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Introduction

Let ¢: S — A be a proper surjective holomorphic map from a complex surface S to a
small disk A = {t € C| |t| < €} such that ¢~'(f) is a smooth curve of genus g > 2 for
any t € A* = A\ {0}. We call (¢, S,A) a degeneration of curves. If all p~1(t) for t € A*
are hyperelliptic curves, we call (¢, S, A) a hyperelliptic family. If the reduced scheme of
the special fiber has normal crossing and any (—1)-curve in the special fiber intersects
the other components at at least three points, we call (¢, S, A) normally minimal. Two
degenerations (¢, S, A) and (¢, 5", A) are said to be topologically equivalent if there exists
an orientation-preserving homeomorphism :S — S’ which satisfies ¢’ o) = ¢. Let
7, := { normally minimal degenerations of genus g }/~, where ~ is the topological
equivalent relation. For an element of 7,, we can uniquely determine the topological
monodromy (sometimes called monodromy, for short) as a conjugacy class in the mapping
class group of genus g. The monodromy of a degeneration is a conjugacy class of a pseudo-
periodic map of negative type (cf. [MM1], [Nil], [Ni2], [Im], [ES], [ST], [AMO] etc.).
Conversely, any conjugacy class of a pseudo-periodic map of negative type is realized as the
monodromy of a certain degeneration (cf. [MMZ2]). In [AI], we classified the monodromies
of degenerations of curves of genus three with their topological types of moduli points. In
this paper, we classify the monodromies of degenerations of genus three which are realized
as the monodromies of certain hyperelliptic families. In Section 1, we review the results of
Matsumoto-Montesinos theory (cf. [MM1], [MM2]). In Section 2, we review the results of
classification of degenerations of curves of genus three via Matsumoto-Montesinos theory
(cf. [AI]) and introduce several symbols which are used in Section 3 and Section 4. In
Section 3 we classify the monodromies which cannot be realized as the monodromy of
any hyperelliptic family of genus three (Theorems 3.2, 3.3, 3.6). Let M3 be the Deligne-
Mumford compactification of the moduli space of curves of genus three. Theorem 3.2
also states that the closure of hyperelliptic locus in M3 has no intersection with the part
of boundaries of the loci of the stable curves whose topological types are (D), (H), (I),
(M) and (O) in Table 2. In Section 4, for each monodromy which can be realized as the
topological monodromy of a hyperelliptic family of genus three, we give an example of

the equation of the hyperelliptic family.

Acknowledgement.  The author thanks Professors Tadashi Ashikaga, Kazuhiro Konno,
Masanori Ishida, Tatsuya Arakawa, Takeshi Kajiwara, and Shigeru Takamura, for their
useful advice and valuable discussions. He wishes to express his special thanks to Professor

Tadao Oda for his encouragement.



1 Matsumoto-Montesinos theory

In this section, we review Matsumoto-Montesinos theory for later use.
Let f: ¥, — 3, be an orientation-preserving homeomorphism of a closed surface (real
two dimensional manifold) of genus g. We call f a pseudo-periodic map if f is isotopic to

a homeomorphism f":3, — X, such that the following conditions are satisfied:

(i) There exists a disjoint union of simple closed curves C = C; UCy U ... U C, on the

interior of ¥ such that f’(C) = C (C might be empty).

ii) Set B =X, —C. Then the restriction f’|z: B — B is isotopic to a periodic map, i.e.,
g p p p

there is a positive integer N such that (f’|5)" is isotopic to the identity map.

Suppose f is a pseudo-periodic map by a system of simple closed curves C = C}, U Cy U
...UC,. C is called admissible if each connected component of ¥, \ C has negative Euler
: . .= .
number. If ¢ > 2, such a system always exists. We sometimes write C'; to emphasize
its orientation. For each component C; of C, there exists a minimal integer «; such that
f O‘Z(ﬁz) = 5’2 There also exists a minimal positive integer L; such that fi

twist of e; times (e; € Z). We set s(C;) = e;a;/L; and call it the screw number of f at C;

¢; is a Dehn

(cf. [Ni2]). An admissible system C is precise if s(C;) # 0 for each C;. A precise system
always exists and is unique up to isotopy. We say that a pseudo-periodic map f is of
negative twist if s(C;) < 0 for each curve C; in a precise system C. A curve C; is said to
be amphidrome if «; is even and fai/2((_7)i) = —E’)i.

For a degeneration (¢,S,A) of genus g, by fixing a base point t, € A\ {0}, the
canonical generator of (A \ {0},%y) ~ Z acts naturally on the Riemann surface ¢~ (¢),
i.e., there exists an orientation preserving homeomorphism Fy,: ¢! (tg) — ¢ '(to) and
Fy 4, is uniquely determined up to isotopy. We see that Fj,, is a pseudo-periodic map of
negative twist by the result of Imayoshi [Im], Shiga and Tanigawa [ST], and Earle and
Sipe [ES]. Since a change of the base point corresponds to a conjugation in the mapping
class group M, a degeneration (¢, S, A) uniquely determines an element m(¢) of the set
of conjugacy classes /\79 of Mg. We call m(¢) the topological monodromy of (¢, S, A).
Let P, denote the subset of /(/l\g represented by pseudo-periodic map of negative twist.
Since m(¢) is determined by the class of (¢, S, A) in 7,, we have well-defined map

v:1Ty — P, .

Theorem 1.1 ([MM2, Theorem 1])  If g > 1, then v: T, — P, is bijective.



In the case of ¢ = 1, 7 is surjective but not injective. Let (¢;, S;, A) (i = 1,2) be
degeneration of curves of genus one and let F; be the special fibers of (¢;,.S;,d). If there
exists a positive integer m such that F} is equal to mF, as the numerical chorizo space

(the topological space considering the multiplicities of their components), v(¢1, S1,A) =
7(¢27 S27 A)

Corollary 1.2 [MM2, Corollary 1.2] Given a pseudo-periodic map f:¥, — X, of neg-
ative twist, there exists a degeneration (¢, S, A) whose monodromy is the conjugacy class

of f in the mapping class group M,.

The outline of the proof of Theorem 1.1 is as follows:
Step 1  For a pseudo-periodic map of negative twist f, they construct a numerical chorizo
space Sy called generalized quotient. Note that there is a natural projection 7: 3, — Sy.
Step 2 Let Cr = {¥, x [0,1] U S;}/(x,0) ~ 7(z) be the mapping cylinder of 7. The
super standard form F of f: ¥, — ¥, can be extended to an automorphism of C; (cf.
[MM1]). They construct an open book M = {[0,27] x C;}/ ~, where the equivalent
relation “~" is defined as follows (cf. [Tal], [W]):

(2m,c) ~ (0, F(c)) (ce Cr), (0,¢) ~(0,¢) (c € Sf,0€0,2n])

Note that there is the canonical map ¢: M — A, where A = {t € C||t| < 1}.
Step 3 M := ¢ '(A) has a complex structure, and we obtain a degeneration (¢, M, A)
whose monodromy is the conjugacy class of f in M,.

Note that the special fiber of (¢, M, A) is Sy. Since the configuration of the special
fiber is very important to classify the monodromies which are realized as the monodromies
of certain hyperelliptic families, we introduce the construction of the generalized quotient
Sy of a pseudo-periodic map f of negative twist.

Let A be the union of annular neighborhoods of the curves in the precise system C such
that f(A) = A and let B be the closure of ¥\ A. We may assume that f|z: B — B is
periodic, i.e., there exists a positive integer N such that f|¥ is isotopic to the identity of B.
The quotients space B/(f|5) is an orbifold. We call p € B/(f|5) a cone point if the number
of points of f|z'(p)isnot N. Let p € B/(f|s) and (m, A, o) be a cone point and the valency
of p, respectively (cf. [Nil]). The valency (m, A, o) of p has the following topological
meaning:  If z € f|z'(p) and m is the smallest positive integer such that f™(z) = ,
f™ is the rotation around x through the angle 27d/A (0 < § < A, ged(A,0) = 1) and o
is the integer determined by do =1 (mod A), 0 < ¢ < A. By the Euclidean algorithm



we obtain a sequence of integers ng > ny > --- > n; = 1 such that ng = A\, ny = A — o,
ni—1+ni1 =0 (modng),i=1,2---,1—1. Set m;y =mn; (i =0,1,---,1). Let Ch(B)
be the chorizo space constructed from B/(f|z) by replacing a neighborhood of each cone
point with the numerical chorizo space shown in Figure A, which consists of a disk and
[ spheres. Let A;(C A) be an annular neighborhood of C;. The boundary curves S; and
Sy of A; have their valencies (m™, AV, ¢M) and (m®, A2 52) respectively, when we
regard them as boundary curves of the periodic part B (cf. [Nil]).

Suppose C; is not amphidrome. Then m® = m® = a(C;). Let m be this common

value.

Lemma 1.3 ([MM1 Theorem 6.1]) There exists uniquely a sequence of positive integers

ng,ni, -+, n (I > 1) satisfying the following conditions:
(i) no = AV and n; = \@,
(i) ny = o™  (mod AV) and ny = 0®  (mod A\?),
(iii) my—1 + 11 =0 (mod n;) (1=1,2,---,1—1),
(iv) (ni—1 +nip1)/n; > 2 (1=1,2,---,1—1),
(v) Sisi Ynini = |s(C)].

Let Ch(A;) be the chorizo space shown in Figure B, which consists of two disks and
[ — 1 spheres. The multiplicity m; of each components is defined to be mn;. We consider
that the spaces are Ch(f/A4;) (j =0,1,---,m—1) are identical, i.e., Ch(A;) = Ch(fA;) =
-+« = Ch(f™1A;). Suppose C; is amphidrome. Then S; and S, have the same valency
(2m, A, o), where 2m = a(C;). We can determine a sequence of positive integers ny >
ny > --- > n; = 1 in similar way in the case of non-amphidrome and let Ch(A;) be
the chorizo space shown in Figure C, which consists of a disk and [ + 2 spheres. We
also consider that the spaces Ch(f7A;) (1 = 0,1,---,(m/2) — 1) are identical. Now the
generalized quotient Sy is defined to be the union of Ch(B) and Ch(A;)’s.

2 Classification of monodromies of genus three

In this section, we introduce the result of [AI] and define the symbols which we use in

Section 3 and Section 4.



2.1 Algorithm for classification

We classified degenerations of curves of genus three in [Al]. Our basic tools are Corollary

1.2 and the following theorem:

Theorem 2.1 [MM2, Theorem 2|  The conjugacy class of a pseudo-periodic map of
negative type f:3, — X, of genus g is determined by the following data: A precise
admissible system of cut curves C = [1C; on X4, the action of f on the weighted oriented
graph Ge induced by C, the screw numbers of f at each C; and the valency data of the

periodic maps which stabilize the connected components of ¥, — C.

The classification is divided into the following four steps:

Step 1~ We classify admissible systems C of cut curves on X3 (cf. [Al, Lemma 3.2], Table 2
of this paper). This is equivalent to classifying the stable curves of genus three, which is

well-known. We disregard the orientations of edges in Table 2 in this step.

Step 2 We classify cyclic automorphisms of the weighted oriented graphs G¢ in Table 2
(cf. [AI, Lemma 3.4]). This is equivalent to classifying cyclic automorphisms of the dual
graphs of stable curves of genus three. In order to study the amphidrome action of a

pseudo-periodic map, we must care about the orientations of edges in Table 2.

Step 3 We classify periodic homeomorphisms modulo isotopy of a Riemann surface with
boundary, which is realized as a connected component of ¥3 — C. This is equivalent to
classifying cyclic automorphisms of an irreducible n-pointed stable curve of genus at most
three which admit permuting marked points. For this purpose, we first classify the valency
data of the cyclic automorphisms of a closed Riemann surface of genus at most three by
using Nielsen’s theorem, and Harvey’s formula (cf. [AI, Lemma 1.4]). The sufficiency of

these conditions is proved in [Al, §4.4].

Step 4  For each cyclic automorphism of the graph G¢ classified in Step 2, we determine
the compatible periodic homeomorphisms of “parts” of a Riemann surface described in
Step 3. In this way, we classify all conjugacy classes of pseudo-periodic maps of negative

type of genus 3 (cf. [Al, Proposition 3.8]).

Table 2 is introduced for Step 1. The weighted graphs (A) through (O) in Table 2
are the dual graphs of stable curves of genus three (cf. [Al, Lemma 3.2]). A vertex
v corresponds to a component of a stable curve and an edge connecting two vertices
corresponds to an intersection point of the two components. Let g(v) be the genus of v

and let p(v) be the number of singular points of the component. The number inside a
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small circle of the graph is the arithmetic genus g(v) + p(v) of v. We omit the number
when it is zero. For instance, the graph (B) represents six kinds of stable curves, that is,
v1 has genus i, and 2 — ¢y singular points while vy has genus 75 and 1 — 75 singular points
(0 <143 <2, 0<iy<1). We write these stable curves B;;, (0 <i; <2, 0<1iy <1) for
short. Remark that considering that an edge corresponds to a component of an admissible
system, we see that Table 2 gives the classification of the decomposition of >3 by a precise

admissible system.

For Step 2, we must define some symbols. For an example, consider the graph of type

E41. We have two non-trivial automorphisms o as follows:

(1) o fixes the vertices v; and vy, and interchanges the edges e; and ey preserving their
orientations.
(2) o interchanges v; and v, , and fixes e; and es as a set, but changes their orientations.

(3) o interchanges the vertices v; and vy and interchanges the edges e; and es.

We express by ((e1, e5)) the cyclic group generated by the automorphism (1), express
by ((v1,v2)(e1, —e1)(ea, —e2)) the cyclic group generated by the automorphism (2), and
express by ((v1,vq)(e1, —eg)(e2, —e1)) the cyclic group generated by the automorphism
(3). This is equivalent to the following: We consider the symmetric group Sg of formally
independent six elements vy, vo, €1, —€1, €3, —eo. Then the group ((ej,es)) is the sub-
group of Sg generated by (eq,e2)(—e1, —e2). The group ((vy,v2)(e1, —e1)(eg, —€2)) is the

subgroup generated by (vq,v2)(e1, —e1)(eq, —€2).

