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Introduction

Let K be a number field and E an elliptic curve over K. The Mordell-Weil
theorem asserts that the group E(K) of K-rational points on F is finitely generated;
in particular, the torsion subgroup E(K)ios of F(K) is finite. In the case where
K = Q, the group F(Q)iors is isomorphic to one of the following fifteen groups:

Z/NZ for N=1,...,10,12,
7./27 & Z./2NZ for N=1,2,3,4

(Mazur [13], [14]). For an arbitrary number field K, Merel ([15]) showed that the
order |E(K)iors| of E(K )iors is bounded above by a constant depending only on the
degree of K over Q.

We are interested in determining how FE(K )i varies as we replace K with an
extension L of K, or E with a K-isogenous curve E’ to E. More precisely, we study

the following two problems on torsion of elliptic curves over a number field:

(1) Classify the torsion subgroup of an elliptic curve over Q in all elementary
abelian 2-extensions of Q, that is, in all number fields of type (2,...,2).
(2) Examine the order of maximal torsion of an elliptic curve E over a number

field K in the K-isogeny class of E.

As to (1), let E be an elliptic curve over Q and F' the maximal elementary

abelian 2-extension of Q, that is,

F = Q{vm; m € Z}).

Then it is known that one has at most thirty-one possibilities for the torsion subgroup
E(F)tors (Laska and Lorenz [10, Theorem]). However, it is not known whether each
type of these thirty-one groups occurs as E(F)ios. In the case where E(Q)tors is

non-cyclic, we may choose a Weierstrass model

E:y*=x(z+ M)(z + N),



where M and N are non-zero integers. Then Kwon ([8, Theorem 1]) classified the
torsion subgroup of E over all quadratic extensions of Q; Qiu and Zhang ([20,
Theorems 3 and 4]) classified the torsion subgroup of E for a certain elliptic curve
E with E(Q)ors =~ Z/27Z © Z/27Z over all elementary abelian 2-extensions of Q;
Ohizumi ([17, Theorems 4.1 and 4.2]) classified the torsion subgroup of E for an
elliptic curve E with E(Q)ors =~ Z/2Z & Z/8Z or Z/2Z & Z/6Z over all bicyclic
biquadratic field, that is, over all number fields of type (2,2). In this thesis, when
E(Q)tors is non-cyclic, we completely determine the torsion subgroup of E over F' as
well as over all elementary abelian 2-extensions of Q (Theorems 1 and 2 in Chapter
2).

As to (2), let E be an elliptic curve over a number field K and C(E) the K-
isogeny class of E. Then there exists an elliptic curve Fy € C(F) such that the
order |Ey(K )tors| is maximal in C(E), that is,

Eo(K = EF'(K
‘ 0( )tors| E%g()%)| ( )tors'a

since C(F) has at most finitely many K-isomorphism classes of elliptic curves over
K. Katz ([6]) described the order |Ey(K )iors| in terms of the reduction E; of &/
modulo each prime g of K. However, his description depends on the class C(E)
(note that the order of minimal torsion in C(F) is bounded above by a constant
depending only on K in case Endg(E) ~ Z; see [22], [16]). For each prime I, we
here give a necessary and sufficient condition for the order of the [-primary part
E(K)q) of E(K)rs being maximal in C(E) (Theorem 3 in Chapter 3). By making
use of it, we can find the order of maximal [-torsion of E over K in C(E). We
also give some sufficient conditions for the order of E(K)() being maximal in C(E)
(Proposition 3.1.6 in Chapter 3). Since in general the conditions given in Proposition
3.1.6 are easier to check than the ones in Theorem 3, this proposition is also useful
for finding the order of maximal [-torsion in C(E). Proposition 3.1.6 and Theorem 3
imply several properties concerning the torsion of elliptic curves in their K-isogeny

classes.
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Chapter 1
Elliptic curves

In this chapter, we briefly review some basic properties of elliptic curves, with

emphasis on those which are related to Chapter 2 or 3.

1.1 Basic definitions

An elliptic curve E is a smooth projective curve of genus one furnished with a
point O on E. The elliptic curve F is said to be defined over the field k if both the
curve E and the point O are defined over k. The points on E form an abelian group
with the identity element O. If E is defined over a field k, then the group E(k) of
k-rational points on E is a subgroup of E.

