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Abstract

In this thesis, we present several effective methods of constructing harmonic maps be-
tween Hadamard manifolds. In particular, in the case of real hyperbolic spaces, we reduce
the harmonic map equation to an ordinary differential equation defined on the nonnegative
real line, and by showing the existence of solutions for a boundary value problem of this
equation, we construct a variety of new harmonic maps between real hyperbolic spaces.

Furthermore, following the idea due to Donnelly, we establish the existence and unique-
ness result for proper harmonic maps between Damek-Ricci spaces, which are a generaliza-
tion of rank one symmetric spaces of noncompact type. A non-existence result for proper

harmonic maps from complex hyperbolic spaces to real hyperbolic spaces is also proved.
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Introduction

Let (M,g) and (M’,¢’) be complete Riemannian manifolds, and u : (M,g) — (M',¢)
a C?-map from M to M’. For a relatively compact domain D C M, we define the energy

Ep(u) of u over D by

1
Ep(u) = §/D|dxu\2dvg,

where |dyu| is the Hilbert-Schmidt norm of the differential d,u : T,M — T,y M’ of u at
x € M, and dv, denotes the volume measure of (M, g). We call v a harmonic map if it is a
critical point of Ep, considered as a functional defined on the space C?(M, M’) of C?-maps
from M to M’, for all variations with compact support for any D. In other words, u is a
harmonic map if and only if it satisfies the Euler-Lagrange equation for the energy functional
Ep for any D, that is,

T(u)(x) =Y (Vedu(e;) — du(Ve,e;))(x) =0, € M,

i=1
where {e;}, is an orthonormal frame field of M, V is the Levi-Civita connection on the
tangent bundle TM of M, and V is the induced connection on the pull-back bundle w~*7'M’
of the tangent bundle T'M’ of M’ by u. Geometrically, 7(u) defines a section, called the
tension field of u, of u='TM’. It should be remarked that any C? harmonic map u is smooth,
since 7(u) = 0 is in fact a system of semilinear elliptic partial differential equations of second
order.

In the case where (M, g) and (M’, ¢') are compact and without boundaries, a remarkable
existence result of harmonic maps was established in 1964 by Eells-Sampson [17]. They
proved that if the target manifold (M’, ¢’) has nonpositive sectional curvature everywhere,
then there exists an energy minimizing harmonic map in each homotopy class of smooth
maps from (M, g) to (M',¢).

On the other hand, when (M, g) and (M, ¢') are noncompact, complete manifolds, not

much has been known for the existence of harmonic maps between them. However, in the



last decade, substantial progress has been made on the existence, the uniqueness and other
fundamental properties of harmonic maps between Hadamard manifolds, that is, simply
connected, connected, complete Riemannian manifolds of nonpositive sectional curvature,
which are most typical examples of noncompact, complete Riemannian manifolds.

The primary object of the present thesis is to present several effective methods of con-

structing harmonic maps between these Hadamard manifolds.

Now we shall give a brief outline of the problems investigated in this thesis and summarize
our results.

1) Since the existence theorem due to Eells and Sampson requires the nonpositivity of
sectional curvatures on the target manifold, we can not apply it to the existence of harmonic
maps between standard unit spheres, although they are among the simplest examples of
Riemannian manifolds. However, by modifying the harmonic map equation, we see that
several methods are available for constructing harmonic maps between standard unit spheres.

It follows from a well-known theorem of Takahashi that the harmonic map equation for a

map ¢ : (8™, gsm) — (S™, gs») between standard unit spheres is equivalent to the equation

Ay ® = 2e(p),

gsm

where A, denotes the Laplace-Beltrami operator of (5™, ggm), e(p) = |dp|*/2 is the energy

gsm
density function of ¢, and ® = i o ¢ for the inclusion map i : S — R"*!. Therefore, when
e(p) is constant, ¢ is a harmonic map if each component of ¢ is an eigenfunction of A,,,.
Such harmonic maps ¢ are called eigenmaps, for which a typical example is provided with
the Hopf fibration ¢ : S — S2. Not only these are important objects in its own right, but
also, using eigenmaps, we can obtain various harmonic maps between standard unit spheres,
and between real hyperbolic spaces as well. In this regard, in Chapter 2, we shall present a
new method of constructing a wealth of eigenmaps.

In order to construct a harmonic map between standard unit spheres, the notion of a
join of two eigenmaps was introduced by Smith ([34]). More precisely, let u : S™~1 — Sp~1

and v : S"! — S9! be eigenmaps, and r : [0,7/2] — [0,7/2] a smooth function. Noting



that for any point z € S™™~1 there exist x € S™ 1,y € S and t € [0,7/2] such that z
is expressed as

z = ((cost)x, (sint)y),

the join u *, v of these maps is defined by
u*, v S™E S ((cost)x, (sint)y) w— ((cosr(t))u(z), (sinr(t))v(y)) € SPHt.

Consequently, the harmonic map equation for the join map is reduced to an ordinary differ-
ential equation in r = r(t) with a suitable boundary condition. By solving this boundary
value problem, Smith proved that there exists a harmonic representative in each homotopy
class m,(S™) ~ Z for n < 7. Subsequently, his method was extended by several authors.
In particular, Ding([11]) utilized a variational method to clarify the meaning of the dump-
ing condition, Eells and Ratto([15]) generalized the method to the case of ellipsoids, and
Xin([45],[46]) reformulated Smith’s method from the view point of Riemannian submersions

(see also [16]).

2) We can generalize the notion of a join map to the case of real hyperbolic spaces RH™
as follows. First, note that for any point z € RH™ ™! there exist + € RH™ !,y € S"!
and ¢ € [0, 00) such that
z = ((cosht)z, (sinh t)y).
Let v : RH™' — RH” ' and v : S"~! — S9! be eigenmaps, and r : [0,00) — [0,00) a

smooth function. Then the join map w *, v of u,v and r is defined to be
u . v: RH™" 1 5 ((cosht)x, (sinh t)y) — ((coshr(t))u(z), (sinhr(t))v(y)) € RHPTL,

Then we see that u *, v is a harmonic map if and only if the function r = r(t) satisfies the

following ordinary differential equation defined on [0, 00):

inh h 2 2
7(t) + {p sinb f b 2 t} 7(t) — { P+ 72 }sinhr(t) coshr(t) =0,

cosht sinh ¢ cosh®t  sinh*¢
where e(u) = p?/2 and e(v) = v?/2 denote the energy density functions of u and v, respec-

tively.



On the other hand, the (m + 1)-dimensional real hyperbolic space RH™"! is represented

as the warped product manifold
([0,00) x S™, dt* + (sinh®t)ggm ).
Thus, for an eigenmap ¢ : S™ — S", we may consider an equivariant map
u: ([0,00) x S™, dt* + (sinh® t)ggsm) > (t,0)
— (r(t), p(0)) € ([0,00) x S™, dr? + (sinh®r)ggn).

Then the harmonicity of u is also reduced to the following ordinary differential equation in
r = r(t) defined on [0, c0):
cosht. . ,sinhr(t)coshr(t)

t =0
sinhtr( )~ n sinh?t ’

P(t) +m

where e(p) = p?/2 denotes the energy density function of .
In Chapter 1, we shall investigate the following ordinary differential equation defined on

[0, 00), which stems from the study of such harmonic maps:

RO RO [ GO | k@)
“’f”{pfl(t)*qu(t)}r“) e e Fa S

where p, g, © and v are some constants.

We first prove the short time existence of solutions following the method due to Baird
([3]). However, it seems to the present author that his proof needs some refinements, in
particular, on the life span of solutions. In fact, under appropriate conditions for the given
functions f;(t) and h;(r), we can elaborate his method and obtain a complete proof of the
short time existence. Moreover, if we pose a condition on the growth rate of the function
fi(t) as t goes to infinity, then such a short time solution can be extended to a global
solution, which ensures the existence of an equivariant harmonic map as well as a harmonic
map defined by the join. Applying these results, we can prove that there exists a family
of harmonic maps from the real hyperbolic space RH™ onto itself for m > 3, which is

parameterized by Z.



Equivariant harmonic maps have been studied by many authors. For example, Kasue

and Washio ([22]) investigated equivariant harmonic maps of the form
u: ([0,00) x S™ dt* + f(t)%gsm) D (,0)
= (r(t),(0)) € ([0,00) x S",dr® + h(r)’gs).

Here ¢ : S™ — S™ is an eigenmap, and f = f(¢) and h = h(r) are warping functions. Since
they constructed a comparison function to show the global existence of a solution for the
original equation, the growth order of f and h are rather restricted. Thus one can not apply

their argument to the case of real hyperbolic spaces.

3) For Hadamard manifolds (M, g) and (M’,¢'), one can consider the Eberlein-O’Neill
compactifications M and M’ of M and M’, respectively, by adding their ideal boundaries,
which are defined to be the spheres at infinity given by the asymptotic classes of geodesic
rays. Then one can set up the Dirichlet problem at infinity for harmonic maps, which,
for a given boundary map f : M — OM’, consists of the existence of a harmonic map
u: M — M’ which assumes the boundary value f continuously.

This problem can be regarded as a generalization of Hamilton’s work [19] on the Dirich-
let problem for harmonic maps between compact Riemannian manifolds with boundary to
these noncompact Riemannian manifolds. However, since the Riemannian metrics under
consideration blow up at the ideal boundaries, there appear much difficulties in analyzing
the boundary behavior of solutions of the harmonic map equation.

The first progress to the above problem was accomplished around 1990’s by Li-Tam [25]
26] [27] and Akutagawa [1]. Recall that most typical examples of Hadamard manifolds
are the rank one symmetric spaces of noncompact type, that is, the real, the complex and
the quaternion hyperbolic spaces and the Cayley hyperbolic plane. In their work, Li and
Tam [25] [26] [27] solved the Dirichlet problem at infinity for harmonic maps between real
hyperbolic spaces. In particular, exploiting the heat equation method, they established a

general theory for the existence and uniqueness of solutions to this problem. For example,



they proved the following: Suppose that Hadamard manifolds under consideration satisfy
appropriate geometric conditions on the curvatures, the volume of unit balls and the bottom
spectrum of the Laplace-Beltrami operator. Then, in order to obtain a global solution to
the equation which converges to the desired harmonic map, it suffices to construct a suitable
initial map for the parabolic harmonic map equation. On the other hand, by applying the
elliptic method, Akutagawa [1] proved the existence of solutions to this problem in the case

of the real hyperbolic plane.

In 1994, Donnelly [12] discussed in a general setting the problem for harmonic maps
between rank one symmetric spaces of noncompact type. He investigated the unbounded
models of these spaces realized as upper half space models, and made use of their global coor-
dinates near the ideal boundaries. With these models and coordinates, he constructed good
initial maps which enable one to apply Li-Tam’s existence result, and solved the problem for
boundary maps having sufficient regularity. A significant step involved is, by investigating
the boundary behavior of proper harmonic maps, to deduce necessary conditions for the
existence of solutions, which are expressed in terms of the relation between geometric struc-
tures around the ideal boundaries. Indeed, a given boundary map is related to the geometric
structure on the boundary, for instance, to the conformal structure in the real case, and to

the contact structure in the complex case.

Since all manifolds investigated so far are symmetric spaces and have strictly negative
sectional curvature everywhere, the following question arises naturally: For non-symmetric or
nonpositively curved manifolds, can one solve the Dirichlet problem at infinity for harmonic
maps? As an answer to this question, in Chapter 3, we shall solve the Dirichlet problem for

harmonic maps between Damek-Ricci spaces.

Damek-Ricci spaces were first introduced by Damek [7] as a semidirect extension of the
generalized Heisenberg groups discovered by Kaplan [21]. These spaces may be regarded as
a generalization of rank one symmetric spaces of noncompact type, since their geometries
are quite similar to each other. However, Damek-Ricci spaces are not symmetric in general

and have nonpositive sectional curvature. In fact, non-symmetric Damek-Ricci spaces admit
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vanishing sectional curvatures for certain 2-planes (see Theorem 3.1.2). We shall prove that
Donnelly’s existence and uniqueness results can be extended to the case of Damek-Ricci
spaces. Thus the geometric conditions such as symmetry and strict negativity of sectional
curvatures are proved to be not essential, and it is worthwhile studying the problem for

Hadamard manifolds in further generality.

In the last section, we shall prove a non-existence result for proper harmonic maps from
complex hyperbolic spaces to real hyperbolic spaces. To be precise, let B"™ and D" be
the ball models of the m-dimensional complex hyperbolic space and the n-dimensional real
hyperbolic space, respectively. Then we prove that there exists no proper harmonic map
u € C*(B™, D") which has C'-regularity up to the ideal boundary, where m,n > 2. Recently,
Li and Ni [24] obtained the same result in the case of n = 2. Furthermore, we show that
there exists a counter example to this result if we relax the regularity condition up to the
ideal boundary.

It should be remarked that Donnelly [12] proved that, for a suitable boundary map, there
exists a solution to the Dirichlet problem for harmonic maps from complex hyperbolic spaces
to real hyperbolic spaces, which has sufficiently high regularity up to the ideal boundary.
Hence our theorem appears to contradict his result. However, this is caused by the different
choice of the models of complex hyperbolic spaces. For the upper half space model, Donnelly

used the one defined by
_— dy* 1 1
My= Ry xR h=—F+ =0+ 9],
Y Y Y

where y € R, and g, + ¢» is a Riemannian metric on R?*™~!. On the other hand, our model

is given by

dn® 1 1
M= (R+ x R*™1 hy = ig +—g1 + _292> ,
an* - n n

where n € R,. If one define a map f : My — M; by

f(na‘rl) = (\/7_77 xl) for (naxl) € R+ X R2m_17
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then it is easily verified that f*h; = ho, that is, f : My — M is an isometry, in particular,
a smooth map from M, to M;. However, a function y = /7 is not smooth at 7 = 0, which
implies that the differentiable structures around the ideal boundaries of M; and M, are
different each other. Thus, even if u : B™ — D" is smooth up to the ideal boundary with
respect to the differentiable structure for Donnelly’s model, it may not be the case with
respect to ours.