In order to express all cyclic automorphism groups of each weighted oriented graphs

in Table 2, we introduce the subgroups 11(0,1) through V(1,1) of the symmetric group S;7

of seventeen variables vy, ..., vs, £eq, ..., Leg;
I1(0,1)= ((e1, €2)),

11(0,2)= ((e1, e2) (€3, €4)),

II(1,1)= {(v1, v2)(e1, €2)),

I1(1,2)= ((v1, v2)(e1, —€2)),

I1(1,3)= ((v1,v2)(e1, —e1) (€2, —e2)),

II(1,4)= ((v1, v2)(e1, —e2)(e3, €4)),

I1(1,5)= ((v1, v2)(e1, —e2)(es, —ea)),

I1(1,6)= ((v1,v2)(e1, —e1)(e2, —e2) (€3, €4)),
I1(1,7)= ((v1,v2)(e1, —e1) (€2, —e2) (€3, —€4)),



I1(1,8)= ((v1,v2)(e1, —e1)(ea, —e2)(e3, —e3)(eq, —€4))
I1(1,9)= {(v1, v2)(e1, e3) (€2, €4) (€5, —€5)),

I1(1,10)= ((v1,v2)(e1, €2)(eq, —e4) (€5, €6)),

I1(2,1)= ((v1, v2)(vs, va) (€1, —€2)(e3, €4)),

11(2,2)= ((v1, v2)(vs, va) (€1, —€1) (€2, —€2)(€3, €4)),

I1(2,3)= {(v1, v2)(vs, va) (€1, —€2)(e5, —€s) (€5, €6)),

11(2,4)= ((v1,v2)(vs,v4) (€1, —€1), (€2, —€2) (€3, —€3) (€4, —€4)(€5, €6))
I1(2,5)= ((v1,v2), (vs,v4), (€1, —€2), (e3, —e3) (€4, —€4) (€5, €6))
11(2,6)= ((v1,v2)(vs3,v4)(e1, —€5), (€2, —€g) (€3, —€3) (€4, —€4))
I1(2,7)= ((v1, v4)(va, v3)(€5, —€6), (€1, —€3) (€2, —€4))
11(2,8)= ((v1, vs)(v2, va) (€1, €3), (€2, €4) (€5, —€5) (€6, —€5)),
I11(0,1)= ((eq, €9, €3)),

II(1,1)= ((vq, v9,v3)(e1, €2, €3)),

II1(1,2)= ((v1, va, v3) (€1, €9, €3) (€4, €5, €6)),

IV(0,1)= ((e1, 2, €3, €4)),

IV(1,1)= ((v1,v2)(e1, —e2, €3, —€4)),

IV(1,2)= ((v1,v2)(eq, €2, €3, €4) (€5, €5)),

IV(1,3)= ((v1,v3,v4, v2) (€6, €3, —€2, €4) (€1, €5, —€1, —€5)),
IV(2,1)= ((v1,v4)(ve, v3)(€1, —€3, €2, —€4) (€5, —€6)),
IV(2,2)= ((v1,v3)(va, v4) (€1, €3, €2, €4) (€5, —€5) (€6, —€6)),
VI(L,1)= ((v1,v2)(e1, —e2)(es, —€1)(e2, —€3) (€4, —€4)),

Consider the type Eyy and Ej;. Then the non-trivial cyclic automorphism groups of

them are I1(1,2) or II(1, 3). For simplicity, we express it as
E; (0<4,7<1): II(0,1), II(1,2), II(1, 3).
Then, we have the following lemma.

Lemma 2.2 ([Al, Lemma 3.4])
The non-trivial cyclic automorphism groups of the weighted oriented graphs in Table 2

are classified as follows:

(1) Cii; (0<id,j<1): TI(1,1).

(2) Dy (0<i,j<1) II(1,1), Dy (0<i<1): III(L1).

(3) By (0<i,j<1): 11(0,1), By (0<i<1): II(0,1), I1(1,2), I1(1,3).
(4) F; (0<i,j<1): I0,1), Fy (0<i<1): I10,1), I1(2,1), 11(2,2).
(5) Gy (0<i<1): 11(0,1).



(6) H; (0<i<1): II(0,1), ITI(0,1).

(7) I (0<4<1): TI(0,1), ITI(0,1).

(8) J (0<i<1): 1I(0,1), II(1,4), II(1,6).

(9) K (0<i<1): 110,1), 11(1,4), II(1,6).

(10) L: 11(0,1), 11(0,2), 11(1,5), II(1,7), II(1,8), I11(0,1), IV(0,1), IV (1,1), VI(1,1).
(11) M: 11(0,1), 11(0,2), 11(1,9), IV(1,2).

(12) N 11(0,1), 11(0,2), 11(2,3), T1(2,4), 11(2,5), 11(2,7), I1(2,8), IV(2,1), ITV(2,2).
(13) O: 11(1,10), 11(2,6), 111(1,2), IV(1,3)

2.2 Classification of periodic map

For Step 3, we classified the periodic automorphism of curves with r» nodes and k bound-
aries (cf. [AA §2]).

First, we classify the periodic map of curves of genus at most three. In the isotopy class
of a periodic map of ¥, one can choose a representative which is an analytic automorphism
under a certain complex structure on 3, ([Nil], [B2, Theorem 1] or in more generalized
form [Ke]). Thus, it suffices to classify the cyclic analytic automorphism of curves of
genus at most three. Let f:3;, — ¥, be a cyclic analytic automorphism of order n, and
let II: 3 — ¥’ be the corresponding n-fold cyclic covering. Let ¢’ be the genus of >'.

By Nielsen’s theorem [Nil, §11], it suffices to classify the order of the map and the
valencies of cone points and the valencies of boundaries. For brevity’s sake, if we have
the data of valencies (n/A;, \i,0;) (1 <@ <), we symbolically write o1/A\ + ...+ a1/ N
which we call the total valency. We also write the order n of the map and the genus ¢’ of
Y. However, if ¢’ = 0, the genus is omitted.

First, we classify the periods and total valencies of curves of genus at most two.

Lemma 2.3 [Al, Lemma 1.4]
Non-identical conjugacy classes of periodic maps of closed surfaces of genus g (1 <

g < 3) are classified followings:

(1) g=1:

(1) n=6;1/64+1/3+1/2, 5/6+2/3+1/2.
(2)n=4;1/4+1/4+1/2, 3/4+3/4+1/2.
(3)n=3;1/3+1/3+1/3, 2/3+2/3+2/3.
4)n=2;1/24+1/2+1/2+1)2.

(5) ¢ =1, n is arbitrary and II: ¥ — ¥’ is an unramified covering,.

9



II) g =2:
1) n=10; 1/10 +2/5 + 1/2, 3/10+1/5+1/2, 7/10 +4/5 +1/2, 9/10 + 3/5 +1/2.
) n=8 1/8+3/8+1/2, 5/8+T7/8+1/2.

(

(1)

(2)

(3)n—6 1/6 +1/64+2/3, 5/6+5/6+1/3, 1/3+2/3+1/2+1/2.
(4)n=5;1/5+1/54+3/5, 1/5+2/5+2/5, 2/5+4/5+4/5, 3/5+3/5+4/5.
(5)n=4;1/4+3/4+1/2+1/2.

(6) n=3;1/3+1/3+2/3+2/3.
(Mn=2;1/2+1/24+1/2+1/24+1/2+1/2.

8)¢d =1, n=2and 1/2+41/2.

Let X be a real surface of genus g with & boundary curves 0y,---,0. Let f:3X — X
be an orientation-preserving homeomorphism which satisfies (1) there is a disjoint union
of simple closed curves C = [];_; C; such that C and 0% = ]_[?:1 0; do not intersect each
other, (2) ¥ — C is connected and (3) f|s_¢ is periodic.

Let ¥ be the closed surface containing ¥ obtained by pasting disks D; (1 < j < k)
along 0; and let f:3 — ¥ be the extension of f to the homeomorphism of closed surface.
We can consider the natural projection II: = — %/ corresponding to f and let ¢ be the
genus of ¥'. Let A; be an annular neighborhood of C; and let C} and C} be boundaries
of A;. We set A := U;A;. We use the following notation. We write the valency data
of d; by bold face characters. We enclose by the double parenthesis the valency data
of the boundary curves C} and C} of A;. If f permutes the components of 9% or the
components of C or the components of the boundary curves of A, then we use the symbol
of permutation. For example, if f(0)) = 0s, f(02) = 03 and f(03) = 0y, then we write
(O1,00,03). If C1,--+,Cy (s <) is amphidrome, we write Amp{C},---,Cs}. We denote
the order of f by ord(f). We sometimes omit it if there is no fear of confusion. For
each f which is classified in the following tables, we construct a generalized quotient S}v.
Moreover, we add arrows at the top of the trees of S} corresponding to the center of the
disks D; (see for instance (ii2) of Table 1). We also denote this space by Sy and called
the marked generalized quotient space of f. We draw the figure of marked generalized
quotient space of f which are classified in the following table (ii) through (xv). Note
that the sequences of integers in Table 1 mean the sequences of multiplicities of chains

of nonsingular rational curves and that the thick lines mean a chain of (—2)-curves (cf.

[AT]).

(i) Assume g =3 and r = k = 0. In this case, we classify the periodic maps of curves
of genus three (cf. [Al, Lemma 1.4]).
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I)n=14, 11/144+5/7+ 1/2,

)

3)n =14, 13/14+4/7+1/2,
5)n=14,9/1446/7+1/2,

Tin =12, 11/12+7/12+ 1/2,
9n =12, 11/12+3/4+1/3,

13)n = 9, 8/9+4/9 + 2/3,

(

(

(

(

(

(11)

(13)

(15)n =9, 7/9+5/9 +2/3,

(17)n =9, 8/9+7/9+1/3,

(19)n =8, 7/8+3/8+ 3/4,

(21)n =8, 5/8+5/8 + 3/4,

(23)n =8, 7/8+7/8 +1/4,
(25)n=17,6/T+6/7+2/7,

(2T)n =17, 6/7+5/7+ 3/1,

(29 =7, 6/7+4/7+4/7,
(Bl)n=17,5/T+5/7+4/7,

(33)n =6, 5/6+1/64+1/2+1/2,
(35)n =6, 1/6 +2/3+2/3+1/2,
(B7)n=4,1/4+1/4+1/4+1/4,
(39)n =4, 3/4+3/4+1/2+1/2+1/2,
(4)n=3,2/3+2/3+2/3+2/3+1/3,
(43)n =2,

(4hn=4,¢ =1,1/2+1/2,
(46)n=2, ¢ =1,1/2+1/2+1/2+1/2,
(47)n = 2,

(

(1) f = ids.

(4) 9/10+3/5+1/2.
(7) 7/8+5/8+1/2.
(10) 5/6 +5/6 + 1/3.
(13) 4/5+4/5+2/5.
(16) 3/5+3/5+4/5.
(19) 2/5+2/5+1/5.

(22) 2/3+2/34+1/3+1/3.

11)n =12, 7/12 + 3/4 + 2/3,

o~ o~ o~ o~ o~ o~ o~

2
4

(2)n = 14, 3/14 +2/7 + 1/2,
(4)n =14, 1/14 + 3/7 +1/2,
(6)n =14, 5/14 + 1/7 +1/2,
(8)n =12, 1/12+5/12 + 1/2,
(10)n = 12, 1/12 + 1/4 + 2/3,
(12)n =12, 5/12+1/4 + 1/3,
(14)n =9, 1/9+5/9 4 1/3,
(16)n =9, 2/9 +4/9 +1/3,
(18)n =9, 1/9 +2/9 + 2/3,
(20)n =8, 1/8+5/8 4 1/4,
(22)n = 8, 3/8 4+ 3/8 +1/4,
(
(
(
(
(
(
(
(
(

)
)
)
)
)
)
)
24)n =8, 1/8+1/8 + 3/4,

26)n =17, 1/7+1/7+5/7,

28)n =7, 1/7+2/7+4/7,

30)n =7, 1/7+3/7+3/7,
32)n=17,2/7T+2/7+3/7,

34)n =06, 5/6+1/3+1/3+1/2,

36)n =4, 3/4+3/4+3/4+3/4,
38)n=4,3/4+3/4+1/4+1/4,

0)n =4, 1/4+1/4+1/2+1/2+1/2,
(42)n=3,1/3+1/3+1/3+1/3+2/3,

1/241/241/24+1/24+1/2+1/2+1/2+1/2,

(45 =3, ¢ =1,2/3+1/3

ii) Assume g =2,7r=0and k =

¢ =1and II: ¥, — X is an unramified covering.

2) 7/10+4/5+1/2. (3)3/10+1/5+1/2.
5)1/10+2/5+1/2. (6) 7/8+5/8+1/2.

8) 1/8+3/8+1/2. (9) 1/8+3/8+1/2.
11)1/6 +1/6 +2/3. (12) 4/5+4/5+ 2/5.
14)1/5+1/5+3/5. (15) 1/5+1/5+ 3/5.

17) 3/5+3/5+4/5. (18) 2/5+2/5+1/5.

20) 3/4+1/4+1/2+1/2. (21)3/4+1/4+1/2+1/2.

)

23) 2/3+2/3+1/3+1/3.
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(24) 1/2+1/241/24+1/2+1/2+1/2
(25) ¢ =1,1/2+1/2.

(ili) Assume g = 3,7 = 1 and k = 0. Suppose that C; is non-amphidrome. Then we
may consider any two valencies of the fixed points of in the list of Lemma 2.3, (II) as the
valencies at C] and C} for f. Then:

(1) Floc =id (2) ((7/8)) + ((5/8)) + 1/2. (3) ((3/8)) + ((1/8)) + 1/2.
(4) ((5/6)) + ((5/6) + 1/3.  (5) ((1/6)) + ((1/6)) +2/3.  (6) ((4/5)) + ((4/5)) +2/5.
(7) ((4/5)) +4/5+ ((2/5)). (8) ((1/5)) + ((1/5) +3/5.  (9) ((1/5)) + 1/5 + ((3/5)).
(10) ((3/5)) + ((3/5)) +4/5. (11) ((3/3)) +3/5 + ((4/5)). (12) ((2/3)) + ((2/5)) + 1/5.
(13) ((2/5)+2/5 +((1/5)). (14) ((3/A)+((1/4)+ 1/2 + 1/2.

(15) ((2/3))+((2/3)+ 1/3 + 1/3. (16) ((2/3))+ 2/3+((1/3))+ 1/3.

(17) ((1/3)) ((1/3)+ 2/3 +2/3. (18) ((1/2))+ ((1/2)) +1/24+1/2+1/2+1/2,
(19) ¢' = 1, ((1/2)) + ((1/2).

Suppose (' is amphidrome. Then:

(20) 7/10+ ((4/5)) +1/2. (21) 3/10+ ((1/5)) +1/2. (22) 9/10+ ((3/5)) + 1/2.

(23) 1/10+ ((2/5)) +1/2. (24) 5/6 +5/6 + ((1/3)). (25) 1/6+1/6+ ((2/3)).

(26) ((1/3))+2/3+1/2+1/2. (27) 1/3+((2/3)) +1/2+1/2.

(28) 3/4+1/4+((1/2)) +1/2.

(29) II: >, — Y is a double covering with six branch points such that the disks D} and
D/ do not contain any branch points, f(C}) = C} and the valency at C},C is (2, 1, 1).
In this case, we write the total valency data as 1/2 +1/2 +1/2 +1/2 +1/2 +1/2 +((1)).
From now on, we use the same notation in a similar situation.

(30) ¢ =1,1/24+1/24((1)).

We write the figures of Sy of (iii)(1) ~ (30) in (iiil) ~ (iii30) of Table 1.

(1V) Assume g = 1,7 =0 and k = 1. Then:

1) f (2)5/6+2/3+1/2. (3)1/6 +1/3+1/2.
(4) 2/3+2/3+2/3 (5) 1/3+1/3+1/3. (6) 3/4+3/4+1/2.
(7)1/4+1/4+1/2. (8)1/2+1/2+1/2+1/2.

(v) Assume g = 1,7 =0 and k = 2.

(a) Suppose f(0;) =0; (i=1,2). Then:

(al) f (a2) 3/4+3/4+1/2. (a3)1/4+1/4+1/2.

(ad) 2/3 + 2/3 +2/3. (a5) 1/3+1/3+1/3. (a6) 1/2+1/2+1/2+1/2.
(b) Suppose (9;,02). Then:
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(b1) 5/6 +2/3+1/2. (b2) 1/6+1/3 +1/2. (b3) 3/4+3/4+1/2.
(b4) 1/4+1/4+1/2. (b5) 1/2+1/2+1/2+1/2 +1.
(b6) f is an unramified double cover.

(vi) Assume g = 1,7 =0 and k = 3.

(a) Suppose f(8,) =8 (i =1,2,3). Then:

(al) f=id. (a2)2/3+2/34+2/3. (a3)1/3+1/3+1/3. (ad)1/2+1/2+1/2+1/2.