Every elliptic curve F, defined over a field k, has a plane cubic model of the form
E:y? + aizy + asy = 2° + aox® + aux + ag,

where the coefficients a; are in k. Such a model is called a Weierstrass model for E.
If further the characteristic char(k) of k differs from 2 or 3, then E has a Weierstrass
model of the form

E:y* =12+ Az + B,
where A, B € k. Given such a model for E, the discriminant A and the j-invariant

j(E) are given respectively by
A= —16(4A% +27B%),  j(E) = —1728(44)*/A.

The discriminant A does not vanish because of the non-singularity of £. When F;
and Fs are elliptic curves defined over a field k, F; is isomorphic to E5 over the

algebraic closure k of k if and only if j(E)) = j(E,).
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An isogeny is a non-constant morphism ¢ : E; — FEy between elliptic curves
satisfying ¢(O) = O, which is a group homomorphism. F; and FE, are said to be
isogenous if there exists an isogeny ¢ between E; and F,. If E;, Fy and ¢ are
defined over a field k, then ¢ is said to be a k-isogeny, and F; and FE5 are said to be
k-isogenous.

Let E be an elliptic curve over a field k. For a positive integer m, is associated the
multiplication-by-m map [m| : E — E, which is one of the most important isogenies.
Its kernel E[m)| is isomorphic to Z/mZ & Z/mZ if the characteristic char(k) of k is
prime to m or char(k) = 0; if char(k) = p > 0, then either E[p°] is isomorphic to
Z/p°Z for all positive integers e or E[p¢] = 0 for all positive integers e.

If ¢ : E;y — E, is an isogeny of degree m > 0, then there exists an isogeny
¢ : By — By (called the dual isogeny to ¢) such that ¢ o ¢ = [m]; and ¢ o ¢ = [m]s,
where [m]; stands for the multiplication-by-m map on FE; for i = 1,2. We denote
by Hom(E}, Es) the group of isogenies between elliptic curves E; and Ej together
with the zero map. If £y} = Ey = E, then we let End(£) := Hom(E, F), which is
called the endomorphism ring of E. Since for any integer m # 0 the multiplication-
by-m map [m] is non-constant, the group Hom(E, E,) is a torsion-free Z-module.
Furthermore, the endomorphism ring End(F£) is isomorphic to Z, to an order in an
imaginary quadratic field or to an order in a quaternion algebra ([28, Corollary 9.4,
p. 102]). Note that for an elliptic curve over a field k of char(k) = 0, the third
possibility can not happen. If End(F) is isomorphic to an order O in an imaginary
quadratic field, then we say that E has complex multiplication (by O). For a field
k, by Homg(F1, Ey) (resp. Endg(E)) we mean the group (resp. the ring) of those
elements in Hom(FE7, Es) (resp. End(E)) which are defined over k. If Endg(FE) is
isomorphic to an order in an imaginary quadratic field, then we say that E has

complex multiplication over k.

1.2 The Tate module

Throughout this section, let k be a field and [ a prime number distinct from
char(k). Let E be an elliptic curve over k. The (l-adic) Tate module T;(E) of E is
defined as follows:

Ty(E) := lim E[I"].

—



Since E[I"] is isomorphic to Z/I"Z & Z/I"Z, it is easy to find that
T(E)~Z,®Z

as Z;-modules. Let G denote the Galois group Gal(k/k). Since the action of Gy
on each E[I"] commutes with the multiplication-by-l map, G acts continuously on
T)(E). Thus we obtain the [-adic representation (of Gy)

o1 Gr — Aut(T)(E)).
Note that if we choose a Z;-basis of T}(F), then we have an isomorphism
Aut(T)(E)) ~ GLy(Z).

Let p;» be the group of ["-th roots of unity. Since Gj also acts continuously on

Ti(p) := lim gy, we obtain the l-adic cyclotomic character (of Gy)
Y1t G — Aut(Ty(w)).

Since the Weil pairing
e - Ti(E) x Ti(E) — Ti(p)

is Z;-bilinear, alternating, non-degenerate and Gg-invariant (|28, Proposition 8.3, p.

