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1 Introduction

Geometric notions for Riemannian metrics are often generalized to their
counterparts for pseudo-Riemannian metrics of certain signature. For in-
stance, the notion of Einstein metrics and that of Kahler metrics are straight-
forwardly extended to indefinite ones. Though Riemannian and Lorentzian
metrics are principal objects in pseudo-Riemannian geometry, indefinite met-
rics of other signatures have also their own significance. Indeed, indefinite
Kahler metrics possess non-Lorentzian signature, and in the lowest dimen-
sional case, these metrics are of neutral signature (i.e., of type (2,2)).

Throughout this thesis, we call an indefinite metric of neutral signature
simply a neutral metric. After Ooguri-Vafa [79], Ricci-flat neutral Kéhler
metrics on complex surfaces have drawn considerable attention in mathe-
matical physics. Motivated by their result, recently Petean [82] studied neu-
tral Kahler Einstein metrics on compact complex surfaces and obtained a
remarkable classification of compact Ricci-flat neutral Kéhler surfaces.

Next to the Ricci-flat case, then interesting are scalar-flat neutral Kahler
metrics on compact complex surfaces. Note that, as in the Riemannian
case, the notion of self-duality is similarly defined for neutral metrics on
oriented four-manifolds, and the scalar-flatness of a neutral Kéahler metric
on a complex surface is equivalent to its self-duality. Hence the existence
of scalar-flat neutral Kahler metrics is closely related to that of self-dual
neutral metrics on oriented four-manifolds. The objective of this thesis is to
study the existence problem of self-dual neutral Kahler metrics on complex
surfaces. In particular, we are most concerned with the explicit construction
of these metrics.

Since the work of Atiyah-Hitchin-Singer [4], self-dual Riemannian metrics,
together with the twistor theory, have been extensively studied in various
context. It is known that many four-manifolds admit self-dual Riemannian
metrics (cf. Taubes [87]). In particular, LeBrun [60] invented a remarkable
method, called the hyperbolic ansatz, of constructing self-dual Riemannian
metrics, and then provided us with explicit self-dual Riemannian metrics on
a variety of compact oriented four-manifolds, in particular, on the connected
sum kCP? = CP?4 - - - #CP? of arbitrary k-copies of the complex projective
plane CP? (see [60], LeBrun [61], [62], and Kim [49]). It should be remarked,
however, that not all four-manifolds admit self-dual Riemannian metrics; for
example, the product S? x S? of two-spheres admits no self-dual Riemannian
metric.

In recent years, self-dual neutral metrics on four-manifolds have also been
studied from several different points of view. For instance, twistor theories
relevant to neutral metrics have been studied by Blair [8], Jensen-Rigoli [40],



Machida-Sato [68], Mason-Woodhouse [69] and Vaisman [89]. Also, it is
known that a neutral metric on a four-manifold whose Jacobi operator sat-
isfies a certain condition, called the (pointwise) Osserman condition, should
be self-dual (and Einstein). Works on this result and related topics can be
seen in Alekseevsky et al. [2], Blazi¢ et al. [10], Bonome et al. [13], Garcia-Rio
et al. [27], and Garfa-Rio et al. [29]. Moreover, self-dual neutral metrics are
regarded as appropriate generalizations of indefinite analogues of such met-
rics as conformally-flat metrics, hyperhermitian metrics, scalar-flat Kéhler
metrics, and hyperkdhler metrics (see Sections 2.1, 2.2, 3.1 and 3.2). How-
ever, compared with the Riemannian case, the existence problem of self-dual
neutral metrics has not been well explored.

Regarding the existence of such metrics, there have been known many
examples of non-compact four-manifolds with self-dual metric. For instance,
the complete lift of any Kahler metric on a Riemann surface is a self-dual
neutral metric (more precisely, a scalar-flat neutral Kéhler metric) on its
tangent bundle (cf. Cendan-Verdes et al.[17], Yano-Kobayashi [93], Yano-
Ishihara [92]). For other non-compact examples, see Section 2.1 and Chapter
4.

As for compact examples, a flat torus and the product S? x S? of unit
round two-spheres with the product neutral metric have been known. Since
these examples are not only self-dual but also conformally-flat, it is natural
to ask the following question which is underlying in our study.

Question 1.1 Does there exist a (simply-connected) compact four-manifold

admitting a non-conformally-flat, self-dual neutral metric?

It should be remarked that, in Petean [82], several examples of non-flat,
Ricci-flat neutral Kéhler metrics (thus non-conformally-flat, self-dual neutral
metrics) were constructed on certain compact complex surfaces, but they are
not simply-connected.

Note that, on a compact four-manifold, the conformal-flatness of self-
dual Riemannian metric is completely controlled by Hirzebruch signature
formula (cf. Besse [7]). In particular, one can see that any self-dual Rie-
mannian metric on the four-sphere S* is always conformally-flat. By virtue
of Kuiper’s theorem ([55]), a compact simply-connected four-manifold with
a conformally-flat Riemannian metric is conformally equivalent to the unit
round sphere S, and hence a (positive-definite) self-dual conformal structure
is unique on S*.

Since the signature formula is also established for compact four-manifolds
with neutral metric (see Matsushita-Law [73], Appendix 5.2), it is then nat-
ural to ask whether a similar result holds in the neutral case. With the



help of Liouville’s theorem (see Appendix 5.3), Kuiper [55] also proved that
a compact simply-connected four-manifold with a conformally-flat indefinite
metric is conformally equivalent to the product S? x S? with the product
neutral metric of unit round metrics. Hence the conformal structure of a
conformally-flat neutral metric on S? x S? is also unique. Then, as a special
case of Question 1.1, we are interested in the following

Question 1.2 Is the conformal class of a self-dual neutral metric on S? x
S? unique? In other words, does there exist a non-conformally-flat, self-dual

neutral metric on S? x S??

Regarding Question 1.2, we will give the following answer, which is one
of our main results in this thesis:

Theorem 1.3 ([45], [46]) There exists a family of explicit self-dual neutral
metrics on S? x S?, which contains non-conformally-flat ones. Furthermore,
for each self-dual metric g in this family, there exists an almost complex
structure I on S? x S% such that (g, 1) is a neutral Kihler structure on the

product CP* x CP' of complex projective lines.

We will construct these self-dual (Kéhler) metrics by employing an in-
definite analogue of LeBrun’s hyperbolic ansatz introduced in [47], which
is referred to as the de Sitter ansatz for brevity. We will also characterize
these metrics as self-dual neutral Kahler metrics with an S'-symmetry of
certain type (see Theorem 2.30). It should be remarked that neutral Kéhler
surfaces CP' x CP' endowed with these self-dual neutral metrics are iso-
morphic to each other as symplectic manifolds, but not isometric as pseudo-
Riemannian manifolds in general. Indeed, a conformally-flat metric and a
non-conformally-flat one are never isometric, and hence at least two isom-
etry classes of self-dual neutral Kahler metrics are defined on CP* x CP'.
Furthermore, we will prove that self-dual metrics in Theorem 1.3 yield in-
finitely many different isometry classes on S? x S2.

As a special class of self-dual neutral metrics, we are also interested in neu-
tral hyperkdhler structures, which are indefinite counterparts of hyperkahler
structures (see Section 3). Note that any neutral hyperké&hler metric is Ricci-
flat and neutral Kéhler (and hence self-dual). Then, similar to Question 1.1,
we can ask the following

Question 1.4 What kind of compact complex surface does admit a non-flat

neutral hyperkdhler metric?



In the positive-definite case, it is known that a compact complex surface
admitting a hyperkahler metric is biholomorphic to either a complex torus
or a K3 surface. Since any hyperkahler metric is Ricci-flat and Kéhler (thus
anti-self-dual), it follows from Gauss-Bonnet formula that the flatness of a
compact hyperkahler surface is determined by its topology. For instance, any
hyperkéhler metric is flat on a complex torus, but not on a K3 surface (see
Hitchin [35], cf. [7]).

In the indefinite case, it is also known that a compact complex surface
with neutral hyperkahler metric is biholomorphic to either a complex torus
or a primary Kodaira surface (see [43], cf. Section 3.2). Then, Question 1.4
reduces to the following

Question 1.5 Does there exist a non-flat neutral hyperkdhler metric on a

primary Kodaira surface or a complex torus?

Regarding Question 1.5, one might expect that any neutral hyperkéhler
metric on a complex torus or a primary Kodaira surface is flat, since their
Euler characteristics are zero and Gauss-Bonnet formula also holds for com-
pact four-manifolds with neutral metric (see [73], Appendix 5.2). In fact, for
an arbitrary neutral hyperkéahler metric, we obtain a canonical expression of
its fundamental form, and a characterization of its flatness. For example, on
a primary Kodaira surface, any neutral hyperkahler structure is obtained in
the following fashion (see [43]):

Theorem 1.6 ([43]) Let X = C?/G be a primary Kodaira surface. Then,
with respect to suitable complex coordinates (wy,ws) of C%, the fundamental
form (21, Qy, k) of any neutral hyperkihler structure (g,1,J,'K) on X is

expressed as

Q; = Im(dw; A dwy) + v/ —1Re(w;)dw; A dwy + (v/—1/2) 00,
Qy = Re(eﬁedwl Adws), Qg = Im(eﬁedwl A dws),

where 0 is a real constant and p is a solution of the equation
4v/=1(Im(dw; A diwy) + v —1Re(w;)dw, A dwy) A 00p = ddp A 00p.
Furthermore, g is flat if and only if ¢ is constant.

Since one can easily find a nonconstant solution of this equation, we have
the following answer to Question 1.5:



Corollary 1.7 ([43]) There ezists a non-flat neutral hyperkihler structure

on any primary Kodaira surface.

We also see that there exist non-flat neutral hyperkéhler structures on a
complex torus, since the fundamental form of a neutral hyperkahler struc-
ture is expressed similarly (see Section 3.4). In consequence, the flatness of
compact neutral hyperkahler surfaces cannot be determined by the topology
of underlying complex surfaces.

Since a neutral hyperkahler metric is Ricci-flat and self-dual, non-flat
neutral hyperkahler metrics provide us with examples of non-conformally-
flat, self-dual neutral metrics. From those non-conformally-flat metrics in
Theorem 1.3 and Corollary 1.7, we observe that, though self-dual neutral
metrics are defined similarly, their global properties are rather different from
Riemannian ones. Note that Petean [82] also obtained non-flat, Ricci-flat
neutral Kahler metrics on primary Kodaira surfaces and complex tori, each
of which is indeed a neutral hyperkéhler one (see [43]).

The present thesis is organized as follows: In Chapter 2, we first review
certain conditions which assure the existence of neutral metrics on four-
manifolds, and illustrate several examples of compact four-manifolds that
admit these metrics. We next recall briefly relevant basic definitions and
properties of self-dual neutral metrics and neutral Kahler metrics, and then
examine the existence of self-dual neutral Kahler structures on compact com-
plex surfaces. Namely, we distinguish compact complex surfaces that can
admit self-dual neutral Kéahler structures (Proposition 2.7).

In Sections 2.3, 2.4 and 2.5, we study self-dual neutral Kéhler surfaces
with a certain isometric S'-action, based on the results in [46] (cf. [45]).
An indefinite analogue of the generalized Gibbons-Hawking ansatz, which
provides a method of constructing self-dual neutral Kahler metrics, and its
generalization are introduced. In particular, we reexamine self-dual neutral
metrics constructed by the de Sitter ansatz, the indefinite analogue of Le-
Brun’s hyperbolic ansatz, and also obtain a characterization of this ansatz.
Indeed, we prove that a compact self-dual neutral Kahler surface with a cer-
tain S'-symmetry is biholomorphically isometric to the product CP' x CP!
of complex projective lines with a metric constructed by the de Sitter ansatz
(see Theorem 2.30). In particular, by employing the de Sitter ansatz, we
construct a wealth of explicit self-dual neutral Kihler metrics on CP* x CP!.
Section 2.5 is devoted to the study of the isometry classes of self-dual neutral
metrics on S? x S? constructed by the de Sitter ansatz. We prove a necessary
and sufficient condition for these metrics to be isometric to each other. As a
consequence, we see that there exist infinitely many different isometry classes
of self-dual neutral metrics on S? x S? (Theorem 2.31).



Chapter 3 is devoted to the study of neutral hyperkéahler structures on
four-manifolds (cf. [42] and [43]). We begin by recalling several basic prop-
erties of split-quaternion structures and neutral hyperkahler ones on four-
manifolds. For example, we prove that the integrability of a split-quaternion
structure implies the self-duality of a compatible neutral metric (Proposition
3.10). Furthermore, we obtain a characterization of a neutral hyperkéhler
structure on a four-manifold in terms of the triplet of symplectic forms sat-
isfying certain algebraic identities (Proposition 3.6). In particular, from this
characterization, we see that a nonvanishing holomorphic two-form exists
on any neutral hyperkahler surface. Then we show that a compact neutral
hyperkéahler surface should be biholomorphic to either a complex torus or
a primary Kodaira surface. In Section 3.3, we study neutral hyperkahler
structures on primary Kodaira surfaces, and obtain a canonical expression
of the fundamental form of any neutral hyperkédhler structure with respect
to suitable complex coordinates. By making use of this canonical expres-
sion, we prove that every primary Kodaira surface admits non-flat neutral
hyperkahler structures (Theorems 3.16 and 3.17). We also prove the corre-
sponding results for complex tori in Section 3.4 (Theorem 3.19).

In Chapter 4, as examples of self-dual neutral Kahler metrics on non-
compact complex surfaces studied in [47], we reexamine neutral metrics of
Fubini-Study type on the indefinite complex projective space CP? and of
LeBrun type on complex line bundles (e.g., the cotangent bundle T* H?) over
the real hyperbolic plane H?. In particular, the Fubini-Study type neutral
metric on CP? is investigated from a point of view of the de Sitter ansatz.

In Appendices, we first prove Proposition 2.14, the Jones-Tod correspon-
dence. In the course of its proof, we find a certain explicit expression of the
self-dual part of the Weyl conformal curvature tensor of a metric constructed
by the de Sitter ansatz, and prove Proposition 2.25. The second appendix
is devoted to Hirzebruch signature formula and Gauss-Bonnet formula for a
compact four-manifold with neutral metric in terms of its curvature tensor
(see Matsushita [70], Avez [5] and Chern [18], Matsushita-Law [73]). Then
we apply these formulas to compact neutral Kéhler surfaces (cf.[47]). In
the last appendix, Liouville’s theorem for indefinite metrics is proved, which
plays an essential role in the proof of Kuiper’s theorem ([55]).



2 Neutral Kahler surfaces

2.1 Geometry of four-manifolds with neutral metric

We begin by recalling several conditions for the existence of neutral metrics on
four-manifolds (see Matsushita [70] and [71]). Let M be a smooth connected
four-manifold. Then M admits a neutral metric (i.e., a pseudo-Riemannian
metric of type (2,2)) if and only if there exists a two-dimensional tangential
distribution on M. If M is simply-connected, then this condition is equivalent
to the existence of a pair (I, I) of almost complex structures on M, where [
is compatible with an orientation and I with its opposite.

Concerning the existence of almost complex structures, it is known by Wu
([91]) that a compact oriented four-manifold M admits an almost complex
structure if and only if in the second cohomology group H?(M;Z) of M there
exists an element c satisfying

(2.1) ¢ = wy(M) mod 2,

(2.2) ¢ = 2x(M) + 37(M),

where wq (M), x(M) and 7(M) denote the second Stiefel-Whitney class, the
Euler characteristic and the Hirzebruch signature of M, respectively (see also
Barth et al. [6]). The first relation means that ¢ is an integral lift of the second

Stiefel-Whitney class wy (M), and hence implies that ¢ is a characteristic
element, that is, ¢ satisfies

o’ =aa=ca mod?2

for any a € H?(M;Z), where - stands for the cup product. Then, by an
algebraic argument, we obtain ¢* = 7(M) mod 8, which is equivalent to

(2.3) X(M)+7(M) =0 mod 4

under the condition (2.2) (see Serre [86], Gompf-Stipsicz [32]). Note that if M
admits an integrable complex structure I, then the first Chern class ¢; (M, I)
of (M, ) gives a characteristic element ¢, and that the relation (2.3) follows
from Noether’s formula:

(2.4) (M, I)+ co(M,I)=12(1 — (M, I) + ps(M,I)) =0 mod 12,

where co(M, I) is the second Chern class, and ¢(M,I) and pg(M,I) denote
the irregularity and the geometric genus of (M, I), respectively.

The existence of almost complex structures I and I mentioned above
implies the following necessary conditions:

(2.5) X(M)+7(M)=0, x(M)—7(M)=0mod 4.
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On the other hand, Hirzebruch-Hopf [34] obtained a necessary and suffi-
cient condition for the existence of an oriented two-dimensional tangential
distribution on a compact four-manifold. Taking account of their result,
Matsushita [70] showed that the condition (2.5) is also sufficient when M is
simply-connected (For general case, see also Matsushita [71]). Therefore we
see that the product S? x S2, the connected sum CP?*#CP? and a K3 surface
admit neutral metrics, but no connected sum kCP? = CP?# - - - #CP? admits
a neutral metric, where CP? denotes the complex projective plane CP? with
the orientation opposite to that defined by its complex structure (and 0CP?
stands for S*).

Next, we recall the fundamental properties of the curvature tensor of the
Levi-Civita connection of a pseudo-Riemannian four-manifold with neutral
metric (see [42], Akivis-Goldberg [1], Besse [7], Mason-Woodhouse [69]). Let
(M, g) be a smooth four-manifold with neutral metric g and V the Levi-
Civita connection of M = (M,g). Let X,Y,Z Z" denote arbitrary vector
fields on M. Then the curvature tensor R, the Ricci tensor Ric, the scalar
curvature s, the traceless Ricci tensor Ricy and the Weyl conformal curvature
tensor W are defined respectively as follows:

RX.Y)Z = Vx(VyZ)—Vy(VxZ) - VixnZ,
Ric(Y,Z) = tr(X—R(X,Z)Y),
s = tryRic,
Rico(Y,Z) = Ric(Y,Z) — Zg(Y, 2),
dW(X,Y)Z2,2") = g(R(X,Y)Z Z')

_% (Rico(y, Z)9(X,Z") — Rico(X, Z)g(Y, Z')

+Rico(X, Z)g(Y, Z) — Rico(Y, Z')g(X, Z))

S

~ (90X, 2)9(v,2) = 9. Z)9(X. 2) ),

where tr (resp. try) means the trace (resp. the g-trace) of a (1,1)-tensor (resp. a
(2,0)-tensor). Let T" be a curvature-like (4,0)-tensor field on M, that is, a



section of ®@*T™* M satisfying

T(X,Y,Z2,2)=-T(X,Y,2,2") =T(Y, X, Z,2'),
T(X,Y,2,2)+T(X,2,2",Y)+T(X,2',Y, Z) = 0.

From T we define an endomorphism, called also T, on the space of two-forms
A% = A’°T*M by

(2.6) g(T(X°NY?), Z°7N2") = T(X,Y, Z,Z'),

where X, ..., Z"” denote the metric-duals of X, ..., Z’ (e.g., X" :=g(X,"),
respectively. Define (4,0)-tensor fields corresponding to R, Ricy and W by

R(X)Y,Z,Z') = g(R(Z,Z')Y,X)
Rico(X,Y, Z,2') = Rico(Z',Y)g(Z,X) — Rico(Z,Y)g(Z', X)
+Rico(Z, X)g(Z',Y) — Rico(Z', X)g(Z,Y),

W(X,Y,2,2") = gW(Z,2)Y,X).

Then, from the first Bianchi identity, these are curvature-like tensor fields,
since R satisfies g(R(X,Y)Z,Z") = —g(Z, R(X,Y)Z'). Furthermore, R, Ric,
and W also give rise to the corresponding endomorphisms on A? defined
respectively by setting T'= R, Ricy and W in (2.6). Then we have

1
(2.7) R= W@§Ri00@%ld L A2 5 A2,

In what follows, we assume that M is an oriented four-manifold. Then
the Hodge star operator x on A? is defined by

Oé/\*ﬁ:g(Oé,ﬁ)*l

for arbitrary two-forms « and (3, where 1 is the volume form of M = (M, g).
Hence * satisfies

x? = Id.
Then the space A? splits as
(2.8) A2 = A2@A%,

where A% denote the +1-eigenspaces of the Hodge star operator *, that is,
AL ={a € AN?] xa=+a}.



Since *W = W=x and *Ricg = —Ricg*, the curvature operator R splits
into

1
(2.9) R= W+@W_®§Ric0@1—821d,

where W4 := (W=£«W)/2. This splitting (2.9) then leads us to the following

Definition 2.1 An oriented pseudo-Riemannian four-manifold M with neu-
tral metric g is said to be self-dual (resp. anti-self-dual) if xWW = W, that is,
W_ =0 (resp. *W = —W, that is, W, = 0). In particular, if W = 0 on M,
M is said to be conformally-flat.

Most typical examples of four-manifolds with self-dual neutral metric are
the spaces of constant curvature R}, S3 and Hj. These are not only self-

dual but also conformally-flat (and Einstein). Note that R?, S” and H are
defined by

R, = (R",gr), gmrp:i=— dek—i-del,

Saryd-nl)

SZ} = {(Z’O,..., ER”+1

gsn = (9R3+1)|S{},

H, = {(-’ro,---,x) Ry{1

zu:miJr » af=- }

l=v+1
9Hp = (gjor'll”H[}?

and have constant curvature 0, +1 and —1, respectively.