(b) Suppose (8;,8,) and f(83) = d5. Then:

(b1) 5/6 +2/3+1/2. (b2) 1/6 +1/3 +1/2. (b3) 3/4+3/4+1/2.

(b4) 1/4+ 1/4+1/2. (b5) 1/2+1/2+1/2+1/2 + 1.

(c) Suppose (01, s, 03). Then:

(c1) 5/64+2/341/2. (¢2) 1/6+1/3+1/2. (c3) 2/34+2/3+2/3+1. (c4) 1/3+1/3+1/3+1.

(¢5) f comes from an unramified triple covering.

(vil)  Assume g =2,7r=1and k= 1.

Suppose C; is non-amphidrome. Then;

(1) fls—e =1d. (2) ((2/3)) +((2/3) +2/3. (3) ((1/3)) + ((1/3)) +1/3.

(4) ((1/2)) +((1/2)) + 1/2 +1/2.

Suppose Amp{C,}. Then:

(5)5/6 + ((2/3)) +1/2. (6)1/6+ ((1/3))+ 1/2. (7) 3/4+3/4+((1/2)).
)1/4+1/4+((1/2)). (9) 1/2+1/2+1/2+1/2+ ((1)).

(8
(viii)  Assume g = 3,7 =2 and k = 0. Then;

(1) flo—e =id. (2) ((3/4)) + ((3/4)) + ((1/2)). (3) ((1/4)) + ((1/4)) + ((1/2)).
(4) ((1/2)) + ((1/2)) + ((1/2)) + ((1/2)). (5) ((1/2)) + ((1/2)) +1/2+ 1/2 4 ((1)).
(6) 1/2+1/24+1/2+1/2+ ((1)) + ((1))

(7) II: ¥ — ¥ is an unramified double covering. Amp{C}), Cs}.

(8) (C1,Cq), 1/2+1/2+1/2+1/2+4 ((1)) + ((1)).

(9) (C1,Co), Amp{C1,Co}, 1/44+1/4+1/24 ((1)) + ((1)).

(10) (C1,Cq), Amp{C1,Co}, 3/44+3/4+1/2+ ((1)) + ((1)).

(11) II: ¥ — ¥ is an unramified double covering. (C, Cs).

(12) Amp{C}, Cy}, (C1,Cs) and f comes from an unramified four-fold covering.

(1x) Assume g =7 =0 and k = 3. Then:

(a) f

(b) ord( ) 2, (01,02), f(O3) =03, 1/2+1/2+ 1.
(c) ord(f) =3, (01,02,03), 1/3+2/3 + 1.
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(x) Assume g =7 =0 and k =4. Then

(a) f =id.

(b) ord(f) =2, (8y,3), f(9;) =, (i =3,4),1/2+1/2+ 1.
(c) ord(f) =2, (01,2), (5,04), 1/2+1/2+1+1.

(d1) ord(f) =3, (0y,D2,33), f(0s) = 04, 2/3 +1/3 + 1.

(d2) ord(f) =3, (8y,D2,0s), f(8s) = 4, 2/34+1/3+1 .

(e) ord(f) =4, (D1, 02,05, 04), 3/4 +1/4+ 1.

(xi) Assume g =r =1and k= 1. Then

(1) flo—c =id

(2) ord(f) =2, Amp{C1}, 1/2+1/2 + ((1))

(xii) Assume g =7 =1 and k = 2. Then;

(al) fls—c = id.

(a2) ord(f) =2, Amp{Ci}, 1/2 +1/2 + ((1)).

(b1) ord(f) = 2, Amp{Cy}, (D1, ), 1/2 4+ 1/2 + ((1)) + 1.

(b2) ord(f) =2, (91, %), ((1/2)) + ((1/2)) +1

(xiii) Assume g =r =1 and k = 3. Then

(a) fle—c =id

(b) ord(f) =2, Amp{C1}, 1/2+1/2+ 1+ ((1))

(¢) ord(f) = 3, (91,05,05), ((1/3)) + ((2/3)) +1

(xiv)  Assume g =7 =2 and k = 1. Then

(1) flo—c =id

(2) ord(f) = 2, Amp{Cy,C5}, 1/2+1/2+ ((1)) + ((1))

(3) ord(f) = 2, (C1,Ch), 1/2+ 1/2+ ((1)) + ((1)).

(4) ord(f) = 4, Amp{C4, Cy}, (C},C,,C!,.CY), 3/4+1/4+4 ((1)).
(5) ord(f) = 4, Amp{Cy, Co}, (C},C3, CY.CY), 3/4+1/4+ ((1)).
(xv) Assume g =7 =3 and k = 0. Then

(1) flg—c =id

(2) ord(f) = 2, Amp{C1, Co}, f(Cy) = Cs, ((1/2)) + ((1/2)) + (1)) + (1))
(3) ord(f) = 2, Amp{Cy, G5, C5}, 1/2 + 1/2 + (1) + (1) + ((1)).
(4) ord(F) = 2, Amp{Cs}, (Cr.Ca) 1/2 4 1/2 + (1)) + (1)) + ((1)).
(5) OI“d(Ji) =2, (C1, Gy), f(Cs) = C, ((1/2)) + ((1/2)) + (1)) + (1))
(6) ord(f) =3, (C1,Cy,Cs), 1/3+2/3+ ((1)).
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(7) ord(f) = 4, Amp{C1, Co}, f(Cs) = Cs, (C1, Gy, CF, Cy), ((1/4)) +((3/4)) + ((1)).

(8) Ord(f) =6, Amp{Ch 027 03}7 (CL Cé’ Ciliv Cila 05/7 Cél)’ 1/6 + 5/6 + ((1))

2.3 Monodromies and their generalized quotients

For Step 4, we introduce the definition of the quotient graphs and the notion of “substi-
tution”

Let X and G = (o) be a weighted oriented graph and a cyclic automorphism group
of X described in Lemma 2.2. We define the quotient graph Y of X with respect to G
as follows (cf. [MMI1, §7]): Y is a weighted graph which may have loops and satisfies the

following properties:
(i)  There exists a map h: X — Y of graphs.

(ii)) Let |X| and |Y| be the underlying 1-dimensional cell complex of X and Y, respec-
tively. Then the map h naturally induces a finite covering map |hl|: | X| — |Y'| such that

the covering transformation group of || coincides with G.

(iii) Let © be a vertex of Y. Then h~'(7) consists of a finite number, say [(v), of
vertices v; (1 < i < [(v)) such that their weights (g(v;), p(v;)) coincide with each other,
and denoted by (g(v), p(v)). In this sense, v has the triple weight (1(v), g(v), p(0)).

(iv) Let € be an edge of Y. Then h~!(€) consists of a finite number, say () of edges
of X. We put £(€) on ¢ as the weight.

We remark that, if the vertices v, v" which are ends of an edge e satisfies h(v) = h(v'),
then h(e) is a loop of Y starting from and ending at h(v).

Next we define the resolution Y of Y. Suppose that there exists an edge e of X and
an positive integer m which satisfy ¢”(v) = v and ¢™(v') = v, where v and v are the
vertices at both ends of e. Then we replace o(e) by a line with weight 2m where the top
part is branched into two lines with weight m (see for instance Graph(6) in Table 3). We
call the sum of these three lines D-edge of weight 2m. After completing this process for
every edge with the above property, we obtain a weighted graph Y, which we denote by
Y = X/G.

In Table 3 , the number inside a small circle (i.e., a vertex v) means g(v) + p(v), and
the number beside the circle means [(7). The number beside an edge &€ means £(€). A
loop is written with two arrows (see for instance Graph(5)). If g(v) + p(v) =0 or [(v) =1
or £(€) = 1, then it is omitted. Note that one graph might represent several weighted
graphs Y as in the case of Table 2. Then we have;
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Lemma 2.4 [AI, Lemma 3.6] For each weighted oriented graph X and each automorphism
group G of X in Lemma 2.2, the resolution X/G of quotient graph are as in Table 2.

For a graph Y = X /G, we introduce the notion of substitution of marked generalized
quotient in the following way: Since Y is planer, we have an embedding ¢:Y «— E? into
Euclidean plane E2. We fix ¢. Let v be a vertex of Y. Let B(v,e) be a closed ball of

small radius € in E? with center v, and we set

V=Y nNB(ve).
Suppose ey, ...,€s, €si1,...,6s1s are the edges of Y containing v as end with each of
€si1s- - -, Es+s being aloop. Then V consists of a vertex v and s+ 2s’ segments €, ..., €.,
Cop1: €t s CopgnCay (6N Bue) = ¢ for 1 < i < 5, ¢,N B(v,e) = e Ue for

s+1<i<s+s'). Moreover, V' has a natural weighted graph structure induced by Y,
i.e., the vertex v has triple weight (I(v), g(v), p(v)) and the edge €] (1 < i < s+ §) has
weight £(e;), which the edge e (s +1 <1i < s+ ) has weight £(e;).

On the other hand, let > be a surface of genus at most three with £ boundaries. Let
f:3% — X be one of the pseudo-periodic maps whose admissible system consists of r
curves classified in § 2.2, and satisfies the following conditions:

(i) g = g(v), 7 = p(v) and k = (S €(e) + S5, €(e)/i(w).
(ii) Sy has s4-2s" arrows. Set Sy = >, m;E;+3; nlﬁz where E; is a component of Sy and
7'2- is an arrow of Sy (m;, m; are their multiplicities). Changing the order if necessary,

we have
£(e;) =lv)n; (1<i<s+5), £(ef) =l(v)ni (s+8 +1<i<s+25).

We denote by E (F)Z) the component of }° E; which intersect F')Z We substitute Sy for V'
in Y in the following way: we replace the vertex v by >; l(v)m;E; and connect each edge
e; (or ef) to 3o I(v)m; E; so that €] (or e]) intersect E(ﬁl) transversally.

We perform this process for each part V of Y, and replace each edge e of Y by trees of
spheres. We also substitute each D-edge by a tree of spheres of Dynkin diagram of type D
(see [MM2, p.73 Figure 3]). In this way, we obtain the generalized quotient space Sy for a
certain pseudo-periodic map f: 33 — >3 of negative type. The map f has the following
properties: The graph of the admissible system of cut curves of f coincides with X, the
action to X of f coincides with G, and the stabilizer of G for each connected component

B; of ¥3 — C coincides with one of the periodic maps in §2.2 whose marked generalized

quotient space is just substituted to V; corresponding to B;.
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For an example, let X = K; and G =II(1,4). Then the parts of K;/II(1,4) in Table
3 (19) consist of

Vi = Ao, €f5l(0n) = g(v1) = 1,p(v1) = 0,8(e1) = 1}
Voo = {uz,€q,e5;0(v2) = 1, 9(v2) = p(v )—05(61)25(6'2):1}
Vs = {uvs, €55 e5:1(vs) = 2,9(vs) = pvs) = 0,8(eh) = &£(e) = £(ef) = 2}

By our rule, we substitute (ivl) ~ (iv8) in Table 1 for V;, (ixb) for V, and (ixa) for V.

We write this result as
Ky, 1I(1,4), Vi = (iv), Vo = (ixb), V3 = (ixa).

Now we classify the conjugacy classes of the pseudo-periodic maps of negative type of
genus three. By Matsumoto-Montesinos [MM2, Theorem 2|, it is equivalent to classifying
triples (X, G, Sy) in our notation.

Since the replacement by (ixa) or (xa) is trivial, we omit it in the following theorem.

Theorem 2.5 [Al, Proposition 3.8]
The conjugacy classes of the pseudo-periodic maps of negative type of genus three are
classified as follows: (1) Az : 1d, V4 = (i) in § 2.2.

(2) Ag @ Id, Vi = (iii).

(3) Ay : Id, Vi = (viii).

(4) Ag : Id, Vi = (xv).

(5) Boy = Id, Vi = (ii), Vo = (iv).

(6) By : Id, Vi = (ii), Vo = (xi).

(7) By : Id, V} = (Vll) = (iv).

(8) By : Id, Vi = (vii), Vo = (xi).

(9) Boy : Id, V} = (xi ) = (iv).

(10) By : 1d, V; = (le) = (xi).

(11) Cipy : 1d, Vi = Vs = ( V), Vs = (va). 1I(1,1), Vi = (iv), Vo = (vb).
(12) Chyp : Id, Vi = Vo = (iv), V3 = (xiia). 1I(1,1), Vi = (iv), Vo = (xiib).
(13) Chop = Id, Vi = (iv), Vo = (xi), V5 = (va).

(14) Choo : Id, Vi = (iv), Vo = (xi), V5 = (xiia).

(15) Coop : Id, V1 = Vo = ( i), Vi :( a). 1I(1,1), Vi = (xi), Vo = (vD).
(16) Cogo : Id, Vi = V5 = (xi), V5 = (xiia). 1I(1,1), Vi = (xi), Vo = (xiib).
(17) Dyyy - Id, Vi = Vo = V3 = (V) I(1,1), Vi = V3 = (iv), Vo = (xb).

II1(1,1), Vi = (iv), V5 = (ixc).
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(18) Diyg : Id, Vi = Vp = (iv), V3 = (xi). TI(
(19) Dl()() : Id, ‘/1 = (IV),‘/Q VE; (Xl) II(

(20) Dogo : 1d, Vi = Vo = V3 = (xi). 1I(1,1), V} = V3 = (xi), Vo = (xb).

11(0,1
: 1d, Vi = (via). 11(0,1), Vi = (vib), V, = (ixb).
ixc)

1
II1(1,1), Vi = (xi), V2 = (ixc).
2 Id, Vi = V5 = (va). 11(0,1), Vi = Vo = (vb). 11(1,2), Vi = (va).
II1(1,3), Vi = (va).
:1d, Vi = (va),Va = (vila). 11(0,1), Vi = (vb), V4 = (xiib).
2 1d, Vi =V, = (viie). 11(0,1), Vi = V4 = (viib). 11(1,2), Vi = (xiia).
I11(1,3), Vi = (xiia).
s Id, Vi = Vo = (iv). 11(0,1), Vi =V = (iv), Vo = V5 = (ixb).
I1(2,1), Vi = (iv). 11(2,2), V; = (iv).

1, Vi = (iv), Va = (x0). 11(0,1), Vi = (iv), Vo = V3 = (ixh), Vi = (xd).
c1d, Vi = Vo = (xi). 11(0,1), Vi =V = (xi), Vo = V3 = (ixb).

I1(2,1), Vi = (xi). 11(2,2), Vi = (xi).
:1d, Vi = (va), Vo = (iv). 11(0,1), V} = (vb), Vo = (ixb), V3 = (iv).
), Va ), Vs = (

: 1d, Vi = (va), Vo = (xi). 11(0,1), V4 = (vb = (ixb), V3 = (xi).
: 1d, Vi = (xiia), Vo = (iv). 11(0,1), Vi = (xiib), V, = (ixb), V3 = (iv).
: 1d, Vi = (xiia), Vo = (xi). ), Vi = (viib), Vo = (ixb), V5 = (xi).

I11(0,1), Vi = (vic), Vo = (i
). 11(0

(32) Hy : Id, V} = (x111a 11(0, ) = (xiiib), Vo = (ixb).
I11(0,1), V1 = (xiiic), V& (1xc).

(33) I; : 1d, Vi = (iv). 11(0,1), V1 (ixb), Vo = (xb), V3 = (iv).
I11(0,1), Vi = (ixc), Vo = (xd), V3 = (iv).