When a point p € Ry x R*™! tends to the ideal boundary, each component of the
metric h; blows up at least with the order of ¥2, and likewise there exists a component of the
metric ho which blows up with the order of 1. Thus, we conjecture that, for other general
Hadamard manifolds, the existence or non-existence of proper harmonic maps is also closely
related to the growth rate of Riemannian metrics and the growth order of a proper harmonic

map near ideal boundaries.






CHAPTER 1

Ordinary differential equations associated to

equivariant harmonic maps

In this chapter, we study the existence of a positive solution r = r(t) to the following equation

(1.1.1) with the boundary condition (1.1.2):

(1.1.1) A )
2 n(r@O)M(r(®) | o he(rO)B(rE)Y _ o
_{“ TG AGE }_0 el
(1.1.2) lim 7 (t) = 0,

where 7(t) (resp. h'(r)) means (dr/dt)(t) (resp. (dh/ds)(r)), 1 and v are nonnegative num-

bers, and p and ¢ are integers. Here we assume that

p?>v2>0 and p>q>0.

The equation (1.1.1) stems from the study of equivariant harmonic maps between complete
noncompact Riemannian manifolds, for instance, the real (resp. complex) Euclidean space
(R™, grm) (resp. (C™, gcm)), the real hyperbolic space (RH™, gram) of constant negative
sectional curvature —1 and the complex hyperbolic space (CH™, gcgm) of constant holo-

morphic sectional curvature —1.

Throughout this chapter, we assume that C*-functions f; = fi(t) (i = 1,2) defined on

13



14 CHAPTER 1. ORDINARY DIFFERENTIAL EQUATIONS

0, 00) satisfy the following conditions:

;

(F-1)  f:(t) > 0 on (0,00), and f;(t) > 0 on [0, c0),

li t
1im

(F-2) = a;, where a; > 0 and ay > 0,

(F-3) for any t > 0 the following holds:

fi(t) f2(t)
N AN CRAAND

e {fjﬂ 7 } ir <o

Moreover, we assume the following conditions for C*°-functions h; = h;(s) (i = 1,2) defined

on R:

— 1, and

/

(H-1) hi(s) > 0 on (0, 00),
(H-2) hs(0) =0, hi(0)>0, and

(H-3) {hih/}(s) >0 on R.

Our main purpose of this chapter is to prove the following theorems.

*d

Theorem A. If/ WS) < 00, then there exists a global, strictly monotone increasing
s

solution to the equation (1.1.1) with the boundary condition (1.1.2). Moreover, at least one

solution is unbounded.

< d
Theorem B. ]f/ WS) = 00, then every solution to the equation (1.1.1) with the boundary
s
condition (1.1.2) is a global, strictly monotone increasing, bounded solution.
As a consequence, when / ns) = 00, the limit value tlim r(t) of a solution r = r(t)
S —00
exists. Conversely, for any [ > 0, we can construct a global, strictly monotone increasing

solution r = r(t) which converges to [ as t — 0o (see Theorem 1.2.6).



1.1. LOCAL EXISTENCE OF SOLUTIONS TO (1.1.1) WITH (1.1.2) 15

1.1 Local existence of solutions to (1.1.1) with (1.1.2)

In this section, we consider the following ordinary differential equation which includes the

equation (1.1.1) as a special case:
(1.1.3) P(t) + F(t)r(t) — G(t,r(t)) = 0.

Here we assume that F' and G satisfy the following conditions:

(

(C-1) F e C™((0,00)),

(C-2) tF e C([0,00)), tF()—1>0 on [0,00),
(C-3) G eC®((0,00) xR), G(t,0)=0 for ¢ >0,
(C-4) G(t,s) >0 for (t,5) € (0,00) x (0, 00),

limt?G(t,s) >0 for s> 0, lim #*G(t,s) =0, and

t—0 t—0,5s—0

(C-5) s1<s9=G(t,51) < G(t,s2) foranyte (0,00).
\

Let f; and h; be functions satisfying the conditions (F-1) through (F-4) and (H-1) through
(H-3), respectively. Define F'(t) and G(t,s) by

A B
FO=P0 " Lo
Gits) ) | b))

G ACE
Then it is easily verified that these functions, F' and G, satisfy the conditions (C-1) through
(C-5).

We are going to prove the short time existence of a solution to the equation (1.1.3). Our

goal is to show the following

Theorem 1.1.1. Under the conditions (C-1) through (C-5), for any ty > 0 and ro > 0, there

exists a unique positive solution r = r(t) to the equation (1.1.3) on [0,ty] which satisfies the
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following conditions:

(1) limr(t) =0 and r(ty) = ro.

t—0

(2) 7(t) >0 on (0,t].
In the remainder of this section, we choose t; > 0 arbitrarily and fix it.

Lemma 1.1.2. Assume that r = r(t) and p = p(t) are defined on [0,T] and satisfy the

following conditions on (0,T):
#(t) + F(1)i(t) = G(t,r(t)),
p(t) + F(t)p(t) < G(t, p(2)).
If r(T) = p(T) and r(0) = p(0), then r < p on [0, T).
Proof. Set w(t) := p(t) — r(t). Then we have
w(t) + F(t)w(t) < G(t, p(t)) — G(t,r(t)).

Assume that there exists ¢, € (0,7") such that w(t;) < 0. Then, since w(0) = w(T) = 0,
we may suppose w(t;) = 0 and w(t;) > 0. On the other hand, since p(t;) < r(t1), it follows
from (C-5) that

W(t) < —F(t)w(ty) + G(ty, p(t)) — G(t,r(t1))

= G(t1, p(t1)) — G(t1,7(t1))

<0

Y

which is a contradiction. Thus w > 0 on [0, 7. O

As an application of this Lemma, we can easily prove the uniqueness part of Theorem

1.1.1 as follows.
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Corollary 1.1.3. Let r = r(t) and p = p(t) be solutions to the equation (1.1.3) with the
boundary condition (1.1.2). If r(ty) = p(to) holds for some ty € (0,T), then we have

rt)=p(t) on [0,T),

where [0,T) is the common life span of r(t) and p(t). In particular, if r(ty) = 0, then r = 0.

To prove the existence part of Theorem 1.1.1, we employ a method due to Baird (][3,
Chapter 6]).

We replace the variable ¢ in the equation (1.1.3) with 7 = log ¢ to remove the singularity
at t = 0. Then the equation (1.1.3) becomes

(1.1.4) %(7) + P(T)Z—:(T) —Q(r,r(1)) =0,

where
P(r)=¢€"F(e") — 1, Q(,5) = "G (7, 5).
Note that P and @ satisfy the following conditions:
(PecC*R), P(r)>0 onR,
QeC®RxR), Q(r,s)>0 for (r,s) € R x(0,00)
lim Q(7,s) >0 for any s >0, lim Q(r,s) =0,

T——00 T——00,5—0

Q(r,0) =0 for any 7 € R, and,

(51 < 82 = Q(7,81) < Q(7,82) forany 7€ R.

We also set 1y = log 1.

Under these conditions, we prove the following

Theorem 1.1.4. For any 1y € R and rq > 0, there exists a solution r = r(7) to the equation
(1.1.4) on (—o0, 10| satisfying the following conditions:

(1) (1) >0, 3—:(7) >0 on (—o0, 1], and

d d?
(2) lim r(7) =0, lim —T(T) =0 and lim —T(T) =0

T——00 T——00 dT T——00 d7'2
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It is easy to see that Corollary 1.1.3 together with Theorem 1.1.4 implies Theorem 1.1.1.

To prove Theorem 1.1.4, we begin with the following lemma concerning the life span of

r=r(T).

Lemma 1.1.5. Let r = r(7) be a solution to the equation (1.1.4). Then (dr/dr)(T) is
bounded if so is r(T). Namely, if (T,7o] is the life span of r = r(1) and —o0 < T, then

i Ir(r)] = .

Proof. Let P(1) = exp [T P(p)dp. Then, from the equation (1.1.4), we have

{PoFo} = Poar o).

Integrating both sides from 7(< 79) to 79, we obtain

P() () = P (0) = [ Plo)le. (o).

dr
Hence
P(r) |52 0)] < Plra) [0 | + [ PUo)IQUo. 1)l
TdTT = 70 dTTO - P Py T\P))1ap-
Since @@ € C*°(R x R), the assertion holds. O

Lemma 1.1.6. Let r; = r1(7) and ro = ro(7) be solutions to the equation (1.1.4) satisfying

dr dr
(1) < ro(m0)  and d—;(m > d—:(ro).
Then it holds that
ry <71y and ﬁ>@ on (T, 7o),
dr dr

where (T, 7o) is the common life span of r1 and rs.

Proof. Let w(r) = ri(7) —r3(7). Note that w(ry) < 0 and (dw/dr)(m) > 0. Assume that

there exists 7 € (7, 79) such that w(7;) > 0. Then there exists a point 75 € (71, 79) so that

dw d*w
'UJ(TQ) < O, E(Tz) =0 and P(Tg) > 0.
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On the other hand, since r; and ry are solutions to the equation (1.1.4) and the function

s — Q(-, s) is monotone, it holds that

d*w dw

ﬁ(ﬁ) = _P(T2)E(Tz) + Q(72,71(72)) — Q(72,72(72))
= Q(72,71(72)) — Q(72,72(72))
<0,

which yields a contradiction. Hence w(7) < 0, that is, ri(7) < ro(7) for 7 € (7, 7).
Since r; and 5 are solutions to the equation (1.1.4), we have

d

a {ﬁ(r) (e w»} = PEQ(r m(r) — Q(r,ra(r))}.

dr
Multiplying both sides by r; — ry then yields

() = ra(r) - { PO ) = ()}
= (1 (7) = ra(M)PIHQUR (7)) = Q(r.ra(r))

> 0.

Therefore, integrating both sides of this inequality from 7(> 7) to 7y, we obtain

Blr)(ra(m) = ra(0)) - (ra(m) — 72(r0))

> PO () = ) () =) + [P0 { ) = el | ar

> 15(7')(7“1(7') — 7‘2(7))%(7“1(7') —ro(T)),

from which it follows that

P(7)(ri(7) — 7"2(7))%(7"1(7) —12(7))

< P(7)(r1(m) — 7"2(7‘0))%(7“1(70) —12(10))

Since r1(7) < r3(7), we have
d?”l d?"g
E(T) > E(T)
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for 7 € (7, 70). O

As a corollary of this lemma, we obtain the following

Corollary 1.1.7. There is at most one solution to the two point boundary value problem of

the equation (1.1.4).

For each ry > 0 and sy € R we shall solve the ordinary differential equation (1.1.4)
backward with the initial condition

dr
(1.1.5) r(ro) =ro and  ——(7) = so.

Our aim is to show that for any 7o > 0 there exists an sy > 0 such that a solution r = r(7)

exists on (—oo, 79| and satisfies the condition (1) of Theorem 1.1.4.

Define a set A(rg) by

a solution 7(7) to (1.1.4) satisfying (1.1.5) exists, which decreases
A(TO):{MR’ (7) to (1.1.4) satisfying (1.1.5) }

monotonically to zero within finite time as 7 decreases from 7

Then we have the following

Proposition 1.1.8. Let ro > 0. Then one of the following two cases occurs:

(1) The set A(rg) is an empty set. In this case, for any so > 0 there exists a positive solution
r=r(7) on (—o0, 7] to the equation (1.1.4) with the initial condition (1.1.5), which satisfies
dr

E(T) > 0.

(2) The set A(rg) is not empty. In this case, A(ro) is an open set, and inf A(rg) > 0.

Proof. (1) For any fixed ry > 0, we take sy > 0 arbitrarily. Let r» = r(7) be a solution
to the equation (1.1.4) with the initial condition (1.1.5), and let (7, 7] be its life span. Then

we have
d
é(T) >0 on (7, 7).
Indeed, suppose that there exists 71 € (7, 7p) such that
d d
“(n)=0 and “S(7)>0 on (r,m).

dr dr
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Since A(rg) is an empty set, 7(7) > 0 for 7 € (71, 79]. Choose sy so that

so>max{SO,C’1(To—T)+ o },

To — 71
where Cy := maxX,¢(r, -, Q(7,79). We shall show that sy € A(ry).
Let p = p(7) be a solution to the equation (1.1.4) satisfying

dr

dp _
p(10) = r(10) and E(Tg) =50 > %(TO),

and (72, 7] the life span of p. Then from Lemma 1.1.6 it holds that

dp dr

p(T) <r(r) and %(7') > %(7’)

as long as both r and p exist.
When 7 < 75, we have p(1) — —oo as 7 — 73 + 0. Hence there exists 73 € (73, 79] such
that
dp dr

p(t3) =0 and E(T) > %(7) >0 on (13,7

Therefore 5y € A(rg), contradicting the fact A(rg) = 0.
On the other hand, when 7 > 7, p satisfies (dp/d7)(7) > (dr/dr)(7) > 0 on (11, 79]. Let

Cy:= min P(7).

TE[T1,70]
Then C5 > 0, and it holds that
d?p dp
L) = ~P( L) + QL. p(7)
dp
< —P(1) ) + Q. plm)

d
< —Cgﬁ(T) + Cl

on [, 70]. Integrating this inequality from 7 € [, 79] to 79, we have

97 < ~% () — Cofolm) — p(r)} + Culry — 7)
S —5_0 + Cl(TO - T)

To
<_

To— T
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Integrating again both sides from 71 to 7y, we then obtain

p(1) < 0.

Therefore, sy € A(rg), which also contradicts the fact A(rg) = (). Hence

d
=(1)>0 o (7w
Assume that 7 > —oo. Then, it follows from Lemma 1.1.5 that |r(7)] — co as 7 — 7+ 0. If

r(7) — 00, then, by the mean value theorem, there exists a point 7 € (7, 79| such that

dr
il -0
dr (7_1) )
which implies that sy € A(ry), a contradiction.

Similarly, if 7(7) — —oo, then there exists a point 7 € (7, 79| such that
r(m2) =0,

implying that sy € A(rg), a contradiction.
As a consequence, T = —o0, and
dr
r(r) >0 and d—(T) >0 on (—oo,T).
T
(2) We first prove that A(ry) is an open set. Fix ro > 0, and take sy € A(rg) arbitrarily.

Let r = r(7) be a solution to the equation (1.1.4) with the initial condition (1.1.5). Then

we can find 7, < 79 such that
r(r) =0 and r(r)>0 on (7m,7).