The indefinite complex projective space CP? and the indefinite complex
hyperbolic space CH} are also examples of four-manifolds with (anti-)self-
dual (non-conformally-flat) metric (see Chapter 4). Concerning their com-
pact quotients, R} admits a compact quotient R/T" by any lattice I' in Rj.
Namely, R3/T is a flat torus. However, it is known that none of S3, Hy, CP?,
CH? admit compact quotients by discrete subgroups of their isometry groups
(see O'Neill [78], Wolf [90]).

As a compact example, we obtain the product S? x S? of unit round
two-spheres with the product neutral metric gs2yg52 = —hg2 @ hg2, which is
conformally-flat (thus self-dual). The product ¥_ x ¥, of hyperbolic spaces
with metric gs_xs», = —h_ @ hy is also conformally-flat, where each h4

10



denotes a Riemannian metric on >. of constant curvature —1, respectively.
But these examples are not Einstein.

It is also known that the conformal-flatness (W = 0) is equivalent to
the condition that, around each point, there exist a neighborhood U and
a function f on U such that (U,e? -g) is isometrically embedded into R}
(cf. Besse [7], Lafontaine [56]). By virtue of a result of Kuiper [55], any com-
pact, simply-connected pseudo-Riemannian four-manifold with conformally-
flat metric is conformally equivalent to either the unit round sphere S* or
the product S? x S? of two spheres with the product neutral metric of unit
round metrics. We will give other examples later.

We next recall the significance of the self-duality of neutral metrics in
relation to totally null planes, and give, in terms of totally null plane fields, a
sufficient condition for neutral metrics on four-manifold to be self-dual. Let
(M, g) be an oriented pseudo-Riemannian four-manifold with neutral metric
g. A tangential distribution F on (M, g) is called a totally null plane field (or
a mazimal isotropic subbundle) if, at each point of M, F is a two-dimensional
distribution consisting of null vectors with respect to g (i.e., the orthogonal
complement F* of F with respect to g coincides with F itself). Note that
the condition for F to be totally null is clearly conformally invariant. Let
Gry(T'M) be the Grassmannian bundle over M whose fiber at € M consists
of two-dimensional subspaces in T, M, and P(A?) denote the bundle over M
with the real projective spaces of one-dimensional subspaces in A*T*M as
fibers. We now define a map @ : Gry(TM) — P(A?) by ® : span{u,v}
[u” A v°], where [] denotes the equivalence class in P(A?T*M). Then the
following fact is known.

Proposition 2.2 ®(F) belongs to P(A%) for any totally null plane field F.

Hence we have the following

Definition 2.3 A totally null plane field F is said to be self-dual (resp. anti-
self-dual) if ®(o) belongs to P(A2) (resp. P(A%)).

By k(o) we denote the sign of g(R(u,v)v,u), which is well-defined for any
plane o = span{u,v}. It is proved by Dajczer-Nomizu [19] that if k(o) = 0
for any degenerate plane o on (M, g), then all nondegenerate planes have
the same sectional curvatures, that is, (M, g) has constant curvature. Noting
that g(R(&,n)n, &) = g(W (&, n)n, &) for any totally null plane o = span{&, n},
we can obtain a conformal analogue of the result in [19]. More precisely, in
the four-dimensional case, we can prove the following
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Proposition 2.4 A neutral metric g on an oriented four-manifold M is
self-dual (resp. anti-self-dual ) if and only if k(o) = 0 for any anti-self-dual
(resp. self-dual ) totally null plane o at each point of M. In particular, g is
conformally-flat if and only if k(o) = 0 for any totally null plane o.

Concerning the signature of a totally null plane field, we recall the fol-
lowing lemma for later use (see [42]).

Lemma 2.5 Let (M,qg) be an oriented pseudo-Riemannian four-manifold
with neutral metric g and F a totally null plane field on (M,g). If F is
integrable, then k(F) = 0.

2.2 Hermitian geometry of neutral metrics

Let (M, g) be a real four-manifold with a neutral metric g and I an almost
complex structure on M (i.e., I? = —Id on TM). A triplet (M, g, I) is called
a neutral Hermitian surface if [ is integrable and ¢ is invariant by I, that is,
(g, 1) satisfies

(2.10) N/(X,)Y) =X, IY] - [X,)Y]|-I[IX,)Y] - I[X,IY] =0,
and
(2.11) g(IX, 1Y) =g(X,)Y)

for arbitrary vector fields X and Y on M. Namely, a neutral Hermitian sur-
face (M, g,I) is a complex surface (M, I) with an [-invariant neutral metric
g. For a neutral Hermitian surface (M, g,I), the fundamental form €; of
(M, g, I) is defined to be a differential two-form given by

(2.12) O(X,Y) = g(IX,Y).

A neutral Hermitian surface (M, g, I) is said to be neutral Kdhler or a neutral
Kahler surface if €2 is closed.

Via the usual identification R* = C?, we can regard R} as a neutral
(hyper)Kéhler surface, which is denoted by C2. The indefinite complex pro-
jective plane CP? and the indefinite complex hyperbolic plane CH? are also
neutral Kahler surfaces. A complex torus C?/T" with a flat neutral metric
and (CP' x CP', ggoxg2) and (X_ x 4,95 xx,) with the product complex
structures are examples of compact neutral Kdhler surfaces.
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It should be remarked that the fundamental form €2y is a symplectic form
on M compatible with the orientation opposite to that determined by I. To
see this, let {u1,us} be a (local) unitary frame field, that is, {u;, us} satisfies

Tuy = \/—_1U1, Tuy = \/—_1102,
and
g(ur, ur) = g(ur, ug) = g(uz, uz) = 0,
glur,ur) = =1, glus,uz) = +1, g(wr, %) = 0.
Then the metric ¢ and the fundamental form €2; are given respectively as
g =2(—u'ul +u?u?), Qp =v—1(—u' Aul 4 u® Au?),

where {u',u?} denotes the dual unitary coframe field of {uy,us}. Hence Q;
satisfies

Q2 = QAQ = —2(V—1u' Aub)A(V—=T1u* Au?).

Therefore Q% is compatible with the orientation opposite to that defined by
I.

Throughout this thesis, we always regard a neutral Kahler surface as being
oriented by its complex structure. For later convenience, we denote by M
the manifold M with the opposite orientation, and simply call a symplectic
form compatible with the orientation of M an opposite symplectic form on
M.

The space A? of two-forms on a neutral Hermitian surface M = (M, g, 1)
decomposes into the [-invariant and the I-anti-invariant subspaces as

A2 — Ainv D Aanti,
where A"™ and A" are given respectively by

AV — {a c A2 | a([X,]Y) = a(X;Y)}a
Aanti — {Oé c A2 | a([X, [Y) = _a(Xa Y)}

According to the splitting (2.8), the self-dual and the anti-self-dual subspaces
A% are also decomposed in the following fashion:

(2.13) A2 =AY, A2 =RQ; &A™,
where A consists of I-invariant two-forms on M orthogonal to ;.
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As in the Riemannian case, the Ricci tensor Ric of a neutral Kahler
surface (M, g, 1) is known to be an [-invariant symmetric bilinear form on
M. We then define the Ricci form + by

(2.14) +(X,Y) := Ric(IX,Y),

which is a closed real (1,1)-form, and hence determines the first Chern class
c1(M, I) by

a(M, 1) = o-1] € HY (M R),
since VI = 0. The scalar curvature s is also determined by the Kahler
form €; and the Ricci form . In particular, on a neutral Kéahler surface
(M,g,I), its scalar curvature s vanishes everywhere on M if and only if
v AQr = 0. In regard to the self-duality of a neutral Kéhler metric g,
the following expression holds for the anti-self-dual part W_ of the Weyl
conformal tensor W with respect to a suitable real unitary frame field:

L (2 0 0
(2.15) Wo=2 0 -1 0
0 0 —1

Thus we have the following well-known result (cf. [47]. See Derdzinski [21],
Itoh [39], LeBrun [58] for the Riemannian analogue).

Proposition 2.6 Let (M,g,I) be a neutral Kdhler surface. Then g is self-
dual if and only if g is scalar-flat, that is, 0y Ay = 0.

We next write the curvature form of a neutral Kéhler surface (M, g, ) in
terms of local holomorphic coordinates. Let (w;,ws) be local holomorphic
coordinates of a complex surface (M, ) with neutral Kéhler metric g. For
simplicity, we set

Oa = 0/0ws, 05 :=0/0W; and  go5:=29(Da, 05)

(a, = 1,2). Let V be the Levi-Civita connection of (M, g) and {wa} the
connection form of V with respect to {d.} (A, B = 1,2,1,2). Then wj =
wg = 0, since VI = 0. Moreover wj (resp.wg) is a local (1,0)-(resp. (0, 1)-
) form, since V is torsion-free. Hence, except for {w3(d,)} and {w§(95)},
the components of {w4} must vanish. Since the Levi-Civita connection V

preserves the metric g, we have

(2.16) w§ = Zggo‘aggg, wg = Zgaeggﬁg,
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where ¢* is defined by 3 gacg™” = 3..9%g = 0°. The curvature form
{R4} of V is given by

(2.17) R§ =0w§,  R§=0wj.

In particular, we see that g is flat (i.e., R = 0) if and only if every w§ is a
local holomorphic one-form on (M, I).
The Ricci form ~ is expressed as

(2.18) v = —V—1901log|det(g,5),

which is verified in the same way as in the Riemannian case. In particular, if
there exist local holomorphic coordinates (wq,ws) at each point of a neutral
Kahler surface (M, g, I) such that |det(g,3)| = 1, then (M, g, 1) is Ricci-flat.

We now focus our attention on the compact case. Concerning compact
self-dual neutral Kahler surfaces, we first show the following

Proposition 2.7 Let (M, g,I) be a compact self-dual neutral Kdhler sur-
face, and k(M, 1) denote the Kodaira dimension of (M,I). Then (M,I) is

biholomorphic to one of the following surfaces:

(1) If (M, I) < 0, then (M,I) is a surface of class VI with no global
spherical shell and with positive even second Betti number, and hence
K(M,I) = —o0.

(2) If A(M,I) > 0 and (M) > 0, then (M,I) is a minimal surface of

general type with positive even signature, and hence k(M, 1) = 2.

(3) If (M, I) > 0 and T7(M) = 0, then (M,I) is either a Hirzebruch
surface when k(M,I) = —oo, or a minimal surface of general type

uniformized by the polydisc when k(M, 1) = 2.

(4) If 3(M,I) =0, then (M, ) is either a hyperelliptic surface, a primary

Kodaira surface or a complex torus when k(M, 1) = 0.

(5) If 3(M,I) =0, then (M,I) is a minimal properly elliptic surface with

zero signature when k(M,I) = 1.

No surface of type (1) has been known. Several examples of surfaces
in the case (2) are known (see Atiyah [3]|, Kodaira [52]), and the products
¥ x T? of compact Riemann surfaces ¥ of genera > 2 and elliptic curves
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T? are examples in the case (5). However, the author knows no self-dual
neutral Kéhler metrics on surfaces in the cases (2) and (5). In the case
(4), all surfaces admit Ricci-flat neutral Kéhler (thus self-dual) metrics (see
Petean [82]). In the case (3), the products CP' x CP' and ¥_x¥, with
the standard (indefinite) product metrics are conformally-flat neutral Kéahler
surfaces, where ¥, are compact Riemann surfaces of genera > 2 endowed
with Riemannian metrics of curvature —1. We will discuss self-dual neutral
Kihler metrics on CP' x CP' later (see Sections 2.2-2.4).

Proof. We first recall the following result due to Petean [82].

Theorem 2.8 (Petean [82]) Let (M, g,I) be a compact neutral Kdhler sur-

face.

(i) If K(M,I) = —o0, then (M,I) is either a minimal ruled surface, the
blow-up of CP? at a point, or a surface of class VI with no global

spherical shell and with positive even second Betti number.

(ii) If k(M,I) =0, then (M,I) is either a hyperelliptic surface, a primary

Kodaira surface or a complex torus.

(il) If k(M,I) =1, then (M, 1) is a minimal properly elliptic surface with

zero signature.

(iv) If k(M,I) = 2, then (M,I) is a minimal surface of general type with

nonnegative even signature.

It should be noted that the following result of Taubes ([88]) regarding the
existence of an opposite symplectic form plays an essential role in obtaining
the list above.

Theorem 2.9 (Taubes [88]) Let M be a compact symplectic four-manifold
with b (M) > 1, oriented by its symplectic structure Qr, and let I be an
Q;-compatible almost complex structure on M, that is, Q;(-,I-) is a positive-
definite almost Kdihler metric on (M, I). Then the first Chern class c1(M,I)

has nonzero Seiberg- Witten invariant.

Let (M, g, I) be a compact self-dual neutral Kéhler surface. Then Q;Ay =
0. In particular, [Q;] and ¢, (M, ) = [y]/27 are orthogonal to each other in
the cohomology group H''(M;R) with respect to the cup product.

In the case where ¢2(M,I) < 0, it follows from Petean’s list above (The-
orem 2.8) that (M, I) is biholomorphic to either a minimal ruled surface
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with genus g > 2 or a surface of class VIIj with certain properties. Since
c1(M, I) and [Q;] are orthogonal in H™!(M;R), the assumption ¢?(M,I) < 0
(and 2 < 0) also implies that b, (M) > 2. Hence M should be biholomor-
phic to the latter, that is, to a certain surface of class VIIy. Indeed, sup-
pose that (M, I) would be biholomorphic to a minimal ruled surface with
genus g > 2. Then, by Theorem 2.9, the Seiberg-Witten invariant for an
almost complex structure associated with (M, €2;) would not vanish, since
by (M) = by (M) > 2. On the other hand, since M admits a Riemannian met-
ric with positive scalar curvature (see, e.g., LeBrun [64]), all Seiberg-Witten
invariants on M would vanish, which is a contradiction. Therefore (M, I)
is biholomorphic to a surface of class VIIj in Petean’s list, if ¢f(M, 1) < 0.
(Unfortunately, such a surface is not known at present.)

In the case where c?(M, I) > 0, the underlying complex surface (M, I) is
biholomorphic to either a rational ruled surface or a minimal surface of gen-
eral type with nonnegative even signature. Note that there exists a positive-
definite Kahler metric h on (M, I) in both cases. Suppose that 7(M) > 0.
Then b3 (M) > b*(M) > 1 and hence M cannot admit any Riemannian
metric with positive scalar curvature. Therefore M should be biholomor-
phic to the second candidate, that is, a minimal surface of general type
with positive even signature. Suppose that 7(M) = 0. This implies that
(M, T) = 2co(M, I)(>0). If by (M) = by (M) > 2, then the Seiberg-Witten
invariant for (M, ;) does not vanish by Theorem 2.9. Hence M cannot ad-
mit any positive scalar curvature metric. Therefore it follows from LeBrun’s
result [64] that the Kodaira dimension of (M, I') should be nonnegative, since
M admits a positive-definite Kédhler metric. Hence (M, I) is biholomorphic
to a minimal surface of general type with 7(M) = 0. Furthermore, M is
uniformized by the product of unit discs D? x D? (see Leung [66], Kotschick
[54)). If b (M) = by (M) = 1, then it follows from Petean’s list (Theorem
2.8) again that M is biholomorphic to either a minimal rational ruled sur-
face, the one-point blowing-up of the complex projective plane, or a minimal
surface of general type with b; (M) = 0 and b3 (M) = by (M) = 1. In the first
and second cases, (M, I) is biholomorphic to one of the Hirzebruch surfaces
by a result due to Qin [84]. In the third case, (M, I) is also uniformized by
the polydisc D? x D? (see [54]).

The cases (4) and (5) follow from Petean’s list (Theorem 2.8). O

2.3 Kahler surfaces with time-like S'-symmetry

Let (M, g, I) be a neutral Kéhler surface. Suppose that (M, g) admits a non-
trivial isometric S'-action generated by a Killing vector field £&. Then the
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fixed point set F' of this action coincides with Zero(§), the set of zeros of &,
and becomes a compact complex submanifold of (M, ). We first recall the
following

Proposition 2.10 Let & be a Killing vector field on a neutral Kdhler surface
(M,g,1I) (ice., Leg=0). Then & is a real holomorphic vector field on (M, 1)
(i.@., £§I = 0)

Proof. Let V denote the Levi-Civita connection of (M, g). Then, since §
is a Killing vector field, ¢ yields an infinitesimal affine transformation on
(M, V). Define an endomorphism A¢ : T,M — T, M by Acv := =V, ¢ for
veT, M (xeM). Since (M, g,I) is a neutral Kéhler surface, the holonomy
algebra b is isomorphic to u(1,1). Furthermore, its normalizer in so(2,2) is
isomorphic to u(1,1) itself. It then follows from Corollary 4.3 in Kobayashi-
Nomizu [50] that the endomorphism A belongs to the normalizer of the
holonomy algebra u(1, 1) and hence commutes with 7, which means that & is
a holomorphic vector field on (M, I). O

An isometric action is said to be time-like (resp. space-like) if & satisfies
g(&,€) < 0 (resp.g(&,€) > 0) on M, outside F'. We will see in Section 2.5
that, for any neutral Kahler metric ¢ on CP' x CP*, the fixed point set of
a time-like isometric S'-action on (CP' x CP', g) has no isolated point, and
hence contains two two-dimensional connected components (see Proposition
2.32). We prove here a converse result.

Theorem 2.11 Let (M, g,I) be a compact neutral Kdhler surface. Suppose
that (M, g) admits a semi-free isometric S'-action whose fized point set F
has at least two two-dimensional connected components. If (M, g) is also self-
dual, then (M, I) should be biholomorphic to one of the Hirzebruch surfaces.
Moreover, F is a disjoint union of two holomorphic spheres. In particular,

F' has no isolated fized points.

Proof. We first recall that by (M) = by (M) > 1, since the Kéhler form Q;
of (M, g,I) gives rise to an opposite symplectic structure on M. Let I be an
Q;-compatible almost complex structure on M. By Theorem 2.9, the first
Chern class ¢;(M, I) has nonzero Seiberg-Witten invariant, if b3 (M) > 2.

Let ¥y,..., % and {q1},...,{¢n} be two-dimensional connected compo-
nents and isolated fixed points in F', respectively:

(2.19) F=5 0% I 1% O{a}r - {m} (k=2)
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Since the S'-action is semi-free, the orbit space Y := M/S! is a com-
pact, connected three-manifold with boundary 0Y = 3 [[Zo[]--- ] Z«-
Let m : M — Y denote the natural projection. For p; € ¥, (j = 1,2),
there is a smooth path ¢ in Y connecting m(p;) and 7(py) with ¢ 7(F) =
{m(p1), 7(p2)} such that the inverse image S := 7~ !(c) is an embedded two-
sphere. Then the self-intersection number of S is zero in both M and M,
and its homology class is non-trivial. Regarding the existence of such an
embedded two-sphere S, we recall the following result.

Theorem 2.12 (Kotschick [54]) Let M be a compact oriented four-manifold
with by (M) > 1 which contains a smoothly embedded two-sphere S of non-
negative self-intersection with S(#0) € Ho(M;Q). Then all Seiberg- Witten
invariants of M vanish.

Combining Kotschick’s result (Theorem 2.12) with a result due to Taubes
(Theorem 2.9), we obtain by (M) = b (M) < 1, and hence by (M) = b (M) =
1, since by (M) > 1 by assumption. For a compact symplectic four-manifold
M with symplectic orientation, there exists an almost complex structure
I compatible with the orientation of M. Then it follows from (2.3) that
X(M) + 7(M) = 0 mod 4, which is equivalent to that 1 — by (M) + b3 (M)
is even. By bj (M) = b, (M) = 1, the first Betti number b;(M) = by (M)
is also even. It is well-known that a compact complex surface admits a
positive-definite Kahler metric if and only if the first Betti number is even
(cf. Barth et al. [6]). Therefore M admits a positive-definite Kéhler metric,
and hence by (M) > 1. By a similar argument, we also obtain b3 (M) = 1.
(For compact symplectic four-manifolds with b3 = 1, see Ohta-Ono [77] and
also McDuff-Salamon [74].)

Let € be the Killing vector field generating the S'-action. Then, from
Proposition 2.10, &€ := ¢ — /—1I€ is a non-trivial holomorphic vector field
on (M, I') with zeros, under the same assumptions as in Theorem 2.11. Owing
to Carrell-Howard-Kosniowski [16], any compact complex surface admitting
such a vector field has negative Kodaira dimension. Then, from Petean’s
list (Theorem 2.8), we see that (M, I) should be biholomorphic to a ruled
surface, since b3 (M) = 1.

We next assume that (M, g, I) is also a self-dual neutral Kéahler surface.
Then, by Proposition 2.7, (M, I) should be biholomorphic to one of the
Hirzebruch surfaces.

Finally, we show that the fixed point set F' is obtained as F' = X [[ 2
for holomorphic spheres »; and ¥,. Note first that, by Proposition 2.10,
the Killing vector field £ is also a symplectic vector field with respect to
Q (ie., Ly = 0). Since a rational ruled surface M is simply-connected,
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there exists a moment map z : M — R for the given S'-action, that is, a
function z on M satistying ¢¢€); = dz. It is well-known that a moment map
z : M — R is a perfect Bott-Morse function. Hence we obtain by (F) =
bi(M) = 0 (cf. Frankel [26]). Therefore each component ¥; in (2.19) is of
genus zero, that is, a holomorphic sphere. On the other hand, the Euler
characteristics x(M) and x(F) satisfy x(F) = x(M) in general. Then we
obtain 2k +m = x(F) = x(M) = 4. From the assumption k£ > 2, it follows
that k = 2 and m = 0. The proof is now complete. 0

We next study a self-dual neutral Kéhler surface with a time-like isometric
Sl-action in a general setting. (For a Riemannian analogue of the arguments
below, see [60] and [63].)