(34) Iy : 1d, Vi = (xi). 11(0,1), Vi = (ixb), Vo = (xb), V3 = (xi).
I11(0,1), Vi = (ixc), Vo = (xd), V- (Xl)

(35) Jy : Id, V3 = (va). 11(0,1), Vi = (v ) Vo = V3 = (ixb).

(36) Jo

(37) K,

(38) Ko :

11(1,4), Vi = (vb). 11(1,6), Vi = (vb).

: 1d V3 = (xiia). 11(0,1), V} = (xiia), Vo = V3 = (ixb).

I1(1,4), Vi = (xiib). 1I(1,6), Vi = (xiib).

»1d, Vy = (vi). 11(0,1), Vi = V4 = (ixb), V4 = (iv).
II(1,4), Vi = (iv), Vo = (1Xb) I1(1,6), Vi = (iv), Vo = (ixb).
Id, V, = ( i). I1(0,1), Vi = V4 = (ixb), Vi = (xi).
II(1,4), 1 = (xi), Vo = (1xb) I1(1,6), Vi = (xi), Vo = (ixd).
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(39) L : Id. 1(0,1), Vi = Vs = (xb). 11(0,2), Vi = Vs = (xe). 1I(1,5).
11(1,7). TI(1,8). T1(0,1), Vi = V5 = (xd). IV(0,1), Vi = Vs = (xe).
IV(1,1), Vi = (x¢). VI(1,1), V; = (xd).

(40) M : 1d. TI(0,1), Vi = (ixb), Vi = (xb). T1(0,2), Vi = (xc), Vo = Vi = (ixh).
I1(1,9), Vi = (xc). IV(1,2), Vi = (xe), Vo = (ixb).

(41) N : Id. 11(0,1), Vi = Vs = (ixb). 11(0,2), Vi = Vs = Vi = V; = (ixh).
IV(0,1). 11(2,4). T1(2,5). 11(2,7). II(2,8).
IV(2,1), Vi = Vs = (ixb). IV(2,2), Vi = Vi = (ixh).

(42) O : 1d. 11(1,10), Vi = V3 = (ixb). 11(2,6). 111(1,2), Vi = (ixc). IV(L,3).

3 Possibility of the existence.

3.1 Non-periodic case

First, we introduce Horikawa’s canonical resolution of singularities which appear in double
coverings of a surface (cf. [Hol, §2]).

Let (Wy, By) be a pair of nonsingular surface and its divisor which is free from multiple
components. We sometimes regard By as a line bundle on Wj,. Assume that there exists a
line bundle Fy on Wy such that By ~ F**. Let {U;} be a finite open covering of W and let
b; = 0 and {f;;} are local defining equation of By on each {U;} and a system of transition
functions of Fy, respectively. We may assume that b; = f%bj on U; N Uj. Let w; denote
fiber coordinates of the line bundle Fj over U; and define a subvariety Sy of Iy whose
defining equations are w; — b; = 0. This is well-defined because w} — b; = f7(w? — b;)
over U; NUj;. Since By has no multiple component, Sy is a normal variety. Moreover, if B
is nonsingular, Sy is also nonsingular. We shall call Sy the double covering with branch
locus By. Let 7: W; — Wj be a blowing-up with center at a singular point P; of By and
let Fy be the exceptional divisor of 71 which we sometimes regard as a line bundle on 7.
We set By = 77 By — 2[my/2|Ey and Fy = 7" Fy — [my /2] Ey, where m; is the multiplicity
of By at Py and [m;/2] denotes the greatest integer not exceeding m; /2. Since we have
linear equivalence By ~ F{¥2, there exists a double covering S; of W, with branch locus
By. Letting U; be a coordinate neighborhood on W, whose center is P;, we may assume
that w? = b; is the defining equation of Sy over Uj.

77 1(U) is covered by a finite number of coordinate neighborhoods {V;} on W; and S;
is defined by the equation @f = 51 over each V;, where w; and 51 are the fiber coordinate

on F| and the equation of By on Vi, respectively. Let e; be the equation of E; on V.

19



Then we can define a birational holomorphic map S; — Sy by

(z,w;) — (ql(z),egml/mwi) e U;.

Since a singular curve is resolved by a finite blowing-ups, we obtain a nonsingular model
S, after a finite number of above process. We call S,, the canonical resolution of Sy.

We apply above process to a hyperelliptic family of genus three. Let ¢: S — A be
a normally minimal hyperelliptic family of genus g. By the same argument in [Ho2, §1],
we see that S is bimeromorphic to a double covering 1y: Sy — Wy := P! x A branched
along a divisor By of W,. More precisely, there is a line bundle ' on P! x A which satisfies
By ~ F®? and S is realized in F as a double covering of P! x A. Let my be the second
projection of Wy. We set I';, = 7T0_1(t), BO := By — I'g when I'j is a component of By, and

By := By otherwise. (So, Bo) satisfies the following conditions:
(i) (Bo.I't) =2g+2fort e A, where (By. I';) is the intersection number of By and T';.

(ii) If a point P satisfies Ip(By, 75 (t))> 2, then P is on I'g, where Ip(By,T}) is the

local intersection number of EO and I'; at P.

Let 71: W7 — W, be the blowing-up at a point P which satisfies Ip(By,T9)> 2 and let
71: W1 — A be the composite my o 7. We set Ey := 77 '(P), By := 75(By) — 2[mp /2| E;
and Fy := 7/ Fy — [m,/2]E, where mp is the multiplicity of By at P and [mp/2] is the
greatest integer not exceeding mp/2. Since [B;] = 2Fj, there exists a double covering
11: 51 — Wi branched along By. By the same argument in [Hol, §2], we can construct a
bimeromorphic map 7,:.57 — Sp which satisfies )go7 = 7091 and mgoYyo7 = m 09y.
We call a point P on B; a bad point if B; is singular at P or Ip((710- - 7;)*(I'0)red, 1731) > 2,
where B; is the strict transform of By by 71 0---0o7;. Repeating this process at bad points,
we obtain a sequence of blowing-ups W, — ... — W; —- W, which satisfies the

following properties:
(i) (By)rea is nonsingular.

(i) © := (r0---07.)*(Ty) and the strict transform of By intersect each other transver-

sally.

S, is nonsingular by (i). The reduced scheme of the special fiber of S, is a normal crossing
divisor by (ii) and ¢: S — A is the normally minimal model of ¢, = 7. 0 ?,: S, — A
which satisfies ¢ o T = ¢,., where 7 is the composite of blowing-downs of suitable (—1)-

curves. We call above process Horikawa’s canonical resolution.
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Lemma 3.1 Let E be a component of (11 0---01;)*(I'g) whose multiplicity « is greater
than or equal to 2. Assume that E intersects three different components Ej,, E;,, E;; of
(ri0---0m)*(Do). Let E;, (i =1,2,3) be the mazimal connected subdivisors of (10 -+ - o
7:)*(To) such that their supports do not contain E and that E;, > Ej,. If a does not divide
the greatest common divisor of the multiplicities of the components of Ejz. (1=1,2), then

there exists a subdivisor D of (110 --- o 1,)*(T) such that E;, is equal to aD.

ProOOF  If there exists no divisor D such that E’j3 is equal to oD, then there exists
r’ (1 < 7" <r) such that three different exceptional sets of 71 0 -+ o 7,» meet at a point, a

contradiction to the process of Horikawa’s canonical resolution. q.e.d.

Let C' be a prime divisor of S which is a component of ¢~*(0) and let Z be the set of
points which are the images of (—1)-curves of 7. We let II(C) := 9, o 771(C' — Z) be the
closure of ¢, o 771(C — Z) in W,.. We also see II(C') as a prime divisor on W,.

Let C be a prime divisor of S which is a component of ¢~'(0). Assume C’ to be
another component of ¢~*(0) which satisfies II(C) # II(C’) and II(C) intersects II(C’) at
a point. Since the dual graph of © is connected, there exists a subdivisor Door = Y a; E;

of © which satisfies the following conditions:
(i) © > Doer and © 2 Do + E; for all E; (a; #0).
(i) Supp(II(C)) N Decr # 0 and Supp(IL(C’)) N Decr # 0.
(iii) Doer 2 (C) and Deer 2 TI(C).
(iv) Supp(Decer) is connected.

We call the divisor Deer the bridge between I1(C') and II(C”). Since the dual graph of ©
has no loop, the bridge is uniquely determined.

By semistable reduction theorem (cf. [DM]), for any degeneration (¢, S, A), there exists
a branched cover A’ — A totally ramified over 0 such that the minimal resolution S” of
Sxa A" — A’is a semistable family. We call S — A’ the semistable model of (¢, S, A).
Let S’ — S” be a composite of blowing-downs of (—2)-curves and assume S” to be free
from (—2)-curves. We call S” — A’ the stable model of (¢,S5,A). We sometimes call
the special fiber of the (semi)stable model of (¢, S, A) the (semi)stable model. Let Fys be
a semistable curve. If there exists no hyperelliptic family whose special fiber is Fj,, there

neither exists a hyperelliptic family whose semistable model has F§, as the special fiber,
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because if (¢, S, A) is a hyperelliptic family, the (semi)stable model is also a hyperelliptic
family.

Figure (A) to (O) in Table 2 can be regarded as the dual graphs of stable curves of
genus three. Furthermore, if we replace each edge of these graphs by a chain of (—2)-
curves, these graphs can be regarded as the weighted dual graphs of semistable curves of
genus three. We call a chain of (—2)-curves a P'-chain at the edge and call the number

of components of a P!-chain the length of the P!-chain.

Theorem 3.2 There exists no hyperelliptic family of genus three whose topological type
of the special fiber of the semistable model is (D), (H), (I), (M), (O) in Table 2.

PROOF  We use the same notation as in the above paragraph. Since the degeneration
which is obtained by a base change of a hyperelliptic family is a hyperelliptic family, we
may assume the hyperelliptic family ¢: S — A to be semistable. Moreover, we only
consider the case of a stable family, because the case of a semistable family is similar.
The vertices of the graphs are regarded as the corresponding irreducible curve for the
simplicity of the notation.

Case (D).  Note that II(v;) (1 < i < 4) are not components of the branch locus,
because the multiplicity of each v; is one. Since v; (1 < i < 3) intersects vy at a point, the
bridge between I1(v;) and II(v4) intersects vy at one point P;, and P; is contained within
the branch locus of v,. It means that v, is the double covering of P! branched at least
at three points. This contradicts the fact that vy is P!.

Case (H), (I). II(vy) is not equal to II(vq), because v; is not homeomorphic to vy
in the case of (H) and v, intersects vs in the case of (I). Since vy intersects v, at three
points, there exists at least two bridges between II(v1) and II(vy), a contradiction.

Case (M).  If II(v1) # I(vy), the dual graph of © has a loop. We may assume
II(vy) = II(vy). Since II(vy) # II(v3), there exists at least two bridges between II(v3) and
II(vq) = I(vy), a contradiction.

Case (O).  We may assume I1(vy) = II(vq) and II(v3) = II(vg). In view of the config-
uration of (O), there exists at least two bridges between I1(v;) and II(v3), a contradiction.

q.e.d.

Theorem 3.3 There exist (semi)stable families of hyperelliptic families whose topological
types of the special fibers are (A), (B), (C), (E), (F),(G),(J),(K), (L), (N), if the following

conditions are satisfied:
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(i) The length of the P'-chains are the same at ey and ey in the cases of (E), (F) and
(G).

(i) The length of the P'-chains are the same at e3 and ey in the cases of (F), (J) and
(K).

(iii) The length of the P'-chains are the same at es and eg in the case of (N).

There exist no hyperelliptic families if the above conditions are not satisfied.

PrROOF  We prove the existence of the families in Section 4 by giving explicit examples
of the equations of the double coverings.

If there exists a family whose special fiber is (F) and which does not satisfy the
above condition (i), then there exist at least two bridges between II(v;) and II(vy), a
contradiction. The other cases are proved by the same argument. q.e.d.

In the following theorem, a screw number is said to be “special” if no example of

equation of the monodromies appears in Section 4.

Theorem 3.4 There exist no hyperelliptic families whose topological monodromies are
the following:

Ag: (iii2), (iii3), (iii7), (iii9), (iiil1), (iiil3), (iiild), (iiil6), (iiil8), (iii28).

Ap: (viii5), (viiil2).

A (xv2), (xvT).

By (i=0,1) : Vi = {(viid), (vii7), (vii8)}.

By (i=0,1) : Vj = (xiv3).

Ciip: 1d, Vi = {(vad), (vab)}.

Ciip: 11(1,1) V3 = {(vbl), (vb2)}.

Cror: Id, V5 = {(vad), (va6)}.

Coor: Id, V3 = {(vad), (va6)}.

Coor: II(1,1), V3 = {(vbl), (vb2)}.

N: T1(25), T1(2,7), IV(2,1).

E; (i=0,1): 11(0,1), and the screw number at ey is special.
F; (1 =0,1): 11(0,1), and the screw number at e is special.
Gi; (1=0,1): 11(0,1), and the screw number at ey is special.
= 0,1): 1I(1,4), and the screw number at ey is special.

i
K; (1=0,1): 11(1,4), and the screw number at ey is special.
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PROOF  Since there are too many cases, we write down the proof for only five typical
cases.

Case Ag: (iii2).  Assume that there exists a normally minimal hyperelliptic family
whose topological monodromy is Ay: (iii2). The dual graph of its special fiber has a
loop, and the multiplicities of components of the loop are not the same. Hence there
exists a loop in the dual graph of ©, a contradiction. The cases of Ay: (iii3), (iii7), (iii9),
(iii11), (ifil3), (ifild), (iiil6), Cip: Id, V3 = (vad,5), Cip: 11(1,1), Vs = (vb1,2), Cior:
Id, V3 = (va4,6), Coor: 1d, V3 = (vad,6), Coor: 11(1,1), V3 = (vbl,2), N: IV(2,1), can be
proved by the same argument.

Case Ay: (iiil8).  If there exists a hyperelliptic family whose topological monodromy
is A: (iiil8), then we have a contradiction to Lemma 3.1. The cases of Ay: (iii28), A;:
(viii5), Ap: (xv2), (xv7), By (i = 0,1) : Vi = {(viid), (vii7), (vii8)}, Bo; (i = 0,1) :
Vi = (xiv3), N: II(2,7), can be proved by the same argument.

Case Ap: (viiil2). If there exists a hyperelliptic family S whose monodromy is
Ajy: (viiil2), the configuration of the special fiber is as shown in Figure 1. We consider
p: So — A x P! as in §3.1. Since the greatest common divisor of multiplicities of the
components of the special fiber is equal to two, I'y has to be a component of the branch
locus of vy. Let f‘g be the strict transform of T'g in W,. Assume that II(v;) is not a
component of the branch locus. Then II(v;) intersects the bridge between II(v;) and
[I(vs4) at a point which is contained in the branch locus. If TI(vy) # II(v3), then II(v;)
intersects the bridge between II(v;) and II(v;) (i = 2,3) at a point which is contained
in the branch locus, a contradiction to the fact that v; is a nonsingular rational curves.
We may also assume that II(vy) = II(v3), it is not a component of the branch locus
and its multiplicity is equal to two. Since the multiplicity of double covering of Ty is
equal to two, there exists the bridge between II(v5) and I’y which dose not contain II(vy)
as a component. However, Iy is a component of branch locus, a contradiction to the
configuration of the special fiber. Assume that I1(v;) is a component of the branch locus.
Then the multiplicity of IT(v;) is equal to two and II(ve) # I1(v3). Since the multiplicities
of II(v,) and the bridge between I1(v4) and TI(v;) is greater than one and even, I1(v,) and
the bridge between I1(v4) and II(v;) can be contracted to a point on II(v;) by inverse of
Horikawa’s canonical resolution. Since the multiplicity of II(v) is equal to two, there is
two divisor E, E’ whose multiplicity are equal to one and intersect I1(v;) transversally. If
E (or E’) is not a component of the branch locus, it is a contradiction to the fact that Ty
is the branch locus of ?,. Then we may assume FE and E’ are the component of branch

locus. However, in view of the configuration of the special fibre, there is no components
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whose multiplicity is three, a contradiction.