Moreover, there exists an € > 0 such that

d
é(T) >0 onl:=[mn—e¢, .

Set
1 . dr 1 :
ni=gmin (7)., §=—gr(n—e) and §:=minfy, ¢}
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Since the solutions depend continuously on initial values, it follows that for the above § > 0,
there exists an &€ > 0 such that if |$y — so| < &, then

d dr
sup o(r) = r(7)] + 310 |7 - )] <5

Tel Tel

where p is a solution to the equation (1.1.4) satisfying p(19) = r(70) = 1o and (dp/d7)(19) =

Sp. Then we obtain
dp dr

dT(T) > %(7') —6>n>0 on[n—e, ),
and

1
p(rm—e)<r(n—e)+d< 57‘(71 —g)<0.

Hence 59 € A(rp). Thus A(rg) is an open set.
Next we show that inf A(rg) > 0. Suppose that inf A(rg) = 0. For sg € A(r), let r = r(7)
be a solution to the equation (1.1.4) with the initial condition (1.1.5). Then

d*r
——(70) = —P(70)s0 + Q(70,70)-
dr?
Since Q(79,70) > 0, for sufficiently small § > 0, one can take sy > 0 so that
d*r
W(TO) > 25

Hence there exists an € = (sg) > 0 such that

d*r dr
W(T) > 0, %(7) >0 and (1) >0 on (19— 2¢,7 + 2e).
For sy € A(ro) such that sy < sg, let p be a solution to the equation (1.1.4) with
d
p(1o) =1r(10) =10 and d—i(Tg) = 3.
It follows from Lemma 1.1.6 that p exists on (79 — 2¢, 79 + 2¢) and satisfies
d d
(1.1.6) p(r) > r(r) and d—’T’(T) < é(r).
Thus we obtain
d*p dp
J2(1) = =P(1) (1) + Q(r, p(7))
d d?
> —P(7) (1) + Q(r,r(r) = T5(7) > 6

dr
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on (19 — 2&, 79 + 2¢). Note that € does not depend on the choice of 5, if 55 < s¢. Integrating

both sides of this inequality from 75 — € to 7, we have

@(7'0 — 6) < S — Oe.
dr

Since inf A(rg) = 0, we can take $5 € A(rg) such that 5 < de. Hence (dp/dr)(m9 — ) < 0.
On the other hand, (1.1.6) implies that

p(1) >0 on (19— &, 7).
These contradict the assumption that 59 € A(rg). Therefore, inf A(rg) > 0. 0
Now, we are in a position to prove Theorem 1.1.4.

Proof of Theorem 1.1.4.
(1) Take rg > 0 arbitrarily. If A(rg) is an empty set, we have already shown that there

exists a solution r = r(7) on (—o0, 7] to the equation (1.1.4) satisfying

Thus we assume that A(rg) is not empty. Let r;, = inf A(ry), and let r = r(7) be a solution
to the equation (1.1.4) satisfying
dr

r(ro) =ro and —(79) = ry.

dr
Note that r, & A(rg) because A(rg) is an open set.
Suppose that (7., 7] is the life span of r = r(7). We first show that

r(r) >0 on (7,7
We assume that there exists 7, € (74, 79) such that
r(r) =0 and 7(r) >0 on (7,7

It is easily verified that if (dr/d7)(m) = 0, then r = r(7) must be the zero solution. Thus,
since r(, & A(rg), there exists 7 € (71, 79) such that

dr
r(m2) >0 and %(72) = 0.
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Thus

d?r dr

—— (1) = —P(Tz)E(Tz) + Q(72,7(72))

= Q(72, (1)) > 0.

Therefore, r(73) is locally a minimum value. On the other hand, we can show that

dr
E(T) < 0

on (711, 72). Indeed, suppose that there exists 73 € (71, 72) such that

dr dr
E(Tg) =0 and E(T) <0 on (13,7).
Then we have
d*r
W(Tg) S 0

However, from the equation (1.1.4), it holds that

() = Qs r(5)) > O

which is a contradiction. Hence, r(73) is positive and is the minimal value of r on [rq, 7g],
which contradicts the assumption r(71) = 0. Thus r > 0 on (7, 7).

Second, we show that
dr

dr

Assume that there exists 7, € (7, 79) such that

(1) >0 on (7,7

dr
%(7'1) = 0.

Then, by the same argument used for proving r» > 0, we have

@(7') <0 on(1,7) and @(7') >0 on (71,7,
dr dr

which implies that r(7) is the minimal value of r on (7, 79]. Take 5 € (7%, 71) and 73 € (11, 70)

so that r(m) = r(73) and I = [r, 73]. It then follows from the continuous dependence of



26 CHAPTER 1. ORDINARY DIFFERENTIAL EQUATIONS

solutions on initial values that for any positive number € < (1/2) min{r(n), () — r(m)},
there exists 6 > 0 such that

dr

dp
%(7)—5(7) <e

sup [p(7) — r(7)| + sup
Tel Tel

provided that |rj—so| < 0. Here, p is a solution to the equation (1.1.4) satisfying p(79) = r(70)
and (dp/d7)(79) = so. In particular, we may assume that sq € A(rg). Since we have

sup [p(1) —r(7)| <&,
Tel

it follows that

p(t)>r(t)—e>r(t)—r(n) >0 on [r, 7).

On the other hand, we have

p(1e) >1r(m) —e >r(m) > p(r) >0,

p(13) > r(m3) —e >r(n) > p(n) > 0.

Hence there exists 7y € (72,73) such that (dp/dr)(m4) = 0. As a consequence, p = p(7)
satisfies

d
p>0 on [T and d—p(7'4) =0 for 74 € (12,70),
T

which contradict the choice of sy. Therefore, we have

d
é(T) >0 on (7, Tl

Finally, we shall prove that 7, = —oco. If 7. > —o0, then r = r(7) blows up at 7,. Then

it follows from Lemma 1.1.5 that

lim 7(7) = 4oc0.
T—Tx+0

In this case, there exists T € (7., 79) such that (dr/dr)(7) = 0, which contradicts the fact
that (dr/dr)(r) > 0 on (74, 7). Thus 7, = —o0.

(2) Although it can be proved, by using the same argument as that in [22], that
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we present here a proof in our context.
Take 71 € (—00,7p) arbitrarily, and let A be a positive constant such that P(7) < A for
any 7 € (—oo, 7). Fix 75 € (—o0, 7 — 1] arbitrarily, and let p be a unique solution to the

following ordinary differential equation with the initial values:

d*p dp
W<T> + AE(T) =0,
d dr

p(1e) =r(m2) and d_i(TQ) = %(Tg).

Then it is easy to see that p is given by
1 dr

() = (1 = AN () 4 r(m).

Let
dr @

R() = (7)) — () L),
Then R(m) = 0 and (dR/d7)(72) > 0. Moreover, R > 0 on (72, 71]. Indeed, if this is not the

case, then there exists a point 7, € (79, 71] such that

R(1.) =0, %(T*) <0, and R>0 on (m2,7).
On the other hand, we have
dR d*r d*p
7 = () T (r) () o)
= P I (1) + Q(ra, (7))} + Ar(r) ()
> A{r(7) %(r) — plr) S ()} + Qr r())(r.)

= Q7 7(7:))p(7) > 0,

which leads to a contradiction. Thus R > 0 on [, 7]. Since > 0 and p > 0, it holds that
r > pon 1,7
As a consequence, we obtain

(1.1.7) (e +1) —r(m) > p(re+1) — p(r) = ZE(TQ)(l —e
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for any 7 € (—oo, 7 — 1].
Now suppose that

d
lim sup d—T(T) > 0.

T——0c0 AT

Then there exist a positive constant § and a sequence {7;} satisfying
Tj+1 S Tj — 1 and 7"(7']') Z 0.

Then, from the inequality (1.1.7), we have

1 dr A
)

r(t;+1)—r(r) > ZE(Tj)(l_e > (1—6714).

Since r is a monotone increasing function, it holds that

) o
r(r) <r(r;+1)— Z(l —e < r(Tj_1) — Z(l —e .
This inequality implies that r(7;) < 0 for sufficiently large j, which contradicts the fact

r > (. Hence it follows that

We shall show that lim r(7) = 0. Since r is monotone increasing, there exists n > 0

T——00

such that

lim r(7)=n.

T——00

Assume that n > 0. Noting that P(7) is bounded on (—o0, 7], we have

d?r
im W(T) = lim Q(r,7) >0
Thus there exists & > 0 such that
d?r
W(T) > on (—oo, 1)

for 7 sufficiently small. Hence we obtain

dr
— 0
dr (7) <
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for sufficiently small 7, which is a contradiction. Therefore

lim r(7)=0.

Finally, the equation (1.1.4) implies that

d*r dr
72(7) = —P(1) (1) + Q(7,n(7)).

It follows from the condition (C-1) that

lim P(7) exists and lim Q(7,r(7)) =0,

T——00 T——00

which implies that

Thus the proof is completed. O

In the remainder of this section, by making use of a comparison function, we shall inves-
tigate the regularity of the solution r = r(t) at t = 0.
We assume that there exist k£, > 1 such that F' and G satisfy the following conditions.

t
imtF(t) =k,  lm pGhs)

t—0 t—0,5s—0 S

= 1.
Then we can prove the following

Proposition 1.1.9. Let r = r(t) be a solution to the equation (1.1.3) with the boundary
condition (1.1.2). Then there exist a > 0 and t; € (0,t9) such that

t
0 < r(t) < "1
t
fort e (0,t).
Proof.  Set p(t) := Cot®, where positive constants a and Cy will be determined later.

Then
plt) + F(0)p(t) = G(t, plt)) = Cot*™? {a<a — 1) +atF(t) - t@} |
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For any £ > 0 we can find ¢; € (0,%() such that

tQM—Z'<5

[tF(t) — k| <e and
p

holds for ¢ € (0,¢;). Hence we have
pt) + F(t)p(t) — G(t, p(t)) < Cot**{a® + (k — L+ e)a— (I — )}

Consequently, if we take a constant a to be

—(k—1+e)+/(k—1+¢e)2+4(—¢)
5 :

O0<a<
then p(t) = Cot* satisfies
p(t) + F@)p(t) — Gt p(t)) <0 and  p(0) = 0.

Choose the above constant Cy so that p(t1) = r(¢1). Then, from Lemma 1.1.2, we have

r(t) < p(t) = Cot* = %t“. 0
1

1.2 Global properties of solutions

In the previous section, we prove that for any ¢, > 0 and ro > 0, there exists sg > 0 such

that a solution r = r(t) to the equation (1.1.3) satisfies

T(to) =To, T(to) = S,

limr(t) =0, and 7(t) >0 on (0,t).

t—0
We shall show that for a suitable 7o > 0, there exists a global solution to the equation (1.1.1)
with the initial condition 7(ty) = ry.

The following lemma is an analogue of Lemma 1.1.5.

Lemma 1.2.1. Letr = r(t) be a solution to the equation (1.1.3) with the boundary condition
(1.1.2), and let [0,T) be its life span.
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(1) Assume that r(to) > 0 and 7(ty) > 0 for some ty € (0,T). Then it holds that
r(t) >0

on (0,T). Hence the solution constructed in the previous section is strictly monotone increas-

g as long as it exists.
(2) If T < oo, then

ltlTr%l r(t) = oc.

Proof. (1) From Corollary 1.1.3, the solution r = r(t) coincides with the one constructed
in the previous section. Thus 7(¢t) > 0 on (0, t]. We shall show that 7(t) > 0 on (ty,T). If

this is not the case, we have a point ¢; € (ty,T") such that
r(t1) >0, 7(t;))=0 and 7(t) <O0.
On the other hand, the equation (1.1.3) asserts that
P(t1) = G(t1,7(t1)) > 0,

which is a contradiction. Thus 7(t) > 0 on [ty,T).

(2) Let F(t) = exp [* F(s)ds. Then, from the equation (1.1.3), we have

% {Fwim} = FOGE ).

Integrating both sides from ¢, to t(> ty), we obtain

E(t) l#(t)] < F(to) [#(to)| +/ E(t)|G(t, r(1))]dt.

to

Since G € C*°([0,00) x R), if 7(t) is bounded when ¢ tends to T, then so is 7(¢). Thus the

assertion holds. O

From now on, we shall consider the original ordinary differential equation (1.1.1).
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Lemma 1.2.2. Ifr =r(t) is a solution to the equation (1.1.1) with the boundary condition

(1.1.2), then it satisfies

()2 p 2 v? 2
(1.2.1) 7(t)” < hq(r(t)) +Wh2(7”(t))

on [to, T).
Proof. 1t follows from the equation (1.1.1) that
Ly Ryi)
= [P R0 p f2(0) ha(r(O) R (r(8) + w2 1) ha(r (£)) By (r (1) }-

Multiplying both sides by fi(¢)P fo(t)?7(t), we obtain

d p qy. 2
SR £()(1)}

= RO (0 S () 0 Fi (0 ot (1))

Integrating both sides of this equation from ¢, to ¢, we have
{1 f2(t) 7 (1)}
= {Ait)" fo(t1) 77 (1)}
+ 2 {1772 (0 (r(8) — fo(t0)* 72 fo(th)*ha (r(81))*}

(1.2.2)
+ A1 ()2 2ha(r (1) — fi(1) ™ fa(t1)* 2 ha(r(t1))}

- [ @l ) RGP Y
- [ P RGP Ry

The condition (F-1) implies
d
%{fl(ﬂmfz(ﬂn} >0
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for any nonnegative integers m and n. As a consequence, we have

{A@P RO OF < {At)? f(0)% ()}
+ {072 (6 ha (r()? = fi(t) P2 fa(t)* ha (r(12))%}
+ VAT (O he(r(1))” = fi(t) fa(t) " ha(r (1))}

Letting ¢; tend to 0, we have

{A@P L)% ()} < @ 1772 fo(6)*ha(r(2))* + V2 fut) f2(£)* ha(r())*.
Dividing both sides by f1(t)? f2(t)??, we obtain the conclusion. O

Using this lemma, we present a sufficient condition for the existence of a global solution
in terms of a relation between ty and ry.

