. The invariant metric

At this point, we should note that the left invariant metric i09logdet(I —* ZZ) of
D4 5(C) coincides with Trace(*dZ - dZ) at the origin Z = O (zero matrix).

Given the computation made above, we shall substitute Z = (Z;;) = BD™! to the
origin. If we set o = (0,0,0,0,0,0,1,1) € R® x R%, then (Z;;)|o = O. Then we find that

Trace('dZ - dZ)|o = Y (dzy)*+ Y (dt)*/4+ Y (dp:)*/A.
1<i,j<2 1<i<2 1<i<2
Accordingly, an orthonormal basis of this inner product (*, ) = Trace('dZ -dZ)|, is given
by
{8/8:1:‘11, 8/81'22, 8/81'12, 8/81'21, 28/8251, 28/8252, 28/8p1, 28/8p2}
Then we obtain the left invariant extensions of the orthonormal basis given above,

which we can denote as follows:

Xu = py?p3 ey, Xog = pi?py e, Xio = pi/*py%es,
Xo1 = P}/ZP;Q%, T = 2preq, Ty = 2paeg, Hy = 2piey, Hy = 2pses.

Here ey = 0/0p1,ea = 0/0p2; and es, . . . , eg span the nilpotent Lie algebra of left invariant
vector fields corresponding to n. Since G = SU(2,2) acts on Dj»(C) transitively, an inner
product (-,-) of the tangent space T,(D22(C)) at 0 € Dy(C) defines a left invariant
metric g by assigning gso(V, V') = (751 (V), 75 1(V")) for V,V' € T5(D22(C)) at each

s
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3. THE TENSION FIELD

s-0 € Dy5(C) for s € SU(2,2), where 75 is the left translation. Hence, the above invariant

vector fields are orthonormal frame. Thus, the components of the metric g;; = g(e;, €;),

(9") = (gs)~" are given by

g =4"1p7?
9o =471p37,
933 = Gaa = papy
955 = Gos = P P1
g7 =471,
gss = 471p37,

9ij = g7 =0, (i# 7).

3. The tension field

Noting that g;; is diagonal, we start by simplifying the components 7(u) of the tension
field as follows:

8 8
Tu) = Y g7 (u;?‘j =S (et + 3 e (VM eyl
=1 o
—l—< Z + Z ) /* Veﬁ 7) (V/ eﬂ))ujﬁu])

1<B<2,8<y<8  3<B<y<8

This leads us to examine the following components of the Levi-Civita connection with

respect to this frame:

Vee1 = —py ey,

Ve,€2 = —p; €,

Veses = Ve, €4 = 2pae) — ZpSpl_leQ,
V.65 = Ve = 2p2_161 + 2p1_162,
Ve,er = py e,

Veses = py €2,

Veej=—ple;/2, j=3,...,6,
Ve,ej = pytei/2, j=3,4,

Veej = —pyte;/2, j=5,6,

and for o, 8,7 > 3,

fele gy

GZ(Veﬁe’Y) + GZ(VE'ye/@) - g/aagfy'y af + g gﬂﬁa ay T = Qﬁfw
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8. HARMONIC MAPS BETWEEN RANK TWO SYMMETRIC SPACES OF NONCOMPACT TYPE

where

eﬁae’y Za’ﬁ'y €a> 3§677§8

Since es, ... ,eg span the nilpotent Lie algebra of left invariant vector fields corresponding
to the nilpotent Lie algebra n, we find that agj = (0. Thereby, we find that

8
Hu) = > gl — 8pu
j=1

8
() = Zgjju?j — 8pus
j=1

+ Zgﬂ( V2 (paotr) ' = 2((ud)? + (ul)?) (prow) ! (prou)

+2((u)? + (u$)?) (prow) " + () (pzou) ™).

() = > g7uf; —8puf
j=1

8

+ Z g <Ra1u§“u]1- + Ragu?u? + Z ngufu])

j=1 3<P<y<8
for 3<a <y,

where R,; and R, are functions of pjou and psou.

4. Proof of the Theorems 8.1 and 8.2
Proof of the Theorem 8.1

Given these computations, we shall consider the tension field of the map w in the

following form:
u: (n, P1, pg) - (h(n), (G0 (P1)7 022102)7
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4. PROOF OF THE THEOREMS 8.1 AND 8.2

where h is a homomorphism satisfying h3 = hi = C1Cy', h2 = h8 = C,Cy, BT = C?,
h§ = C3, and h] = 0 (j # 7). Here Cy and C, are constants. When Cy = Cy = 1, h = id.
From 7!(u) = 0, we must have

& d d 2 4p? 4Cip

0 = 4p? @Dl(gpl) —8p, Y1(p1) _ ( 1/11(01)) P1 4 1P1 +8C%p;.
dp? dp1 dp: Ui(p1)  ¥ilpr)

Next, we find that 7%(u) = —4p3C3(C3p2)~" — 4pipy (CLC3 ) (C3p2)Yi(pr) ™ +
4p1p2(C1C)2 1 (p1) ™ + 4p3C5(C3py)~t = 0. Moreover, the other components of the
tension fields vanish.

By substituting p;C? exp(f(log(p:))) for 11 (p1), we have
0=f"=3f + (e —1)+2(e 7 —1).

The existence of the solution for this equation is confirmed by Theorem 2.1; alternatively,
this being a translation invariant equation, the proof method of Theorem 5.1 or [25,
Proposition 2.1] can be used in order to establish the global existence of the solution.

O

REMARK 8.1. D, ,(C) is rank n, but its cohomogeneity is one.

REMARK 8.2. V¢, p161 = V e, p260 = 0 together with g1 = 471p;? and gg = 47 1py?
implies that ({p1 = 0} U {ps = 0}) U ({p1 = oo} U {ps = o0}) correspond to the ideal
boundary.

DEFINITION 8.1. We call the locus ({p1 = 0} N {p2 = 0}) U ({p1 = oo} N {p2 = o0})
the corner of Dy 5(C).

Proof of the Theorem 0.2:
The statement follows immediately from Theorem 8.1 and Definition 8.1. ]
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