Let (M, g, 1) be a neutral Kahler surface and €2; denote its Kéhler form.
Assume that (M, g) admits a time-like isometric S*-action, and denote by F
its fixed point set and by ¢ the Killing vector field generating the S'-action.
Assume also that there exists a moment map z : M — R for the action.
Note that z is unique up to an additive constant and its critical submanifold
coincides with F'. By virtue of Proposition 2.10, we see that £ and /¢ satisfy
€, 1€] = 0, and hence define a holomorphic foliation F on M \ F. Since the
holomorphic structure of this foliation JF is compatible with that of (M, I),
we can introduce, at least locally, a holomorphic structure on the leaf space
(M \ F)/F. Let x + /=1y be a local holomorphic coordinate of the leaf
space. We now define data w and 6 by

(2.20) wi=—g(,€)7" 0= —wg(¢,) = g(£,) "¢
It then follows from the definition of z (i.e., te£2; = dz) that
(2.21) Idz = —w™ 0 and Idr = —dy.

Since ¢ is a Killing vector field on (M, g) and 0(¢) = 1, the one-form 6 is
regarded as a connection form of an S'-bundle M \ F — (M \ F)/S'. In
particular, df is a basic two-form. Taking account of (2.20) and (2.21), we
can express g and €y respectively as

g = —(wdz* + w16?) + we"(dz?* + dy?),

(2.22) Qr = —dz N0+ we'dzx N dy,

which are understood to define u. Let ¢ be a fiber-coordinate satisfying
& = 0/0t. Then x,y,z,t are regarded as local coordinates of M \ F. Note
that v and w are independent of ¢.

The integrability condition of [ is equivalent to that

(2.23) 0 = (dz + v/ —1dy) A (wdz + v/ —10) A (dw A dz + /—1d0)
= ([wy — dO(D,, 0.)] + V—1[w, — dO(D., d,)])dx A dy A dz A dt,
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where 0, = 0/0x, 0, = 0/Jy and 0, = 0/0z. On the other hand, the
closedness of € is equivalent to

(2.24) 0 = dQ; =dzAdb+ (we).dz Adx Ady
= [d0(y, 0,) + (we"),]dz A dz A dy.

From (2.23) and (2.24), we obtain
(2.25) df = wydy N dz + wydz N\ dz — (we") dx A dy.

Note that [df] /27 determines an integral cohomology class on the base space,
since 6 is a connection form. By d(df) = 0, we have the equation:

(2.26) Wy + Wy — (we"),, = 0.

From an argument analogous to that in [60], it follows that the Ricci form ~
of (M, g,I) is given by

1
= _d(Idu)7
2
which is rewritten as
1 u -1
(2.27) v = —§<um + Uy, — (e )zz>d3: ANdy — (d(w u) NO)4,

where (d(w™'u,) A 6), denotes the self-dual part of d(w™'u,) A 6. Then
(d(w™tu,) A )y A Qp vanishes, since Q7 = —dz A § + we'dz A dy is an anti-
self-dual two-form on (M, g). Recalling that the self-duality of g is equivalent
to its scalar-flatness (i.e., 7 A Q = 0), we obtain the equation:

(2.28) Uz + Uyy — ()2, = 0.

Conversely, given such data w > 0 and u on a three-manifold U, we can
reconstruct a self-dual neutral Kihler metric on an S*-bundle over U, by an
argument similar to that in [60]. Summarizing these, we obtain an indefinite
analogue of the generalized Gibbons-Hawking ansatz (cf. [60]):

Proposition 2.13 Let w > 0 and u be smooth functions on an open set U
in R3 satisfying (2.26) and (2.28). Suppose that

1 1
(2.29) 520 = o (wxdy N dz +wydz A dz — (we") . dx A dy)
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determines an integral cohomology class in H*(U;R). Let m: M — U be an
St-bundle over U with connection form 6 whose curvature is given by df = c.

Define a metric g and an almost complex structure I by

g := —(wdz* + w'6?) + we" (dz* + dy?),

(2.30) B
Idz == —w™'0, Idx = —dy.

Then (g,1) is a self-dual neutral Kihler structure on M.
Moreover, every self-dual neutral Kdahler surface with a time-like isometric

Sl-action is obtained, at least locally, by this construction.

We now introduce a generalization of this ansatz (Proposition 2.13), based
on the Jones-Tod correspondence (cf. Jones-Tod [41], Appendix 5.1).

Let (M, g) be an oriented pseudo-Riemannian four-manifold with neutral
metric ¢ admitting a time-like isometric S'-action. If the S'-action under
consideration is fixed-point free, then the orbit space Y := M/S! is a smooth
three-manifold. Let § be a Lorentzian metric on Y defined by

&R
9(£,6)’

where 7 : M — Y is the natural projection and ¢ := g(¢,-) denotes the
metric-dual of §. Then 7 : (M, g) — (Y, g) is a pseudo-Riemannian submer-
sion. Let 8 be a one-form on Y satisfying

—dg(£,€) — 2%, (£'NdE)
29(,¢) '

Then (g, —25) determines a unique torsion-free affine connection D on Y
such that

(2.31) Tg=g

(2.32) ™6 =

(2.33) Dj=—-26® g,

and gives a (Lorentzian) Weyl structure ([g], D) on Y, where [g] denotes the
conformal class of g (see Appendix 5.1). Let ¢’ be another metric on M
defined by ¢ := e?/°7g for some smooth function f on Y, and (g, —20')
the corresponding pair obtained by substituting ¢’ for g in (2.31) and (2.32).
Then (§, —206) and (§', —23') determine the same Weyl structure ([g], D). A
Weyl structure ([g], D) is said to be Einstein-Weyl if the symmetrized Ricci
tensor of D is proportional to §. For later convenience, we recall the following
(see Appendix 5.1, cf. Hitchin [36], Jones-Tod [41]):
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Proposition 2.14 (M, g) is self-dual if and only if (Y,[g], D) is Finstein-
Weyl.

Concerning the converse construction of self-dual neutral metrics, we can
show the following (cf. [65]):

Proposition 2.15 Let (Y,[g], D) be an oriented Lorentzian Einstein-Weyl
three-manifold, 3 a one-form defined by D§ = —25 ® § for a Lorentzian
metric § in the conformal class [g], and V' a smooth positive function on
Y satisfying d*(d — B)V = 0, where % denotes the Hodge star operator of
(Y, §). Suppose that the cohomology class [¥(d — 3)V]/2r is integral, that is,
contained in the image of H*(Y;Z) — H*(Y;R). Let 7 : M — Y denote an

St-bundle over Y with connection form 0 whose curvature is given by

(2.34) do = x(d — p)V.

Then, for any non-vanishing function f on M, a neutral metric g defined by
(2.35) g=f(=V0®0+Vrg)

is self-dual with respect to a suitable orientation.

Proof. We first note that 7 : (M, (fV)'g) — (Y, g) is a pseudo-Riemannian
submersion, and the standard S'-action along the fiber yields an isome-
try of (M, (fV) 'g). The Killing vector field ¢ generating the S!-action
on (M, (fV)1g) satisfies

(fV) g€, &) = =V72 €= (fV) lgl6,-) = -V 2.
Define a one-form fs)-14 by

oo = VI ©) = 2y, (©NdEY)
Ve = 2(fV) 1g(€,€) ‘

Then we see that §(sy)-14 coincides with . Indeed, noting that

*(pv)-1g(0 AT ) = V't (k)
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for any two-form o on Y, we have

P —d((fV)'9(£,€)) = 2 %(pv)-14 (ENE)
S 2fV)1(€.6)
AV = 2% sy, (V720 N V2d0)
_2V—2
—2V3dV — 2V 3%(d0)
_QV—Q
—2V3dV +2V3(d — B)V)
_2v—2

= A

Thus it is verified that (g, —28(v)-1,) and (g, —23) define the same Weyl
structure. By Proposition 2.14, (fV)™1g is a self-dual metric, and hence so
is g. 0

Remark 2.16 If we take another connection form 6’ satisfying df’ = *(dV —
V) = df, then

gi=—V 1920+ Vrg and ¢ :=-V 90 +Vrg

are isometric to each other. Indeed, there exists a map eV ¢ : YV — §!
satisfying 0 — @ = d¢. Then the map eV~ induces a bundle isomorphism
(gauge transformation) ® : M — M such that ¢' = ®*g. Namely, (M, g) and

(M, g") are isometric via the map .

If we take the de Sitter three-space S? as an Einstein(-Weyl) manifold
Y in Proposition 2.15, then we obtain an analogue of LeBrun’s hyperbolic
ansatz. Recall that the de Sitter space S can be realized as a hyperquadric
in the Minkowski space-time R} as follows:

S3 = {(zo, 71,20, w3) € R} | — 22 + 2 + 23 + 22 =1},

(2.36) gsp = (—dz? + dz? + dai + d35;2>,)|5§.

It is well-known that the de Sitter space S7 = (S}, ggs) is a Lorentzian
space-form of constant curvature +1 (cf. Wolf [90]). Then an ansatz given in
Proposition 2.15 is rewritten in the following fashion (see [47], cf. [60]):

Proposition 2.17 Let V' be a smooth positive function on the de Sitter three-

space S} such that *dV /2w is a closed two-form on S} that determines an
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integral class in H*(S};R). Let M — S? denote an S*-bundle over S} with

connection form 6 whose curvature is given by

(2.37) df = xdV,

where % denotes the Hodge star operator of S;. Define a metric gyg on M
by

(2.38) gve = =V 1000 +V ggs.

Then gy is a self-dual neutral metric on M, and, at least locally, is confor-

mal to a scalar-flat neutral Kdhler metric with respect to a suitable complex

structure on M.

Remark 2.18 Although gy depends on V' and 6, the isometry class of gy g
is independent of the choice of § (see Remark 2.16). Unless otherwise stated,

we shall write gy in place of gy, for brevity.

2.4 Construction of self-dual Kahler metrics

Let (V,0) be a solution of (2.37) satisfying that V' > 0 and [*dV]/27 = 0 in

the image Im(H?(S?;Z) — H?(S};R)). Then we obtain a self-dual neutral

metric gy on M(=S! x S?), the total space of a trivial S'-bundle over S3.

In this section, we first study several conditions for the existence of a neutral

metric gy conformal to gy such that gy can extend smoothly to M := S?x.S2.
We first identify S? with R x S? via the map

S% 3 (wg, 11,29, 23) = (sinh p, (cosh p)v) — (p,v) € R x S

where v € 52 C R3. Let hg2 denote the standard unit round metric on
S? = {p =0} and wg its volume form. Then gss is expressed as

ggs = —dp? + cosh®p hg  (—00 < p < +00),
and the Hodge star operator % of S? is given by
kdp = — cosh®pwg2, *d¢ = /—1dpNdC,

where ( is a complex coordinate of S2.
Concerning smooth extensions of neutral metrics, we show the following
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Proposition 2.19 Let V be a smooth positive function on S? = R x S? such
that *dV is an exact two-form on S and (V,0) is a smooth solution of (2.37).
Assume that 0 has no dp-component. Define a metric gy on M = St xR x S?

by

Vdp* + V162
(2.39) gy= L T Yhe
cosh™p

Then gy extends smoothly to M = S% x S?, wvia polar coordinates at r :=

e’ =0and at q := e =0, if and only if V satisfies the following conditions:

(2.40) V=1+7F_(r?,¢) as r — +0,
' V =1+¢F,(¢* ) as ¢ — +0

for smooth functions Fy on R x S? in variables %, ¢* and (.

Proof. Let t be a fiber-coordinate of the trivial S*-bundle M. Since the
situations around r = 0 and ¢ = 0 are similar, we discuss only the case near
r=0. Set & + /=17 := reY~. Then the following relations hold:

r? =22+ 9% rdr=2di+gdy, ridt = —gdi + 2dy,
(2.41) dr? +r2de? = di? + dg?,  rdrAdt = dindg
g%, rdr TAdY.

We first verify that the condition (2.40) is necessary. Suppose that gy
extends smoothly to M via polar coordinate & + /—1§ = reV~. The
restriction of gy to S? x {¢} (¢ € S?) is also smooth in (Z,¢). In general,
a metric a(r)dr? 4+ 2b(r)rdrdt + c(r)r2dt®> on Ry x ST = {(r,eV"1)} extends
smoothly to R? via & + v/—1§ = reY~ if and only if a(r),b(r) and c(r)
are smooth even functions in r satisfying a(0) = ¢(0)(# 0) and b(0) = 0
(cf. Kazdan-Warner [48], Besse [7]). In our case, gy |s2x ¢} is given as

i v, Ayt
gvls2xgy = — ((1+r2)2dr + (1+r2>2r dt | .

Therefore V' should be a smooth even function in r satisfying V(0,¢) =
V(0,¢)71, that is, V(0,¢) = 1. Then V should satisfy the condition (2.40).
For sufficiency, we recall that dV is given as

AV = 2F(r2,¢) + 120,2F(r2,¢))rdr
+r2(OcF (1, Q)dC + O F (1, ¢)dC),
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where F := F_, 0,2F := 0F/0r®, O.F := 0F/0¢ and 0;F := OF/0(. By
(2.41), dV is a smooth one-form near 72 = ( in variables #, ¢ and ¢. In terms
of (r,¢), the Hodge star operator % on S? satisfies

V=1 (1+41r?)?
2 (1+1¢P)?

(2.42) Srdr = — dCAC,  #dC = \/?dr/\dg.

Thus we have

¥dV = —/—1(F(r% ) + 120, F(r%0)) ((1 |2>)2 d¢AdC

+1¢
AV 1rdrA(OF (12, )dC — 9:F (12, ¢)dC).

Then the pull-back of #dV onto M is regarded as a smooth two-form near
r? = (0. By assumption, there exists a connection form § = dt + A such that
*dV = df = dA for some (real) one-form A on S?. Now, comparing both
sides of ¥dV = dA, we see that A is also smooth near 7> = 0. Then gy near
r? = 0 is expressed as

{1+ r2F (2, O))r(dt + A2 + (14 r2F (12, ¢))dr?}
(1+17r2)?

gv = -

+(L+ 12 F(r?,¢))hse,

CA(dr? 4 r%dt?)  A{F(r?, Q) (r*dt)? + F(r?,¢)(rdr)?}
(1+72)2 (1+72)2

A1+ PP Q2(r%dh A + r2A?)
(14+17r2)2

+ (1 +7r2F(r? () hge,

where 1+ r2F(12,¢) := (1 + r2F(r2,¢))"" near r2 = 0. Recall that rdr,
r2dt, dr* + r*dt* on R*\{(0,0)} extends smoothly to R? via the coordinates
(,9) = r(cost,sint). We can therefore regard gy as a smooth neutral metric
on R?xS2.

Similarly, we also see that gy extends smoothly to a neighborhood of
q®> = 0. Thus gy is regarded as a smooth metric on M. 0

Remark 2.20 After a gauge transformation, we may assume that 6 has no

dp-component (cf. Remark 2.16).
We next prove that there exists an almost complex structure Iy, on M =

S% x 8% such that (gy, Iy) is a neutral Kahler structure, if V' satisfies the
same assumptions as those in Proposition 2.19.
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Proposition 2.21 Let gy be a self-dual neutral metric on M = 5% x S? as
in Proposition 2.19. Define an almost complex structure Iy, and a two-form
Qy on M =5 x S3 = St x R x S? respectively by

(2.43) Iydp .= -V =10, I,d¢ :=+/—1d(,
(244) QV = gv(IV', )

Then Iy is integrable on M and Qy extends smoothly to a symplectic form
on M. Thus (gyv,Iv) is regarded as a self-dual neutral Kihler structure on

M.

Proof. Let AP? denote the space of (p, q)-forms on M with respect to I .
Then Iy is integrable if and only if A CA2P@ALL, or equivalently,

(2.45) (dp + V=1V 'O AdCAd(dp + /—1V10)=0,

since A'0 is generated by dp + /—1V 710 and d¢. By using (2.37), the
integrability condition (2.45) is verified as follows:

(dp+\/_ V) AdCAd(dp + 1V 1)
= V—1(dp + V=1V OANCN(=V 2V NG + V ~1d)
= V—1(dp+ V=1V AN~V 2V N + V" 15dV)
= V=1(=V2dpAdCAAV N + =1V 2ONdCNRAV)
= —V=1V"(9:VdpNd{AACND — =10V ONACA(—V—1dpAd())
= 0.

~ We next examine the fundamental form Qy of (gv,Iy). By definition,
Qy is expressed as

(246) QV = gv(lv', ) = —dtanh p/\@ + VWSQ.
By the coordinate change r = e, we have

_ 4rdrNG
Oy = —— "
\% (1 T ) szz

From (2.41), we see that )y is smooth and nondegenerate near r? = 0, and
near ¢> = 0 as well. Then we can regard €y as a nondegenerate two-form on
the whole M. By definition, we can also regard I, as a complex structure
on the whole M.
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The exterior derivative of Qy is computed as follows:

dQy = —d(dtanh pAQ) + d(Vwg2)
= dtanh pAdf + dV Awg2
= sech?pdpA*dV + dV Awge
= —sech’pdpNd,V cosh’puwg: + 9,VdpAwg:
= 0.
Thus (gy, Iy) is a neutral Kihler structure on M. O

Remark 2.22 Note that the Ricci form 7y is given by
(2.47) v =d(V  tanhp 0) + wge.

It is easy to verify the scalar-flatness of gy by checking vy A Qy = 0.

Remark 2.23 Given two solutions (V, 6) and (V' 6) of (2.37) satisfying the

conditions in Proposition 2.19, define a one-parameter family {(VJ,60\)} by
Vii=AV + (1= NV, Or =M+ (1 - N

Then (V),6,) is also a solution of (2.37) for each A, and hence (gv,, Iy,)
determines a self-dual neutral Kihler structure on M = S? x S?. Taking
V' =1, we see that I is obtained as a smooth deformation of the standard
product complex structure Iy = Ig2@®Ig2 on S?2xS? = CP! x CP!, the product
of two complex projective lines. Therefore it follows from Kodaira-Spencer
theory [53] that (M, Iy, ) is biholomorphic to CP* x CP* for sufficiently small
A. Furthermore, by using results in this section, one can prove that (M, Iy)
is biholomorphic to CP' x CP*.

Remark 2.24 The Kahler form ) of gy, corresponding to V) = AV +
(1 — M1 is given by Qy = Ay + (1 — A€, where Qq is the standard
symplectic structure: Qy = —wg2(2)@Bws2(¢). By the self-duality of gy, it is
verified that [Q2,]-c;(CP' x CP') = 0, that is, the cohomology class [2,] is
orthogonal to the first Chern class ¢;(CP' x CP') with respect to the cup
product in H2(CP'x CP'; R). By (2.46), it is also verified that [Q,]-[wsz2(¢)] =
[0]-[ws2(C)]. Then we see that [2,] is independent of A, that is, [Q2)] = [Q]
for any A (0 < A < 1). It follows from Moser’s theorem [76] that (M, Q) is
symplectomorphic to (S? x 52, Q).
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We next examine the Weyl conformal tensor W of gy,. For convenience, we
first recall the following proposition, which is verified by a direct computation
(see Appendix 5.1).

Proposition 2.25 Let gy be a self-dual neutral metric on M = S? x S?
defined by (2.39). Then the Weyl conformal tensor W of gy is completely
determined by the following quadratic form Qv :

Qv = VDAV — 3dV@dV + [[dV|*gss,

where D is the Levi-Civita connection of ggs and || -||* denotes the indefinite
squared norm with respect to ggs. In particular, gy is conformally-flat if and

only if Qv vanishes identically.

We shall next examine the conformal-flatness of gy. Let ¢{, be a metric
on M = S'xS} defined by g := —0% + V?gg and D' the Levi-Civita
connection of ggs:= VQgSio,. Then D" and D satisfy the following relation:

DyY = DxY +dlog V(X)Y + dlog V(Y)X — ggs(X,Y)DlogV,

where Dlog V' denotes the gradient vector field of log V' with respect to ggs.
From this relation, we can verify that

D'dlogV = V=*(VDAV — 3dV@dV + [|dV|[gss) = V Qv

Thus, gy is conformally-flat if and only if D’dlogV=0. Since V satisfies
V >0and V — 1 as p — too, the condition D'dlog V=0 implies that log V'
is constant, thus V=1. Summarizing these, we obtain the following

Theorem 2.26 Let gy be a self-dual neutral Kcihler metric on M = S?x S?
defined by (2.39). Then gy is conformally-flat if and only if V=1.

In the case where V' = 1, gy is not only conformally-flat but also coincides
with the standard product metric gy on S? x S2. Indeed, take a connection
form 6 = dt and set r = e¢”. Then gy is given as

_dp? +dt?
cosh?p

4(dr® + r2dt?)
1+ )

gv = + hg2 = — + hs2,

which is just the product metric gg = —hg2®hge2 restricted to M = S1x S} =
SIxRxS2.
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For a nonconstant solution V' of (2.37) satisfying the conditions in Propo-
sition 2.19, we obtain a non-conformally-flat, self-dual neutral Kahler metric
on S? x S%. Next, we construct a family of self-dual neutral Kihler metrics
on S? x S? from some explicit solutions (V,6) of (2.37).