If r(t) = 0 for some ¢t > 0, then r(¢) = 0 by Corollary 1.1.3. Hence it is a global solution.
In the sequel of this section we assume that r(¢) > 0 for all ¢ > 0.

Let

max{hy(r), hao(r)} (v > 0),
h(r) =

ha(r) (v =0).
Since 7(t) > 0, we have @
r(t 1 1
o <50 5o

where v = max{u, v}. Integrating both sides from ¢, to t(€ [to,T]), we obtain

"® ds b1 1
(123) [ =), SR eIt
Theorem 1.2.3. If ry satisfies

> dr o 1 1
(124) /TO W > ’}/\/to {fl(T) -+ f2(7_)}d7',

then the solution to the equation (1.1.1) with the boundary condition (1.1.2) exists globally

and 1s bounded.
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Proof. Let [0, T) be the life span of r, and assume that 7" < oo. Then, by virtue of Lemma
1.2.1 and (1.2.3), we have

® s , ") ds , | 1 < (1 1
/m W)‘l#r?/m W)S“%?/to{f1<7>+f2<r>}d‘”/to {f1<v>+f2<7>}d7’

which contradicts the assumption. Hence r = r(t) is a global solution. If it is unbounded,

then from (1.2.3), we obtain

* ds . r® s & 1 1
/m w‘tlf?o/m %S’V/m {f1<f>+f2<r>}d“

which also contradicts our assumption. O

[ aw =

then any solution v = r(t) to the equation (1.1.1) with the boundary condition (1.1.2) can be

Corollary 1.2.4. If

extended globally in t and is bounded.

Proof. The left-hand side of (1.2.4) is infinite for any 7, and hence the assumption of
Theorem 1.2.3 is always satisfied. ]

Now, we study the distribution of the limit value lim r(¢) for our global solution r = r(t).

t—o00

Proposition 1.2.5. The set

L= {lim r(t) | ris a global solution to (1.1.1) with (1.1.2)}

t—o0

is dense in [0, 00).

Proof. First note that we have the zero solution, and hence 0 € L. Let [ > 0. We shall
show that
(l—el4+e)NL#0D

for any € € (0,1). Note that we may choose Ty > 0 so that

IR A o el i
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for any tq > Ty. Then, by Theorem 1.2.3, there exists globally a solution r = r(t) to the
equation (1.1.1) with the boundary condition (1.1.2) satisfying

r(tg) =1 —e>0.

Let r(t;tg) denote this solution. Since it is bounded and increasing, the limit r(oco;ty) exists
and

0<l—e<r(ooty) < 0.

By the inequality (1.2.3) with ¢ = oo, we have

/l(w) " S /: {fiﬂ G } o

Since the right hand side tends to 0 as ty — 0o, we obtain

tlim r(oostg) =1 —e.
0—00

Therefore, for sufficiently large ¢y, it holds that

r(oo;ty) € (I —e,l+¢). O

We are now in a position to prove our existence result.

Theorem 1.2.6. For any | > 0, there exists a global solution r = r(t) to the equation
(1.1.1) with the boundary condition (1.1.2) satisfying tlim r(t) = 1. Therefore, L = [0, 00).

Proof. 1f 1 =0, then r(t) = 0 is a desired solution. Hence we assume [ > 0. By virtue of
Proposition 1.2.5, there exist sequences {I;}, {/;} and solutions r;, 7; to the equation (1.1.1)

with the boundary condition (1.1.2) such that

L <ly<---—1, tlim r;(t) =1,
and
l_1>l_2>"'—>l, hmf](t):l_]

t—o00
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It follows from Corollary 1.1.3 that

ry(t) <ro(t) <--- <Ta(t) <7u(l).
Fix ty > 0, and define two positive numbers a and @ by

a=limr,(tp) and &= lim 7;(¢).

1—00 Jj—00
Choose « such that o < a < @, and let r, be a unique solution to the equation (1.1.1) with
the boundary condition (1.1.2) satisfying r,(ty) = «. Making use of Corollary 1.1.3 again,
we get

r;(t) < ra(t) <7;(t)

as long as r, exists. Since 1;(¢) and 7;(t) exist on [0, 00), so does r,. Letting ¢ — oo first,

and then i — oo, 7 — oo, we obtain

lim 7,(t) = [. O

t—o0

Let us now turn to the blow-up time problem. Namely, we shall show that for any 7" > 0
there exists a solution to the equation (1.1.1) with the boundary condition (1.1.2) satisfying
r(t) - oo ast — T.

We suppose that h(s) = max{hi(s), ha(s)} satisfies

(1.2.5) /oo % < 0.

Note that if the assumption (1.2.5) is false, then any solution is bounded (Corollary 1.2.4).
For ty > 0 and r¢y > 0, let = r(¢) be a solution to the equation (1.1.1) with the boundary
condition (1.1.2) satisfying r(tg) = ro. Such a solution exists uniquely. We denote 7(to) by
B(ro, to), which is uniquely determined by ry and t5. We define
¢(ro, to) = / M(t0)*{ha(s)* = ha(ro)*} + 72(to)*{ha(s)® — ha(r0)*} + B(ro, o))/ *ds,
0o

where

- L an 2{lo) =
nlto) = fi(to) 4 7elfo) fa(to).
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Lemma 1.2.7. The function ¢(rg,to) is well-defined for ro >0 and ty > 0, and

lim ¢(T07t0) = 0.

ro—00
Proof. Tt follows from (H-3) that (h?)'(s) > (h?)'(s — ro) for s > ro. Integrating both

sides with respect to s from 7y to s, we get
hi(s)? = hi(r0)® > hi(s — 1o)*.
Therefore, it holds that for K > 0

| P {ha(o)? = b)) + 90 {ha(o)? = halru)?} + Bros )2

o+K

< C(to) /OO [hi(s —10)* + ha(s — ro)Q]_l/QdS

o+K

< Cl(to) /: %.

Note that it follows from the condition (1.2.5) that for any ¢ > 0
K h(s)

Using the Taylor expansion formula, we have for s > r

for sufficiently large K.

hi(s)* = hi(r0)* = 2hi(pi) Wi (pi) (s — 10),
where p; € (19, s). It follows from (H-3) that
hi(s)* — hi(re)* > 2hi(ro)hi(ro) (s — 1) > 0.
Therefore it holds that

ro+K
/ 1 (t0)* I (5)” = P (r0)*} + (ko) {a(s)? = ha(ro)?} + Blro, to)?]~/ds

0

ro+K
< [2(71(to) 2Ry (ro) Ry (10) + 72(t0)2h2(7“0)h,2(r0))]_1/2/ Vs —rg

< C(to) VK min { [l (ro) by (ro)] /2, Tha(ro) iy (ro)] ™2} .
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We shall show that the right hand side converges to zero as rg — oco. Assume that h;(s)h}(s)’s

are bounded functions. Then, by virtue of (H-3), we get

hi(s)* < Cs

for some positive constant C. As a result, we have

/ > ds S0 > ds
R — =00
h(s) — NG ’
which contradicts (1.2.5). Hence h;(s)h}(s)’s are unbounded. Taking (H-3) into considera-

tion, we get

lim max {\/hl(ro)h’l(ro), \/hg(ro)h’g(ro)} — o0,

TO—0Q
and therefore
ro+K

lim M (t0)* {7 (s)? = ha(r0)*} + 7a(t0)*{ha(s)? = ha(r0)?} + B(ro, to)?]~'/?ds = 0.

ro—oo f.o

Summing up these estimates for integrations over [rg, 79 + K] and [rg + K, 00), we obtain

the assertion. |

Proposition 1.2.8. The set

B:{Te(o,oo)

13%%17’(13) = 00, where r is a solution to (1.1.1) with (1.1.2)}

is dense in (0, 00).
Proof. Let T' > 0. We shall show that

(T—e,T+e)NB#0D

for any € € (0,T). Let 1, be a solution to the equation (1.1.1) with the boundary condition
(1.1.2) satistying 7,(T") = «, and [0, T,) its life-span. By Lemma 1.2.9 below, we have

S, T) = fi(T) fo(T) /T ’ W
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Letting o — 00, we obtain from Lemma 1.2.7 that

lim 7T, =T.

a—00

Hence T, € (T — ¢, T + ¢) for sufficiently large «. O

Lemma 1.2.9. Let [0,T) be the life span of a solution r. Then we obtain

r dt
to fl (t)pr (t)q ‘

Proof. Since f;(t) > 0 and h;(s)? < h;(t)? for all s < ¢, we have

d(a,to) > fi(to)? fa(to)?

/ () ()2 )Y < () LR (2 B0 — (o) Folto) ),

to

and

[ PR R 2 < e O 07 R0 = o) Salte)

to

Making use of the equation (1.2.2) and these inequalities, we get

{ A1) f2(8)5(8)}? = { fi(to)? f2(to) % (t0) }
+ 12 f1(t0) 72 fato)*{ ha (r(2))* — ha(r(to))?}
+ 12 f1(to)* fa(to) 2 {ha(r(t))? — ha(r(t0))?},

which is equivalent to

F() [ (to)* {ha(r(£))? — ha(r0)*} 4+ 2(t0)* {ha(r(t))? — ha(ro)*} + B(ro, to)*]

o
f@p ()T

Integrating both sides from ty to T', we obtain

> fi(to)? fa(to)?

r(T)
/ [V1(to)* {1 (5)* = ha(re)?} + Y2(to)*{ha(s)® — ha(re)?} + B(ro, t)*] "/ *ds

T dt

2 il 1a()" | e
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['his implies that
¢<70 tO) S (tO) J (to)q P q O
’ ' ? to 71<t) 72<t) '

Note. For any t € (0,7'), we can prove that

S(r(),t) = F( folt)? / mﬁﬁ

Theorem 1.2.10. For any given T > 0, there exists a solution to the equation (1.1.1) with

the boundary condition (1.1.2) satisfying thrrTl r(t) = +oc.

Proof. By virtue of Proposition 1.2.8, there exist sequences {7}, {T;} and solutions r;,

7; to the equation (1.1.1) with the boundary condition (1.1.2) such that

O<to<T,<Ty<---—T, 1HrTnL-(t):oo,
and
T1>T2>---—>T, hmf](t):OO
1Ty

It follows from Corollary 1.1.3 that
T(t) <Ta(t) <--- <rp(t) <1y(F)
as long as they exist. Fix tg > 0, and define two positive numbers a and @ by
a = lim r;(ty) and &= lim 7;(t).
Choose « such that @ < a < a, and let 7, be the solution to the equation (1.1.1) with the

boundary condition (1.1.2) and r,(tg) = . Using Corollary 1.1.3 again, we get
Ti(t) <ra(t) <r(t)
as long as they exist. This estimate asserts that
T, <T,<T;

where [0,7,,) is the life-span of r,. Letting i — oo and j — oo, we obtain T,, = T. O
Now we prove the following result, which shows that the conclusion of Theorem 1.2.10 is

true even for T = oo.
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Theorem 1.2.11. There exists a global, positive and strictly monotone increasing solution
r=r(t) satisfying

lim r(t) = oo.

t—o00
Proof. Fix ty > 0 arbitrarily. Then, it follows from Theorem 1.2.8 and Theorem 1.2.10
that there exist sequences of positive numbers {7;}2,, {l;}52, and sequences of solutions

{Ti}i2y, {r; 152, to the equation (1.1.1) with the boundary condition (1.1.2) so that

O<to<Ti<Tp<--+— 0, li%m(t):oo,
and
Lh<ly<--— 00, tliglofj(t):lj'
Define
a=limrt), a= Jim 7 (to)-
Then 0 < a < @ < 0. Let r, = r,(t) be a solution to the equation (1.1.1) with the boundary

o
condition (1.1.2) and r,(ty) = «, where o < o < @. Then r,(t) satisfies
fj(t) < re(t) <Ti()

as long as it exists. Letting ¢ — oo first, we have T, = oo, and then 7 — oo we get

lim 7,(t) = oo. O

t—o00

1.3 Addendum

In the case that p = 1 and v = 0, the equation (1.1.1) becomes

o ) o h(r(®)W'(r(t) _
(1.3.1) P (t) + mr(t) - O 0,

which can be solved explicitly.
Indeed, multiplying both sides of the equation (1.3.1) by f(¢)%7(¢) and integrating from

to to t, we obtain

(1.3.2) {f) ()} = {f(to)i(t0)}* = p*{h(r(t))* — h(r(to))*}.
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Under the condition
r(0) =0 and 7(0) =0,
the identity (1.3.2) becomes
{f) (1)} = ?h(r(t))*.
Thus
F@)r(t) = ph(r(t)).
As a consequence, we can solve the ordinary differential equation (1.3.1) by making use of

the method of separation of variables.



CHAPTER 2

Equivariant harmonic maps

In this chapter, we shall construct equivariant harmonic maps between noncompact, complete
Riemannian manifolds by making use of the results established in the previous chapter.

We begin with fixing our notation and a brief review of relevant theorems for eigenmaps.

2.1 Eigenmaps

Let (S™, gsm) be the m-dimensional standard unit sphere. A map ¢ : (S™, ggm) — (5™, ggn)
is called an eitgenmap if it is a harmonic map with constant energy density. It is a well-known

result that from Takahashi’s theorem, we have the following

Lemma 2.1.1. Let ¢ : (S™, gsm) — (S™, gsn) be an eigenmap. Then all components of the
map ® =iop: S™ — R are harmonic homogeneous polynomials on R™! of the same

polynomial degree, where i : S™ — R is the inclusion map.

Thus, if we can find a family of harmonic homogeneous polynomials of the same degree,
say {®;}'1] satisfying
n+1
i@f(m) =1 for x € S™,
i=1
then we obtain an eigenmap ¢ : S™ — S™. An eigenmap ¢ : S™ — S" is said to be of degree
k if all components of ¢ are harmonic homogeneous polynomial of degree k.
There is no general theory of constructing an eigenmap ¢ : S™ — S™ for a given degree.
It should be remarked that almost all known results have been for the case of degree two.
We shall give an algorithm of constructing a new eigenmap of degree two from the old ones

of the same degree.