Case N: 1I(2,5). If there exists a hyperelliptic family S whose topological mon-
odromy is N: I1(2,5), then the figure of the special fiber is as in Figure 2. The lines mean
nonsingular rational curves and the numbers beside them are their multiplicities. Since
there exists a loop containing Cy, II(C%) is not a component of the branch locus. Con-
sidering its stable model, the number of rational components between C; and Cj are the
same as the number of rational components between Cy and Cy. If II(C}) is a component
of the branch locus, II(C5) is not equal to II(Cy). Considering the inverse of the canonical
resolution, we can contract I1(C5) and II(Cy) to two distinct points P, and P; on II(C}).
Moreover, in view of the figure of the special fiber, we may assume that the local equation
for the branch locus at P; (i = 1,2) is given by t(2* — t?) (p € N). Let P3 be a point
on II(C}) at which the other components of © are contracted and let tF(x,t) be a local

equation for the branch locus at P3. We may assume that Sy is defined by the equation
y' =tF(z,){(z — 1) =" H{(z + 1)* — ¢}

The semistable model of S is given by the resolution of singularities of the surface which
is defined by the equation y* = F(x, #*){(z — 1)* — t**}{(z + 1)* — t*?}. Assume that the
special fiber of the stable model of Sy is (V). By an easy calculation, we see that the special
fiber of the stable model of the surface defined by the equation y* = F(z,t*){(x — 1)* —
t2PH(x+1)2 =t} (p # p') is also (N). However, the stable model of the surface defined
by y? = tF(z,t){(z — 1) = *}{(z + 1) — t”'} is not (N), because the number of rational
components between C; and Cj is different from that of C; and Cy, a contradiction. Hence
we may assume that II(C}) is not a component of the branch locus and its multiplicity
is two. If II(C3) is not equal to II(Cy), then we have a contradiction by Lemma 3.1. We
may also assume that I1(C5) is equal to I1(Cy) and its multiplicity is two. In view of the
special fiber of S and Lemma 3.1, © has to be as in Figure 3. In Figure 3, the dotted
lines mean the components of © which are not components of the branch locus and the
solid lines mean the components of the branch locus. The waves mean the branch locus
which are not components of ©. The monodromy of the family of the double covering of
the branch locus as in Figure 3 is Fyo: 11(1,6).

Case Fyq: 11(0,1), V; = Vo = (iv3) and the screw number at e; is special. In this case,
the special fiber is as in Figure 4. The screw number “special” in this case means that
the number of components of nonsingular rational curves between v; and vy is even.

If II(vy) is equal to II(vq), none of II(v;) (1 < i < 8) are the components of the branch

locus, contradictory to Lemma 3.1. Assume that II(v;) is not a component of the branch
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locus. Since II(v;) is not a component of the branch locus, the bridge between II(v;)
and II(vs) intersects II(vy) at a point which is contained in the branch locus. By the
same argument, the bridge between II(v;) and II(v7) intersects II(vq) at a point which
is contained in the branch locus. Since v; is a nonsingular rational curve, the bridge
between II(v;) and II(v3) intersects I1(v;) at a point which is not contained in the branch
locus, a contradiction to the configuration of the special fiber as in Figure 4. Thus, I1(v;)
is a component of the branch locus. By the same argument, II(vs) is also a component
of the branch locus. If II(v3) is the component of the branch locus, the configuration of
the components of © is as in Figure 5. Since the double covering of the bridge between
II(vy) and II(v3) contracts to a point at which v; intersects vz, the multiplicities of the
components of the bridge between II(v;) and II(v3) are greater than four. Moreover,
since the multiplicity of II(v3) is one and © has to be obtained by Horikawa’s canonical
resolution, there exists a composite of blowing-downs 7’ of (—1)-curves such that the
divisor D as in Figure 5 has to be contracted to a point on 7/(II(vs)). It means that
II(v;) cannot be contracted before all of the components of the bridge between II(v;) and
II(v3) by the inverse of Horikawa’s canonical resolution. We thus have a contradiction to
the assumption that the double covering of the bridge between I1(v;) and II(v3) contracts
to a point. By the same argument, I[I(v4) is not the component of the branch locus.
Assume that there is the bridge D,,.,, between II(vy) and II(vs), i.e., II(vy) and II(vs)
do not intersects at a point. Note that in view of the configuration of the special fibre,
the multiplicities of the components of D,,,, are greater than four, i.e, the multiplicities
of the components of D,,,, are greater than that of II(v;) and II(v3) and D,,,, dose not
intersect the strict transform of By because of the configuration of the double covering
of the bridge. Considering the inverse of Horikawa’s canonical resolution, we see that
there exists W; such that (7;0------ 7,)(Dyys) 18 a point, (75 0+ o7, )(II(vy)) intersects
(1;0---07,)(Il(vs)) at a point P and the strict transform of By dose not contain P, a
contradiction to the process of Horikawa’s canonical resolution. Thus, II(v;) intersects
[I(v3) at a point. By the same argument, II(v;) intersects II(v;) (I = 5,7) at a point,
respectively and II(ve) intersects II(vy) (I" = 4,6,8) at a point, respectively. Then the
configuration of © is as in Figure 6, (a). Let Zf:f ai; s, be the bridge between II(v3)
and II(vy) such that I(vs)E;, = 1, I(vy)E;, = 1, BB, =1 (1 <j <k—1)and
EyE;, =0 (]j —j'| =2 2). Consider the inverse of Horikawa’s canonical resolution such
that all but II(vg) are contracted to a point. First, we contract II(vs) and II(vg), then
contract II(vy) and II(ve). Then the configuration of the image of © by above contractions

is as in Figure 6, (b). We use the same name of the components of © after contractions.
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Assume a;, not to be one. Since we cannot contract II(v3) in the next step, there exists j/
such that a; , = 1 and after sum steps of blowing-downs, E; , intersects [I(vs) at a point.
However, Zf;’j a;, E;; dose not intersects the strict transform of éo, a contradiction to
the process of Horikawa’s canonical resolution. Thus, a;, is equal to one. By the same
argument we see that a;, is equal to one. If a;, is greater than two, a;, is greater than
two. Then we have a;; < ay for all j < j', a contradiction to a;, = 1. Thus we see that
ai, = 2. Applying above consideration to a;, in place of II(vs), we obtain that a;; = 1
when j is odd and a;; = 2 when j is even. Then the number of components of nonsingular
rational curves between v; and v, is odd.

Other cases are proved by similar arguments. q.e.d.

3.2 Periodic case

Let S; — A be a degeneration of curves of genus g obtained by a base change of degree d
of § — A. Taking F as a representative of the monodromy of S (indeed, F' is a pseudo-
periodic map and its conjugacy class [F] in the mapping class group is the monodromy
of S), the monodromy of Sy is [F9].

In Lemma 1.4 of [Al], we classified the conjugacy class of periodic maps of genus
g (1 < g < 3). The data of the conjugacy class of a periodic map [f] consist of two
invariants: the period and the total valency. The period n means that (f)" is isotopic
to the identity. If we take a suitable representative F' of the isotopy class of f, the data
of period n and total valency n;/my + ng/ms - -+ + ni/my has the following local data:
there exist n/m; points Py, Py, -+, P,/m, such that Fr/mi(Py) = P; (j = 1,2,--+,n/m;)
and F™/™: is isotopic to the rotation of angle 27 x §;/m; near P;, where ¢; is the integer
which satisfies o;n; =1 (mod m;).

For instance, (iii)-(1) in [AI, Lemma 1.4], n = 14; 1/144-3/7+1/2 means that there
exist points Py, (1 < k < 10) which satisfy F'(P,) = Py, F*(P) = P, (i = 2,3), F'(P;) = P;
(4 < j < 10), respectively. Moreover, F is isotopic to the rotation of angle 27 /14 near
Py, F? isotopic to the rotation of angle 2 x 5/7 near P, and Ps, and F7 is isotopic to
the rotation of angle 2w x 1/2 near P; (4 < j < 10). By an easy calculation, we see
that F7 is a periodic map of n = 2; 1/2+1/24+1/2+1/241/2+1/24+1/2+1/2. Let S be a
family of genus three whose monodromy is a periodic map F, n = 14; 11/14+7/5+1/2.
Taking a base change of degree seven, we obtain a family S; — A whose monodromy is a
periodic map, n = 2; 1/2+1/24+1/241/2+1/241/2+1/2+1/2 by the above observations.

Repeating this calculations for all periodic maps of genus three, we obtain the following
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lemma:

Lemma 3.5 By taking a base change of suitable degree, all of periodic maps of genus

three are obtained from

(i1) n =14, 11/14+3/7+1/2,

(i7) n =12, 11/12 + 7/12+1/2,

(19) n =12, 11/12 + 3/4 +2/3,

(i13) n =9, 8/9 +4/9 + 2/3,

(i20) n =8, 1/8+5/8+1/4,

(i22) n =38, 3/8+3/8+3/4,

(i28) n="17, 1/7T+2/7T+4/7,

(i44)n=4,4¢ =1, 1/2+1/2,

(47) n=2, ¢ =2 and II: ¥, — X is an unramified covering.

PROOF  Let hy:¥3 — Y3 be a homeomorphism whose conjugacy class in the map-
ping class group has data n = 14, 11/14 + 3/7 4+ 1/2. Using the same symbols in §2.2,
we write my = (il), for short. We set my := (i7), mg := (19), mg = (19), my3 := (i13),
Mg 1= (i20), mag = (122), mag := (128), muyy := (144), my7 := (i47). Then, by elementary

calculations, we obtain the following equations:

(m1)? = (i31),  (ma)’ = (i3),  (m1)* = (i25), (m1)” = (i6),  (m1)" = (i29),
(ma)" = (43),  (m1)® = (i30),  (ma)” = (i5),  (m1)"" = (i26), (m1)"' = (i4),
(ma)' = (i32), (m1)¥ = (i2), (mq)* =(i33), (m7)* = (139), (mr)" = (i45),
(m7)" = (i8),  (mr)? = (i40), (mo)* = (i34), (mo) = (i36), ~(mo)" = (i41),
(mg)® = (i11), (my)® = (i46), (mg)” = (i12), (mo)® = (i42), (mg)'® = (i35),
(mg)'* = (i10), (mus)? = (i16), (maz)* = (i18), (mus)® = (i17), (mu)" = (i15),
(mig)® = (il4), (mag)® = (i19), (mao)® = (i37), (mz)® = (i24), ()¢ = (i138)
(mae)® = (i23), (man)” = (i21), (mas)® = (i27)

q.e.d.

Theorem 3.6 There exist hyperelliptic families whose topological monodromies are the
following:

(il) n =14, 11/14+3/7+ 1/2,

(i7) n=12, 11/12+7/12+1/2,

(i22) n =38, 3/8+3/8+3/4,

(i4d)n=4,4¢ =1, 1/2+1/2,

(

i47) n=2, ¢ =2 and I: ¥, — X, is an unramified covering.
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For any hyperelliptic families, the topological monodromy is obtained by a base change of

suitable degree from one of the above monodromies.

PrROOF  We prove the existence of the families by giving examples of the equations for
the families in Section 4. By Lemma 3.5, it suffices to prove that there exist no hyperellip-
tic families whose monodromies are the following: (i) n = 7; 1/74+2/7+4/7, (ii) n = 6;
1/6+2/342/3+1/2, (iii) n = 4; 1/44+1/4+1/4+1/4, (iv) n = 3; 1/3+1/3+1/3+1/342/3.

Case (i)  Assume that there exists a hyperelliptic family S whose monodromy is (i).
Let Cy, C4, Cy, C3 be the components of the special fiber of S whose multiplicities are
7,1, 2 and 4, respectively and Cy intersects C7, Cy and C3. Since II(C;) are all distinct,
I1(Cy) intersects distinct three subdivisors of (73 0 -+ o 7,.)*(771(0)), a contradiction to
Lemma 3.1, because the greatest common divisor of their multiplicities is one.

Case (ii) and Case (iv) are similar to Case (i).

Case (iii)  Assume that there exists a hyperelliptic family S whose monodromy is (iii).
Let Cy, C; (i = 1,2,3,4) be the components of the special fiber of S whose multiplicities
are 4 and 1, respectively. If II(Cy) is a component of the branch locus of ¢,, we have
a contradiction to Lemma 3.1. Thus we may assume that II(Cp) is not a component of
the branch locus, II(C}) = II(Cy) and II(C5) = II(Cy). We may also assume that IT1(Cp)
intersects I1(C}) and II(C5) at one point, respectively, because the bridges between I1(Cj)
and II(C;) (j = 1,3) do not intersect the branch locus of ¢,. In this case, there exist no
components of (ty0---o7,.)*(771(0)) whose self-intersection number is —1, a contradiction.

q.e.d.

4 Example of the equations

In this section, for each conjugacy class of pseudo-periodic maps [F'] which can be realized
as the monodromy of a certain hyperelliptic family, we give an examples of a hyperelliptic
family (¢, S, A) whose monodromy is [F]. More precisely, we give an equation of a double
covering Sy of P! x A, and S is the normally minimal model of Sy. Indices which appear
in the table of symbols and equations are positive integers unless we mention their range.
Let o, a; (1 < i < 4) be real numbers which are not integers and mutually distinct. Let
(z,t) be a local coordinate of P* x A. For example, we give an equation for Sy whose

topological monodromy is (Aj3) as follows:

(43) y*=z(z - D(z—2)(z —3)(z —4)(z —5)(x —6)(z — 7).
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We introduce some symbols for simplicity.
F3(z,t, k) = a3 — t,
Fio(z,t, Ky, Ky) = (x — t50) (22 — t52),
Fy(x,t, K, L) := (22 — t)3 — tXzF,
Fy(z,t, K, L) := (22 — t)* — tKaF,
Fio(z,t, Ky, Ky, Ly, Ly) == {(2? — t) — "zl }{(2? — t)? — tF2gl2},
Fis(x,t, Ky, Ly, Ky, Ly) == {(2? — t) — "2l }{ (2 — t)3 — tF2gl2},
Foo(x,t, K, L) = {(x? — t)? — tXaP (2% — )% + t¥al}.