Let Gy be a smooth function on S? defined by

1 — tanh
Go = ——L.
Then Gy satisfies
xdGo = 1wgz,
2
and hence
%[ﬂszO] =1 € Im(H*(S};Z) — H*(S};R)) = Z.

From Proposition 2.17, we thus obtain a self-dual neutral metric gg, on
S$3 x R, the total space of the Hopf bundle S? x R — S% = S2 x R. It should
be remarked that gg, is conformal to a restriction of the Fubini-Study type
metric on the indefinite complex projective space CP] (see Chapter 4).

Let {0}, (vesp.{7;}}_;) be a family of orientation-preserving isome-
tries on S} such that each o; (resp.T;) preserves (resp.reverses) the time-
orientation. If we set

N
1
(2.48) V=< > (Gooo; + Goory),

J=1

then V satisfies [*dV]/2r = 0 in Im(H?(S};Z) — H?*(S};R)). Thus we
obtain a self-dual neutral metric gy on the total space M of a trivial S'-
bundle over Sj. We can verify that V satisfies the conditions in Proposition
2.19 as follows: Recall that Isom™(S?), the group of orientation-preserving
isometries of 53, is isomorphic to SO(1, 3). Let ¢ be an orientation-preserving
isometry of S} and ¢! denote its inverse. Then ¢ and ¢~! are expressed as

[ a b 1 a —c*
“\en ) ¥ T D)

where a € R, b,¢ € R3 and D is a real 3x3-matrix such that

a’>—|c*=1, —ba+ D*c=0, —bb*+ D*D =E,
a>— =1, ca—Db=0, —cc*+ DD*=E.
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Here E is the identity matrix, and * stands for the transpose. Then pog
satisfies

sinh(pop) = asinhp + cosh pb*v,

cosh(pop) = /1 + (asinhp + cosh pb*v)?,

tanh(poy) asinh p + cosh p b*v
anh(po = :
ey V/1+ (asinh p + cosh pb*v)?
csinh p + cosh p D*v
voy =

V/1+ (asinh p + cosh pb*v)?

for v € S? C R3. Then Gyop is expressed as

1 —tanh(pop) 1 (1 asinh p + cosh pb*v >
2 2 '

GOO()O = = — —
V/1+ (asinh p + cosh pb*v)2
By using the coordinates r = e” and ¢ = e~ ”, we have

oo Yo a4+ be(® 1)
Gooy = 5 (1 VI (a2 — 1) + bo(? + 1))2)

1 a(l—q¢*) +b*v(1 + ¢?)

-2 (1 VAR T (1 - ) +b*v<1+q2>>2> |

Hence Goop is smooth near both r? = 0 and ¢> = 0. If ¢ preserves
(resp. reverses) the time-orientation of S, then we have

Goop — 1 (resp. Gpop — 0) as r?

— 0,

Goop — 0 (resp. Goop — 1) as ¢* — 0,

so that V' = (1/N) Zé\]:l(Gooaj + Gpotj) > 0 satisfies the conditions in
Proposition 2.19. Therefore (gy, Iy) is a self-dual neutral Kéhler structure
on M = 52 x §2. Tt follows from Remark 2.23 that (M, Iy/) is biholomorphic
to CP! x CP'. Noting Theorem 2.26, we obtain the following result, which
was referred as Theorem 1.3.

Corollary 2.27 There exists a family of self-dual neutral Kahler metrics,

which includes non-conformally-flat metrics, on CP' x CP*.
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Remark 2.28 In the argument above, p is regarded as the signed distance

function from the totally geodesic sphere
Y= {p = O} = {(0,1’1,1’2,[[‘3) | ZE% ‘I—Jf% +$§ == ].} C S%

In general, an oriented totally geodesic sphere in S} is determined by a point
in H3][H?. The sphere ¥ = {p = 0} is indeed corresponding to a point
(1,0,0,0) € H?. Take another totally geodesic sphere ¥’ corresponding to
p € H? and denote by p’ the signed distance function from X'. Then ggs 18

also expressed as
_ /2 2 7
gss = —dp” + cosh®p hsy,

where hyy denotes the unit round metric on ¥'. Let o be an element in
Isom™ (H3) = SO, (1, 3) with ¢(1,0,0,0) = p. Then ¥’ = (%) and p'oc = p.
For a solution (V, 0) of (2.37), the metrics

Vdp? + V162 Vdp? + V162

0 = —|—Vh, a. = +Vh’
W cosh?p = v cosh?p’ .

on M are both self-dual. Furthermore, g, is conformal to gy. Indeed, g, is

rewritten as

cosh? p_

i = sech?p/ (=V710% + Vgs)=—=-0v.
cosh™p

Thus the isometry class of gy depends on V and the identification S} =
R x S%. However, its conformal class is independent of the identification
S% = R x 52, and depends only on V. For a metric gy = (sech®p)gy, we
shall call the totally geodesic sphere ¥ = {p = 0} in S? the neck sphere (or

the equatorial sphere).

Remark 2.29 For a function V defined by (2.48), let {p;}}_; and {q¢;}}_,
be the points in H? and H? corresponding to the totally geodesic spheres

{O']-_I(SZ) M, and {7']-_1(5’2) 1, respectively. Here S* denotes the fixed neck
N

sphere. Then gy depends on the configuration of {p;;¢;};Z,, rather than on

{oj:7 }§V=1-
Each metric gy has an obvious S'-symmetry coming from the S'-bundle

N

structure. According to the configuration of {pj;¢;};Z,, the corresponding
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metric gy may have other extra symmetries. For example, if {g; }f;l consist of
that is, ¢ = —p; (j =1,...,N), then V=1.
Hence gy is the standard metric gy, which has a natural S(O(3)xO(3))-

the antipodal points of {p, }] 1

symmetry. If {p;; qj}é-vzl are simultaneously collinear, that is, if they lie on
a common two-dimensional subspace II in R%, then gy has a T?(= S!xS1)-
symmetry. Indeed, the extra S'-symmetry is given by the rotation around
the intersection of the subspace IT and the neck sphere S? = {p = 0}. In
particular, if N = 1, then gy always has a T2-symmetry (cf. Poon [83]).

Let G(z,y) be a smooth function on S} x (H2 [[ H?) defined by

G(z,y) == Goopy(z)

for an isometry ¢, on S} satisfying ¢,(y) = eo = (1,0,0,0) (y € H2 [[ H?).
Then G(x,y) is rewritten as

1 <90y( ) 0) 1 (z,9)
G(z,y) = <1 i >2> =3 (1 + NiESeRTE <x,y>2) .

Setting ¢, = 0; and ¢, = 7 (1 < i < N), we can also express the data V
given by (2.48) as

L
:NZ (z,p;) + G(x, )]

Motivated by this expression, we obtain the following generalization: Let
it and g1 be probability measures on H? and H? with compact support,
respectively. Define a smooth function V' on S} by

Vi) = [ Glaadna)+ [ Glamidn(),

which satisfies the conditions in Proposition 2.19. Then the corresponding
metric gy is self-dual neutral metric on M.

For a solution (V) of (2.37), each metric gy defined by (2.39) is neutral
Kéhler. Therefore we can express gy as in (2.30):

gy = —(wdz?® + w0?) + we" (da® + dy?),
by setting
4
cosh?p(1 + 22 + y2)2’

u

dz = dtanhp, w =V cosh?p, "=

34



Since we may assume that z = tanh p, the data v and w are rewritten as

Vv 4(1 — 2%
2.49 — U _
( ) LR (14 22 4+ y2)?’

and hence satisfy (2.26) and (2.28). The corresponding Einstein-Weyl struc-
ture on the quotient space is indeed induced from that of the de Sitter space
S3, and then (2.25) is equivalent to (2.37) under the substitution (2.49). (In
the Riemannian case, such a solution as (2.49) appears in, e.g., Calderbank-
Pedersen [15].)

For a self-dual neutral Kahler structure (g, /) given by (2.13), we can find,
by virtue of Proposition 2.14, an Einstein-Weyl structure on ¢. Indeed, the
structure is determined by a pair (§, —2(3) defined to be

(2.50) g = —dz* +e"(dr* + dy?) and §:= —u.dz.

We now prove the following result, which characterizes self-dual neutral
Kihler metrics constructed on CP' x CP* by the de Sitter ansatz.

Theorem 2.30 Let (M,g,I) be a compact self-dual neutral Kihler surface
with a time-like S'-action satisfying the same condition assumed in Theo-
rem 2.11, and F denote its fized point set. Suppose that the Einstein-Weyl
structure determined by (g, —203) in (2.50) is closed on the quotient space
(M \ F)/S" (i.e., d3=0). Then (M,I) is biholomorphic to CP' x CP* and
(M, g, 1) is isomorphic to (CP' x CP', g/) given in Proposition 2.21.

Proof. Recall that the orbit space Y := M/S! is a compact three-manifold
with boundary 0Y = 31 [¥,, where ¥; and X5 denote the connected compo-
nents of F'. If necessary, by rescaling and adding a constant, we may assume
that a moment map 2 : M — R satisfies z(M) = [—1,1] with z71(=1) = 3,
and 271(+1) = Xy. Then 2 induces a smooth function z : Y — [—1, 1], since
z is constant along each orbit of the action. By the assumption that £ is
time-like, 1€ is a gradient-like vector field of Z : Y — [—1, 1], that is,

dz(m 1§) = dz(1§) = (€, 1) = g(§,§) <0 on Y\ 0Y.
Thus 2 has no critical points in the interior of Y, and hence Y is identified
with [-1,1] x S? = {(z,z,y) | —1 < 2 < 1,(z,y) € S?}, where S? & ¥,

(7 = 1,2) is a two-sphere endowed with a holomorphic structure. In this
description, x + v/—1y is a holomorphic coordinate of S2.
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It follows from (2.22) and the smoothness of g on M that u and w on

(—1,1) x S? satisfy
(2.51) (1— 2w — 1, we" — finite(> 0) as z — +1
by an argument similar to that in Proposition 2.19. Hence it is verified that
e* — 40 as z — £1. By the integrality of [df]/2m, we obtain

1 d 1

——— we'drNdy = — (—we"),dxNdy =:n € Z.
2w dz {2} x 52 27 {z}x 52

Thus there exists a real constant ¢ such that

(2.52) / wedrNdy = —21nz + c.
{z}x5S2

On the other hand, by (2.28), we have
d2

— e'deNdy = / (€")..dzNdy
dz? {z}x 52 {z}x 82

= /{ } SQ(UM + uyy)derANdy = —8
zZyX

for any fixed z € (—1,1). The last equality follows from the Gauss-Bonnet
theorem for S? with a 2-depending metric e“(dz? + dy?), since its Ricci form
is given by —(1/2) (s + tyy)drAdy. From the asymptotic behavior of e, we
also obtain

1
(2.53) / edeNdy = 4r.
1—22 {z}x 52

In what follows, we suppose that the Einstein-Weyl structure on YV\8Y =
(—1,1) x S? determined by (§,—23) in (2.50) is closed, that is, d3 = 0.
By arguments similar to those in [63] and [15], we can express u as u =
a(z) + b(x,y). Here a(z) € C*([—1,1]) and b(z,y) € C>(S?) satisfy
(2.54) beo + by = ke’ (e").. =k
for some negative constant k. Without loss of generality, we may assume that
k = —2. Taking account of (2.53) and (2.54), we obtain e* = (1 —22)e®, since
brx + by, = —2¢” is equivalent to that a Riemannian metric e®(dz? + dy?)(=:

hsz) on S? is of constant curvature +1. Define a function V' on [—1, 1] x S?
by V = wete™® = w(1 — 2?). It follows from (2.51) that

(2.55) lim we'dx N dy
z—=+1 {Z}XS2

= lim w(l — 2%)ebdx A dy = 4.
=EL zyxs?
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From (2.52), it also follows that

(2.56) lim we'drNdy = F2mn + c.
=EL 2y s

Comparing (2.55) with (2.56), we obtain
A = =2mn+c¢, 4m =42mn +c,

which imply that n = 0 and ¢ = 4w. Therefore, df is an exact two-form
on (—1,1) x S% so that the corresponding S'-bundle is trivial. Hence M is
biholomorphic to CP! x CP'.

Recalling w = V(1 — 22)7! and we* = Ve®, and setting z = tanh p, we
can rewrite g as

Vd2 + VI - 2%

g = .2 + Vel (da? + dy?)
dp? ~1p2
cosh”p

Note that ggs is expressed, via the identification S§ = (—1,1) x 5%, as

o d22 h52
st = _(1—22)2 + 1— 22

It is then verified that (V,6) satisfies (2.37). Indeed,

Vedy AN d V,dz N\ d 5
dg = L2 OE L WOEROE b A dy = #dV.
1—22 1—22
Thus we have reexamined an analogue of LeBrun’s hyperbolic ansatz. 0

2.5 Isometry classes

In this section, we investigate the isometry classes of our self-dual neutral
Kéhler metrics on CP' x CP'. Temporarily, we denote a self-dual neutral
metric gy defined by (2.39) as gy e:

Gy = sech®p(—V 1000 + V ggs).

Let ¢ be a smooth function on S. If (V,0) is a solution of (2.37), then so
is (V,0 + d¢). Recall that such a modification stems from a gauge transfor-
mation ® = 6\/__1¢ . M — M with (I)*gv,@ = gV,@-&-qu' Thus gv’@ and gV,€+dq5
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are isometric via the map ®. Let ¢ be an orientation-preserving isometry of
S3. Given a solution (V,6) of (2.37), it is easy to see that (Voyp, ¢*0) is also
a solution, and Gy., <9 and gy are related by

cosh?(poy)

* —

gVocp,go*G - Y gv,e-

cosh?p

Note that gy depends also on the choice of a totally geodesic neck sphere
(see Remark 2.28). If ¢ preserves the neck sphere S? = {p = 0}, then
©*Gve = Gvop,e0, that is, gyy and gyo, o+¢ are isometric.

It is natural to ask, for solutions (V,6) and (V',60') of (2.37), when the
corresponding metrics gy and gy g are isometric. The main goal in this
section is to prove the following

Theorem 2.31 Let gy and gy.o be non-conformally-flat, self-dual neutral
Kdihler metrics on (M, I) = CP' x CP" corresponding respectively to (V,0)
and (V' 0"), which are solutions of (2.37). Let ¢ be an orientation-preserving
diffeomorphism on M and suppose ©*Gyrg = Gyg. Then ¢ should be induced
from an isometry of S} preserving the neck sphere S?. In particular, V'op =

V' holds.

From Theorem 2.31 above, we see that self-dual metrics obtained in Sec-
tion 2.4 give rise to infinitely many different isometry classes on S? x S2.
For example, let ¢ be a point in H2. Then the isometry class of the metric
gy corresponding to {ey = (1,0,0,0); ¢} is parameterized by the hyperbolic
distance between ey and —q in H?.

Before proving Theorem 2.31, we first recall basic properties of holomor-
phic vector fields on CP* x CP'. Let (Up, 2) and (Us, 2) be local holomorphic
coordinate charts of the first CP' satisfying 2’ = 1/z on Uy () Us, and (Vp, ¢)
and (Va, (") be local holomorphic coordinate charts of the second CP' sat-
isfying (' = 1/ on Vj[| V. It is well-known that any holomorphic vector
field on CP' x CP' can be expressed in terms of (z,¢) as a(2)d. + B(¢)0,
where 0, := 0/0z and 0, := 0/0(¢. Here a(z) and (({) are polynomials in z
and ( of degree at most two, respectively.

In regard to time-like Killing vector fields, we first prove the following

Proposition 2.32 Let g be a neutral Kihler metric on CP' x CP* and € # 0
a time-like Killing vector field on (CP' x CP', g). Then & has no isolated zero.
Moreover, taking suitable holomorphic coordinates, we may regard & as the
real part of & — /—11¢ = \/—1az0, for some a € R. In particular, we can
identify Zero(¢) with {0, 00} x CP*.
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Proof. Let £° denote the holomorphic vector field on CP! x CP' associated
with &, that is, &€ := & — /—1I£. At a point p € Zero(€), taking suitable
holomorphic coordinates (z, ) with (z(p), ((p)) = (0,0), we may assume that
£¢ = a(2)0, + B(C)0, for a(z) = z(a; + azz) and [(¢) = ¢(by + ba(), where

ai, as, by, by € C. Since £ is a time-like vector field, we have
(257) 2969 = lo(2)Pgu(=0) + a(2)B(Oma(% )
+6(Q)a(2)g21(2, ¢) + 1B(C)Pgaa(2,¢) < 0
for (2,¢) ¢ Zero(§). Here g;; = g(0,,0.1) (j,1 = 1,2) denote the components

of g with respect to {0,1 := 0,,0,2 := O;}. Then, since g is an I-invariant
neutral metric, the determinant of the matrix (g;;) is negative, that is,

(258) gli(zv C)QQQ(Z7 g) - |91§(Z7 C)|2 <0.

The assumption that ¢ is Killing (i.e., L¢g = 0) is equivalent to

B(¢))g1z = 0,

(2.59) 26011 + ('(2) + a ( N1 =0, 26913 + (« :(

z) +
28923 + (B'(C) + 9'(¢)) g2 = 0.

In particular, we obtain
(2.60) (a1 +@1)gi1 = (a1 + b1)gis = (b1 + b1)gaz = 0

at (z,¢) = (0,0).
First, we show that |ai|* + |b1|*> > 0. Indeed, if we suppose a; = b; = 0,
then (2.59) is rewritten as

Re(a220, + b2C%0:)gi1 = —(a2z + @%) 11,
Re(as220, + b2¢%0:) g1z = —(azz + b20) 913
Re(a22?0, + b2(20;) gaz = —(b2€ + b2C) gos.

If (2,{) — (0,0) along z = ¢ € R and along z = ¢ € v/—1R, then we have

(a2 + 2)g11 = (a2 + ba)g1z = (by + ba)gaz = 0,
(a2 —@2)g11 = (a2 — ba)giz = (b2 — b2)goz =

at (z,¢) = (0,0). From (2.58), it follows that ay = by = 0, which contradicts
¢ # 0. Thus we obtain that |a;|* + [b|> > 0.
Setting ( = Az in (2.57) for an arbitrary A € C and z — 0, we have

(2.61) a1 2911 + Aa1bi1giz + Aarbigor + [A?|b1]*gaz < O
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at (z,¢) = (0,0). In particular, we obtain
(2.62) la1|?911(0,0) <0 and |b;|2g42(0,0) < 0.
Furthermore, (2.61) also implies that
|a1bi[*]g12(0, 0)[*(1g12(0, 0)* = 911(0,0)g22(0, 0)) < 0.
Then it follows from (2.58) that |aib;|*g12(0,0)|?> = 0. By (2.60), we obtain
(2.63) 912(0,0) =0, and hence ¢;1(0,0)g23(0,0) < 0,

since |a1|* + [b1[* > 0. Then |a;|*|b;|* = 0 follows from (2.62). Furthermore,
(2.63) implies that £ has no isolated zero. To show this, we would suppose
the contrary, that is, (Jai|> + |aa|?)(|b1]? + |b2|?) > 0. Setting either z = 0
or ¢ = 0 in (2.57), we would have g;7(z,0) < 0 and ¢,3(0,¢) < 0, which
contradicts (2.63). Therefore (z,() = (0,0) is not an isolated zero of &.
Thus we may assume that ¢ = z(a; + a2)0, for a;#0. Setting Z :=
z/(ay + agz), we have £¢ = a120;. Here ay + a3 = 0 follows from (2.60). O

Next, we study the case where two linearly independent time-like Killing
vector fields exist.

Proposition 2.33 Let & and & be time-like Killing vector fields on a neutral
Kihler surface (CP' x CP', g). Suppose that & and & are linearly indepen-
dent over R. Then [£,&] # 0, and &,&, [&1,&)] are linearly independent
over R.

Proof. We may assume that £7 = v/ —1az0, for some real number a#0. Since
& is also a Killing vector field on (CP' x CP', g), the holomorphic vector field
&5 is expressed as either

& = (ap+ a1z + a222)0z or & = (bo+bi(+ b2C2)8<.

In the second case, & and & clearly commute, and we may also assume
that £§ = /—1b¢9; for some real constant b # 0. It follows from (2.60) that
912(0,0) = 0, and hence from (2.57) that ¢;7(0,0) < 0 and g,3(0,0) < 0.
Then we have

gli<07 0)92§<07 0) - |gli<07 0)|2 - 911(07 0)92§<07 O) > 0.

However, this contradicts (2.58).
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Now, consider the case where &§ = (ag + a1z + a»2%)9,. We first notice
that [&1,&] = 0 if and only if [¢5,&£5] = 0. Here [£], £5] is computed as

[éf?gg] = \/—_1(1(6L222 — CL())aZ.

Then we have &5 = a, 20, if [€1, &] = 0 everywhere on CP! x CP*. By (2.60),
we also see that a; should be a nonzero pure imaginary. This means that &
and & are linearly dependent over R. If [£1, &) # 0, then it can be verified
that &1, &, [€1, €] are linearly independent over R. O

Proof of Theorem 2.31: Let gy := gy and gy := gy1e be non-conformally-
flat, self-dual neutral Kdhler metrics on M = CP' x CP' given by
gy = sech’p(=V 0% + Vgss), gv= sech’o(=V'~'0” + V' 9s3),

respectively. Then the pull-back metric ¢* gy is written as

264) ¢ gvr = sechipog) (—(V'e0) (@' 0)? + (VIop) 9'gsy).