43
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A bilinear map F : R™ x R™ — R is called an orthogonal multiplication if for any

x € R™ and y € R" it holds that

1E (G, y)ll = llz(lflyll-

An orthogonal multiplication F' : R™ x R" — R" is said to be full if its image is not
contained in any hyperplane of R".
In the case of m = n, associated with an orthogonal multiplication ' : R™ x R™ — R/,

we obtain an eigenmap ¢ : S*™~! — S" defined by

p(x,y) = (l=lI* = llyl*, 2F (=, 9)),

which is called the Hopf construction. Moreover if F' is full, then so is ¢, that is, the image
of ¢ is not contained in any totally geodesic submanifold of dimension r — 1 in S”.

Typical examples of a full orthogonal multiplication are given by the complex multipli-
cation F' : C x C 3 (z,y) — zy € C and the quaternion multiplication F' : H x H >
(p,q) — pq € H. The former induces the Hopf fibration ¢ : S3 — 5% and the latter induces
an eigenmap ¢ : ST — S4.

We shall now deduce a necessary condition for the existence of orthogonal multiplications.
Assume m < n. Since each orthogonal multiplication ' : R™ x R — R is a bilinear map,
we can express it as

F(z,y) = Z AijTiYj,
where z = (z1,... ,2m) € R™, y = (1,... ,yn) € R" and a;; € R". Since ||F(z,y)| =

[ l{lyll, we have
(@ik, @) = Op,
(2~1-1) <aik7ajk> = 044,
(air, az) +{aq, ajr) =0 (i #7J, k#1),
which imply that for each ko (1 < ko < n) and iy (1 < iy < m), both {ay, }™,; and {a;.x}7—;

are orthonormal systems in R", and hence max{m,n} < r. Moreover, if F' is full, then

r < mn.
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Following a method due to M. Parker [30], who applied it to the case m = n, we now

define an mn x mn-matrix G(F') by

[n A12 e Alm
G(F) — 21 2 ’
Aml Am2 e In

where I,, denotes the n x n identity matrix and A;; are n x n-matrix whose entries are
(Al = (air, aj), 1<kl <n.

By virtue of (2.1.1), each A;; is a skew-symmetric matrix and A; = —A;;. Note that the
determinant of G(F') coincides with Gram’s determinant with respect to the system of vectors
{ai;}. Hence rank G(F') = r.

We consider only the case of m = 2, and prove the following existence result of orthogonal

multiplications.

Proposition 2.1.2. There exists a full orthogonal multiplication F : R* x R® — R" if and

only if r is even, where n < r < 2n.

Proof. We first prove that rank G(F)(= r) must be even whenever a full orthogonal

multiplication exists. Recall that the characteristic polynomial of G(F') is

Qet(G(F) — pulyy) = det | T W A
A (1—p)l,

where A = Ay;. Since

A —-B
det — |det[A+ v=1B][,
B A
A and B being real matrices and | - | denoting the absolute value, we have

det(G(F) — plyy) = |det[(1 — p)T, + vV=TA]|".
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Consequently, the multiplicity of the zero eigenvalue of the matrix G(F) is even. Hence r
must be even.

Define orthogonal multiplications F} : R? x R? — R? and F, : R? x R? — R* by
Fi(z,y) = (191 + Tayo, T1Y2 — T241),

Fy(z,y) = (2191, 1Y2, ToY1, TaYa),

respectively, where x = (z1,25) and y = (y1, y2). Then, they are full and satisfy

I3z, )| = (1 Fa (2, )l = NIyl

In the case of n = 2k, we decompose R™ as the direct sum of k-copies of R2, that is,
R"=R?*®---®R? Hence R x R" = (R x R?) @ --- @ (R? x R?) (direct sum of k-copies
of R* x R?). Then, for i (0 <i < k),

i-copies (k — izlcopies

Fszl@---@Fl@FQEB---EBF;

defines an orthogonal multiplication F' : R?> x R® — R*" 9 Thus for even r, where n <
r < 2n, there exists an orthogonal multiplication R? x R?** — R’.

In the case of n = 2k + 1, we have the direct sum R” = R? @ R. Associated with
the orthogonal multiplication F' : R? x R?* — R", we obtain an orthogonal multiplication

F :R? x R?*1 — R"*2 defined by

F((ﬂfl,ﬂfz), (?/1, cen 7?/2k,y2k+1)) = (F(($1,$2)> (yh S >y2k)), ($1y2k+1,932y2k+1))7

where (z1,25) € R? and (y1, ... , Yok, Yors1) € R#*FFL Hence for even 7, where n+1 < r < 2n,

there exists an orthogonal multiplication R? x R?*+! — R". O

Now we introduce a method of constructing a new eigenmap of degree two from old
known ones.
Let f:S™ — SP and g : S®™ — S7 be eigenmaps of degree two, and F : R™" x R"*1 —

R" an orthogonal multiplication. Define a map ¢ : R™™! x Rt — RPHIT7+2 by

(2.1.2) plz,y) = (f(x),9(y), V2F(z,y)).
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Then the restriction @|gm+n+1 of ¢ to SmHntl gives rise to an eigenmap of degree two from
Smintlinto SPHatr+l Moreover if f, g and F are full, then so is ¢.

Most significant case is that of m = p = 1. In this case, f : S' — S! is given by the Hopf
map, that is, f(z1,22) = (Jz1]* — |72|?, 22122), and Proposition 2.1.2 ensures the existence
of a full orthogonal multiplication F' : R? x R""' — R" for even r. Thus we obtain the

following

Proposition 2.1.3. Let g : S™ — S be a full eigenmap of degree two. Then we have a new

full eigenmap ¢ : S"T2? — STTT2 of degree two, where r is even and n+1 < r < 2n + 2.
By making use of this proposition, we can prove the following

Theorem 2.1.4. (1) (i) A full eigenmap ¢ : S> — S™ of degree two exists for n = 4 or
7<n<19.

(i) A full eigenmap ¢ : S® — S™ of degree two exists for 11 < n < 26.

(2) Let k> 3.

(i) A full eigenmap ¢ : S**1 — S" of degree two exists for k> +3k—10 < n < 2k*+5k+1.

(i) A full eigenmap ¢ : S**2 — S" of degree two exists for k? +5k —7 <n < 2k?+ Tk +4.

Note. The space of harmonic polynomials of degree two on R™*! has the dimension
m(m + 3)/2. Thus, in Theorem 2.1.4, the upper bound of the dimension of target manifold

is best possible to assure the existence of a full eigenmap of degree two.

Note. Gauchman and Toth ([18]) proved that a full eigenmap of degree two ¢ : S* — S™

exists forn =4,7or 9 <n < 13.
In order to prove Theorem 2.1.4, we use the following result.

Lemma 2.1.5 (Gauchman and Toth [18]). From a full eigenmap g : S™ — S™ of de-

gree two, one can construct a full eigenmap § : ST — S™IF2 of the same degree.
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In fact, they proved an explicit formula for constructing g from g, but we do not need it

here.

Proof of Theorem 2.1.4. (1) (i) In [18], it is proved that there exist full eigenmaps
S — S" of degree two for n = 4,7,8,9,13,15,16,17,18,19. On the other hand, it is
well-known that a full eigenmap g : S® — S™ exists if and only if m = 2 or 4 < m < 8.
Since we have an orthogonal multiplication F : R? x R* — R*, it follows from Proposition

2.1.3 that there exists a full eigenmap ¢ : S° — S™ of degree two for 10 < n < 14.

(ii) From Lemma 2.1.5 and (i) we have a full eigenmap ¢ : S — S™ of degree two for n = 11
or 14 < n < 26. Applying Proposition 2.1.3 to a full eigenmap g : S* — S* of degree two
together with a full orthogonal multiplication F' : R? x R® — RS, we can construct a new
eigenmap ¢ : S¢ — S'2 of degree two. Moreover, by making use of the result due to Wood
([44]), we can find a full orthogonal multiplication F' : R?® x R* — R*. Hence there exists
a full eigenmap ¢ : S6 — S8 of degree two defined by ¢(x,y) = (f(x),g(x), V2F (x,y)),

where f: 5% — S%is a full eigenmap of degree two and ¢ : S? — S% is the Veronese map.

(2) We shall proved by an induction argument.

Step 1. In the case of k = 3.

(i) Since there exists a full eigenmap ¢ : S — S™ of degree two for 11 < n < 26,
it follows from Lemma 2.1.5 that there exists a full eigenmap ¢ : S7 — S™ of degree two
for 19 < n < 34. On the other hand, using Proposition 2.1.3, we have a full eigenmap
o : ST — 81t+2 of degree two constructed from a full eigenmap ¢ : S° — S9 of degree
two together with a full orthogonal multiplication F' : R? x R® — R". Then Proposition
2.1.2 and (1) imply that a full eigenmap ¢ : S7 — S™ of degree two exists for n = 12 or
14 <n < 33.

Let F': R* x R* — R* be the orthogonal multiplication given by the quaternion mul-
tiplication, and let f : S% — S? and g : S — S be full eigenmaps of degree two. Then
Proposition 2.1.3 ensures the existence of a full eigenmap ¢ : S” — SPT9H5 When p = ¢ = 2,

we have ¢ : S — 89 and in the case of p = 2,q = 4, we have ¢ : S” — S, Finally, there
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exists a full orthogonal multiplication F' : R* x R* — R" for r = 8, 11. Therefore the Hopf
construction

p(z,y) = (l=lI* = lylI*, 2F (2,))  (z,y €RY)
gives rise to a full eigenmap ¢ : S” — S™ of degree two for n = 8,11. As a consequence, we

have a full eigenmap ¢ : S” — S™ of degree two for 8 < n < 34. Thus (i) is true for k = 3.

(ii) Using Lemma 2.1.5 and the above result, we have a full eigenmap ¢ : S® — S™ of

degree two for 17 < n < 43. Thus (ii) is also true for k = 3.

Step 2. (i) We assume that the statements (i) and (ii) are true up to k = [(> 3). Since
there exists an eigenmap ¢ : S?*2 — S9 of degree two for [2 + 5] —7 < ¢ < 21> + 7l + 4, it

follows from Lemma 2.1.5 that we have a new eigenmap
0 : 8% 8" for P4+Tl—3<n<202+91+8.

On the other hand, from our assumption, there exist a full orthogonal multiplication F :
R? x R?*2 — R for 21 +2 < r < 4l +4 and a full eigenmap ¢ : S¥+1 — S% for 2431 —10 <

q < 2% + 51 + 1. Thus, from Proposition 2.1.3, we have a new eigenmap
@0 : S 8" for 12451 —6<n <2*+6l+10.
Since
P+5l—6<P+7—3<2+6l+10<2®>+9]+8,

it follows that a full eigenmap ¢ : S?*3 — S™ exists for [2 + 5] — 6 < n < 2[?> + 9] + 8, that
is, [ +1)*4+3(1+1)—-10<n<2(1+1)*+5(1+1)+1.

Hence the statement (i) is true for k =1 + 1.

(ii) Since there exists an eigenmap g : S**2 — S7 of degree two for 2+ 5/ —7 < ¢ <
212 + 71 4 4, by making use of Proposition 2.1.2 and 2.1.3, we have a new eigenmap

¢:521+4—>S” for P+71—1<n<2?+10l+ 15.

On the other hand, it follows from Lemma 2.1.5 applied to the full eigenmap ¢ : S#+3 —

S? that there exists a new eigenmap

@: 8 8" for P4+71—1<q<20®+111+13.
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Noting that
202 + 101 + 15 < 20> + 111 + 13,

we conclude that a full eigenmap ¢ : S?+4 — S™ exists for 2 4+ 71 — 1 < n < 20% + 111 + 13,
that is, ([ +1)2+5(1+1) —7<n<2(+1)2+7(1+1) + 4.
Therefore the statement (ii) is also true for k =1+ 1. O

Note. Let 1 : ™ — S™ and ¢, : S™ — SP be eigenmaps of degree two. Then the composite
po 01 of 1 and s yields an eigenmap of degree four from S™ to SP. Thus, by an induction

argument, we can obtain an eigenmap of degree 2*.

2.2 Reduction of harmonic map equations

We begin with the general situation. Let (M, g1) and (Ms,g2) be Riemannian manifolds,
and I(C R) an interval. For positive smooth functions f; and fo defined on I, we consider

the doubly warped product Riemannian manifold defined by
(M7 g) = (‘[ X Ml X M2a dt2 + fl(t)291 + f?(t)292)a
where t € I.

Lemma 2.2.1. Let Fjik be the Christoffel symbols and A, the Laplace-Beltrami operator of
(M, g). Then we have

(

I =—AE) A0 (91)j-16-1 (2< 4,k <my+1),

L = =) f2(8)(92)jmm—themi—1 (M1 +2 < j k < my +mg + 1),

=0 (otherwise),

\

(L 0 .
Fjlzrlj:fl—(t)w (2<j<mi+1),

=0 (otherwise),
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(L 0 ;
Fjlzrlj:fQ—@)(Si' (m1+2<j<mi+mp+1),

Fjik _ QFjik (m1+2<j,k<my+mg+1), and

L =0 (otherwise),

A O\ !
b= gat (mlflw *”%(t)) A G A0

Here x1 =1t € [, (.CEQ,. .. 7-Tm1+l) S Ml,($m1+2,. .. 7-Tm1+m2+1) < MQ, my = dili, and
mey = dimMs. Also, we denote by ’Tjik (resp. A,) the Christoffel symbols (resp. the Laplace-
Beltrami operator) of (M,, g,).

Let (M, 1) and (My, §;) be Riemannian manifolds, I(C R) an interval, and hy and hs

nonnegative smooth functions on I. We consider a product map u defined by

w: (I x My x My, dt* + fi(t)*g1 + fa(t)*g2) 2 (t,2,y)
(2.2.1)

= (r(t), (@), (y)) € (I x My x My, dr® + ha(r)*gi + ha(r)*ga),

where r: I — I, ¢ : M; — M, and ¢ : My — M, are smooth maps. The tension field 7(u)
of the map wu is computed as follows.
In local coordinates, z = (z;) € M, u(z) = (u®(x)) € I x My x My, the components of
the tension field 7(u) is given by
mi+ma+1ni+na+1
@ @ T o auﬁ ou”

1,j=1 Byy=1

Then, from Lemma 2.2.1, we have
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Lemma 2.2.2.
(o — it s (B0 RO
T(u)! = (t)+< O QfQ(t)> ()
Ry (r(@) b (r(t)) hy(r(£))ha(r (1))

_26(90) fl (t)2 - 26(15) fg(t)2 )
1 a—1

T(”) = f1<t)27-<90> (2 <as n1+1)7
! o-ni-1 n a<n+n

\r(u) =f2<t)27<w> (m+2<a<n +n+1),

where e(p) and T(p) denote the energy density function and the tension field of ¢ : (M, g1) —
(My,§1), and e(v)) and 7(1) denote the energy density function and the tension field of
¥ i (Ma, o) — (Mo, §2), respectively.