Let ¢ be a positive integer. We fix a pair of integers (K’, L') which satisfies 2K’ +
L' —6=c¢, K >0and 0 < L' < 5. We set ]5?? .= Fy(x,t,K',L'). Similarly, fixing
a pair of (K',L’) which satisfies 2K’ + L' =8 = ¢, K’ > 0 and 0 < L' < 8, we set
F¢ = Fy(z,t, K', L'). Fixing a pair of (K’, L), we set FS, := Fyy(x,t, K’,L'). Let ¢; and
c2 be positive integers. We fix two pair of integers (K7, L)) and (K}, L)) which satisfy
2K+ L —2=0c1, 2K+ Ly—4=cy, K] >1,0< L] <1, K} >1and 0 < L}, < 3. We set
F{3% .= Fio(z,t, K}, L, K}, L}). Fixing two pair of integers (K, L) and (K}, L4) which
satisfy 2K/ + L} — 2 = ¢; and 2K} + L} — 6 = ¢y, we set F3<? = Fis(x,t, K|, L}, K}, L))
We define the following symbols using the above symbols.

fila,t, k1) = 2% — otk fola,t, k1) := Fy(z,t,6k + 3 — 1).
Fala,t, ke, 1) == Fy(a, b, 6k + 31 — 5). fala, b, k1) = Fy(x,t,6k + 31 — 2).
fs(x,t, k1) := F3(x,t,6k + 3l — 4). fo(x,t, k1) = Fio(z,t,2k + 1,4k + 21 — 1).
fr(z, t k1) = Fio(x,t,2k + 1,4k + 21 — 3).  fs(x,t, k, 1) := F3(x,t,6k 4 31 — 3).
gi(z,t, k) := 2% — !0, go(w,t, k) == 2% — t10R=T,

g3(w,t, k) == 2® — t10+=3, ga(w,t, k) = 2® — t10h-1,

gs(x,t, k) := 2® — 1089, ge(x,t, k) := x(x* — 31

gr(x,t, k) == x(z* — t3+73). gs(x,t, k) = x(x* — t3%77)

go(w,t, k) == x(z* — t3%75). giz(z,t, k) = x> — ¢10k—4

gis(x,t, k) = a® — ¢10k=6, grr(x,t, k) = 2% — ¢10k=2,

gro(z,t, k) = a5 — t10F=8, goo(z, b, k) i= w(x? — tF 1) (22 4 ¢4 1),
g, k) = (2 — RBP4 D) gt k) = (6 — 005,
I, 6, k, 1) == Fia(a, £, 20, k + 41). B, 6k, 1) == Fua(a, 6,20 — 1,k + 41 — 2).
o1(z,t, k1) = (3 — t6) (22 — th+al), ooz, t, k1) = (23 — t6F=2) (22 — ¢4hH1),
o3z, b, k, 1) = (23 — th=4) (a2 — 4R+ (gt k1) = (2 — 18R (22 — k),
Ue(x,t,k‘,l) — ( — 6k— 5)( — AkF— 2) Ug(:E t k l) ( 3 _ t6k—3)(gj2 _ t4k+l—2).

Fio(z,t,2,ky + 4){(z — 1?)% — th2+2},
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T, t, ke, ko) = (x — 2t) (2% — tMF2){ (2 — )% — th2F2}
Tam,t, ke, ko) = (x — t2){ (2 — £3)2 — thrgk2} (k) + ko — 6 > 1),
75(x,t, by, ko) = a{(2® — )2 — thrgk2} (2K + ky — 4 > 1).

0, == F9F+3, 0 (x,t, k) == FSF+6, Oy(x, t, k) := FSF+2,
O3z, t, k) == FS+2, 04 (x,t, k) = FSF+L, O0,(x,t, k) == FSF+1,

0, (x,t, k) = FSF+4, Os(x,t, k) == FSF1, 0L (x,t, k) == FSF+2,
Oo(x,t, k) = FATL AL gt ) = B2 8 g (gt ) = B AR
0L (z,t, k) = Fath " (e, t k) = FO*, 04 (z,t, k) == FSF+3,
wy(z,t, k) == A= Wl t k) = FiF. wo(w, t, k) = ot — -1,
wh(z,t, k) == F‘”‘:Jr6 ws(z,t, k) == ot —t%* =3 Wiz, t k) = FEHL
wy(,t, k) = (& — t*)(x® — 3k 1), Wy (x,t, k) == FFH2,

ws(z,t, k) = (v — tF) (2> — t3672). wh(z,t, k) == Fa+3,

we(x,t, k) = (2% — 1) (22 + 211, wi(x,t, k) = FltAR2,

Uy(x,t, k) = ( th) (23 — #3872). Do(x,t, k) = (x — tF)(a® — 371,
Dy(x,t, k) = x* — 73, Dy(x,t, k) = a* — L

Us(z,t, k) == 2* — a4 Le(z,t, k) = a* — t4+2,

pi(z, t k1) = (x — at?D) (g2 — R 200N (ot K = py (ot Ry L+ 1/2)
po(x,t, k1) = (2% — 271 (22 — ¢hF2-1), b x,t,k 1) := pa(z,t, k, 1 +1/2).
m(z k1) = Fl k4313 ol t, k1) = Fl Bhk+31—4 (. b,k 1) = Fl k4318
izt k1) = F1l36k+3l—5. ns(z k1) = F1l36k:+3l—7.

ne(z, t, k1) = FaR 5 {(a® —t) — thah}, 2k + 1, = 1+ 2).

mr(m,t k1) = Flsm T {(a? —t) — thiah}, 2k + 1 =1+ 2).  ns(a,t, k1) = FLEEDH

First we give examples of semistable curves. Next we give examples of hyperelliptic
families whose topological monodromies are periodic. According to Lemma 3.5, it is
sufficient to give only five examples listed in Theorem 3.6. At the end of this section,
we give examples of hyperelliptic families whose topological monodromies are neither
periodic nor semistable. We have to give two or three equations for the same symbol
of the topological monodromies classified in [AI] because of the difference of their screw

numbers.

The cases of semistable curves

(43) y* =z(z—1)(z—2)(z =3)(z —4)(z = 5)(z — 6)(z - 7).
(Az2) y2 (2% — t’“)(w = (@ =2)(z = 3)(z —4)(z = 5)(z — 6).
(A1) = (2 —t"){(z = 1)* = t"}(z — 2)(z — 3)(z — 4)(z — 5).
(4o) = (2 —t"){(z - 1)? =" H{(z - 2)* = t" }(z - 3)(z — 4).
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(Bn)  y* = (2 —t%)(x = 1)(z — 2)(z = 3)(z — 4)(z - 5)

(Bn) 9= (z—t*)(@* —t"**)(z - 1)(z - 2)(z = 3)(z — 4)(z — 5).

(Bu)  y* = (2 —t"){(z = 1)* + "}z = 2)(z — 3)(2 — 4).

(Buo)  y? = (z — ) (@ =t {(x = 1)* + tR2}(z — 2)(2 = 3)(x — 4).

(Ba)  y* = (2 —t%){(z = 1)* + ¢ }{(z — 2)* + t" }(2 = 3).

(Boo) 9% = (x — )2 =t ) {(z — 1)? + R H{(z — 2)* + o} (o — 4).

(Cin)  y? = (2% =) {(z = 1)° = % }(z - 3)(z — 4).

(Cror)  y* = (2® = ") {(z — 1)? = t'H{(z — 2)° — %=}

(Con) 2= (z— ) (2 — 0 (x = 1)* — % }(2 — 3) (2 — 4).

(Cowo)  y* = (w4 M) (2 =t (2 — 24 £202){(z — 2)* — 2O} (2 — 3) (2 — 4).
(Cooo) = (w+20) (22 — ¥ 0){(2 — 2)2 — t2}(z — B+ #22){ (2 — 3)* — 170},
(Bi) o= (@' —t¥)(z = 1)(z = 2)(z = 3)(x — 4).

(Eor) 9% = (2% — t¥F)(2? — at®H2utl) (g — 1) (2 — 2)(z — 3)(z — 4).

(Eoo)  y° = (2" =) (2 — 24207 8) {(2 — 1)? =t }(2 — 3)(z — 4).

(Fn) y2 — (m atkg)(x?) t3k2+3(2l+1)k3){(x _ 1)3 _ tﬁkl}(x _ 2).

(Fo1) y2 = (z— atk2)<x3 t3k2+3(2l+1)k3)< 14+ t%l){(a: _ 1)2 _ t4k1+ll}(a: —2).
(F()g) y2 (ZE 1+ t2k1>{( 1) t4k1+l1}( Oétkz)(l‘ _ tk2+2k3)<1’2 _ t2k2+4k3+l2)'
(Gu) ¥ =(z—t")(@® — %)z — 1) (2 — 2)(z — 3)(z — 4).

(Gro) ¢ = (z — ath)(x — 28 (o? — P20t (g — 1)(2 — 2)(z — 3)(z — 4).
(Go) = (v —th)(a® = 2M*){(x = 1)* =t }(z — 2)(2 - 3).

(Goo)  y* = (z — ath)(z — thT22) (22 — 2Rt {(z — 1)? — 2} (z — 2)(2 - 3).
(1) y* =@ —t"){(z -1 -tz —2)" —t"}

(Jo) y* = (a2 —#2)(a? — M) {(w — 1)? =t }{(x — 2)* — P},

(K1) y* = (z = th)(a® — PR BCHDRO) (g — 1) —th (2 — 2)? — P},

(Ko)  y* = (x— ath)(z — thath) (g2 — 2Rt {(x — 1)2 — 9 H{(z — 2)* — th2}.
(L) y?=(@"—t"){(e—1)? =t H{(z = 2)” =t }{(x - 3)? — th}.

(N) 2= {(z — th)? — 2l {2 — 2Rt (o — 1)2 — th (2 — 2)* — tho}.

The periodic cases

(i1) y*= (" =t (x - 1).

(i7)  y* = x(2b — ') (z - 1).

(122) y*=a2%+1>

(44) y? =t{(=* = )(@* + 1)}

(147)  y? = t{(2? — aut)(2? — agt)(z? — ast)(2? — aut)}.
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Next, we give examples of hyperelliptic families whose stable models are neither
smooth curves nor semistable curves. In this case, the equations are classified by the
types of the stable models (cf. Theorem 3.4).

The cases where the stable model is A,

(iiid) y? =t(z® =) (2 — 1), y* = ( =)@ —1D(r=2),y* = (- *){(x - 1)* ="},
(i5) 2 = (o — 1)(x — ) —2), 4 = (2 — ){(x — 1)? — ).
(ii6) o =a(a® —t")(z - 1)(x - 2), y* = 2(a® —t){(z — 1)* — *}.
(iii8) 3 =a(a® —t)(z —1)(z —2), y* = 2(2® —t){(z — 1)* - ¢*}.
(iii10)  y* =x(2® =) (z - 1)(z = 2), y* = 2(2® = *){(z — 1) = t"}.
(iii12)  y? = tw(2®—t)(2°—13), y* = z(x —ts)(x 1)(z—-2), y? = 2(2°—t3){(x—1)2—t*}.
(iiil5)  y? = t(x +*)(2® — t*)(2* — 1), y* = (2 =} (2® + *)(z — 1) (z — 2),
y? = (2° = *)(2® + *){(x - 1) = *}.
(iiil7) 2= (® =)@ +t)(z — 1)(x — 2), y? = (2 — ) (x® + t){(z — 1)® — tF}.
(19) 42 = (22— 0) (e +1) (e —20) (o 1)(a—2), 42 = (a2—1) (a+1) (2~ 20) (21—}
(ii20)  y* ==(2® — ) (z = 1)(x - 2), y* = 2(2® — ){(z — 1)* — ¢"}.
(iii2l) P =t@® =) (2®> —t)(x — 1), y* = x(2x® — 3)(z — 1) (2 — 2),
y? = a(@® — ) {(x - 1)* — t°}.
(iii22)  y? =ta(z® —t)(z — 1)(z — 2), y? = tx(z® — t){(z — 1)% — t+}.
(iii23)  y?= (22 —t)(2® — t)(x — 1), y* = ta(z® — tY)(z — 1)(x — 2),
y? = ta(2® =t {(z — 1) L‘k}
(iii24)  y?=t(2® —t)(x — 1)(z — 2), y* = t(25 — t){(z — 1)% — tF}.
(25) 4 = (22— £)(a® 1), 4 = 1(a® — )z~ 1)(x —2), 4? = t(a® — £){(x — 1) — 1}
(iii26)  y? =t(x3 —t) (23 +t)(x — 1)(z — 2), ¥* = t(x® — t) (23 + t){(xz — 1) — tF}.
(iii27) 2 =t(x® —t) (23 + 1) (2® — 1), y* = t(2® — })(2® + 1*)(z — 1) (z — 2),
y?=t(a® = ?) (@ + £2){(z — 1) — £}
(iii29)  y? =t(x® — t*)(z — 1)(x — 2)(x — 3)(z — 4)(z — 5)(z — 6).
(iii30)  y* = t(x? — t)(a® + t)(2? — t){(x — 1)® — t*}.

The cases where the stable model is A;
(viii2)  y? = t(at —t)(2® +th) (z — 1) (x — 2), y? = t(at — t)(2® + ) {(x — 1)? — th2}.

(viii3)  y? = (' —t)(2* — ") (z — 1) (z — 2), y?* = (2? — ) (2 — ") {(z — 1) — th2}.

(viiid)  y? = (22 — ) (2® — ) (2?2 +t)(z — 1)(z — 2), y* = (2? — t271) (2% — t)(2® + 1)
{(z—1)? —t=}.

(viii6) % = (22 — ") {(x — 1) —t*F2}(z — 2) (2 — 3)(z — 4)(z — 5).
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(viii7)  y? = t(x® — **) (22 —t)(2® + t)(x — 1) (x — 2), y? = t(a? — 1) (2% — ) (2 + 1)
{(x —1)? — 1%}

(viii8)  y? = (2% — t)(z* + ){ (2 — t)* — thz'}, (0 <1 < 3).

(viii9) v = (2 — 1)(2% — t)(z — t){(2® — t)? — th2'}, (0 <1 < 3).

(viiil0)  y? =t(x — 1)(2? — t)(z — t){(2* — t)* — tFa'}, (0 <1 < 3).

(viiill)  y? =t(x® —t) (2> + ) {(2® — t)> —thal}, (0 <1 < 3).

The cases where the stable model is A,
(xv3) y?=(a? —t"){(z —1)? =t H{(z - 2)* ="} (z - 3)(z — 4).
(xvd) 2 =t(a® —t){(z* —1)* — t"a'}(z — 1)(z — 2),

y?=t(2? —t){(2? — t)? — tha'} {(z — 1)% — th2},
(xv5) 32 = (2 — O{(® — 1) — tha' M — 1)(z - 2),

y' = (@* = t){(z? —t)* =t H(z — 1)? — t*}.
2=t — D{(a® —t)2 —tkal} (0<1<5, 3k +1>7).
2=z —D{(*—t)?—tr'} (0<1<5, 3k+1>7).

(xv6)
(xv8)

The cases where the stable model is By,

Byy: Vi = (iisy), Vo = (iise).  v* = g (2,8, k1) fs,(x — 1,1, ks, 0).

In the case of Byy: Vi = (iisy), Vo = (iis2), and the screw number is special (not appearing
in the above equation), examples of their equations are as follows (we write (ii2)-(iv2)

instead of writing V; = (ii2), Vo = (iv2) for simplicity):

(ii2)-(iv2)  y* =t(x® —t*) (2 — ).  (ii2)-(iv6) y* = tz(z? — 1)(2° — ?).

(3)-(v2) 3 = 127 — ) {(x — 1) — ). @@( D =t =)y
(ii3)-(ivh)  y? = t(x3 —1?)(2° —3). (ii3)-(iv6) =t(z° —t*)(z —1){(z—1)2 —t}.
(i13)-(iv8)  y* =t(2° — t*)(z — 1)(z — 2)(x — 3).

(iid)-(iv2)  y* =t(z® —tY){(z — 1)3 — ¢*}. (iid)-(iv3)  y* =t(z® —t)(a® —1).
(iid)-(ivd)  y* =t(z® — t*){(z — 1)3 — t}. (iid)-(ivh)  y* =t(z® —t)(a® — 13).
(iid)-(iv6)  y? = t(a® —t)(x — ){(z —1)* —t}. (iid)-(iv7)  y? = tx(z? —t) (25 —1t).
(ii4)-(iv8)  y* =t(2° — tY)(z — 1)(z — 2)(x — 3).