We now suppose that there exists an orientation-preserving isometry ¢ :
(M, gv) — (M,gyr). Let & and ¢ be the Killing vector fields tangent to
the fibers on (M, gy/) and (M, gy) satisfying 0(¢) = 0'(¢") = 1, respectively.
Since ¢*gyr = gy, the pull-back vector field ¢*¢" of £ is also a time-like
Killing vector field on (M, gy-). We have to consider the following two cases:

(1) [&¢1=0, (2) [§¢¢T#0.

In the case (1), we see from Proposition 2.33 that £ and ¢*¢’ are linearly
dependent, that is, £ = ky,£ for some real constant k0. It is clear that

(2.65) P O(&) =kT10E), ¢ gvi( €, ) = kav(E, ).
Comparing the same quantity
* — * ! * ! (V,OQO>_1 2 kZV_l
/ y = — d k P - — 9
gy (9™, ") cos?(pog) O gv(§,€) o)
we then have
, o) COS op) = V coshp.
2.66 k2(V'oyp) cosh?(poy) = V cosh?p
Thus ¢*gy is rewritten as
V—l V/OQO
2.67 *Gyr = ————— (k" 0')? + ———F— ©*ggs.
(2.67) © gv Costh( ©*0") e (pog) 7 I8
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It follows from (2.65), (2.66) and (2.67) that

i} B § k2 cosh? (poy
(2.68) e 0 =k10, ¢ 9s3 = (X)S—hfp)gsf-

In particular, ¢ determines a conformal transformation of the de Sitter space
S3.

It is well-known that Conf(S}), the group of (orientation-preserving) con-
formal transformations of S}, is isomorphic to SO(2, 3). Indeed, if we realize
S% as a hypersurface of RP*:

S L gy | TEOF AT T+ — =0,
D=9 (To:m x93t wy) :

1'4:1

then the action of Conf(S5) on S} is induced from a linear transformation
on R® preserving the quadratic form —x2 + 2% + 2% + 22 — 3. This action is
also given by a linear fractional transformation as follows:

_ Pr+gq

(2.69) o(x) = e (re S} c R‘ll),

where P is a 4x4-matrix, ¢, r are column vectors of R* and s € R such that

P*P—rr*=E, P'q—rs=0, —q'q+s>=1,

(270) PP*—qq* =E, —Pr+gs=0, —r*r 4 s% = 1.

Here * means the metric dual in R}. Then we have

(2.71) P gss = (r'z +s) g,

In (2.69), we may express P, g, r, x respectively as

[ a b (@ [ =1 - sinh p
P (00 ) o= (5) = () o= (i )
where a, o, 70 € R, b,¢,q,7 € R* and D is a 3 x 3-matrix and = € S?. Then,
from (2.69), we obtain

asinh p + cosh pb*v + qo)2

2.72 h? =1
( ) cosh™(porp) * (ro sinh p + cosh pr*v + s
On the other hand, comparing (2.68) and (2.71), we also obtain

h2
(2.73) cosh?(poy) = Cosn P

|k(rq sinh p + cosh pr*v + s)|
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Therefore we have

14 asinh p + cosh pb*v + qq 2
rosinh p + cosh pr*v + s

2
(2.74) _ cosh”p

|k(rosinh p 4 cosh pr*v + s)|

As p — +oo, we can see that rg = 0 and r = 0, that is, r = 0. Indeed, unless
r = 0, the limit of the left hand side is finite for some v € S?, but that of
the right hand side is always infinite. This is a contradiction. Since r = 0,
it follows from (2.70) that ¢ = 0, s> = 1 and P € O(1,3). Then (2.74) is
equivalent to

(2.75) k2(1 + (asinh p + cosh pb*v)?)* = cosh?p.

Dividing both sides of (2.75) by cosh?p and taking p — oo, and setting
p =0, we have
(2.76)  k*(+a+ b*v)t = liin k*(sech®p + (atanh p + b*v)?)? = 1,

p—Eoo

(2.77) kK2(1+ (b0)2)? = 1

for any v € S%. Then (2.76) and (2.77) imply that k> =1, b= 0 and a® = 1,
and hence ¢ = 0 and D € O(3). It turns out that ¢ is induced from an
element of S(O(1) x O(3) x O(1)). Namely,

(1) -

for x € S3. Therefore gy and gy are isometric if and only if ¢ belongs to
S(O(1) x O(3)), since ¢ is orientation-preserving. Thus, we have verified
Theorem 2.31 in the case (1).

We next consider the case (2). In this case, since & = & and & = p*¢’
do not commute, &1,& and & = [£1,&)(#0) are linearly independent, and
the corresponding holomorphic vector fields may be given by

& =vV—1az0,, & = (ap+ a1z + ax2*)0., & = V—la(ayz* — ag)0..

The restrictions of &1, &, &3 to the first factor S? x {(}, the z-sphere, are
linearly independent Killing vector fields on S? x {¢} with a negative definite
metric gy | s2x{¢}y- It is well-known that if a two-dimensional Riemannian man-
ifold admits three linearly independent Killing vector fields, then it should
be of constant curvature. Thus (5% x {C}, §v|s2x(c}) 18 of constant curvature.

+

1 0] 0

1
0 D| 0 |, orequivalently, p(z) = — 10 x
0 0 1 +1 0 D

+
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Let Qy denote the Kihler form of (gy, Iy), and wg2(z) and wg2(¢) the
volume forms of the unit round spheres S? x {¢} and {z} x S?, respectively.
Then the Lie derivatives L¢,ws2(C), Le,ws2(2) and L¢, Qv vanish identically
(a = 1,2,3). In particular, we see that L¢, (wsz(2) A Qv) = (£ V)wsz(2) A
wg2(() =0 (a = 1,2,3). Thus V is independent of z, so that the equation
d*dV = 0 is reduced to the Laplace equation on {z} x S?. It then follows that
V' is a constant function, namely, V = 1, and hence that gy is the standard
product metric on S? x S?. However, this contradicts the assumption that
gy is non-conformally-flat. O
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3 Neutral hyperkahler surfaces

3.1 Split-quaternions

We will introduce the notion of a split-quaternion structure, which is also
called under several different names such as an almost quaternionic structure
of the second kind, a paraquaternionic structure or a biparacomplex structure,
on a smooth manifold (see [42], cf. Libermann [67], lanus [38]; Blazié [9],
Garcia-Rio et al. [28]; Etayo-Santamaria [24]). We begin by recalling the
definition of the split-quaternion algebra "H.

The split-quaternion algebra 'H is an R-algebra with the unit 1, generated
by 1,4,%,k as a vector space over R:

H={p+qi+7r5+sk|pqrseR}

Here 4,7,k are assumed to satisfy the following relations:

i2:—1’ :%2:1,

{7-2
= i = k= kY = —i i = —ik = 4.

It is known that 'H can be realized as the Clifford algebra Cliff(R?) asso-
ciated with the usual Euclidean space R%. To be precise, let e; and e; be
an orthonormal basis for R%. Then (e;)? = (e2)? = 1 and (e;-e3)?> = —1 in
Cliff(R?), where - denotes the Clifford multiplication. Therefore the map

p+qi+ry+sk—p+q(—erer)+rer + se

gives an isomorphism from H to Cliff(R?). Note that 'H is also identified with
the Clifford algebra Cliff(R?) associated with the pseudo-Euclidean space R?
of type (1,1), via the map

p+qi+15+ sk — p+qgey +reg + seq-e9,

where {e1,&5} is an orthonormal basis for R? which satisfies (e1,;) = —1,
(€9,69) = +1 and (e1,e3) = 0. Then 'H is also isomorphic to the algebra
Mj(R) of real 2x2-matrices. For example, an isomorphism 'H=M;(R) is
given by

: . ,- % p+r —q-+s .

A geometric structure corresponding to 'H is defined in the following way.
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Definition 3.1 Let M be an n-dimensional manifold. A triplet (I,7,’K) of
endomorphisms on the tangent bundle T'M of M is called a split-quaternion

structure if I,J,'K satisfy the following relation:
P=-1d, 7?=K’=1d and IJ=-JI='K.

A metric ¢ on M with a split-quaternion structure (7,7,’K) is said to be
compatible if the quadruplet (g, ,7,’K) satisfies the following I-invariance

and J, 'K -skew-invariance:
(3.1)  9(X,Y)=g(UX,IY)=—g(JX,JY) = —g(KX,/KY)
for arbitrary vector fields X and Y on M.

Let (M,g) be a pseudo-Riemannian manifold compatible with a split-
quaternion structure (I,7,’K’). Then, such a quadruplet (g, 1,7,’K) is called
a neutral almost hyperhermitian structure (or an almost paraquaternionic
Hermitian structure) on M. By (3.1), we can define three kinds of two-forms
Qr, Qy, Qg as follows:

(3.2) Qp:=g(I,), Q= g(‘/].7')7 Qg = 9(7(7)

The triplet (Qr, Qy, Q) is called the fundamental form of (g, 1,7,'K).

We now examine the existence of a neutral almost hyperhermitian struc-
ture (g,1,7,’K) on a smooth manifold M. We first show that there exists
a suitable orthonormal frame field associated with the given neutral almost
hyperhermitian structure. In particular, we see that the dimension of M is

divisible by 4.

Proposition 3.2 Let (M, g,1,J,’K) be an n-dimensional neutral almost hy-

perhermitian manifold (n > 1). Then n = 4k for some positive integer k,

and there exists a local oriented frame field {ef, ... e5.} on M such that
(3.3) Iet =e, (1 <A<2k),

(3.4) glek,eb) = gler,en) =0 (1< A, B < 2k),

(3:5) 9(eni1:€35) = —glesip e55) =8y (1<, j <k).
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With respect to this local frame field {ef,... et el ,... ey}, we can express

1,J,’K and g respectively as
I Oar  —Eyy, y_ Ey. Oy e — Oar  Eop
Ey, O, )’ Osy —Eoy | Esy Oa )’

_ ng _tJZk: _ OQk J2k
—Jgk ng _J2k OZk ’
where Eo and Joi denote respectively the following 2kx2k-matrices:

0 —1
1 0
By, = ;o Jop =

Proof. Let .7-";5 (resp. }",j;() be a tangential distribution on M defined by
Fi={veTM |Jv=+v} (resp. i := {v € TM | 'Kv = +v}).

Then F,/ and F, are isotropic with respect to g, that is, g = 0 on F; x F,
and on F,; x F,;. Note that F, and F,; are isomorphic to each other, as real
vector bundles, since the almost complex structure I gives an isomorphism
I:Ff — F;. If weidentify F,; with F,; by I and if we set F,/ (2F;) =: E,
then the tangent bundle T'M is isomorphic to EGFE.

We can construct an orthonormal frame field required above by using a
modified Gram-Schmidt process: Take a nonzero vector v{” € F,/. Set ef :=
vy and e] = Ief. Then g(ef,ef) = g(e;,e;) =0 and g(ef,e; ) = 0. Hence
there exists a vector vy € F,; such that g(e;,v5)#0. Indeed, if we would
suppose that g(e;,v") = 0 for any v € F,, then g(e;,v) = 0 for any v €
T M, since F,; is an isotropic subspace. By the nondegeneracy of g, we would
have e; = 0, which contradicts e] #0. Set e5 := (1/g(ey,v5))vy and e; =
Ies. Then g(e1 ,e5) = 1land g(ef ,62 ) = —1. If the dimension is greater than
four, we can take a nonzero vector vy € F, such that {ef, e, vs } is linearly
independent. Set e := vy +g(vy,e; el — g(v;, e; Jes and e; := Ies. Then
gleg,er) = gleg,e5) = gles,ef) = gles,ed) = 0. By a similar argument,
we can show that there exists a vector v € F,/ with g(e5,v) = 1. Set
er :==v] +g(vi,ey)ef —g(vf, e )es. Then g(e4 cer) = g(ef,e;) = 0 and
g(es,e5) = 1. Repeating this process, we see that the dimension is divisible
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by four, so we set dimgkM = 4k. Then we obtain a basis {eli,...,egtk}
satisfying the required properties. 0

As a corollary of Proposition 3.2, we have the following

Corollary 3.3 There exists a local orthonormal frame field {eq, ..., eq} on
a 4k-dimensional neutral almost hyperhermitian manifold (M, g, I,7,’K) such
that

e1, eg:=1Iey, e3:=Ueq, eg:="Keq, ...

-— [ !
oo, Cap—3, Cap—2 = leq_3, esp—1 = Jeqp_3, s = "Keqy_3

satisfy
gleir,e1) = g(ea, e2) = - -+ = glear—3, €ar—3) = glear—2, €ar—2) = —1,
9(63, 63) = 9(64, 64) == 9(641@—17 €4k—1) = 9(€4k> €4k) = +1.
Proof. Let {e5,..., €5} be as in Proposition 3.2. Define a local orthonormal
frame field on (M, g) by
+ - -+
el = , € = = ey,
2 2
65{63 : ez‘\—fel* /
es3 = NG, =Jeq, ey = 7 =lez3 ="Keq,
+ — - +
€5, — Cop €op T €91
€4k—-3 = %, Cakp—2 = % = leg—3
€1t Ep € — Cop_1
€4f—1 = T =Jeq-3, e = T = legp—1,
= 'Key,_s.
Then {ey, ..., e} satisfies the required conditions. O

Let E be a subbundle of the tangent bundle TM consisting of (+1)-
eigenvectors of [/ and w the fundamental form €2; restricted to £E. Then
w is a nondegenerate smooth section of A?2E*, that is, £ = (F,w) is a
symplectic vector bundle over M. Indeed, the nondegeneracy of w is verified
in the following way: Suppose that w(X,Y) = 0 for arbitrary vector field Y’
tangent to F (X is also a vector field tangent to E). Then ¢g(/X,Y) =0
for arbitrary Y € E. On the other hand, if YV is tangent to I(F), then
g(IX)Y) = —g(X,IY) = 0, since X and IY are tangent to a totally null
distribution E. Thus we have g(IX,Y) = 0 for any vector field Y on M.
Therefore X = 0 by the nondegeneracy of g. Summarizing the above, we
have the following
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Proposition 3.4 Let (g,1,J,'K) be a neutral almost hyperhermitian struc-
ture on a real n = 4k-dimensional manifold M. Then there exists a 2k-

dimensional symplectic vector subbundle € = (E,w) of TM such that
(3.6) (T'M,Q)=(E®E, wbw).

Furthermore, via the identification (3.6), we can express I,J,'K, g, 2, Qy, Qg

respectively as

(8 2) (5 ) n-( 1)
38) 92(2 g>,

(3.9) Q,:(S S),Qg:<_0w _O“’),Q,K:(g _Ow).

Conwversely, if there exists a subbundle E with a symplectic structure w of
the tangent bundle TM such that TM = E @& E, then M admits a neutral
almost hyperhermitian structure (g,1,7,’K) defined by (3.7) and (3.8).

Proposition 3.2 allows us to give a description of Proposition 3.4, the
existence of neutral almost hyperhermitian structures, from the viewpoint of
G-structures as follows: Let {eF,...,e5 } and {&7,..., &5, } be local oriented
frame fields satisfying the conditions (3.3), (3.4) and (3.5). Then there exists
a local matrix-valued function 7" such that

[ O

~t ~ o~ ~— + + _ — 2k
€1,...,€ €1,...,€ =(&;,...,€ €1,...,€

( 1> » 2k 21 ’ Zk) ( 1> ) 2k Z1 ) Qk) ( O% T )

where T takes values in 2k x2k-matrices and satisfies T Jor, T = Jor. There-
fore the existence of neutral almost hyperhermitian structure is equivalent to
that of A(Sp(k,R))-structure, where A(Sp(k,R)) denotes the image of the
diagonal embedding of the real symplectic group Sp(k,R) into Sp(k,R) x
Sp(k,R). In other words, a 4k-dimensional manifold M admits a neutral
almost hyperhermitian structure (g, I,7,’K) if and only if there exists a sym-
plectic vector bundle £ = (E,w) over M of rank 2k such that TM = E® E
with three almost symplectic structures:

M(X)Y) = wXTYT) + w(X,Y7),
D(X)Y) = —w(X"Y") + wYH X)),
QB(XY) = wXT YY) — o(X7,Y7)
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for arbitrary vector fields X = (X1, X7),Y = (Y*,Y ") € E®E. In Hitchin
[37], such a structure (€21, s, 23) is called a hypersymplectic structure, if 2y,
()5 and €23 are closed forms.

Remark 3.5 The dimension of a manifold M admitting a split-quaternion
structure (1,7,’K’) should be even, since I is an almost complex structure
on M. However, the dimension is not necessarily divisible by 4. In fact, the

Euclidean space R? admits a split-quaternion structure:

j 0 -1 . 1 0 K — 01'
1 0 0 -1 10

In this case, there exists no metric on R? compatible with the split-quaternion
structure (1,7,’K’) above.

We can generalize this example to arbitrary even-dimensional Fuclidean
space R*™, by replacing 1 with the identity matrix E,,. In general, a 2m-
dimensional manifold M admits a split-quaternion structure (I,7,’K) if and
only if there exists a subbundle E such that TM = EF @ E(= E ®g C).
Hence we see that all odd Chern classes cyj11(7'M, I) of a split-quaternion
manifold (M, 1,J,’K) are two-torsion elements in the cohomology groups
HYT2(M;7Z), that is, 2c9;41(TM,I) = 0 (see Milnor-Stasheff [75]). In par-
ticular, co;11(TM,I) = 0 in the de Rham cohomology group H¥*2(M;R)
(2 <45+ 2 < 2m). Furthermore, it follows that any split-quaternion mani-
fold (M, 1,7,’K) admits a Norden metric g compatible with I (see Bonome
et al. [12]).

Suppose that E has an almost complex structure Jg (e.g., F is a symplec-
tic vector bundle). Then the given almost complex structure I is homotopic
to Jg @ (—Jg), via the identification TM = E @ E. Indeed,

—1Id
I(t) := cost 0 +sint e 0
Id O O —-Jg

gives a smooth family of almost complex structures on M with 1(0) = [
and I(7/2) = Jg & (—Jg). If m = 2k and k is odd, then cy;41(E, —Jg) =
—c2j11(E, Jg). Therefore coji1(TM,I) = coj1(E @ E, Jg®(—Jg)) = 0 in
HY2(M;Z) (1 <2j+1 < m). In particular, the first Chern class ¢;(T'M, I)
of a neutral almost hyperhermitian four-manifold (M, g, I,7,’K) is zero in the

cohomology group H?(M;Z).
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We now focus our attention on the four-dimensional case. A four-manifold
M with a split-quaternion structure (/,7,’K) admits a compatible metric g
if and only if the structure group of TM can reduce to GL{ ('H) := {p+qi +
r'j+ sk | p*+q® > r*+ 2, p,q,r,s € R}. Note that GL{ ("H) is isomorphic
to the general linear group GLj (R) with positive determinants. When we
regard GL] ("H) as a subgroup of GLy(C)(C GL4(R)) by a homomorphism

L:pt+qi+rg+ sk —

\/p2—|—q2—r2—52« 1 (p+\/—1q 7“—1—\/—13)7
\/p2—|—q2—7"2—$2 r—+—1s p—+/—lg

the image of ¢ is isomorphic to R, x SU(1,1), which is contained in the
conformal group CO(2,2). Therefore we see that the conformal class of a
neutral metric g on a four-manifold compatible with (I,7,'K) is uniquely
determined by the triplet (1,7,'K).

Now, we give a characterization of the fundamental form (€27, Qy, k)
of a neutral almost hyperhermitian structure (M, g, I,7,'K) (cf. Geiges [30],
Geiges-Gonzalo [31]):

Proposition 3.6 Let (M, g,1,7,'K) be a neutral almost hyperhermitian four-
manifold. Then the fundamental form (Qq,Q2,Q3) := (Qr, Qy, Q) satisfies

the following relation:
(3.10) == YA, =0(1#ml,m=1,23).

Conversely, for any triplet (21, Qg, Q3) satisfying (3.10), there exists a unique
neutral almost hermitian structure (g,1,J,'K) such that Q; = Qq1,Qy = Qo
and Q’K = Qg.

Proof. Let (M,g,1,J,’K) be a neutral almost hyperhermitian four-manifold.
Proposition 3.2 implies the existence of a local orthonormal coframe field
{e',e? €3 e*} on (M, g) satisfying

Then €7, 2y, Q0 are expressed respectively as
Q= —ertA + 3 Net, Qpi=elAed —e? Aet, Qg i=elnet —ed Aé?,

which satisfy the required condition (3.10).
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Conversely, we suppose that (€1, s, Q23) satisfies (3.10). Then we define
(1,7,'K) by

(3.11) Qs(1-,) = Qo D(T-,-) = Q3, B(K--) = —0.

It follows from Q3 = Q2% and Qy A Q3 = 0 that I? = —Id. Similarly, it also
follows from —02 = Q2 and Q; A Qs = 0 that 7° = Id. By definition, we see
that (I,7,’K) is a split-quaternion structure. It can be also verified that €2
is invariant by I, €2y and Q are skew-invariant by J and 'K, respectively.
Indeed, by (3.11), we have

QIX,IY) = —Q3(IX,'KY) = —0p(X,KY) = (X, Y),
D(TX,TY) = 0 (IX,TY) = —Q(IX,Y) = —Qu(X, Y),
O(KX,KY) = W(IX,KY)) = —0(TX,Y) = —Q3(X, V).