Proposition 2.2.3. Let u: (I x My x My, dt*+ fi(t)?g1 + fo(t)?g2) — (1: X My x My, dr?+
hi(r)?g1 + ha(r)%Ga) be a map as in (2.2.1). Then u is a harmonic map if and only if the

following two conditions hold:

(1) r=r(t) is a solution to the following ordinary differential equation

F(t) + ( fi(1) + s fQ(t)) P (t)

(22.2) SO0
—2e(¢)h1<r<;)1>f;12(r(t)) — 2e(w) hz(r(;z)(i;;(?“(t)) .

(2) ¢ : (My,g1) — (My, 1) and ¥ : (Ma, g3) — (My, §s) are harmonic maps with constant

energy density, that is, ¢ and ¢ are eigenmaps.

Now, making use of Proposition 2.2.3, we shall construct equivariant harmonic maps

between noncompact space forms.
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2.3 Constructions of equivariant harmonic maps

2.3.1 Join parameterization

We introduce the join parameterization of real hyperbolic spaces, which is an analogue of
that for standard unit spheres due to Smith([34]).
We consider the hyperboloid model of the real hyperbolic space RH™ ! that is,

RH"™ P = {(zg, 1, -, &myp1) € R | —aftai+-tad = —1, 2> 0}
For any z € RH™™*! there exist z € RH?,y € S™ and t € [0, 00) such that
z = ((cosht)z, (sinh t)y).

Note that z and y are uniquely determined for ¢ > 0. Define a map f : [0,00) x RH? x §™ —
RH™ 7! by
F(t,,y) = ((cosh )z, (sinht)y).

Then the pull-back metric of the standard metric § on RH™ ™! via f is given by
f*§ = dt* 4 (cosh® t)g; + (sinh?t)gs,

where ¢; (resp. go) is the standard metric on RH? (resp. S™).
Let ¢ : RH? — RH? ¢ : S™ — S™ be eigenmaps, and 2¢(¢)) = pu?, 2e(p) = v*. Then
the map
w: RHE™PH S (t2,y) — (r(1), ¥(@), ¢(y)) € RE™HH

is a harmonic map if and only if r = r(¢) is a solution to the following ordinary differential

equation:

cosht sinh ¢

F() + {p sinh ¢ e cosht} H1)
(2.2.3)

p v? '
- {cosh2t * sinh? t} sinh r(¢) coshr(t) = 0.

In order for u to be continuous, we require that r = r(t) satisfies

limr(t) = 0.

t—0
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The equation (2.2.3) is a special case of the equation (1.1.1), where ¢ = m, fi(t) =
cosht, fo(t) = sinht, and hy(r) = he(r) = sinhr. Since these functions satisfy the con-
ditions (F-1) through (F-4) and (H-1) through (H-3), respectively, a solution r = r(t) to the

equation (2.2.3) exists globally. Moreover, since

© dr _
- 00
sinh r ’

we have a global, strictly monotone increasing, and unbounded solution r = r(t) to the

equation (2.2.3) (see Theorem A in Chapter 1).
In particular, let p = ¢ and v : RH” — RHP? the identity map. Then, from Theorem

2.1.4, we have the following
Theorem 2.3.1. There exists an equivariant harmonic map v : RH™ Pt — RH"™+p+1,

Here n(m) is the integer for which an eigenmap ¢ : S™ — S™™) egists.

On the other hand, when m = 1, there exists a family of eigenmaps S' 3 z — 2F € S*,

where k € Z and z € C. Thus we obtain

Theorem 2.3.2. Let m > 3. Then there exists a family of harmonic maps from RH™ onto

itself, which is parameterized by Z.

Proof.  Since the equation (2.2.3) has a global, strictly monotone increasing, and un-

bounded solution r = 7(t), if we define u : RH’*? — RHP*? by
w: RAP™ 5 (t,2,2) — (r(t), z, 2") € RHP™ (r € RH?, z € 1),

then u is a surjective harmonic map. O

2.3.2 Warped product manifolds
Let M = ([0,00) x S™,dt* + f(t)*gsm) and N = ([0, 00) x S™ dr* + h(r)*gsn), where t,r €

[0,00). Let f = f(t) and h = h(r) be smooth functions on [0, 00) satisfying f(¢) > 0 and
h(r) >0 for t > 0 and r > 0. If f and h satisfy
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then M and N are smooth Riemannian manifolds diffeomorphic to Euclidean space.
Let ¢ : S™ — S™ be an eigenmap with 2e(p) = p?. Then a product map u(t,z) =
(r(t),p(x)) is a harmonic map if and only if 7 = r(¢) is a solution to the following ordinary

differential equation:

" [, 2 h(r ()1 (r(t))
224 7(t) + m—-=r(t) — = 0.
(2.2.4) (t) 0 (t) —n 02
In order for u to be continuous, we require that r = r(t) satisfies
Pi% r(t) =0.

Then Theorem A and Theorem B in Chapter 1 imply the following result.

Theorem 2.3.3. Let f = f(t) and h = h(r) be smooth functions on [0,00) and R, respec-
tively. Assume that f and h satisfy the following conditions:

.

f(0)=0, f(0) =1, f(t) >0 and f(t) >0 for t>0,

O<m@—1 fort >0, i<oo,

@) ft)

h(0) =0, K'(0)=1, h(r) >0 forr>0 and (h*)"(r) >0 forr€R.

\

Then, if there exists an eigenmap ¢ : S™ — S™ then we can construct an equivariant

harmonic map

u: ([0,00) x 8™, dt? + f(t)%gsm) D (t,z) — (r(t), p(z)) € ([0,00) x S™ dr?* + h(r)gsn).

As applications of this theorem, we now illustrate few examples of equivariant harmonic

maps.

Case 1. Let f(t) = sinht and h(r) = sinhr. Then M and N are isometric to the real

hyperbolic spaces of dimension m + 1 and n + 1, respectively. Since these f and h satisfy

the conditions in Theorem 2.3.3 and



26 CHAPTER 2. EQUIVARIANT HARMONIC MAPS

there exists a global, strictly monotone increasing, and unbounded solution r = r(t) to the

equation (2.2.4). Therefore, from Theorem 2.1.4, we obtain the following

Theorem 2.3.4. (1) (i) A full equivariant harmonic map v : RH® — RH" exists forn =5
or 8 <n < 20.

(ii) A full equivariant harmonic map u : RH" — RH" exists for 12 < n < 27.
(2) Let k> 4.
(i) A full equivariant harmonic map u : RH?** — RH" ezists for k>+k—12 < n < 2k>4k—2.

(i) A full equivariant harmonic map u : RH*™ — RH" eists for k> + 3k — 11 < n <
2k? + 3k — 1.

Note. From the eigenmap S' > 2z — 2 € S! (k € Z), we obtain an equivariant harmonic
map u : RH?> — RH?. However, u is holomorphic or anti-holomorphic. Indeed, using the

Poincaré disc model D?, it is given by D? 3 z s zF € D2.

Case 2. Let f(t) =sinht and A(r) = r. Then M and N are isometric to the real hyperbolic
space and the real Euclidean space, respectively. Since these f and h satisfy the conditions

in Theorem 2.3.3, there exists a global solution r = r(t) to the equation (2.2.4). Moreover,

it holds that
/ < dr e
hr)

Thus, from Theorem 2.1.4, we obtain the following

Theorem 2.3.5. There exists a family of equivariant harmonic maps from RH™ into

R™M™+1 each of which has a bounded image.

Recently, Nagasawa and Tachikawa studied the case where

oo MQ 1/2 B
/ \/m)? Rt T

and proved, for example, the following
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Theorem 2.3.6 ([28]). Let M = (R x S™ dt? + f(¢)*d6?) and N = (Ry x S™ dr* +
h(r)%dy?). Assume that, in addition to the conditions (F-1) through (F-3) and (H-1) through
(H-3), f and h satisfy

iahf =00 and / idr < 00.

f(t) h(r)

Then there exists no equivariant harmonic map from M to N except constant maps.

As a corollary, there is no equivariant harmonic map from R™ to RH", which was
independently proved by Tachikawa([35]). See also [2] and [36].

In consequence, it is observed that the existence or non-existence of equivariant harmonic
maps is closely related to the growth orders of warping function, f and h, when ¢ and r tend

to 0o, respectively. We shall investigate a related non-existence result in the last chapter.






CHAPTER 3

Dirichlet problem at infinity for harmonic maps

between Damek-Ricci spaces

3.1 Damek-Ricci spaces

3.1.1 Generalized Heisenberg algebra

We start this section with a brief review of generalized Heisenberg algebras due to Kaplan
[21].

Let (n,(, )s) be a 2-step nilpotent Lie algebra with inner product { , ),, 3 its center
and v the orthogonal complement of 3 in n with respect to (, ),. Since n is 2-step nilpotent,
adv|, is a map from v to 3 for any v € v. We set ¢, := {u € v | adv(u) = [v,u] = 0} and
consider the orthogonal decomposition v = ¢, ® v, with respect to (, ),. We call (n, (, )n) a
generalized Heisenberg algebra if adv|,, : v, — 3 is a surjective isometry for any unit vector
[ASH R

Generalized Heisenberg algebras can be constructed systematically in the following fash-
ion: Let (u,(, )y) and (v,({, ),) be real vector spaces equipped with inner product. Let
[ u X v — v be a composition of quadratic forms, that is, p is a bilinear map satisfying
l(u,v)|o = |uly|v]y for all w € u and v € v. Note that p: u x v — v satisfies p(ug,v) = v
for some ug € u. Indeed, for any given uy € u, set 7' : v — v by T(v) := p(ug,v). Then
W (u,v) = p(u, T~ (v)) satisfies p/(ug,v) = v. Hence we may suppose p(ug,v) = v. Define
¢:0XxX0—uby

(u, 60,0 ))a = ({1, 0),0' ),
Let 3 be the orthogonal complement of Rug = {ruo | € R} in u, 7 : u — 3 the orthogonal

projection and n the direct sum n := v @ 3 of v and 3 with the natural inner product. Define

59
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a Lie bracket on n by
(3.1.1) [0+ 2,0 + 2] := 7o p(v,0').

Theorem 3.1.1 ([21]). n, equipped with the above inner product and a Lie bracket, is a
generalized Heisenberg algebra. Conversely, any generalized Heisenberg algebra arises in this

manner.

Regarding the existence of a composition of quadratic forms, we remark the following.

Let p be a function defined on positive integers by
p(n) :==8p + 2% if n = (odd number) x 2% 0 < ¢ < 3.

Then it is known by Hurwitz, Radon and Eckmann that a composition of quadratic forms
pux v — v exists if and only if 0 < dimu < p(dimv). Therefore we may conclude (see

[21]):

Fact. Given integers m,n > 0, there exists an (n + m)-dimensional generalized Heisenberg

algebra with m-dimensional center if and only if 0 <m < p(n).

As a consequence, we can construct a rich variety of generalized Heisenberg algebras and

Damek-Ricci spaces as well.

3.1.2 Damek-Ricci space

Let (n,(, )n) be a generalized Heisenberg algebra, a a one-dimensional real vector space
and h a unit vector in a. Since n = v & 3, any element of n is written uniquely as v + z with
v € v,z € 3. Now we define on the linear space s := a @ n a canonical inner product and a

Lie bracket by

(th+v+z,t'h+ v +2") =t + (v+ 2,0 + 2'),,

[th+v+2,t'h+v + 2] =t —t'v+ 2tz — 2t'2 + 2[v + 2,0 + 2'],,
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where [, ], is the Lie bracket on n defined by (3.1.1). In this way, s becomes a Lie algebra
with an inner product. The simply connected Lie group S associated with s, equipped with

the left invariant metric gg, is called a Damek-Ricci space.

Example. Let v = R* u = R? and u(z,v) = (—y, ), u(w,v) = (z,y), where {z,w} is
an orthonormal basis of R? and v = (z,y) € R¥ @ R*. Then n is a (classical) Heisenberg
algebra and (S, gg) is isometric to the complex hyperbolic space whose sectional curvature
K satisfies —4 < K < —1. The quaternion hyperbolic space and the Cayley hyperbolic
plane are also Damek-Ricci spaces. These three spaces are called classical (cf. [8]). Thus

Damek-Ricci spaces are generalizations of rank one symmetric spaces of noncompact type.
Let V be the Levi-Civita connection on (S, gs). Using the formula
VY. Z) = ([X,Y], Z) + (Z.X],Y) + ([Z.Y]. X)
for XY, Z € s, one obtains

(
VX =0, Vxh = —[h,X],

1
Vv = (v,v'Yh + é[v,v’],

| V.2 = 2(z,2)h,
where X € s,v,v" € v, 2,2 € 3 and pu is the composition of quadratic forms in the definition

of n. Then the following results have been proved.

Theorem 3.1.2. (1) A Damek-Ricci space is a symmetric space if and only if it is classical
(7], 18))-
(2) A Damek-Ricci space has strictly negative sectional curvature if and only if it is classical

([13]).

In fact, Damek constructed a simple example of Damek-Ricci space whose sectional

curvature attains zero for some two-dimensional plane. Other examples have been given
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in [5]. The second assertion was first proved by Boggino [4]. However, his proof needed a
refinement which had been accomplished by Dotti([13]), see also [23]. The above theorem
claims that every non-symmetric Damek-Ricci space has two-dimensional planes for which
the sectional curvature vanishes.

We refer to [5] for further information about the geometry, in particular about the sec-
tional curvature, of the Damek-Ricci spaces.

Finally, we estimate the bottom spectrum A;(S) of the Laplace-Beltrami operator for S

with the left invariant metric.