(ii6)-(iv2) y? = ta(x*—t3){(x—1)>—1?}. (ii6)-(ivd) y* =t(z*—t3)(2® —t)(z—1).
(ii6)-(ivh)  y* =t(z* — t)(a® — ) (x — 1).

(ii6)-(iv6)  y* = tw(z* — 3)(z — 1) {(z — 1)* — t}.

(ii6)-(iv7)  y* =tw(z? —t)(z* — t)(x — 1)

(ii6)-(iv8)  y* =ta(x —2? —t3)(x — 1)(z — 2)(z — 3).

(ii7)-(iv2)  y* = te(z—1=t){(z—1)>—#*} (ii7)-(iv4)  y* = te(z—1=t){(x—1)>—t}.
(ii7)-(ivh)  y* =tw(z* —t)(z — ){(z — 1)* — t}.
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(ii7)-(iv8)  y? = tx(x?—t)(z—1)(z—2)(z—3). (ii9)-(iv2)  y? = ta(x?—3)(2® —1).
(ii9)-(ivd)  y* = (z* —t)(z® — t)(x — 1).

(i19)-(iv6)  y? = x(zt —t)(z* —t)(z —1). (ii13)-(iv2)  y? = t(x® —t){(z —1)3 —t*}.
(ii13)-(iv4) 32 = t(z® — t){(z — 1)® — t}.

(ii13)-(iv6)  y?> =t(z° —t)(z — 1) {(z — 1)* — t}

(ii13)-(iv8)  y* =t(a® —t)(x —1)(z—2)(z —3). (ii15)-(iv2)  y* = t(a® —t*) (2> —1).
(ii15)-(iv4)  y? = (x® —t)(2® —¢) (ii15)-(iv6)  y? = t(z® — 1) (2* — t)(z — 1).
(ii17)-(iv2)  y* =t(2® —t*){(z—1)3—t}. (ii17)-(iv4)  y* =t(2® —){(z—1)3—t}.
(ii17)-(ivh)  y* = (2° —3)(2® —1). (ii17)-(iv6)  y* = t(a® —t?)(x —1){(z—1)* —t}.
(117)-(iv7)  y? = (2® =) (z* —t)(z — 1)

(117)-(iv8) Y2 =t(x® —t3)(x —1)(z —3)(x —3).  (ii19)-(iv2) y* = t(a® —1*) (x> —1).
(ii20)-(iv2)  y? = tx(2? — t)(2® + t){(z — 1) — ¢*}

(ii20)-(iv4)  y? =tx(z* —t)(2* + t){(x — 1)> — t}

(ii20)-(iv5)  y? = (a® — t3)(2x® — t) (2> + t)(z — 1).

(ii20)-(iv6)  y? = tx(z? — t)(2® + t)(z — 1){(z — 1)? — ¢}

(ii20)-(iv8)  y? = tzx(z? — t)(2® + t)(z — 1)(x — 2)(x — 3)

(ii21)-(iv2)  y? = tw(x?—t)(2?+1) (x> —1). (ii24)-(iv2) 9 = tw(2?—t)(x®+t)(z®—1).
(ii24)-(iv4d)  y?> =t(z® —t)(z — 1)(z — 2)(x — 3)(z — 4)(z — 5).

(ii24)-(iv6)  y? =tx(2® —t)(x — 1)(z — 2)(z — 3)(z — 4)(x — 5).

The cases where the stable model is By,

Bog: Vi = (iisy), Vo = (xisy) v = gs, (2, t, k1) hs,(x — 1,t, ks, 1). In the case of special
values of the screw number at e, examples of their equations are as follows:

(ii6)-(xi2)  y* = tw(z* — 3){(x — 1) — t'}(z — 2).

(ii13)-(xi2)  3? = t(a® — t){(z — 1) — t'}(x — 2).

(ii17)-(xi2) 3?2 =t(z® — ){(z — 1)? — t'}(x — 2).

(ii20)-(xi2)  y? = tx(2® — t)(2®> + ){(z — 1)® — t'}(x — 2).

The cases where the stable model is By;

Biy: Vi = (viisy), Vo = (ivsy).  y? = fo,(x — 1,t,k,0)0,, (z,1, k1, 1).

The cases where the stable model is B,
Big: Vi = (viisy), Vo = (xise).  y? =04 (x — 1t ki, 1) he, (2,1, ko, Io).

The cases where the stable model is By,
Boi: Vi = (xvisy), Vo = (ivsy).  y? = 7o, fo, (¥ — 1,t, k3, 0).

The cases where the stable model is By
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Boo: Vi = (xvisy), Vo = (xisg).  y? = 7o he,(z — 1,t, k3,0).

The cases where the stable model is Cy;
Cinp: 1d, Vi = (ivsy), Vo = (ivsy), Vi = (val).
y? = fo (2, t,ky +1,0)fs,(x — 1,8, ks + 1,0)(z — 2)(z — 3).
Ciip: Id, Vi = (ivsy), Vo = (ivsy), V3 = (va2).
y? = (2% — ) fo (x,t, k1 + 1,1) fo,(z — 1,8, k2,0) (0 < ko).
Cin: 1d, Vi = (ivsy), Vo = (ivsy), Vi = (va3).
y? = (2% —t) fo, (2, t, k1, 1) fo, (x — 1, ¢, ks, 0).
Ciip: Id, Vi = (ivsy), Vo = (ivsy), V3 = (vab).
y? = (22 —t3) fo,(x, t, k1 + 1,0) fo,(x — 1,1, ks, 0).
Cu: T(1,1), Vi = Vi = (ivsy), Vo = (vb3).
y? = ta(x —1)0, (z,t,k)
Chii: 1I(1,1) Vi = V3 = (ivsy), Vi = (vb4).
y? =x(x — 1)0, (x,t, k).
Cipp: I(1,1) V) = V3 = (ivsy), V3 = (vbb).
y? = (2% — 2t — t2)0, (x,t, k).
Chii: 1I(1,1) Vi = V3 = (ivsy), Vs = (vb6).
y? = t(a? — 2t — t*x)0, (x,t, k).

The cases where the stable model is (4
Ciio: 1d, Vi = (ivsy), Vs = (ivse), V3 = (xiial).
Y2 = fo(z,t,ky 4+ 1,0) fo,(w — 2, ko + 1,0){(z — 1)? — ths}.
Cho: Id, Vi = (ivsy), Vs = (ivse), V3 = (xiia2).
v =tfo (m,t ky, 1) fo,(x — 2, ko, 1) { (2 — 1)% — tF2}.
Ciio: 1I(1,1) Vi = Vo = (ivsy), V3 = (xiibl).
y? = t(a? — th e, .
Cho: 1I(1,1) Vi = V4 = (ivsy), Vi = (xiib2).

2 _ 2 k141
y —(:L' _t i )9;1

The cases where the stable model is Cj;
Cior: 1d, Vi = (ivsy), Vo = (xis2), V3 = (val).
y? = fo (x,t, k1 +1,0)hg, (x — 1, ¢, ko, I + 1) (z — 2)(x — 3).
Cior: Id, Vi = (ivsy), Vo = (xisy), V3 = (va2).
y? = (2% — t3)hg,(x,t, ko, 1 — 1/2) fs, (x — 1, ¢, k1, 0).
Cior: 1d, Vi = (ivsy), Vo = (xis2), V3 = (va3).
y? = (22 — t)hgy (2, t, ko, 1 + 1) fo, (x — 1,¢, ky,0).
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C1101: Id7 ‘/1 = (iVSl), ‘/2 = (XiSQ)a ‘/}) =
y2 = (12 - t2)h82 (ZL‘, ta k?a [ + 1)f51 (‘T

(vab).

The cases where the stable model is ('

—1,t,k1,0).

Cioo: Id Vi = (ivsy), Vo = (xisy), V3 = (xiial).

Y2 = fo(x — 1t k1 +1,0)hg, (2, t, ko, ) {(x — 2)% — th2},
Cioo: Id Vi = (ivsy), Vo = (xisy), V3 = (xiia2).

y? = fo,(x — 1,t, ki, Dhg, (2,8, ko, | — 1/2){ (2 — 2)% — tF2}.
The cases where the stable model is Cyy;
Coor: Id, V1 = (xisy), Vo = (xisy), V3 = (val).

y? = he, (x — 1t ky, Dhg, (2,8, ke, 1) (2 — 2)(z — 3).
Coor: 1d, Vi = (xisy), Vo = (xisg), V3 = (va2).

y? = t(x? — t)hs, (2, t, ky, D, (x — 1, ko 1 — 1/2).
Coor: Id, V1 = (xisy), Vo = (xisy), V3 = (va3).

y? = (2% — t)hg (2, t, ki, 1 — 1/2)hg, (x — 1, ¢, ko, 1).
Coor: 1d, Vi = (xisy), Vo = (xisg), Vi = (vab).

y? = (22 — tH)hg, (x,t, ki, Dhe, (x — 1, ¢, ko, ).
Coor: 1I(1,1), Vi = Vi = (xil), Vs = (vh3). y? = to(x — 1) Fiy W2
Coor: 1I(1,1), Vi = Vo = (xi2), V3 = (vb3)  y? = tw(x — 1) F]y 2MH
Coor: 1I(1,1), Vi = Vi = (xil), V3 = (vb4). y? = to(x — 1) Fry 2
Coor: 1I(1,1), Vi = Vi = (xi2), Vs = (vb4). y? = to(x — 1) Fry 2H
Coor: 11(1,1), Vi = Vi = (xil), Vs = (vb5). y? = {(2% — 2t) — P} FIE
Coor: T1(1,1), Vi = Vy = (xi2), Vs = (vb5). y? = {(a? — 2t) — 2o} FL5 R
Coor: 11(1,1), Vi = Vy = (xil), Vs = (vb6). y? = t{(x* — 2t) — 2a}FREY.
Coor: 11(1,1), Vi = Vi = (xi2), Vs = (vh6). y? = t{(z® — 2t) — t2x }FQ’ Lh+di=2
The cases where the stable model is Cy
Cooo: 1d, Vi = (xisy), Vo = (xisg), V3 = (xiial).

Y2 = he, (z,t, k1, Dhe,(x — 1, ¢, ko, D{(z — 3)% — tF}.
Cooo: 1d, Vi = (xisy), Vo = (xis9), V3 = (xiia2).

y? = the, (z,t, k1,1 — 1/2)hg, (v — 1, ko, 1 — 1/2){(x — 3)% — t*}.
Cooo: 1I(1,1), Vi = V5 = (xil), V3 = (xiibl). y? = t(a? — tht2) ket
Cooo: 11(1,1), V1 =V, = (xi2), V3 = (xiibl). Y2 = t(x? — i) Ut
Cooo: 1I(1,1), Vi =V, = (xil), V5 = (xiib2). Y2 = (a2 — thrt2) prbketal
Cooo: 1I(1,1), Vi = Vy = (xi2), V3 = (xiib2). Y2 = (a2 — tht2) Pkl

The cases where the stable model is Fy;
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Eqp: 1d, Vi = (vasy), Vo = (vasy). v = wg, (2,1, ky)ws, (x — 1, ¢, ko).

Eqq: 11(0,1), Vi = (vbsy), Vo = (vbss). y? =10, (z,t, k)Ts,(x — 1,8, ks).
We have to give more examples when the screw number at e; is special.

Eip: 11(0,1), Vi = (vb1),V, = (vb4). yr=a(xt —t)(2® —t).

Eyq: 11(0,1), Vi = Vy = (vb2). yr=a(2® — ?)(2® — t)(x — 1).

Ey: 11(0,1), Vi = (vb2),Va = (vb4). y? = (2t = 3)(2® — t)(x — 1).
Eip: 11(0,1), V; = (vb2), V, = (vb6). = (2" — ) (2® —t)(z - 1).
Eyp: 1(1,2), V) =V, = (vas). y? = twl,.

Eiq: 11(1,3), Vi =V, = (vas). yr = wl.

The cases where the stable models is Eyg

Eig: Id, V; = (vas;), Vo = (xiiasy). Y% = we (2,1, k1) psy (2 — 2, ko, 1).

Ey: 11(0,1), Vi = (vbsy), Vo = (xiibs,). Y2 =t0s, (x,t, ky)pl, (@ — 1, ¢, ko, 1).
We have to give more examples when the screw number at e; is special.

Vi = (vb2), V5 = (xiib2) v =x(x® — 1?) (22 — t){(x — 1)? — tF 71},

Vi = (vbd), Vo = (xiib2) v =x(2® — 12) (22 —t){(xz — 1)2 — tF 71},

The cases where the stable model is Eyq

Eyo: 1d, V] = (xiias;), Vo = (xilass). Y2 = po, (T, b, k1, 1) psy (T — 1,8, Koy o).

Eoo: 11(0,1), Vi = (xiibsy), Vo = (xiibsy). y? = pl (@, ki, )pl, (= 1,8, ko, 1),

Eoo: TI(1,2), Vi = Vi, = (xiial).

P =t{(2? — )2 — thah H{(2? — 2t)2 — th2al2} 2k + 1, —4> 1, i =1,2).

Eoo: 11(1,2), Vi = V4 = (xiia2).

y? = t{(x® — )2 —thah J{(® = 2t)% —th2gl2 ) 2k + 1 —4 =20 -1, 2ky+ 1o —4 = k+21).
Eoo: 11(1,3), Vi = V5 = (xiial).

y? = {(2? — 1) —thrah H{(2? — 2t)? — tha2}) (2ky + 1y — 4 =21, 2ky +1n — 4 =k + 2).
Eoo: 11(1,3), Vi = V4 = (xiia2).

y? = {(x? —t)2 —thah }{(2? — 2t)2 —thea2} 2k + 11 —4 =21—1, 2ky+ 1y —4 =20+ k).

The cases where the stable model is F;

Fip: Id, Vi = (ivsy), Vo = (ivss).

v = (v —at')(x = 2)fo,(, t, ks + 1,1 = 1) fo, (x = 1, £, ky + 1,0).
Fyp: 11(0,1), Vi = (ivsy), Vo = (ivsa).

v =t(x —at')(z — 2) fo,(x, t, k1 + 1,0 — 1) fo, (x — 1, ¢, ke + 1,0).
Fip: 11(2,1), Vi = Vo = (ivs). Y = ;.

Fii: 11(2,2), Vi = V4 = (ivs). y? = tn,.

The cases where the stable model is Fig
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Fio: 1d, V1 = (ivsy), Vo = (xisg).

y? = (v — ) f, (2, t, k1, 0)hey(x — 1t ko + 1,1 + 11 /2) (x — 2).
Fio: 11(0,1), Vi = (ivsy), Vo = (xisg).

= (2 —th)f, (2, t, k1, ) hey (2 — 1,8, ko, 1l — 1/2) (2 — 2).

The cases where the stable model is Fjy

Foo: 1d, Vi = (xisy), Vo = (xisg).

y? = (x —th) f, (2, t, k1, Dhs, (2 — 1,1, ko, 1) (x — 2).
Foo: 11(0,1), V] = (xisy), Vo = (xisg).

y? = (v — t)hg (2, t, ki, 11 +1/2)hg, (x — 1,8, ke, 1 — 1/2)(x — 2).
Foo: T1(2,1), Vi = Vi = (xil). g2 = Foartirbhvalrsz

The cases where the stable model is Gy
Gui: Id, Vi = (vasy), Vs = (ivss).  v* = fo,(z,t, k1 +1,0)(z — 1w, (z

22 —thegl) (2p, + 1o —4 =1+1).
=V, = (xi2). y?= FprAaGED g2 ghagly (9, 40, — 4 =1+1).
= (xil). y? = (PR DR (0 gkagla) (9, 4, —4 = 1+1).
= (xi2). y? = RO (02 ke glay (9 g — 4 =14 1),

— 2t ko 4 1).