By a similar computation, we also obtain
Ql(‘7l‘) = _QQ(.7U.) = _Qg(,le.) =g

Therefore g is compatible with (7,7,’K) and hence (g, ,7,’K) is a neutral
almost hyperhermitian structure with the desired properties. 0

The fundamental form (€, Qs,Q3) := (2, Qy, Q) of a neutral almost
hyperhermitian four-manifold (M, g, I,7,’K) gives rise to three isomorphisms

A AN — AP (1=1,2,3).
Then we define one-forms [y, (32, 33 by
Ay =610 (1=1,2,3).

These one-forms (31, 32, 33, called the Lee forms, are related to the integrabil-
ity of I,,’K. An almost product structure (or an involution) S on T'M (i.e.,
S? =1d, S # 1d) is said to be integrable if the bundles Fz := {v € TM| Sv =
+uv} are integrable. The integrability of S is equivalent to Ng = 0, where Ng
is the Nijenhuis tensor of S defined by

Ng(X,Y) :=[SX,SY]+ S?*[X,Y] - S[SX,Y] — S[X, SY],

for arbitrary vector fields X,Y on M. This is also true for the integrability
of an almost complex structure I. Namely, I is integrable if and only if
the Nijenhuis tensor Nj of I, which is defined by replacing S with [ in the
definition above, satisfies N; = 0. A neutral almost hyperhermitian four-
manifold (M, g, 1,7,’K) is called a neutral hyperhermitian surface if I,J and
'K are integrable. We show the following proposition for later use (cf. Boyer
[14]).
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Proposition 3.7 Let (g,1,J,'K) be a neutral almost hyperhermitian struc-
ture on a four-manifold M. Then I, ] and 'K are integrable if and only if

the Lee forms satisfy 0y = (B2 = (5.

Remark 3.8 When [,J,'K are integrable, we set 3 := 31 = [, = (33, and
call 3 the Lee form.

To show Proposition 3.7, we need the following

Lemma 3.9 Let (Q,Q9,Q3) := (Q, Uy, Vi) be the fundamental form of a
neutral almost hyperhermitian structure (g, I,7,’K) on M and (Ny, Na, N3) =
(N1, Ny, Nig) a triplet of the three kinds of the Nijenhuis tensors. Then they
satisfy (3.11) and the following equations:

W(X)Y) = O(IX,IY) = OWUX,JY) = (KX, KY),
W(X,Y) = —QWUIX, 1Y) = —WUX,JY) = OW(KX,'KY),
O3(X,Y) = —Q(IX, 1Y) = QUX,JY) = —Q3(KX,’KY),

dQ0(X,Y,Z) + dQW(IX,1Y,7)
= dB(X,Y,IZ)+dQu(IX,1Y,12)
+Q3(N1 (Y, 2),I1X) + Q3(N.(Z,X), 1Y),
A (XY, Z) — dQ3(IX,TY,7)
= dW(X,Y,IZ)—dn(TX,TY,TZ)
—(N2(Y, 2),TX) = Q1 (No(Z,X),TY),
—dW (XY, Z2) + dW(KX,)KY,Z)
= dW(X,Y,)KZ) —dQ(KX,'KY,'KZ)
— 0 (N3(Y, Z2),'KX) — Qa(N3(Z, X),'KY),
where X, Y, Z are arbitrary vector fields on M.

Lemma 3.9 can be verified by a direct computation.

Proof of Proposition 3.7. We only show that [ is integrable if and only if
ﬁg = /63. Set /623 = ﬁg — ﬁg and define BQg(X, Y) = 623(X>Y — ﬁgg(Y)X
From Lemma 3.9, we see that

Qo(Ba3(X,Y) + Bos(1X, 1Y), Z) = Qo (N1(Y, 2), X) + Q2a(N1(Z, X),Y),

where XY, Z are arbitrary vector fields on M.
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If By = B3, then we have Qo(N1(Y, Z), X) + Q2(N1(Z,X),Y) = 0. By
changing XY, Z cyclically, we also have

Qa(N1(Z,X),Y) + Qa(N1(X,Y), Z)
QQ(Nl(X’ Y)’Z) + Q?(Nl(y> Z)7X)

0,
0.

So we see that Q(N(X,Y),Z) = 0 for any vector fields X,Y,Z on M.
Therefore N; = 0, that is, [ is integrable.

Conversely, if I is integrable, then we have Bo3(X,Y) + Bo3(IX, 1Y) = 0.
If we set Y = IX, then Bog(X,IX) = [a3(X)IX — Bo3(IX)X = 0. Note
that if X is nonzero at a point z € M, then {X, I X} is linearly independent
in T, M and hence (B23(X) = [23(IX) = 0 at x. Since X is arbitrary, we see
that o3 = 0, namely, fo = F3. This completes the proof. O

In regard to the self-duality of neutral hyperhermitian metrics, we prove
the following (see [42]. For the Riemannian analogue, see, e.g., Pedersen-
Swann [80]):

Proposition 3.10 Let (g,1,7,’K) be a neutral almost hyperhermitian struc-
ture on a four-manifold M. If I,[] and 'K are integrable, then g is self-dual.

Proof. For any constant 6, set [Jy := cos 0-J +sin 0K and 'Ky := —sin0-J +
cos0-'K. Then (g, 1,79,'Ky) is also a neutral almost hyperhermitian structure
on M. Furthermore, its fundamental form (€7, Qy,, Q) satisfies

AQr = BAQ, Ay, =BAQy,, dk, = BAQk,,

since I,J,’K are integrable. It then follows from Proposition 4.3 that these
1,779,’K g are integrable.

Since 'Ky = J(g4r/2) for any 6, we may consider only Jy. Setting Fy =
]-“,jze for simplicity, we see that each f;t is an integrable totally null plane
field (a completely integrable distribution consisting of maximal isotropic
planes) on (M, g). From Lemma 2.5, the signature x(F;") vanishes for each
6. Moreover, it is verified that each th is an anti-self-dual totally null plane
field, since ®(F;) = [~ Q; 4+ Q] € P(A?) and ®(F;) depends continuously
on 0. Note that for any anti-self-dual totally null plane o, (z € M), there
exists a constant § such that (F;), = 0,. Thus we see that x(o) = 0 for

any anti-self-dual totally null plane o, and from Proposition 2.4, that g is
self-dual. O

We remark that if two of 1,J,’K (e.g., I and [J) are integrable, then so is
the other one (e.g., ). This can be verified from the proof of Proposition 3.7.
Here, we give another proof, which is valid for higher dimensions. Let A, B, C
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be endomorphisms on the tangent bundle T'M satisfying AB = —BA =
C, and N4, Ng, N denote tensor fields defined by replacing S in Ng with
A, B, C', respectively. Then we have the following identity:

(3.12) 2N¢(X,Y) =
NA(BX,BY) — B*N4(X,Y) — BN4(BX,Y) — BN4(X,BY)
+Np(AX, AY) — A’Np(X,Y) — ANp(AX,Y) — ANp(X, AY)
for arbitrary vector fields X, Y on M. Hence if Ny = Ng =0, then N = 0.
By setting (A, B,C) = (I,J,’K),(J,’K,I),('K,I,7J), we obtain the desired

result.

3.2 Neutral hyperkahler structures

The notion of neutral hyperkahler structures is defined as follows:

Definition 3.11 A neutral almost hyperhermitian manifold (M, g, I,7,’K)
is called a neutral hyperkdhler surface if I,!] and 'K are parallel with respect
to the Levi-Civita connection V of (M, g).

It is easy to see that this definition is equivalent to the following

Proposition 3.12 A neutral almost hyperhermitian structure (g,I,7,’K) on
a manifold M is neutral hyperkdhler (i.e., VI = VJ = V'K = 0) if and only
if 1,I,’K are integrable and Qy,Qy, Qg are closed.

Proof. We only show that VJ = 0 if and only if 0y = Ny = 0. First, note
that for arbitrary vector fields X, Y, Z on M, the following identities hold:

(3.14)  29((VxD)Y,Z) = dQy(X,Y,Z) +dQ0y(X, Y, 2)
—9(JX, Ny(Y, Z)).
If VJ =0, then we see from (3.13) that €y is closed, since V is torsion-free.

From (3.14), we also see that Ny = 0. Conversely, if 0y = Ny = 0, then it
follows from (3.14) that VJ = 0. O

Remark 3.13 A neutral hyperhermitian surface is hyperkahler if and only
if its Lee form vanishes identically. Furthermore, if the Lee form is closed
(resp. exact), then a neutral hyperhermitian surface is locally (resp. globally)

conformal to a neutral hyperkéhler surface.
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Noting the remark above and Proposition 3.6, we obtain the following

Proposition 3.14 Let (Qq,€,Q3) be a triplet of symplectic structures on
a four-manifold M satisfying the relation (3.10). Then there exists a unique
neutral hyperkdhler structure (g, 1,7,’K) on M such that

QI = Qla QU = 927 Q’K = QB-

Proof. We can define the neutral hyperhermitian structure (g, ,7,’K) by
(3.11). Tt follows from the closedness of €; that 5, = 0 (I = 1,2,3). By
Proposition 3.7, we see that I,/J,’K are integrable, and hence that (g, I,7,’K)
is a neutral hyperkahler structure on M satisfying the required conditions.
0

Let (M, g,1,7,’K) be a neutral hyperkahler surface. Then (2, k) is a
conformal symplectic couple on M in the sense of Geiges [30]. Therefore the
complex-valued two-form Qy + /=1 is a nonvanishing closed (2, 0)-form
(i.e., holomorphic two-form) on (M, ), which gives a trivialization of the
canonical bundle Ky ), as a holomorphic vector bundle. In particular, we
have ¢;(M, 1) = 0.

We can also prove that any neutral hyperkahler metric g is Ricci-flat and
self-dual. Indeed, the self-duality of g follows from Proposition 3.10 or Propo-
sition 2.6. To show the Ricci-flatness, set (AL, A2, \3) := (=Qr, Qy, Q).
Then A, A2, \3 form a basis of A2. From Proposition 3.12, it follows that
AL A2 A3 are parallel with respect to V. On the other hand, for a neu-
tral Kéhler surface (M, I), the Ricci form of (M, g,I) is determined by the
curvature form Ry of the connection on A2 induced by the Levi-Civita con-
nection V of (M, g). Thus we see that the Ricci curvature of (M, g) vanishes.
Summarizing these, we obtain the following

Proposition 3.15 Any neutral hyperkdihler surface (M, g,1,J,'K) is Ricci-
flat and self-dual, and possesses a nonvanishing holomorphic two-form 2y +
V=1 with respect to I. In particular, the canonical bundle Ky is

trivial as a holomorphic vector bundle.

To close this section, we remark the following matters on a compact neu-
tral hyperkahler surface (M, g, I,J,’K). It follows from Proposition 3.15 that
there exists a nonvanishing holomorphic two-form Qy + /=1 on (M, I).
In consequence, owing to the Enriques-Kodaira classification (cf. Barth et
al. [6]), a compact complex surface (M, I) admitting a neutral hyperkahler
structure (g, I,J,’K) is biholomorphic to one of the following possibilities:
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(a) a complex torus, (b) a K3 surface, (c) a primary Kodaira surface.

It is clear that any complex torus has the standard flat neutral hyperkahler
structure induced from that of the complex plane C2. As mentioned in Sec-
tion 2.1, Matsushita’s result ([70]) implies that K3 surfaces admit many
neutral metrics (see also Bonome et al. [11]). However, it is known that
no K3 surface admits a neutral Kéhler structure, so the case (b) does not
occur (see Draghici [22], Kotschick [54] and Petean [82]). For the case (c),
Ferndndez et al. [25] and de Andrés et al. [20] constructed examples of flat
neutral Kahler structures on primary Kodaira surfaces of particular type. We
will see later that any primary Kodaira surface admits a neutral hyperkahler
structure. Furthermore, we will also discuss the existence of non-flat neutral
hyperkahler structures on a primary Kodaira surface and a complex torus.

3.3 Primary Kodaira surfaces

A primary Kodaira surface X = (M, ) is a compact complex surface with
K(X)=0,0(X)=3, &1(X) =0, co(X) = 0. Moreover the other numerical
characters of X are given as follows:

RHOX) =1, ¢(X) =2, p(X) =1, b (X) =b; (X) =2,

where h'0(X), ¢(X) and pg(X) denote the complex dimension of the space
of holomorphic one-forms, the irregularity and the geometric genus of X,
respectively (see Barth et al. [6]). Any primary Kodaira surface admits no
positive-definite Kéhler metric, since its first Betti number b;(X) is three.
It is well-known that every primary Kodaira surface X is covered by the
complex plane C? and its fundamental group 71 (X) is represented injectively
into the complex affine transformation group Affine(C?) on C?:

p m(X) — Affine(C2), 71— py.
py(21, 22) = (21 + @y, 20 + 021 + ),

where (z1,22) are the standard complex coordinates of C* and «., 3, are
constants in C depending only on 7. Setting G := p(m (X)), we can then
identify X with C?/G, as a complex surface (see Kodaira [51]).

We are now in a position to state one of our main results in this chapter.

Theorem 3.16 Let X = C?/G be a primary Kodaira surface. Then the
following two-forms €y, s, Q3 define a neutral hyperkdhler structure on X:

0y = Im(dw; A dwy) + v/—1Re(w; )dw; A dwy + (v/—1/2)00¢,

3.15
( ) Qy = Re(eﬁedwl Adws), Q3= Im(eﬁeduh A dws),
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where (wy,ws) is the standard complex coordinate system of C2, 0 is a real

constant and ¢ is a solution of the equation
(3.16) 4v/—1(Im(dw; A dwy) + v/ —1Re(w;)dw, A dwy) A 00p = 00p A DDp.

In particular, any primary Kodaira surface admits a neutral hyperkdahler
structure. Conversely, under suitable complex coordinates (wi,ws) of CZ,

the fundamental form of any neutral hyperkdhler structure on X is expressed
as (3.15).

Proof. Let ¥ : X — A be an elliptic fiber bundle structure over the base
elliptic curve A. Then we have the following commutative diagram:

cz _® . x

C — A
where W is the projection from C? to the first factor C, and @, @ are the
covering maps. Let (z1, zo) denote the standard complex coordinate system of
C? above. Then ¢ := dz; gives rise to a nonvanishing holomorphic one-form
on X, and generates the cohomology group H°(X;Q%) = H%’O(X ), where
Q% denotes the sheaf of germs of holomorphic one-forms on X. Furthermore,
%! = dz — zdz1 is a O-closed (0,1)-form on X, and the d-cohomology
classes of ¢ and 0! generate the Dolbeault cohomology group H'(X;Ox) =
Hg’l(X ), where Ox denotes the structure sheaf of X. Since do®! = —dz; A

dzi, a real one-form o := 00! + ¢%! on X is d-closed. Furthermore, we see
that the cohomology classes of ¢,¢ and o generate H'(X;C). Note that
dz1 N\ (dze — Z1dz1) yields a nonvanishing holomorphic two-form on X.

Let (21,99,9Q3) = (27,Qy, k) be the fundamental form of a neutral
hyperkéhler structure (g, I,7,’K) on X = C?/G. As mentioned in Proposition
3.15, Q9 + /=143 is a nonvanishing holomorphic two-form on X, and hence
defines a global section of the canonical bundle Ky. Therefore there exists
a nonzero constant ¢y = |coleY~ ¥ € C (¢ € R) such that

QQ -+ —193 = cod21 N (dZQ - Z_ld2’1>,

since X is compact.
Now, define real d-closed two-forms {23 and 23 respectively by

Oy +V—=1Q3 = —1dz1 A (dzy — Z1d2y).
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It follows from Proposition 3.6 and the definitions of ()3 and 3 that
(3 17) _Q? = Q% = Q% = _|CO|2(Q§)2 = _|CO|2(Q§)27
' BAQG =0, QAL =0(2<a,b<3).

We then verify that (]co|€2z, 2, Q3) and (|co|€2s, 22, 23) define neutral hy-
perkahler structures on X, respectively. Note that the cohomology classes of
0y, Q3,8 , Q3 generate the cohomology group H?(X;R) and satisfy relations
similar to those in (3.17). Recall that the Kéhler form € is a closed real
(1,1)-form on X and its cohomology class [Q] in H?(X;R) is orthogonal
to [€2s] and [Q3] with respect to the cup product. Hence there exist a real
one-form 7 and real constants a, b such that

Q1 = ol (a2 + bQ23) + dn.
It then follows from (3.17) that
(1 —a? = b))% = d(n A [2|co| (a2 + bQ3) + dn)).

By integrating the equation above, we obtain a? 4+ b?> = 1, so we may set
a = cose and b = sin € for some real constant €.

_Recalling the decomposition i = 7" 4 5! (%1 = n'?), we see that n*'
is O-closed, since €, €5, Q3 are real (1, 1)-forms, and hence that

10)

"t = ko + 10" + 0, dn=(I—1)dz Adz +00(u— ),

where k and [ are constants, and p is a complex-valued function on X. Setting
V—Tle|co|*? :=1—1 (c €R) and v/—1¢ := 2(u — 1), we then see that

Q1 = |col(cose Q5 +sine Q) + vV—1c|co|*? dzy A dz + (V—1/2)00¢.
By making use of the coordinates
(wy, ws) = (|co|2e¥ ™21 + ¢, |co|** ),
we can express 11,2, 23 as

0 = Qo + (V=1/2)30p,
Oy + /=103 = e*/__l(w*)dwl A dwsy =: e\/__ledwl A dws,

where () is given by

Qo = (V—1/2)(dwy A dwy — dwy A dwg + (wy + wy)dwy A dwy).
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Therefore we see that (€21, {22, 23) defines a neutral hyperkéhler structure on
X if and only if ¢ satisfies the following equation:

4y/=1Q0 A 00 = 00 A D0p.

This completes the proof. O]
We note that the corresponding metric g = g, is explicitly given by

(3.18) gp = (w1 + w_l)]dw1|2 — (dwydwg + dwidwsy) + D?p,

where D?¢ denotes the complex Hessian of ¢. Clearly, the pull-back of any
function on the base torus A is a solution of (3.16).

By using the expression (3.15), we may give a characterization of flat
neutral hyperkahler structures on a primary Kodaira surface in terms of
the potential function ¢, which shows that each nonconstant function ¢ on
the base torus of any primary Kodaira surface defines a non-flat neutral
hyperkéhler metric g, (cf. Petean [82]).

Theorem 3.17 Let g, be the neutral hyperkahler metric on a primary Ko-
daira surface X defined by (3.18), where ¢ is a solution of (3.16). Then g,
s flat iof and only if ¢ is constant.

Proof. Let X = C?/G be a primary Kodaira surface, g a neutral hyperkihler
metric on X, and (4,9, (23) the fundamental form. In terms of complex
coordinates (wy,w,) satisfying Qs + v—1Q5 = eV~ dw; A dw, (0 is a real
constant), the condition —Q% = Q3 = Q2 is written as

(3~19) 911923 — 913921 = — 1.

Thus the components ¢*? satisfy

g =—gm, 9% =913, ¢ =g, 97 =-01

The connection form {w§} is given by

3.90 wi = —g930011 + 9210913, W3 = —G930Gai + §210a3,
(3.20) W= 910011 — i1z, Wi = 120051 — 011090
1= 9120011 — 110012, Wy = §120921 — G110923-

In particular, it follows from (3.19) that

(3.21) wi +wi =
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Recall that the fundamental form 2; may be written as
Q) = (V=1/2)(—dwi A dwg — dws A dy + (wy + W1)dw, A dwy + 0dyp),

where ¢ is a certain smooth function on X. The components g,5 are given
explicitly by
0% 02
—, GJ12 = -1+ W—
Ow, 0wy Ow, 0wy

911 = wy + w1 + (=021), g3 =

From (3.20) and (2.17), we see that g is flat if ¢ is constant.
For any v € G, we define p, : C* — C? by

py (w1, w2) = (W1 + ay, wo + A wy + ).
It then follows that

(3.22) pi(dw) = dwy,  pi(dws) = dwy + ardwy,
(3.23) Pr(01) = 01 + 0502, pyu(02) = Oa.

Then we can verify the following relations:

(3_24) 110 Py = 011 — 06791§; Qo1 + ’Oé»y’gggi, G93 © Py = Go3,
912 © Py = g12 — QyG22,  G21 © Py = Go1 — (yG23-

By making use of these relations, we also have

RSN TN T BT S R B s S B SR (R T
(3.25) plwy = wy — Gy, Piwy = Wy, PJwT = wi + 205w — O ws.
If we set

N R, 1 2 o 1 2 1
M= w] +Wiwy, N2 =Wy, 7N3:i=w] —2Ww; — Wi Wy,

then 7,12, 13 may be regarded as one-forms on X = C?/G.
In what follows, we suppose that g is flat. Then 7y is a holomorphic
one-form on X. Since h!'9(X) = 1, we can write 7, as

n2 = Adwy,
where A is a constant. In particular,
dne = 0y = 5772 = 0.
Lemma 3.18 7, = 0.
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Proof. From the flatness of g and (3.21), we have
0=dn =dvy = —(wi Awy + ws Aw?) = 2wl A wy.
Thus we also have
m AN = (w +Wiwsy) Awy = 0.

If A # 0, then g, Adw; = 0. Since 7 is a (1,0)-form on X, we have a function
F on X such that

m = Fdw,, ie., w=(F— Aw)dw.
By the flatness of g again, we then obtain
0 = dwi = (OF — Adwy) A dw,.