Lemma 3.1.3 ([9]). Let (r,w) be the polar coordinate on (S, gs) around an origin. Then

the volume form dvg of S is given by
dvg = 27" (sinh )" (sinh 2r)"drdo (w),

where n = dimov,m = dim}j and do(w) is the surface element of the standard unit sphere

Sn+m

From this lemma and the fact \(S) > inf(Agr)?/4, where Ag denotes the positive

Laplace-Beltrami operator, we obtain the following

Corollary 3.1.4.

A (S) > =(n+2m)>.

| =

Note. Damek and Ricci [10] proved that the equality holds in the above inequality.

3.2 Harmonic maps between Damek-Ricci spaces

In this section, following Donnelly [12], we shall prove the existence and uniqueness of

solutions of the Dirichlet problem at infinity for harmonic maps.
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3.2.1 Harmonic map equation

We compute explicitly the tension field of a harmonic map between Damek-Ricci spaces. Let
(S, gs) be a Damek-Ricci space with left invariant metric gg, and set s =a@n=ad v D 3.
Take the unit vector h € a such that ad h(v) = v, adh(z) = 2z for any v € v,z € 3 and
an orthonormal basis {h,v1,... ,v,, 21,... ,2m} of 5, {v;} (resp. {#;}) being an orthonormal

basis of v (resp. 3). We define a map ¢ : R x N — S by

©(t,n) = n(exp(th)),

where N is the simply connected Lie group associated with n and exp is the exponential

map on a. Then the induced metric ¢*gg is given by
P gs = dt* +e g, +e Mg,

where g, + g; is a left invariant metric on N. Setting y = e, one can verify that (S, gs) is

isometric to M := R, x N with the Riemannian metric

gu =y Ay +y g +y g,

where Ry = {r € R | » > 0}. A straightforward calculation then yields that the Levi-Civita

connection V on (5, gg) is given by

Van=—y'n, Vyui=—y v, Vyz=-2y"'z,
1 1 & &
(3.2.1) Vo5 =y~ ijn + 2 Z a; 2k,
k=1
1 i -
vvizk = Ey 2 Ciji?}j, vzkzl = 2y 36kl777
\ 7j=1

m
kj are the structure constants, [v;,v;] = Zaikak, n = 0/0y and, v; and z are

k=1

where a;

regarded as left invariant vector fields on S.
Now we compute the tension field. Let (.5, gs) and (5, gs) be Damek-Ricci spaces and
u e C*(S,S"). We represent (5, gs) (resp. (S, gs)) as

Ry X N,y 2dy* +y g0 +y~'g;) (vesp. Ry X N, g 25" + 7 290 + 7 *9y)),
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where y,y € Ry and n = v + 3 (resp. n’ = v’ + 3’) with dim v = n (resp. dim v’ = n’),
dim 3 = m (resp. dim 3’ = m’). Take an orthonormal basis {v1,... ,v,,21,... ,2m} (resp.
{U1,... ,Opr, 21, , Zm }) Of 0 (resp. ') as above, and denote their left invariant extensions

on S by the same letters. Let

( o) ( o)
€0=a—y, fozﬁ_g’
e, =v; (1<i<n), fa=7a (1 <a<n),
lei =20 (n+1<i<n+m), fo=Zaw (W +1<a<n/+m),
\

and
uj = foldu(e;)), uf=e;-ui, 7%(uw) = fi(r(u)),

where f* is the dual frame of f,. Then, since the tension field of u is given by

n

T(u) = Z(@eidu(ei) —du(Ve;)) =0,

=1

we get
( - n+m
nguo—l— l—n—2m uoy Zgu
n+m e ) -
EDI0SITREI) ol ST
= =0 f=n'+1
n+m m
(3.2.2) Zg“ua+ (1 —n—2m)ufy — 2(u° ngoa
ntm nn/+m

ZQ”ZZU BF”” (1<a<n),

1=0 B=1~vy=n'+1
n+m n+m

Zg“ua—i— (1—n—2m)udy — 4(u Zg“ 092

n+1<a<<n+m),

\

where u” = (u), and (g;;) denotes the matrix component of the metric gy, (¢%) its inverse

matrix. Note that u; # uf; because [v;, v;] # 0.
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3.2.2 Uniqueness theorem

Let S and S’ be Damek-Ricci spaces and assume that they are represented as in Section
3.2.1. We denote by S (resp. S’) the Eberlein-O’Neill compactification of S (resp. S’). Then
{y = 0} x N (resp. {y = 0} x N’) represents the ideal boundary, 95 (resp. 95’), except a
point in 95 (resp. 05") (cf. [6]).

Let u € C?(S,S") be a proper harmonic map. First, we investigate a necessary condition
for the existence of a C%-extension u : S — S’ of u, and then prove the following uniqueness

theorem.

Theorem 3.2.1 (Uniqueness theorem). Let u and w be proper harmonic maps between

Damek-Ricci spaces S and S'. Suppose u,w € C*(S,S") and f = ups = wyps. If

n+m n'+m’

Z Z (f])? >0 on 0S,

j=n+1~y=n/+1

then u=w on S.
In order to prove this theorem, the following lemma plays an important role.

Lemma 3.2.2 ([12], [26]). Suppose that w € C*ALS N COALS is a 1-form defined on a

n+m

neighborhood of p € 0S. Let w = Zwie* where {ef} is the dual coframe of {e;}. Then

79

=0
there exists a sequence of points {qx} C S such that q. — p and
n+m 3
]:

Using this lemma together with 7(u) = 0, we obtain the following necessary condition.

Lemma 3.2.3. Let u € C*(S,S’) be a proper harmonic map. Then at the ideal boundary

we have the following:

n  n'+m’

WYY W=

§=0 B=n/+1
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n n n n'+m n—+m ’I'L/er/
(2) (n+2m)(up)* - (W) (ug)* =2 > ()’ =2 ), > (u))*=
j=0 p=1 =0 B=n/+1 j=n+1B=n'+1

(3) (1+n+2m)ug(ud)? - S =0 (1<a<n),
(4) 2+n+2mujusy =0 (0 +1<a<n +m).

Proof. Since u € C?(S,S5’) is proper, we have v = O(y) and lim,_ou’y~' = u).
Multiplying by (u°)%y~2 both sides of the first equation in (3.2.2), we let y — 0. Then, by

virtue of Lemma 3.2.2, the first term on the right hand side tends to 0. Hence we obtain (1).

The rest of the statement follows similarly if we multiply the first, second and third

equations in (3.2.2) by (u®)3y=*, (u®)?y~3 and u’y~3, respectively. O

Since ug; = 0 (y > n' + 1) at the boundary and ddu = 0, we have

(3.2.3) wh=— > T)"ufuf (0<j<nn'+1<y<n +m).

pr=1

Substituting this into the equation (3) of Lemma 3.2.3 and adding the result in «, we get

(3.2.4) (14 n + 2m)(uf Zuo +Zn:nf (Z Cjﬁ"uguﬁ> = 0.

7=0 y=n/4+1 \a,B=1

Now we can deduce the following

Proposition 3.2.4. Let u € C*(S,S’) be a proper harmonic map. If f = ujas satisfies

n+m n'+m/

o> WY

j=n+1~y=n/+1
then at the ideal boundary u must satisfy ud > 0,u§ =0 (1 < o <0’ +m') and uly = upy =

0(1<k<nn+1<p<n+m).
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Proof. The assumption on f implies that the fourth term in the equation (2) of Lemma

3.2.3 never vanishes. Thus u) > 0, which implies

n/

ug =0, wugp =0 and Z Fojgnlu‘.lu@ =0

VA
a76:1

from the equation (4) of Lemma 3.2.3 and (3.2.4). Finally, (3.2.3) implies u,, = 0. O

When S and S’ are real hyperbolic planes, this proposition means that a proper harmonic
map must be conformal at the ideal boundary.

By Proposition 3.2.4 we get the following

Corollary 3.2.5. We have

ug =0(y) (1 <a<n),
uy =oly) (M+1<a<n+m).

We shall now complete the proof of Theorem 3.2.1.

If we write

u(y,n) = (y(u),n(u)), wly,n) = (y(w),n(w)), f(n) =n(f),
then it holds that

d(u, w) < d((g(u),n(u)), (H(u),n(f)))
+d((y(w), n(f)), (@(w), n(f))) + d((G(w), 2 (f)), (G(w), n(w))).

From the explicit expression for the metrics and n(f) = n(u(0,n)), we see that the first term

on the right hand side of (3.2.5) is

v 19 y n’ n'4+m’
/0 a—?(u(t,n))‘dtﬁ/() [t‘lz\u8]+t_2 > yug|] dt = o(1).

a=1 a=n'+1
The last estimate in the above follows from Corollary 3.2.5. Similarly, the third term is O(y).

(3.2.5)

On the other hand, the second term on the right hand side of (3.2.5) is

log %‘

u’(y,n)
S w0y, n)|
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Since u)((0,7n)) and w)(w(0,n)) are uniquely determined by f and positive, we have

o] - o0

w)

Therefore d(u,w) = 0 at the ideal boundary. Hence the maximal principle ([33]) implies
Theorem 3.2.1.

3.2.3 Existence theorem

To show the existence of a solution of the Dirichlet problem at infinity, we use the heat flow
method due to Li and Tam [25]. As we see in the previous section, Damek-Ricci spaces are
homogeneous spaces of nonpositive sectional curvature and have positive bottom spectrum
of the Laplace-Beltrami operator. Therefore, we can apply the general existence theory [25,
Theorem 5.2| if there exists a suitable initial map. Indeed, h in Proposition 3.2.7 can be
taken as our initial map.

The decay order of the tension field of the initial map can be estimated by the following

Lemma 3.2.6. Let h € C*¢(95,05") (0 < € < 1). If h satisfies (1) through (4) (with u
replaced by h) in Lemma 3.2.3 at the ideal boundary, then its tension field 7(h) has the

following decay order as y — 0 :

m(h) =0(y'™*) (0<a<n),
7(h) =0W**) (W +1<a<n +m).

This lemma follows easily from the Taylor expansion of 7%(h) in (3.2.2) with respect to

Y.

Proposition 3.2.7. Suppose that f € C*(9S,05") (0 < & < 1) satisfies

f]:() 1<j<nn+1<y<n+m),

n+m n/+m’

> D o

Jj=n+1~y=n/+1
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Then there exists an h € C*3(S,5") such that h = f at the ideal boundary and ||7(h)| =

O(y°), where ||T(h)|| is the norm of the tension field in the Riemannian metric.

Proof. Let ¢ > 0 be a unique solution of

n+m  n'4+m’

e+ 2md =SSR -2 Y S (R =0

j=1 p=1 j=n+1 B=n'+1
Since f € C¢, we have ¢ € C*(9S). Set h(y,n) := (yp(n), f(n)). Then h € C*¢(dS,09").

Moreover, it is easy to verify that h satisfies

.

ho = 9,
h§ =0 (I1<a<n+m),

hgozo (W+1<p<n+m),

(Po=0 (1<j<nn'+1<y<n/+m),
and h = [ at the ideal boundary. Lemma 3.2.6 and the explicit expression for the metric

then imply [|7(h)| = O(y°). O
Next we construct a comparison function.
Lemma 3.2.8. For sufficiently large rq and some constant s, define

e (r <rp),

If 0 <s < n+2m, then v is a superharmonic function on S. Here r is the distance function

as in Lemma 3.1.3.

Proof. 1t follows from Lemma 3.1.3 that the Laplace-Beltrami operator on (S, gs) has

the form
0? coshr cosh2ry 0
Ag=—— — 2 — herical part).
° or? <n sinh r N " sinh 27’) or + (spherical part)
A straightforward calculation then yields the lemma. O

Now we prove the main theorem of this section.
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Theorem 3.2.9 (Existence Theorem). Suppose that f € C*(95,05") (0 < e < 1) sat-
isfies

[i=0 Q<j<nn/+1<y<n'+m),

n+m n'+m’

Yo

j=n+1~y=n’'+1
Then there exists a harmonic map u : S — S, which is continuous up to the ideal boundary

and assumes f as the boundary value.

Proof. For a map v : .S x [0,00) — S’ consider the heat equation for harmonic maps

ov
S (@) =7()(,1), (2,1) € 5 x[0,00),
v(x,0) = h(z), x €S,

where h is the map constructed in Proposition 3.2.7. Since the initial map h satisfies the
conditions in [25, Theorem 5.2 |, a solution v exists globally in time ¢ and converges to a
harmonic map v, as t — oo.

We shall show that © = vy, has f as the boundary value. Let ¢ be a supersolution in

Lemma 3.2.8, then (cf. [20])

0
(5 +2s) (hol? ) <0

and
(-, ) I* = et = ([T (R)[|* — e,
where v, = Jv/0t. Taking s = 2¢ and ¢ sufficiently large, we may assume
o (-, 0)|I* = e = [|7(R)[|* — ey < 0.

Therefore the parabolic maximum principle implies

llvg(z,8)|| < ce™®",  for all (z,t) € S x [0,00).
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By virtue of [25, Lemma 5.1], we have
[ve(z, )| < cre™

for some constants ¢q,cy > 0. Then for any T > 0

T 00

Joue. Ot + [ e t)as

T

@wmumséﬁM@mw$ﬁ

< e @ 4 e
Choosing T' = er, we get
ce @7 and cie T -0 asr — .

Therefore, ds/(u(z), h(z)) — 0 as x — 9S and u = h = f at the ideal boundary. O

Note. Our result remains true, with necessary modifications, when the target manifold is

replaced by the real hyperbolic space.






CHAPTER 4

Non-existence of proper harmonic maps from complex

hyperbolic spaces into real hyperbolic spaces

In this chapter, we investigate proper harmonic maps from the m-dimensional complex
hyperbolic space B™ to the n-dimensional real hyperbolic space D". Our goal is to prove

the following non-existence result.

Theorem 4.1.0. Let m,n > 2. Then there is no proper harmonic map u € C*(B™,D")
which has C*-reqularity up to the ideal boundary.

The Cl-regularity assumption up to the ideal boundary, supposed for proper harmonic
maps in Theorem 4.1.0, plays a crucial role in our proof. Indeed, in the last section, we show
that there exists a counter example to this theorem if we relax its regularity condition up to

the ideal boundary.