GHI II(O,l), ‘/1 = (VbSl), Vzg = (iVSQ). y2 = tFSl (fﬂ,t,k1>($ — 1)f52($,t, ]ﬂg, 1)

The cases where the stable model is G
Gho: 1d, Vi = (vasy), V5 = (xis). y? = ws, (@, t, k1 + 1) (2 — 1) hg,(z

— 2., ko, ).

Gho: 11(0,1), Vi = (vbsy), V3 = (xisg).  y? =Dy (a6, ki +1)(x—1)hg, (x—2,¢, ko, [ —1/2).

The cases of the stable models are Gy

Goo: Id, Vi = (xiiasy), Va = (xise).  v* = ps, (x,t, k1, 1+ 1)(x — V)h,(z

— 2.1, ks, 1).

Goo: 11(0,1), Vi = (xilasy), Vs = (xisa).  y* =tp) (x,¢, k1, 1) (x—1)he, (x—2,t, ko, 1—1/2).

The cases of the stable models are G,

Goo: 1d, Vi = (xiias;), V3 = (ivse).  4* = ps, (z, 8, k1, 1+ 1) (z — 1) fo, (x

— 2.,k ).

f
Goo: 11(0,1), Vi = (xilasy), Vs = (ivse).  y* =t} (x,t, k1, D) (x—1) fo,(x—2,1, ko, 1—1/2).

The cases where the stable model is J;

Ji: Id, V; = (vas). y? = ws(z,t, ky + D{(x — 1)2 — th}{(x — 2)% — th=}.

Ji: 11(0,1), Vi = (vas). y? = ws(m,t, by + D){(2% — )2 — thal}, ke +1—4>1).
Ji: 11(1,4), Vi = (vbs). v =t0(x — 1,t, k) {(2® — t)? — tF22!}, (kg +1—4>1).
Ji: 11(1,6), Vi = (vbs). y? =t (x,t, k) {(x — 1)2 — tF2}{(z — 2)? — tFs}.

The cases where the stable models is J
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Jo: Id, Vi = (xiias). y? = ps(m,t ky + D {(x — 1)% — tF2}{(z — 2)? — tFs}.

Jo: 11(0,1), V; = (xiias). y? = ps(x,t, by + D){(2? — )2 —th2al} 2k +1—-4>1).
Jo: 11(1,4), Vi = (xiibs). vE=tpl(x — 1,t, k) {(2? —t)? —tFal}y 2k +1—-4>1).
Jo: 11(1,6), Vi = (xiibs). y? =tpl(x,t, k) {(x — 1)2 — th}{(x — 2)% — th=}.

The cases where the stable model is K

K 1d, Vi = (ivs), v?=(z—t)fs(z,t, ks + 1, D){(z — 1)2 — tk2}{(x — 2)% — th=}.
Ky: 11(0,1), Vi = (ivs).

P ={(2? —t)2 —thiah Mo — 1) fo(x — 2,4,k +1,0), (2k; +1, —4 > 1).

Ky: 11(1,4), Vi = (ivs).

y? =t{(a® = 1) —tha {(z
Ky: 11(1,6), V4 = (ivs).  y?

— 1) = 222 (= 1t ke 4l — 1,1), 2k + 1 — 4> 1).
=t — ) (= 1)2 =t (w—2) — 2 fo (2 — 3, L, ks +1, 1).

The cases where the stable model is K

Ko: 1d, Vi = (xis). 92 = (z — t)hs(z,t, by, D{(x — 1)% — tF2}{(x — 2)% — tF3}.

Ky: 11(0,1), V4 = (xis).

yr={(2? =)  —thah} (o — D) f(z — 2,4, k1) 2k +1, —4>1)

Ko: 11(1,4), Vi = (ivs).

P =t{(x® — )2 —thah (2 — 1) — 227 hy(x — 1,t, ko, by — 1/2) (2ky + 11 — 4 > 1).
Ky: 11(1,6), Vi = (ivs).

2 =t(x? —t"){(x — 1) = tF2}{(x — 2) — t*}hy(x — 3, ¢, k3, | — 1/2).

The cases where the stable model is L
L: 11(0,1), V} = V5 = (xb). y? = (xz - tk1+1){<$2 — t)2 - tk%l}{(x - 1)2 - tk3)}.

L: 11(0,2), Vi = Vo = (xc). oy = {(2? —t)? —thigh } (2 — t)% — th2gl2}.

L: 11(1,2) y? =t{(a? — t)® — thigh}{a? — tet 1} {(z — 1)% — b1},

L: 11(1,5).  y? =t{(a® —t)® — thrah }{(2? — t)* — 2tF2al2}.

L: 11(1,8).  9? =t(x® —th){(x — 1) —tF2}{(x — 2)% — tFs}{(z — 3)% — th}.
(

L: TI(0,1), V; = (vds)  y? = {(2® — t)? — thah M {(z — 1)2 — t*71} (3ky + 21, — 6 > 0).
35— 1)2 — thigh} o — th2H1} (3ky + 20, — 6 > 0).

L: IV(0,1), Vi = (ve). y? = {(z* —t)* —thah} (3ky + 31, —8 > 0).

L: VI(1,1), Vi = (vds).  y? =t{(23 —t)2 —thah }{(z — 1) — 71} (3ky + 20, —6 > 0).

The cases where the stable model is N
N: 11(0,1).
y2 — {(x2 _ t)? _ tkll‘ll}{(:r _ 1)2 _ tk2+2(l2—1)}{<x _ 1 _ tl2—1)2 _ tk‘g-ﬁ-?(lz—l)}.
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N: 11(0,2).  y? = {(2? — t271)2 — ¢l F20-D 0 (32 — 27 + 1 — £)% — thagl2},
N:11(2,3). 2 =t{(2? —t)? — thah }[{(z — 1)% — t}? — th2gl]

N: 11(2,4).

yz — t{(x o tk1)2 o tz(k1+1)+k2}{x2 o t2(k1+1)+k3}{(x o 1)2 o tk‘l}{(a) o 2)2 o tk5}.
N: T1(2,8).

P = A = ) = that)? = gl (a? - 0 — ),

2k + 1 —2=1,2ko+ 1o —4 =K, +2[,2ks + I3 — 4= Ky + 21,).

N: 1V(2,2).

Y2 = (22 — )t — 2(2? — t)2aPrP2 4 22 + (22 — t)Lamitm2. (L < 3, 2py +4py — 8 =
G+ 2q—8=414+1, my+2mg — 2 =k + 4l — 1, 2k; + 1 — 4 is positive even integer.)

41



Figure A

Figure B

Figure C
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Figure 6
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Table 1 Marked generalized quotient

(ii1) (ii2) (ii3) (i)
5 5 6,2 5
4 genus 2 : 11_¢_L10 W T 4—|—L10
' 8.6,4,2 3,2,1 2 9,8,7,6,5,4,3,2,1
B ~—+ |
(ii5) (ii6) (ii7) (ii8)
| - 4 I 4
52,1 4 5,2,1 T
. 10 ~’—¢—|—8 8
4,2 -l
~t+ ] 7,6,5,4,3,2,1 7,6,5,4,3,2,1
- |
(ii9) (ii10) (ii11) (ii12)
| |
4 5,4,3,2,1 4,3,2,1
) Ty Yy Sy 472 y Yy &
3 6 4 Tt 5
3,1 ~—r 4,3,2,1 2,1
54,3,2,1 2 T ’
- -t |
(ii13) (ii14) (ii15) (ii16)
|
4,3,2,1 | | |
737 ) - 371 371 371
+——+ 5 +—+—
21 4321 - ° 1 3,1 14,321
| <—'— |
(ii17) (ii18) (ii19) (ii20)
| | | 2 2
4,3,2,1, 2,1 2,1
O il R
3,1 3,1 2,1 ~—+ 2,1 3,2,1
I B e | ~t
(ii21) (ii22) (ii23) (ii24)
l I | —
2 A 2,1 2,1 )
3,2,10 | | 2N 3 |13 —
L | |
(ii25)
2 i elliptic
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(iiil) (iii2)

A (iii3) (iiid)
genus 2 5 2, 1 le 3 2 5,4,5,2, 1
N— 7.6,5.4,3.2,1 B ' 8 i"ﬁ — 6
1,1 5,4,3,2,1
-H—f- 1,....1 =
(iii5) s (iii6) ({i7) | (iii8)
’ 2, 1 4, 3 2,1 3,2,1 2,1
! 6 ol +F—5 5t
T T 4,3,2,1 5 4,3.2,1 . 5
’ ’ 7"'7I- 1’...71 — 17 71
(iii9) (iiil0) | (iii11) (iii12)
) ) ) 3 1 3 1
3 ) :
! > 3,1 3 43071 D 2.1 p 15
T .1 ’ ’ I ’ ’
(iiil3) | (iiil4) (iii15) (iii16)
Ql 1 2 2 51
2,1 B 3,21 — 2,12 13 2.1 0
(iii17) (iii18) (iii19) (iii20) .
|
27 1 2 1 Ll elhpt1c 2 5 774a 1
113 2 10
— 8,6,4,2
1.1 1.1 oo
(iii21) (iii22) (iii23) (iii24)
3.2.1 9876543,2,1 5437271
10 10 i—‘—#
- 2 1—'—'*6 , | 5,4, 3,2,|1
NI 2] 2
(iii25) (iii26) (iii27) (iii28)
49 3,21
6 T 6 4—1—|—|— 6 4—|—|—|— 4 ﬂ—’H—

(iii29) (iii30)

‘kH—H—H‘ —wi elliptic
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(ivl) (iv2) (iv3) (iv4)

3 3 2
} elliptic 6 6 o1 2,|1 2,|13

5,4,3,2,1 4,2 1,
+—
(iv5) (iv6) (iv7) (iv8)
2 2
T 351 5h 1 Tt i ’
9 Y
(val) (va2) (va3) (vad)
y
|
4 4 +—+—+3
T 37371 351 I 21 2,121
I I T T 1 I
(vab) (vab) (vb1) 5 (vh2)
| L +—+—+6 2 3
— T2 4,2 -
—+—> i —+—> 1 57 47 3|a 27 1 7! _|_|_6
2 2
(vb3) (vb4) (vb5) (vb6)
2 2
4——5 4 _ TH_H
3,2,1 | 3 |71 4 4 i 2 2 i elliptic
) ) 2 2
(vial) 2 (via2) (via3) (viad)

T eltiptic WS I 12

(vib1) 3 (vib2) (vib3) (vibA)
2 3 4
I | - —|— 4 2
5,4,3,2,1 12  m— 3,|2,1 3,%,1 -
| — | .
I ! 2 | 2
’ 2
(vib5) (vicl) (vic2) (vie3)

3 ]
(vicd) (vies) ’

3 3 elliptic
3 3

48

—2
T T I
T 5,4,3|,2,1 | . 2.1 2,12

1



(viil) (vii2) 1 ii
2 | | T

{_'_}; 3 T 2
ﬁ 211 213
 — T 1 1,....1

elliptic 1,...,1 A
(viib) (vii6) (vii7) (vii8)

2,...,‘:?F 2 3
12 -6 3.2,1 3,§,41 — 1

4,3,2,1
3 2,...,2 2,...,2
(vii9)
|
1 2
2,...,2
(viiil) (viii2) (viii3) (viiid)
1,....1

1,...,1 2.2 L
/\ _‘“_' 2
I \ % 4 2
elliptic 4
\/ P 3,2,1 L T,.. .1

2,1
1,....1 52 2.3
1
(viii5) (viii6) (viii7)
2 o
‘ ‘ ) L 5 2 elliptic
2’ ’2 H‘ 2’ .72 2a' 72 2_’ ’2
T...1
(viii8) (viii9) (viiil0) (viiill)
I U BRI 4 3£ 2
HH ‘ ‘ ‘ I | A \ 2,---,2 /
2 —: 3,%, o )
LV, 2 I 3 Nt
e LAY elliptic
(viiil2)
1 elliptic
+—02
T 2
4,0 4
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.....

20



(xv4)

(xv2)

(xvl)

o1



Table 2 Admissible system of cut curves

(4) (B) (C) (D)

@ U1 Vg U3
@0 OO0 -

()] €1 €3
U1 (4] () (4] V3 V2 ¢
2
(%
(E) (F) (G)
T € el b gy
v €2 vy 01 U3 €2 7y 2 U1 72 09 U3
(H) (I) (/)
e e
e
2 U1 E@ () 4 Us 34
C=——)
(%1 €2 V2
(K) (L) (M)
) e
1 €3 ! V3
el - U4 @, O €1 €2, (4
€4 vl V2 U 5 Q}2
2 e
(N) (0)
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Table 3

(1) Cuy/1I(1,1) (2)  Duj/11(1,1)
RO 0200
2 2

(4)  Ey/11(0,1) (5) Eu/II(1,2)
OO 2 (U

(7)  Fy/11(0,1) (8)  Fu/lI(2,1)

2

) Fi/11(2,2) (10)  Gy/11(0,1)

U1 V2 U1 V9 U3

2 2
(12) H;/I11(0,1) (13)  I,/I1(0,1)

U1 o) (o 9 () Vs
O—=0 Om@=0
(15)  Ji/I1(0,1) (16)  J;/11(1,4)

U3

U1
2
V2

23

D=0

Resolution of quotient graph

(3)  Dyu/II1(1,1)
O=0
3

U1
2

2@)2:2

2

(11)  H,/I1(0,1)

U1 9 ()
1

(14)  1,/I11(0,1)

U1 V2 U3

G200

(17)  J;/II(1,6)



(18)  K./I11(0,1)

U1

V2

(21)  L/I1(0,1)

(%1 9 V2

=0

(24) L/II(1,7)

(27)  L/IV(0,1)
O=0O

(30) M/II (0,1)

(19)  K;/II(1,4) (20)  K;/II(1,6)

U1 Vo V3 U1 Vo V3
2 2
O-0O-Co: O-OH==
2 5 2

(22)  L/I1(0,2) (23)  L/II(1,5)
U1 9 V2 (1 5
=0 2 %

2 2

(25)  L/II(1,8) (26) L/III(0,1)

2 - 2 S T
(28)  L/IV(1,1) (29)  L/VI(1,1)
1o 3 QY g <
2
(31)  M/II(0,2) (32)  M/II(1,9)
U1 9 V2
2 2 ( E i >Jl_<
2 2

o4



(33)  M/IV(1,2) (34) N/II(0,1) (35)  N/II(0,2)

U1 Us U1 U3

. O=0

2 b5 &4

(36) N/IV(0,1) (37)  N/II(2,4) (38)  N/II(2,5)

U1 (%] V1 V2 U1 Us 9
OO0 PO QO=-0OK
23 7 2 25 2y 25 7 ?
(39)  N/II(2,7) (40)  N/II(2,8) (41)  N/IV(2,1)

v 2 v Vo9 U
2 2
: : (O ) (
2 2 2

2 9 2
(42)  N/IV(2,2) (43)  O/11(1,10) (44)  O/II(2,6)
2 2 U2 5 U3 2 2
2
45)  O/I1I(1,2) (46)  O/IV(L,3)

Uy () 2>4—C4D4
O 2
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