Namely, we see that OF = Adwy and hence O0F = 0. From the mean value
property for the operator 99, we then conclude that F' must be constant.
Thus Adw; = OF = 0, that is, A = 0. This contradicts the assumption
A #0. OJ

It follows from Lemma 3.18 and (3.25) that there exists a constant B
such that

m = Bdw.
Then it is easy to see that
(3.26) Ons = 2Bdw;, A dwy, Ons = 2Bdw, A ns.
We may assume that 73 is expressed as
ng = frdw; + fo(dwy — Widw,)
for smooth functions fi, fo on X. It then follows from (3.26) that
(3.27) A(fi —wify) +2Bdwy =0, Jf, =0.

In particular, f; is a holomorphic function on X, and must be a constant,
say C. It follows from (3.27) that

90f1 = 0((—2B + C)dw,) = 0.
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From the mean value property for 9 again, we see that f; is also constant,
say K. It is then easy to see from (3.26) that

2BCdw; N dwy = On3 = O(Kdw, + C(dwy — widwy)) = 0,

and hence B = C' = 0. Thus we obtain
m=n=0, n=Kduw.
Using (3.19) and (3.20), we also have
0gys = —0go1 =0, 13 = —Kgpadwr, 0gi1 = —Kgoidwy.

In particular, gos is a constant, since dgys = Jgos = 0.
By integrating g, = 0%*p/0w,0w, on each fiber T of ¥ : X — A, we
obtain

82
gQQ/deAdw—Q:/ P dwsy A dig = 0,
T T

8202821)_2
and hence g3 = 0. Thus ¢ depends only on the variable wy, so that ¢ may

be regarded as a function on A. In particular, g;3 = g1 = —1. On the other
hand, we can regard g;1 — (w; + W) as a function on X, satisfying

90(g11 — (wy + 7)) = —0(dg11 — dw,) = —O(K — 1)dw; = 0.

Hence g1 — (w; +w7) must be constant, say L. Integrating L = 8% /0w, 0wy
on A, we also have L = 0. Therefore ¢ is constant. Namely, g must coincide
with go. 0

3.4 Complex tori

In this section, we give a description of a neutral hyperkahler structure on
a complex torus, by arguments similar to those in Section 3.3. We also
obtain an analogous characterization of flat neutral hyperkahler structures
on complex tori. In particular, we will see that complex tori of particular
type (e.g., the product of elliptic curves) admit non-flat neutral hyperkahler
structures (see Petean [82]).

Let X = C?/T be a complex torus, where T is a lattice in C2. Then it is
well-known that

bi(X) =4, by (X) =0y (X) =3, a1(X) = e2(X) =0,
hO(X) = q(X) =2, p(X) = 1.

By a similar but slightly different argument from that in the previous
section, we can show the following result.
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Theorem 3.19 Let X = C?/T be a complex torus and (wy,ws) the stan-
dard complex coordinate system of C%. Define a triplet (€21, 9,83) of three
symplectic forms on X by

(3.28)
QQ = Re(dw1 A dU}Q), Q3 = Im(dw1 N dwg)

If v is a solution of the equation
(3.29) 4y/—1Im(dw, A dwz) A 00p = Do A 00,

then Q4,8 and €3 give rise to a neutral hyperkahler structure on X. Con-
versely, under suitable complex coordinates (wy,ws) of C?, the fundamental
form of any neutral hyperkihler structure on X is expressed as (3.28).

Furthermore, a neutral hyperkdhler metric g determined by the triplet
(Q1,Q9,Q3) in (3.28) is flat if and only if ¢ is constant.

Proof.  Let (21,2) denote the standard holomorphic coordinates of C2.
Then dz; and dz, generate the cohomology group H°(X;QL) = Hé’O(X ),
and dzy,dzy, dz1,dz; generate H'(X;C). Note that dz; A dzy is a nonvan-
ishing holomorphic two-form on X. Define a triplet (27,23, Q3) of opposite
symplectic forms on X by

QO = (V—=1/2)(=dzy NdZ1 + dzg NdZ), 2 +V—105 =V —1dz A dz,
and a positive-definite Kahler form Qf by
Of = (V—=1/2)(dz; A dz1 + dzg N d7).

Let (4, 2,Q3) = (27, Qy, 1) be the fundamental form of an arbitrary
neutral hyperkahler structure on X. By Proposition 3.15, a nonvanishing
holomorphic two-form €25 + v/—1€23 on X is given by

QQ + v —193 = cod,21 VAN dZQ = |C()|6\/jwd21 A ng

for some nonzero constant ¢y € C. Taking account of the cohomology class
of 21, we may express {2; as

O = |co|(aoU + a1 Q7 + aoQy + ash3) + (V—1/2)00¢p

for some real constants ag, ay, as, as. Since (|co|€2r, Qa,Q3), (Jcolz, Qa, Q3)
and (|co|€23, 2, 23) are neutral hyperkahler structures on X, we have

2 2 2 2
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that is, (ag,a1,as,a3) is a point on S}. Identifying S7 with u(2) () SLy(C)
equipped with the metric induced from the determinant det, we obtain
Isom(S%) = PSLy(C), and hence S? = SLy(C)/SU(1,1) as a homogeneous
space. Indeed, this identification is given by

as + v —las ap — a1

and the action of SLy(C) on S} is given by

5 —q ap + ap az — v/ —las ) ( s —r )
AT = _ N IRV |
(—7’ p) (CL2+\/—1CL3 ap — ay —-q p

S35 (ag, a1, as, as) — v—1 ( dotai  ay=v-lag ) € u(2)NSLy(C),

for

r oS as + v —las ag — aq

This action A-T induces a natural linear action, say p(7), on R*. Let T be
an element in SLy(C) such that

T:<p q)j A:m( ao + ay ag_\/_—mg)

Qo 0
aq o 0
p(T) a9 _ 1
as 0

Then, introducing the new coordinates (wy, ws) by

|co|1/2@‘/__w/2 ( 21 ) _ T( wy )
Z9 W2 ’

we obtain the following expression of {2:
Q1 = (—V=1/2)(dw; A dwz + dwy A dwy) + (vV—1/2)00p,
and also
Qs + V=105 = dw; A dws,

since T' € SLy(C) preserves the complex volume on C2. The equation (3.29)
follows from the characterization result (Proposition 3.14) of a neutral hy-
perkahler structure.
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We now examine the flatness of a neutral hyperkdhler metric g on a
complex torus X. Assume that (4,9, 23) is expressed as (3.28) in terms
of holomorphic coordinates (wq,ws) of C:

Q1 = (—V/=1/2)(dw; A dwy + dwy A dwy) + (v/—1/2)00¢,

QQ + vV —193 = dw1 A dU)g

for a smooth function ¢ satisfying (3.29). Let g,5 = 29(0a,J3) be the com-
ponents of g with respect to (wy,ws) (o, f = 1,2), and {w#} the connection
form of the Levi-Civita connection V with respect to {9,} (A, B =1,2,1,2).
Recalling (2.17):

Rj = gwg, Rg—“ = ng,

we see that g is flat if and only if every wj is a global holomorphic one-form
on X.

Now, suppose that g is flat. Then wi,wi,w? are holomorphic, and hence
d-closed, one-forms on X. It follows from the flatness of g that

Wi Awy =wy Aw? =wi Awj =0.
Then there exists a nonzero holomorphic one-form ¢ such that
wi = A%p, Al +A3=0
for suitable constants Aj (a, 3 =1,2). By (2.16), we then obtain
09ap = Aup @, or equivalently, ggag = Ags 6.

where A5 = 23:1 AYg.5- In the Dolbeault cohomology group Hg’l(X ), we
see that 0 = [0g,5] = Apa [¢] (o, B = 1,2), which imply that all the coeffi-
cients A,3, and hence Af, vanish. Thus all components g,3 are constants.
Then we can write 00y as

00 =Y Copdw, A diwg
a,8
for constants C,5. In the second cohomology group H*(X;C), the left hand

side is clearly zero, so that all C,5 vanish. Thus ¢ should also be constant.

With respect to (wy,ws), we have the required expression of the flat metric
qg. 0
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From Theorem 3.19, we see that there exist non-flat neutral hyperkahler
structures on X = F; X F», the product of elliptic curves F; and F5. Indeed,
let w; and ws be holomorphic coordinates of E; and F,, respectively, and
let ¢ be the pull-back of any nonconstant smooth function on each factor
of X = E; x Ey, that is, ¢ = p(wy) or ¢ = @(wy). Then, since ¢ is
a nonconstant solution of (3.29), the triplet (£21, 9, €23) defined by (3.28)
yields a non-flat neutral hyperkéhler structure on X = E; x E (cf. Petean
82]).
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4 Examples

We give two different types of examples of self-dual neutral Hermitian sur-
faces, that is, the indefinite complex projective space CP? with the Fubini-
Study type metric and complex line bundles over the real hyperbolic plane
with LeBrun type neutral metrics.

The Fubini-Study type metric on CP7 is known as a homogeneous pseudo-
Riemannian metric with constant holomorphic sectional curvature +1. Thus
its curvature operator restricted to A2 = Al is a constant multiple of the
identity map. Therefore the self-dual part W, of the Weyl conformal cur-
vature tensor vanishes everywhere, that is, the metric is anti-self-dual. This
metric has also been studied in [47] as a metric of Bianchi type VIII. How-
ever, we examine here another description of the Fubini-Study type metric
from a point of view of the de Sitter ansatz. In [47], LeBrun type neutral
metrics were already treated as those of Bianchi type VIII. We hope that
these examples will be helpful for finding other construction of self-dual neu-
tral metrics. For further examples, see also [13], [17], [42] and references
therein.

Fubini-Study type metric The indefinite complex projective space CP?
is defined as a homogeneous space U(1,2)/U(1,1)xU(1), where U(p,q) de-
notes the indefinite unitary group. We can also describe CP7 as

CP? = {(20: 21 : ) € CP | — |al® + | + |zl = +1},

since U(1,2) acts transitively on CP in a natural way and U(1,1) x U(1)
is the isotropy subgroup of this action at (0 : 0 : 1). Therefore CP? is
diffeomorphic to CP?\{|z1/20|> + |22/20|> < 1}. Let @ : S3 — CP? be the
natural projection (2, 21, 22) — (20 : 21 : 29), which is an indefinite analogue
of the Hopf fibration. We can define a pseudo-Riemannian metric g on CP?
such that @ : (53, gg3) — (CP}, g) is a pseudo-Riemannian submersion. Then
a metric gps := g on CP? is called the Fubini-Study type neutral metric. It
is known that gpg is an anti-self-dual, Einstein neutral Kéhler metric with
respect to the natural complex orientation (cf. [47]).

In terms of the homogeneous coordinates (zg : 21 : 22), We can express grs
as

@ grs = —|dzo|? + |dz1|? + |dz|? — |—20dZ0 + 21d7Z + 20d7Z)?,
where —|2|? + |21]? + |22|*> = 1. Setting
=20, (C1,G) =1+ |20)"*(21, 22)
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for (29,21, 22) € S5 and noting the following diagram:

S5 ——— CxS3 (20,21,22) = (o, (€1, ¢2))

e\/_ltl le\/_lt eﬁt‘/ leﬁt

S5 ——— CxS8% eV ¥z, 21,29) = (¥, eV (1, G)),

we can identify CP? with the total space of the tautological line bundle
L — CP', as smooth manifolds. Let o1, 0s, 03 be the left-invariant one-forms
on SU(2) = S? satisfying

(41) d0'1 :20'2/\0'3, d0'2:20'3/\0'1, d0'3:20'1/\0'2.

Set zp :=reV71 and Gy := do+ 01,59 := 09,03 := 03. Then 71, 79, 75 satisfy
the same condition as (4.1) and gpg is expressed in terms of 7,1, 69, 3 as

dr?

T r?(1+ 7361 + (14+12) (55 + 53).

grs =

Let I be an almost complex structure defined by Idr = r(1+71%)6,, [55 =

—&3. Then [ is integrable, and moreover (gps, ) defines a neutral Kihler
structure on CP3.

Setting r = € and noting o3 + 03 = hg2/4, we obtain the following
expression of gps:

(4.2) grs = e2p(—(Vdp2 +V716?) + Vcosh? ph52>
= (VTP +V ggs),

where hg> denotes the unit round metric on S?, V := (1 +¢%*)7!, and 0 :=
o, being the connection form of the Hopf fibration S — S2. It should
be remarked that (V,0) satisfies (2.37): *dV = df. Let I be an almost
complex structure defined by Idp = —V 10, Id¢ = /—1d(, where ( denotes
a holomorphic coordinate of S? = CP*. From Proposition 2.17, it follows that
grs is a self-dual neutral metric with respect to the orientation determined
by I. (Note that gpg is an anti-self-dual neutral metric with respect to the
orientation defined by I.) In Section 2.4, this function V was denoted by
Gy, and used for constructing self-dual neutral metrics on S? x S?. By a
similar argument in Section 2.4, we see that I is integrable and (ggs, I) is
locally conformal neutral Kéhler. However, gpg itself is not neutral Kahler
with respect to I.

Note that the indefinite complex hyperbolic space CH? is identified with
CH? = (CP}, —gps). At least locally, we can also express gps as a neutral
metric of Bianchi type VIII (see [47]).
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LeBrun type neutral metrics LeBrun type neutral metrics, which we
introduce here, are indefinite counterparts of positive-definite anti-self-dual
Kihler metrics on the total spaces L of complex vector bundles L — CP!
constructed in LeBrun [59]. For details, see [47].

Let 71, 79, 73 be left-invariant one-forms on the special linear group SLo(R)
such that

(4.3) dri = =219 AN 13, dmy =213 A1, d13 =271 A To.

LeBrun type neutral metrics are defined to be

dr?
(4.4) gB = — (1= (a/r)2)(1 + k(a/r)?)
—r2(1 = (a/r)2) (1 + k(a/r)*)i + 1*(73 + 73)

for r € (a,400), a > 0 and k € Z>o. Then each gy p is a self-dual neutral
Kaéhler metric on (a,00)xSLy(R). Taking its quotient by Zj1, we can re-
gard grp as a neutral metric on the total space of the complex line bundle
L%I(Qkﬂ) — H? where L2 — H? denotes a complex line bundle induced from

the indefinite Hopf bundle H{ = SL,(R) — H?. Since grp has an SLy(R)-

symmetry, it is also regarded as a metric on the quotient of ngkﬂ) — H?

by a Fuchsian group I'. When k£ = 1, we can show that g p is a Ricci-flat
neutral Kéahler (thus self-dual) metric on T*H? or T*(H?/T), which is an
indefinite analogue of the Eguchi-Hanson metric on the cotangent bundle
T*CP' (cf. Eguchi-Hanson [23]). In [47], this metric is called the Eguchi-
Hanson type neutral metric and is also denoted by ggy. For this metric ggy,
see also Ooguri-Vafa [79]. When k = 0, we can show that gpp is conformal
to the Fubini-Study type neutral metric —gpg on CH: (see [47]).

Note that Riemannian analogues of these self-dual neutral metrics of
Bianchi type VIII are obtained as Riemannian metrics of Bianchi type IX.
Between neutral metrics of Bianchi type VIII and Riemannian metrics of
Bianchi type IX, we obtain the following correspondence in general (see [47]):

Theorem 4.1 Let g (resp.h) be a neutral (resp. Riemannian) metric on
R x SLy(R) (resp. Ry x SU(2)) defined by

g=—f(r)2dr* —a(r)?m2 + b(r)?73 + c(r)?73
(resp. h:= f(r)dr* + a(r)?c? + b(r)*c3 + c(r)*o?)

for the same data f(r),a(r),b(r),c(r). Define an almost complex structure I
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(resp. J) by

If(r)dr = —a(r)m, 1b(r)m = —c(r)m3
(resp. Jf(r)dr = —a(r)oy, Jb(r)os = —c(r)os).

Then the following correspondences hold:
(1) g is self-dual if and only if h is anti-self-dual.
(2) g is Einstein if and only if so is h.

(3) (g,1) is neutral Kdhler if and only if (h,J) is Kdhler.

71



5 Appendices

5.1 The Jones-Tod correspondence

We here give a proof of Proposition 2.14, by using O’Neill’s formula for
pseudo-Riemannian submersions induced by time-like S'-symmetries, and
also prove Proposition 2.25.

We first recall the assumption of Proposition 2.14: Let (M, g) be an ori-
ented pseudo-Riemannian manifold with neutral metric g admitting a time-
like isometric S'-action. Suppose that the S'-action is fixed-point free. Then
the orbit space N := M/S! is a smooth pseudo-Riemannian manifold with
metric g defined by

e
9(€,6)

where 7 : M — N is the natural projection, ¢ is the Killing vector field on
(M, g) generating the S'-action, and &” := g(€, -) denotes the metric-dual of
€. Hence 7w : (M,g) — (N, ) is a pseudo-Riemannian submersion. (Note
that the orbit space M/S!' was denoted by Y in Chapter 2. However, to
avoid confusion, it is denoted by N in this appendix.)

Let ¢’ be another neutral metric on M defined by ¢ := |g(&,€)|"tg, and
let ¢’ denote the corresponding Lorentzian metric on N defined as (5.1) by
replacing g with ¢’. Then 7 : (M,¢') — (N,J') is a pseudo-Riemannian
submersion with ¢'(£,£) = —1, and £ becomes a Killing vector field with
respect to ¢’. Furthermore, it is easy to see that all the fibers of 7 : M — N
are totally geodesic with respect to ¢’. Let 6 be a one-form on M defined by

0 = _g/(£7 )
Note that 0 satisfies the conditions:

(5.1) TG =g

059 = l, ﬁg@ = 0,

where ¢ and L; denote the inner derivation and the Lie derivative with
respect to &, respectively. These conditions imply that df is a basic two-form
on 7w : M — N, that is, df satisfies

tedd =0, Ledf =0.

Hence there exists a closed two-form €2 on N such that df = 7. Recall
that the O’Neill tensor field A is defined by

ApF = (V' FY)" + (Vi M),
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where V' is the Levi-Civita connection of ¢/, E and F' are vector fields on
M, and E" (resp. E") denotes the vertical (resp. horizontal) component of E.
Note that in our case the O’Neill tensor field A satisfies

1 1
J(AxY &) = §d0(X, Y), or equivalently, AxY = —§d9(X, Y)¢
and

g(VeA)xY,§) =0

for horizontal vector fields X, Y. Regarding the curvature tensors of (M, ¢')
and (N, ¢'), we have the following O’Neill’s formula (cf. Besse [7]).

Proposition 5.1 Letn: (M,g') — (N,d') be a pseudo-Riemannian submer-
sion with totally geodesic fibers, where M is an (n+ 1)-dimensional manifold
and N is an n-dimensional manifold, and & a Killing vector field on (M, g")
tangent to the fibers with ¢'(€,€) = —1. Let R' and R' denote the curvature
tensors of ¢' and §', respectively. Then, for arbitrary vector fields X,Y, Z, 7'
on M orthogonal to the fibers, the following hold:

(62) GBI X)Y.E) = Tirg (dI2d0)(X.Y),

(63 J(RXY)Z,6=—5(Vyif)(X,Y),

5.4)  J(RX,Y)Z,2) =d¢(R(X,Y)Z,2Z) - %dQ(X, Y)do(z, Z)
—id@(X, 2)d6(Y, Z') + id@(Y, 2)d6(X, 7).

where try (d2d0)(X,Y) = ¢'(1xdf, 1ydf), and R'(X,Y)Z denotes the hori-
zontal lift of RI(W*X, Y )T Z.

It should be remarked here that our definition of the curvature tensor R
is different in sign from that in Besse [7].

By taking contraction, we obtain the following formula for the Ricci cur-
vatures.

Proposition 5.2 Let 7 : (M,q') — (N, J’) and £ be as in Proposition 5.1,

and ' = Ric’ and ¥ := Ric be the Ricci curvature tensors of ¢ and §,
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respectively. Then they satisfy the following:

55 (6 = 590, ds),
(5.6 EY) =~ (VB ),
(5.7) VY, Z) = f’(Y,Z)—F%trg/(dQ@)dH)(Y,Z)

for arbitrary vectors Y and Z orthogonal to the fiber at a point in M, where
(Y, Z) =7 (m.Y, 7.2 )om.

By taking contraction again, we have the relation between the scalar
curvatures s and 8.

Corollary 5.3
1
(5.8) s = om + 59’(d0, o).
The traceless Ricci tensors then satisfy the following

Proposition 5.4 Let r; and 7{, denote the traceless Ricci tensors of ¢’ and

g, respectively. Then the following hold:

(5.9) H(E.€) = Q(Tlﬂ) (25 + (n+ 2)g/(d6. d6) ).
(510)  AEY) = St (VAR )L,
B YD) = 2) e (V. 2)

1 1 ,
+5 <trg/(d9®d9)(Y, Z) ~ —9(db,do)g (Y. Z)).