4.1 Proof of Theorem

Let (B™, g) and (D™, ¢’) be the ball models of the m-dimensional complex hyperbolic space

and the n-dimensional real hyperbolic space, respectively. Namely,

1 - PN

ij=1

Dn _ ({x c Rn | ‘1‘| < 1}’ g/ — ﬁz(d:ﬁ)2> )

i=1

where z = (2!,...,2™) € B™ and z = (z',... ,2") € D" are the canonical Euclidean

coordinates. We endow the Eberlein-O’Neill compactification B™ (resp. D) with the nat-
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ural smooth structure inherited from C™ (resp. R™), and regard it as a submanifold with

boundary in C™ (resp. R™). With these understood, we have the following

Lemma 4.1.1. (1) Let g3, Fjik and Agm be the components, the Christoffel symbols and

the Laplace-Beltrami operator of Bergman metric g, respectively. Then we have

( . .
g = (1= 27 = [21%)d;; + 227},
Fjik = (1—|2]*) 7 (Fou + 2"0y5),

m 2

iy 0
Aprm = (1=]2[") Y (65— 2 ?) s

\ 4,j=1

(2) Let g5, f‘ﬁ‘ﬂ/ and Apn be the components, the Christoffel symbols and the Laplace-

Beltrami operator of Poincaré metric ¢', respectively. Then we have

( 1

gaﬂ:m%ﬁ,

M« 2 B8 vy @

Ui = Ay Do 0 = 2030

Apn = (1 — |z]?) Z +2(n —2)(1 — |z*) Zx 0
£ 0m°‘0 2 dae”

\

Following [24], we define a family of global vector fields N and X;, 1 < j < m, on C™
in the following manner:

0
0z

N = 2

VL

@
Il
MR

0 0 0
— Lizi —
(6ij — 2'27) = e ( Zj,N)N,

Ms

X; =
1

(2

where (-, -) denotes the standard Hermitian inner product on C™. Then we get
Lemma 4.1.2 ([24]). (1) N + N is the outer normal vector field on OB™.

(2) {X;+X;, V-1(X; - X}), V-1(N = N)}", is a basis of the tangent space T,0B™ at
each p € OB™.
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Moreover, we obtain the following
2

Lemma 4.1.3 ([24]). Let L = Z bij — 27 ) e O Then

021071

i,7=1

MS I

1

<.
Il

ZX X4 (m— |2 )N+ (1 — [2[) NN

X;X;+ (m— |2 )N+ (1 —[z]))NN

In terms of our frame fields, the tension field of u is expressed as follows.

Lemma 4.1.4. For u € C*(B™,D") we have

) = (1 [P L+ 2

{(Nu*){Nu,u) + (Nu®)(Nu,u) — u®|Nu|*}

S ) K ) + (Ku®) (X, w) — | Xjul?),

where a(u)(z) = (1 — |[u(2)]?)/(1 = |2]?) and u(z) = (u'(2),...

yu"(2))-

Proof. In our coordinates, the tension field of u € C?(B™, D") is given by

(W) = A+ 33 GRS (u(2))uf

1,7=1 B,y=1
Hence, from Lemma 4.1.1, we have
m 82 @

() = (1= [2) D (6 = 25)

i,7=1

n

+2(1 = 2 = u(z)) DD (6 — ') (u

1,j=1B,vy=1
n

v

(U2 S0y + U 0p + uo‘éﬁv)uZuj@

= (1 — |2|*)Lu® + 2a(u)(z) " Z[ (65 — 227 )u }uﬁuﬁ
1=1

p=1 j=1

m

=1

= (1= |s) L

n m

+ 2a(u)(z) ™ Z{ u? + (Xjuﬁ)u?uﬁ

:1 ]:1

. {2(5@‘ B lej)uf}ujguﬁ + {z::(éw - ZZZJ>U16}UOCU]6]

+ (Xt} = (1)
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From the formula 8/0%7 = X; + 2/ N, we then have

(1) = (1 — |2]*)Lu

n m

+ 2a(u)(z) ™ Z{ A(XuP 4 27 NuP)

=1 j=1

+ (Xu W’ (X ju® + 27 Nu®) + (Xu?)u (X0’ + 22 NuP)}

= (1—|z]*)Lu
+(1- |Z|2)a(u2)(z) {(Nu®) (W’ Nu”) + (Nu®) (u’ Nu”) — u®(Nu”) (Nu”)}
G=1
Z {(Xju®) (X ) + (Xju®) (o Xju) —u® (Xu”) (X)) O
1:1 p=1

In order to investigate the asymptotic behavior of proper harmonic maps, Li and Ni

proved the following

Lemma 4.1.5 ([24]). Assume f € C*(B™) N CY(B™). Then we have

1=z
hm —_—
»—oB™ E(Z)Zm

/ (FLE)(Q)dC =0,
B(z,e(2))

where €(z) = (1 —|2|)/2 and B(z,e(z)) is the open ball in (C™, gcm) with the radius (z)

centered at z, and d¢ is the volume element of (C™, gom).

As a corollary of this lemma, we have the following result, which is in essential use in our

proof.

Corollary 4.1.6. Assume u € C?(B™,C") N CY(B™, C"). Then for any point p € OB™
there exists a sequence {zj};’il C B™ satisfying the following properties:
1) 5 —p ().

(2) lim (1~ |2, P) (Luu)(z;) = 0.

J—00

We first prove the following result.
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Proposition 4.1.7. Let m,n > 2 and u € C*(B™, D") N C*(B™, D). If u is a proper

harmonic map, then the boundary value of u is a constant map.

Proof. Since u® € R and 7(u)* = 0, we have

0 = a(u)(2)(1 — [2[*)(Lu, u) +2(1 = [2[*) 2 Nu, u)|* — Juf*|[ Nul?)
+2) (21X, 0P — ul’ | Xul?).

j=1
For p € OB™, let {z;}52, be a sequence satisfying the conditions in Corollary 4.1.6. Then,
since u € C*(B™,D"), it follows from Corollary 4.1.6 that

Jim a(u)(z)(1 = [2)(Lu, u)(z) =0,
Jim 2(1 = [2) 2/(Nu, w)* = [ul*|Nuf)(z)) = 0.
Thus we conclude that .
QZ (Xju, u)l Z]Xu|2 at p,
=1
and hence j

2> [(Xju,u)> =) |Xul> on oB™.
j=1 j=1
On the other hand, on 9B™, it holds that
0= X;lul* = 2(X;u, u).

Therefore .
> IXul> =0,
j=1

which asserts that
Xju*=0 onodB™ for 1<j<m, 1<a<n.
Since u® € R, we obtain

Xjuazo on 0B™ for 1<j<m, 1<a<n.
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Moreover, from Lemma 4.1.3, we have

(m—1)(N—-N)=> (X;X; - X;X;) onoB™
j=1
Hence .
(m—1)(N Z X;)u*=0 onoB™.
Thus w is a constant map at the ideal boundary. O

Proof of Theorem. Let {r;}32, be a sequence such that 0 < r; <1, 7; T 1 (j — 00),
and B(r;) = {z € C™ | |z| < r;}. Let D; be the smallest geodesic ball containing u(9B(r;)).
Since u is a harmonic map and D™ has nonpositive sectional curvature, the function f
defined by

f(2) = dom (u(2),p)?
is a subharmonic function on Trj), where p is the center of D; and dp is the distance
function with respect to the Poincaré metric. Hence the maximum principle implies that
u(B(r;)) C D, for each j. On the other hand, since u € C°(B™, D") and u(dB™) = p, €
0D", it holds that D; — py uniformly as j — oco. Thus we have u(B(r;)) — po as j — o0.
]

Note. The last argument is also true if the target manifold is replaced by any Hadamard
manifold.
4.2 A counter example

In this section, for two-dimensional complex and real hyperbolic spaces B2 and D?, we use

the following upper halfspace models, CH? and RH?, respectively.
CH? (R+ X R3 dy + = (dn + d€?) + —Z\da;+77d§ —5d77]2> ,

REZ — (R <R dY2+dX2)
- -+ sy ~ro9 9

Y2
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where (y,1,&,7) € Ry x R? and (Y, X) € R, x R. Note that the vector field 9/0x is
mapped to the vector field 9/dy via the complex structure of CH?. Let ® : B> — CH? and
¥ : D? — RH? be the Cayley transforms of CH? and RH?, respectively. Assume that a
map @ : CH? — RH? takes the following form:

a(y,n, &) = (f(y), g(x)).

Then the harmonic map equation for @ is reduced to the following system of ordinary differ-

ential equations:
4° fu(y) — 4y £, (y) — v* f(y) {45, (y)* — g.(2)*} =0,
gxm(x) = 07

where f, = df /dy, fy, = d*f/dy?, g = dg/dz, gue = d*g/da?.
For any a,b € R, we can easily verify that f(y) = (la|/2v/2)y and g(z) = ax + b are

solutions to this system. Therefore we obtain a family of harmonic maps

lal

ﬂ(a,b) : CH2 > (yvnagvx) = (2\/§

Y, axr + b) c RH2

Let
|a|

a
an) (Y, 2) = | —=y, —=z + b | : RH?> - RH?,
G(ap)(Ys @) (2\/§y e ) —

Oap) = U~lo Oap) 0V : D2 — D?,

Wy, n, &, x) = Um0y n & x) = (y,2v/2z) : CH? — RH?,

U(ap) = U~lo Uqp) 0 P : B2 — D2

Note that, if a # 0, each u(, ) is smooth up to the boundary except for (0,1) € 0B?. Thus
we need to investigate the boundary behavior of w4 near the point (0, 1). To this end, since
any o(,p) is an isometry of D? which fixes the point (0,1) commonly, it suffices to consider

the case where a = 2v/2 and b=0. Set u =¥ ' o @(2\/570) o®.
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It is then easy to see that u is explicitly given by

1
(1= [2[2 + 2[1 = 222)% + 8(3(2?))?

X (=8V2I1 = 27P3(2%), (1 — [2*)? — 41 = 22" + 8(3(=*))?),

u(z, 2%) =

where z = (2!, 2%). Now, by a long but straightforward calculation, we can verify that u has

the following properties:
(1) u(0,1) = (0,1).
(2) w is Lipschitz continuous at (0,1).
(3) wis not C* at (0,1).
(4) u is not a constant map at the ideal boundary.

Therefore the C*-regularity up to the ideal boundary is an optimal condition for our theorem.

Now, we prove that u satisfies the properties mentioned above. Since the boundary map
of & : CH* — RH? is given by (0,7, &, x) = (0,2v/2z), it is clear that u : B> — D? is not

a constant map at the ideal boundary. Also it is easily verified that
(1—]2)? + 211 =22 +8(322)* =0, 2| <1<=2' =0, 2> =1

Claim 1. lim  u(z', 2%) = (0,1).
(21,2%)=(0,1)

Let
2 =r0 +V=10%), 2Z=14+r(0°+/—16%),

where (6')% + (6%)% + (0%)? + (6*)* = 1. Note that
(21,22) # (0,1) = |02 := (6%)2 + (6%)2 £ 0.
Then it is easy to see that

1—|zP=—r(20°+7r), and |[1-— 2> =70
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Hence we have

u(z', 2%)

1

_ — 821101264 (26 2 _ 420014 4+ (612
(293+T—2T‘6|2>2+8(94>2( 8v2r|6*6*, (26° + 1) 710" + 8(6%)7)

— (0,1) (r —0).

Consequently, if we define u(0,1) = (0,1), then u € C°(B2, D?).

Claim 2. w is Lipschitz continuous at (0, 1).

We shall prove that there exists a positive constant C' such that

1 .2\ 0.1
sup ||u(z1 ,22) (0. Dlre _
2€B2,2#(0,1) H(Z ) 2 ) - (07 1)“02

It is immediate from the definition that

u(z', 2%) — (0,1)

41— 2P 2 22 2
= |Z|2+2|1_22|2)2+8<%22>2(—2\/§Sz =201 = 222 = (1 - |2]3).

Hence we obtain
401 — 222

\/(1 — |22 + 2|1 — 22|2)2 + 8(%22)2'
Using the coordinate used in the proof of Claim1, we have

lu(z",2%) — (0,1)]| _ 416/

1(z1,2%) = (0, )| /(263 + 7 — 2r]0]2)% + 8(6%)2

210
(63)2 + 2(64)?

lu(z", 2%) = (0,1)[[re =

(r —0).
On the other hand, it holds that

210|> o e 216°?
(63)2 + 2(61)2 = V(07)? +2(6%)* + (3)2 +2(6%)2 —

(0%)2 +2(0)% + |6°].

Thus, for some positive constant C, we have

||u(zl, 22) B (07 1)

|
< (.
(=1,22)—(0,1) [|(21,22) = (0,1)] —

81
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Hence the function
||U(Zl’ Zz) - (07 1)”

I(z1,22) = (0, 1)}

is bounded on B2 — {(0,1)}, which implies that v is Lipschitz continuous at (0,1).

Claim 3. wis not C' at (0,1).

Let v be the second component of u, that is,

U(Zl 22) _ (1— ’2|2> 4|1 — < |4 + 8(322)
’ (1— |22 4 2|1 — 22[?)2 4+ 8(J22)2
Then
ov v(0,1) =v(0,1—h) . 42-h)
0z 2(0 1)= hlgﬁo h - hirilo (2+ h)? -

On the other hand, from a straightforward calculation, we obtain

ve X {(1— |2 + 2|1 — 22*)% + 8(322)?}?
= 16(32)2[22{21 = 2% = (1 = [2*) = (1 = [2")*} + 2(1 — |2*)]
=32V 19221 — 222201 — 222 + 11— |2)*}
—2(1 — |2 + 2|1 — 222)?{22(1 — |2]*)* + 4]1 — 2%]*(1 — 22)}

+2(2 — 22){(1 — |2[*)? — 41 — 2"} (1 — |2]* + 2]1 - 2°]?).
Here we have
{(1- |z[2 +2|1 - z2|2)2 + 8(%22)2}2 = {(293 +r— 27"”9”2)2 + 8(94)2}7"4

Hence

—2r2+r){(1-r)2—=r)2+4r}+21+r){(2—1r)? — 4%}
ri(r +2)*

v,2(0,1 —1) =
— +o00 (r—0).

Therefore, u is not C* at (0, 1).
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