Also, similar formulas for the Weyl conformal curvature tensors can be
derived as follows:

(612)  JV(EY)ZE = —7(Y.2)

+ n+1
4(n —1)

(513)  V(X,Y)Z,6) =~ (V4dd)(X.Y)

(try(@0d8) (v, 2) ~ 2/ (a0, dB)g' (V. 7)),

o ()X, N (1,2)

—try [(V'a9)(Y,)lg' (X, 2) ).
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(5.14) JW' (X, Y)2,2") =g (WX, Y)Z,Z')

1 / ~/ !
+(n—1)( )g@r(X,Y,Z,Z)

_( 1)(n—2)
——de( Y)do(Z, 7'

IO (XY, Z,Z")

+3 (de(x, Z"do(Y, Z) — do(X, Z)do(Y, Z’>>

_|_

2= 1)g DOtry (doxd0)(X,Y, Z,Z")

——4'(d0,d0) ¢ g (X,Y, Z, 7'
+4n<n_1)g( ,d0)g' DY (X, Y, Z,2),
where (® denotes the Kulkarni-Nomizu product, which is defined by

YWY, 2)K(X, Z') — WX, Z)k(Y, Z')
for symmetric (2, 0)-tensor fields h and k.
We now return to the situation in Proposition 2.14. Let © : (M,¢') —
(N,d’) be a pseudo-Riemannian submersion with totally geodesic fibers,

where (M, ¢') is an oriented pseudo-Riemannian four-manifold with neutral

metric ¢ and (N, g') is a Lorentzian three-manifold, and £ the unit time-like

vector field tangent to the fibers. Let {e!,e?, e3 et := 0} be a local oriented

orthonormal coframe field on (M, ¢') such that
g =)+ ()’ — () — ("),

where {e!,e?,e3} is the pull-back of a local oriented orthonormal coframe

field {e',¢%,¢3} on (IV, §') satisfying
g/ — (é1)2 + (é2)2 _ (é3)2‘

For simplicity, we write é* as e* (a = 1,2,3). Since df is a basic two-form,
there exists a two-form « on N such that df = 7*«a. We also write o as df
for brevity. By the relations

(i’d&)(el) = —dQ(eg, 63)7 (%’d&)(eg) = d0(€1, 63), (i’d@)(eg) = d‘g(@l, 62)7
it is verified that

(5.15) try[d0@dd] = (¥doo¥df) — i (¥d6, ¥ do)g,

(5.16) ¥(Vidd) = Viy¥do

75



for any vector field X on N, where ¥ denotes the Hodge star operator on

(N, 9).

For any (4,0)-tensor field 7', we denote by T,zcp the components of T'
with respect to a local frame field {e,}. For example, W/, is defined to

be

w
Wisia

/
W4bcd

!
Wi
W,

4131
W

4212

!
Wabab

!
Wiais
W,

2123

/
W3132

WABCD = gI(W/<eCa 6D>637 eA)

(1 < A B,C,D < 4). Then the components of the Weyl conformal tensor
"of (M,g') are given by

1

5(7“’ + ¥ dO@%'d0)o(ep, €q),

1

§(v/§</d9)sym(6b7 Gb),

(b, c, d) = (1, 2, 3), (2, 3, 1), (3, 2, 1),
Wzi323 = (v,de)Sym(eh 63)7

DN | —

1 sym
~Winzs = §(V’§<'d6) e, e2),
1 sym
Wigs = —§(V’>T<’dc9) ez, e3),
1
5(7*’ + ¥ dOR%'d0)o (e, e.),

(CL, b, C) = (17 27 3)7 (27 37 1)’ (37 1, 2)’
1
5 (7 + #d0@F df)o(ex, e3),

1
5 (7 + ¥ dIRF D)o e, e3),

1
5 (7 #d0@H df)o(en, e2),

where (7 + ¥ d0®%'d0), denotes the traceless part of ¥ + ¥ dO@*'db.
A direct computation shows that ¢’ (and thus g) is self-dual if and only

if

! !/ _ ! !/ _ !/ / —
W1212 - W1234 - W1312 - W1334 - W1412 - W1434 - Oa
! !/ _ ! / _ !/ / —
Wl213 - W1224 - Wl313 - W1324 - Wl413 - W1424 - 07
! !/ _ /! / _ !/ / —
W1214 - W1232 - W1314 - W1332 - W1414 - W1432 - Oa

which are also equivalent to the following condition:

(5.17) (7 + ¥ doR¥ df), — (V' d)™™ = 0.
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Next, we recall the definition of Einstein-Weyl structures (see Higa [33],
Pedersen-Swann [81], cf. [44]). Let N be a smooth three-dimensional manifold
equipped with a conformal structure C' of Lorentzian metrics. An affine
connection D on N is called a Weyl connection on (N, C) if D is torsion-free
and preserves the conformal structure C. Then, for a metric representative
g of C, there exists a one-form /3 such that

Dj = —23®3.

Conversely, for a metric § of C' and a one-form (3, there exists a unique Weyl
connection D such that D = —23®§. Now, take another metric § = 12§
of C' and a one-form 3. Then (g, —203) and (§', —2/") define the same Weyl
connection D if and only if they satisfy the following gauge relation:

G = —dlogu + 3.
Let RP, rP and sg) denote the curvature tensor, the Ricci tensor, and the
scalar curvature with respect to § € C, respectively:

RP(X,Y)Z := Dx(DyZ) — Dy(DxZ) — Dixy|Z,
TD(YV’ Z) = tr(X — RD(X, Z)Y), SP = tI‘g(TD).

g

A Weyl structure (C, D) on N is said to be Einstein-Weyl if the sym-
metrized Ricci tensor 7™ of D is proportional to a (hence any) metric
representative § of C, that is, (M) — () where the subscription 0 means
the traceless part. The relationship between the Ricci curvatures r” and #
of the Weyl connection D and that of the Levi-Civita connection V of § is
given by
3 .
§dﬁ.

Therefore, a Weyl structure (C, D) on N is Einstein-Weyl if and only if

(5.18) " = (4 feb)o — (VAT P =

sym

(5.19) (7 + BoB) — (VA™ =0.

In our situation, the one-form f, induced from ¢ and &, is defined by
(2.32) in Section 2.3:

—dg(§,€) — 2 %4 (E'NE)
29(£,€) '

For the metric ¢ = lg(&,€)| g, we have ¢” = —0 and the corresponding
one-form ' is given by

(5.20) 3 = x,(0 A df) = 7 (¥ dB).

W*B =
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Here df in the last term is identified with the corresponding two-form on N.
If the relation (5.20) holds (i.e., #' = ¥'df), then we have

try (V') = £5'3 = £¥d(df) = 0,

that is, (V') = (V'#)"". Therefore, (5.19) and (5.17) are equivalent,
and hence Proposition 2.14 is proved. O

We next prove Proposition 2.25. Under the situation in Proposition 2.25,
we may assume that ¢’ = —0% + V?ggs and § = V?ggs. Then the Levi-
Civita connection D of ggs satisfies that Dg’ = 2dlogV®g'. Since the de

Sitter space S3 is Einstein, we have r¢ (Ym) = 0. Hence g is self-dual, that
is, W_ = 0. By (5.18), this is equivalent to (# + 3)y = (V'3)y , where
= —dlogV. (Note that the Levi-Civita connection V' of §’ = VQgSiv, was
denoted by D’ in Section 2.4.) Taking account of (5.17), we see that the
self-dual part W, is determined by (V'#'d6)™™. Since (V,0) satisfies (2.37):

xdV = df, we have
¥df = Vlkdh) = -V 1AV = —dlogV,

where % denotes the Hodge star operator of S?. By the relation between V'’
and D, we obtain

V'#do = —V'dlogV
= —(DdlogV —2dlogV®dlogV + HdlogVH2gS§)
= —VA(VDdV —3dV&dV + [|dV|[*gss),

where || - [|* denotes the indefinite squared norm with respect to ggs. This
completes the proof of Proposition 2.25. 0

5.2 Hirzebruch signature and Euler characteristic

We recall Hirzebruch signature and Gauss-Bonnet formulas for a compact
four-manifold with a neutral metric in terms of its curvature tensor (see,
e.g., Avez [5] and Chern [18] for Gauss-Bonnet formula, Matsushita [72] for
signature formula, and Law [57] and Matsushita-Law [73] for both formulas).

Let (M, g) be a compact oriented pseudo-Riemannian four-manifold with
neutral metric g, and let {ey, e, €3, e4} be a local oriented orthonormal frame
field on (M, g) and {e',e?, €3, e*} its dual coframe field such that

(5.21) g=(e")"+ (") = (") — (e")".
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Let V be the Levi-Civita connection of (M, g) and €2/}, the components of the
curvature form of V with respect to {ey, es, e3,e4}. Then the first Pontrjagin
form p; (M, V) can be expressed as

1
- 8712 Z gjmglejl/\ka = @ Zgjjgkajk/\ij
7,k,l,m ik
= 412 (912 Ql2 913/\913 . 914/\914
7

923/\923 o 924/\924 + 934/\934),

Let {\}, A3, A%} and {AL, A%, A%} be local orthonormal frame fields defined
by

AL = (erne? + eAnet)/v2, AL = (e'he? —enet)/vV/2,
A2 = (e?Ae? + e2Aet) V2, A2 = (elhed — e?Aet) V2,
A3 = (ePAet + e2Ae?) V2, A3 = (elhet — eAe?) V2,

which satisfy

MANL = =XA2ANE = = A3ANE = —ALAAL = A2 AN2 = M AN =«
NEANL = AP AN =0 (p#q), MNANL =0 (for any p,q = 1,2,3).

By using {\L, A%, A3}, the first Pontrjagin form p; (M, V) is given as

(M, V)
= 812 (R(AL) + R(AL))? = (R(AY) + R(A2))? = (R(A]) + R(\2))?
—(R(A]) = R(A))* = (R(\3) — R(A2))* + (R(\}) — R(AL))?}

{R(NL)? = RO = RO + R(AL)? = R(A2)? = R(\)*}

1
A2
where R is the curvature operator. Note that R has the following matrix
representation:

/\i an a2 ais by bz bi3 /\i
/\i —Qa12 Q22 Q23 bor by bos /\i
R /\i _ —ai3 423 ass bs1  bsp b3 /\i
AL by —byn —bs1| din  dip diz AL
A2 —b12 by bzo | —dia da da3 A2
3 —biz  boz b3z | —diz daz ds3 A2




Hence it follows from the first Bianchi identity that
ayr + ago + azz = dig + doy + dsz = s/4,

where s denotes the scalar curvature of (M,g). The components b,, are
related to the traceless Ricci tensor Ricy of (M, g). Let (Z;;) be the matrix
representation of Ricy with respect to {e1, ez, e3,e4} (i.e., Z;; = Ricg(e;, €5))
and (7)) = (119" Zk;) denote the corresponding endomorphism on T'M.
By definition, the components Z; are expressed as

1
Zh = §(R1212 + R%13 4+ R"y — R%3 — R — R*3),
VA —RY3 + Ry = 7%,
Z'3 = RYp+ RY; = -7°,
7'y = —R%y —RYy=-7%,
1
7%y = §(R1212 — R"%13 — R"yy + R34+ R*yy — R3434),
7% R"Z3 + R*;, = —Z?’z,
A RYZ .+ R¥3, = 7%,
1
73y = 5(—31212 + R%3 — RYy, + R¥35 — R*y, + RYy3),
73y = RV, —R¥y =27%,
1
Z44 — 5(_R1212 o R1313 + R1414 o R3232 + R2424 _|_ R3434)

= —(Z"+ Z% + Z%).

Then we have the following relation between the components b, and Z*;:

bll -
b21 = (Z14 - ZQ3)/2a b22

byy = —(Z'3+ Z%)/2, by =

(ZY + Z%)/2, by =

(Z14+ Z%3)/2, bis
(ZY1 + Z33)/2, b
—(Z'y = Z%4)/2, bss

—(Z2's = 7%4)/2,
(Z'2+ Z°4) /2,
—(Z% + Z33) /2.

By using the expression above, we have

ROAL? = {(an)? = (a12)? = (a13)” = (br)? + (b12)® + (br3)*} * 1,
ROAZ)? = {(a12)? — (ag)? — (a3)® — (b21)? + (ba2)® + (b23)*} * 1,
RO = {(a13)? — (ags)? — (ass)® — (bs1)® + (bs2)” + (bs3)’} * 1,
ROAL? = {(b11)* = (ba1)? = (b31)* = (di2)? + (dr2)® + (d13)*} * 1,
ROAZ)? = {(b12)* — (ba2)® — (b32)* — (da2)? + (da2)® + (das)*} * 1,
R(A?)? {(b13)? = (bas)? = (bss)? — (dha)® + (das)® + (dsz)?} * 1



We therefore obtain the following expression of pi (M, V):

(M, V) = # (a11)? = (a12)” = (a13)* — (a12)* + (a22)” + (a23)?

—(a13)* + (azs)* + (as3)* — (di1)* + (di2)* + (da3)?
+(d12)* = (d22)* = (das)” + (di3)” — (d23)” — (d33)*} + 1.
We may write the matrices A = (a,,) and D = (d,,) as
A=W, +(s/12)Id, D =W_ + (s/12)Id,
where W, = (w;},) (resp. W_ = (w,,)) denotes the self-dual (resp. anti-self-

rq
dual) part of the Weyl conformal tensor W. Then we have

pl(M7 v)

1 S\ 2 S \2
= 12 [(wﬂ—l-ﬁ) —(wB)2_(wf‘3)2_(er2>2_|_(w;2+ﬁ> + (wh)?

() )+ (s + 53) (i + ) i)+ (o)
+(wyy) <w2_2 + 12>2 (wy)* + (wiz)? — (wiy) (wg—g 4 %)2} ‘1
- %ﬂz [(w11)2 — (wy)? — (wiy)? = (wh)? + (w5)? + (wi;)?
—(wi)? + (wh)? + (wi)? + g(wﬁ + Wiy + wiy) + %
—(w)? + (wip)* + (wiz)* 4 (wiy)? — (wa)? — (wy)?
) = (wi)? = (wi)? = 2w, + wp + wig) - @] 1
= ﬁ {[(wi)? + (wh)? + (wh)? + 2(—(wh)? — (wh)? + (wh)?)]

—[(wi)” + (wp)” + (wg)” + 2(—(wiy)* — (wiz)® + (wyy)*)]} + 1.
By Hirzebruch signature theorem, the signature 7(M) is expressed as
T(M) = (1/3)p1 (M), so we have the following

Proposition 5.5 Let (M, g) be a compact oriented four-manifold with a neu-

tral metric g. Then its signature (M) is expressed as

(5.22) (M) = 1217T2/M<]W+|2 - |W,|2) «1

where the squared norms |Wx|? are given respectively by

|I/Vﬂ:|2 (wﬁ)Z + (wi)Z + (w33) +2(— (w12)2 - (wﬁa)g + (w%)g)

81



As an application, we obtain the following (cf. [47]):

Proposition 5.6 Let (M, g,I) be a compact neutral Kdhler surface. If g
1s anti-self-dual with respect to the complex orientation, then the signature
T(M) is nonpositive, and 7(M) = 0 only if g is conformally-flat.

We next recall Gauss-Bonnet formula (cf. Avez [5], Chern [18]). Let (M, g)
be a compact oriented pseudo-Riemannian manifold with neutral metric g
and V its Levi-Civita connection. Let {e1,eq,€3,¢e4} and {e!,e? €3 e?} be
local orthonormal frame field on (M, g) and its dual coframe field expressed
as (5.21), respectively. Then the Euler form e(M, V) of (M, g) is given by

G(M, V) = Z €ijleij/\le

— (912 934 Ql3AQ24 _ Ql4AQS2>

47r2
= {( (AL) + ROAL)A(RL) — R(AL))
(A) + ROZ)A(R(NL) — R(A2))
(AD) + ROZ)A(R(AL) = R(X2))}
AR = R(A)? — R(AL)?
—ROL)2+ R(2)2 4+ R(A?)2.

(
—(R
-1
82

By a computation similar to that done for the signature, we obtain
e(M,V)

= 8_—7:2 [(a11)? + (a22)® + (ass)® + 2(—(a12)® — (a13)* + (a23)?)]
+[(d11)? + (da2)® + (dss)? + 2(—(d12)* — (di3)? + (da3)?)]
—2[(b11)* + (b22)? + (b33)® — (b12)* — (b21)® — (bus)?
—(b31)* + (ba3)?) + (532)2]} * 1

-1 2 2 2 2
= —(|W W_ A * 1
{72 <| +| +| | ‘ | 24 )

where Z is the traceless Ricci tensor and | - |? denotes the indefinite squared
norm.

Summing up these formulas, we obtain
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Proposition 5.7 Let (M, g) be a compact oriented four-manifold with a neu-

tral metric g. Then its Euler characteristic x(M) is expressed as

1 1 52
2 M)=—— 2 =27+ = 1.
523 () =gz [ (WP + WP = 512P 45 ) »

The formulas (5.23) and (5.22) together with (2.15) show the following
proposition (cf. [42]):

Proposition 5.8 Let (M, g,1) be a compact neutral Kahler surface. If g

is Einstein, then the squared first Chern class c¢3(M, 1) is nonpositive, and
A(M,I) =0 only if g is Ricci-flat.

Note that Petean [82] observed this result by taking account of ¢; (M, I) =
(1/27)[y] = (s,/87)[Q] and [27]* < 0, and obtained an interesting result for
the existence of neutral Kahler Einstein metrics on compact complex surfaces.

5.3 Liouville’s theorem

The following result is referred to as Liouville’s theorem in Introduction:

Proposition 5.9 Let U,V be open subsets of R" (n > 3) and
g= Z gjkdxjd:vk
k=1

a pseudo-Riemannian metric on R™ such that all g;i are constant (1<j,k<
n). Let o : U — V be a conformal diffeomorphism. Then ¢ is given as the

composition of inversions, similarities and isometries on (R", g).

For the sake of completeness, we give a proof of Proposition 5.9. The
following proof is based on the argument, referred to as that due to Haantjes,
in Sasaki [85]. We first recall the following

Lemma 5.10 Let R and R' denote the curvature tensors of g and ¢’ = e*/ g,

respectively. Then the following relation is satisfied:

1
R = R+ (Vdf - dfedf + 5df19) O,

where @Y denotes the Kulkarni-Nomizu product.
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Proof of Proposition 5.9. Set ¢' := p*g = e*/ g and
1
7= Vdf — dfdf + §||df||29

Then, since ¢ : (U,g") — (V, g) is an isometry, the corresponding curvature
tensors R’ and R satisfy

0 (R(X,Y)Z) = R(p. X, 0.Y )0 Z

for arbitrary vector fields X,Y,Z on U. Since g, are constants by assump-
tion, we have R = 0, and thus R’ = 0. Then it follows from Lemma 5.10
that

TNg = 0.
Taking the g-trace of this identity, we have
(n—2)7 = —(try7)g, (n—2)tr,7 = —ntr,T.

The second relation implies that tr,7 = 0, and hence by the first we have
7 =0, since n > 3. By the definition of 7, we obtain

1
Vdf —dfedf + 5 |df|*g = 0.

In terms of the standard coordinates (x!, ... z") of R™, this relation is equiv-
alent to

*f _0f 9f 1
0xi0zk 0w 0xF 27

In the case where df = 0, that is, when f is constant, we obtain an
isometry v 1= Ao10p 1 (U, g9) — (¢c71V,g), where ¢ := e/, A\, : R* — R" is
the homothety defined by z +— A.(x) := cx and ¢ 'V := {c 'z e R" | z € V}.

In the case where ||df||*> = g(df,df) # 0, it follows from the relation (5.24)
that

(5.24)

. 2 " Of .
R Y ey
g(df. df) 29 O

for constants b° (i = 1,2,...,n). By changing variables 7' := x' — b’, we have

of 1 L
ok = §g(df,df);gmx-
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Then

"af of 1 )
gldf.df) = ) g 5= = Jo(df df)*| )%,
jk=1
that is,
4

gldf, df) = =03

121
where [|Z]|* is defined by [|Z]|* := Y°7,_; g2’ 7" Noting that

(|22 - B
([|2]*) ZQZgjkxkz’
k=1

1542
we obtain
of _ 1 o(lzl*) _  oQogl||Z|])
oI |z)|>2 Ox7 o7 ’

which implies that

N 2
2f _
e’ = = .
(HJIIP)

Let T, : R" — R"™ and I : R"™\N — R™\N be maps defined by

x
Ty(z) :=x+0b, I(x):=-—>,

]|
where x = (z!,...,2"), b = (b,...,b") and N := {z € R" | ||z]|? = 0}.
Then, in our case, ¢ := T; 'opo(A.0l) 10T, is an isometry of R™.

Finally, we consider the case where ||df||*> = g(df,df) = 0 but df # 0 on
some domain in &. Then the condition g(df,df) = 0 implies that

o’f  of of
Oxidxk — Oxd Oxk

This is equivalent to

Oxi kaZL‘j7 8[Ek J 6mk’
where f; := df/d27. Then we obtain
—f
% = bjel,  or equivalently, ag;j ) b,
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for some constant b; (j = 1,2,...,n). Set ¥ = >_,_, ¢’*b, and (b,z) :=
> ike1 gtk Then dlef) = —d(( x)). Therefore we obtain €2/ = (¢ —
(b, z))~? for some constant c¢. By translation if necessary, we may assume
that ¢ = 1. Indeed, by setting Z := x + a for a constant vector a satisfying
{a,by = c—1, we have e*/ = (1 — (b, 7)) 72(> 0).

Let @, : {1 — (b,z) # 0} — {1 — (b,x) # 0} be a map defined by

1 1
y(z) = ——— (2 — ||
9 e )
for b := (b',...,b"). Then ®, restricted to (R"\N) {(b, z) # 1} is obtained
as

Oy(z) = IoT_%bo](l’).

Since 1 := po®, ! is an isometry between subsets in (R", g), the original map
 is obtained as the composition of inversions, translations and isometries of

(R", g). O
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