99]), we easily see that
det pr = x; (1.2.1)

(cf. [32, Section 9]).
Let E; and E, be elliptic curves over k. Using the fact that Homy(Ey, Es) is

torsion-free, we can show that the natural homomorphism
Homk(El, EQ) X Zl — Homk(Tl(El), T}(EQ))

is injective ([28, Theorem 7.4, p. 92]), where Homy (7;(E1), T;(E2)) denotes the group
of those elements in Hom(7;(E1),T;(F>)) which are defined over k.

Theorem 1.2.1. ([31], [2]) Let Ey and Ey are elliptic curves over k. If k is either
a finite field (Tate) or a number field (Faltings), then the map

Homk(El, EQ) X Zl — HOmk(E(El), E(EQ))

1S an 1somorphism.



If £y and E, are k-isogenous, then it is easy to find that T;(E£)®@Q; ~ T)(E2)@Q,

as Gi-modules. The converse holds if k is as in Theorem 1.2.1:

Corollary 1.2.2.  Let Ey and Ey are elliptic curves over k. If k is either a finite
field or a number field, then the following are equivalent:
(a) By and Ey are k-isogenous.

(b) T)(Ey) @ Q ~ T1(E2) ® Qi as Gg-modules.

Corollary 1.2.2 follows immediately from Theorem 1.2.1. Note that Theorem
1.2.1 and Corollary 1.2.2 remain valid if we replace “elliptic curves” with “abelian
varieties”. Concerning the image Im p; of p; : Gr — Aut(T;(E)), the following is

known:

Theorem 1.2.3. (Serre [23], [24]) Let E be an elliptic curve over a number field
without complex multiplication. Then Im p; is of finite index in Aut(T;(E)) for all

primes L.

1.3 Good reduction

Let K be a number field and R the ring of integers of K. Let v be a finite place of
K. By K,, R,, g, and k,, we mean the completion of K with respect to v, the ring
of integers of K, the maximal ideal of R, and the residue field of R,, respectively.
Let E be an elliptic curve over K. Regarding E as being defined over K, we denote
by E, the reduction of E modulo g,. E is said to have good reduction at v if the
reduced curve EVU is non-singular; otherwise, F is said to have bad reduction at v.

If F has good reduction at v, then E:, is an elliptic curve over k,.

Theorem 1.3.1. (Shafarevich [28, Theorem 6.1, p. 263]) Let K be a number field.
Let S be a finite set of places of K containing the infinite places. Then the set of
K-isomorphism classes of elliptic curves over K having good reduction at all places

not in S is finite.

Since K-isogenous elliptic curves have the same set of primes of bad reduction

([25, Corollary 2]), Theorem 1.3.1 implies the following corollaries.

Corollary 1.3.2.  For an elliptic curve E over a number field K, there exist only
finitely many K-isomorphism classes of elliptic curves over K which are K-isogenous
to I.



Corollary 1.3.3. (Serre [23, THEOREM, p. IV-9]) Let E be an elliptic curve over
a number field K without complex multiplication over K. Put Gg = Gal(K/K).
(a) T)(E) is an irreducible G-module for all primes l.

(b) Ell] is an irreducible G-module for all but finitely many primes .

Now let us examine the relationship between F(K )i and E,(kv) Fix a prime
number [. Let p; : Gk — Aut(T}(E)) be the l-adic representation. For a finite place
v of K, let F, denote the Frobenius conjugacy class of v. If [ is indivisible by g,

and F has good reduction at v, then we have
det(1 = pi(F)) = N(py), (13.1)
where N(p,) := |Ey(ky)| (cf. [23, p. IV-5)).

Theorem 1.3.4. (cf. [6, Appendix|) Let E be an elliptic curve over a number field
K and v a finite place of K. Let e, denote the absolute ramification index of o, and
Py the prime number divisible by @,. If e, < p, — 1, then the reduction map from

E(K)tors to E,(kv) is an injective homomorphism.
This shows that
N(p) =0 mod [E(K )| (1.3.2)
for any place v of K at which F has good reduction and for which e, < p, — 1.

Remark 1.3.5.  The relation (1.3.2) remains valid if we replace £ with any K-
isogenous curve £’ to F, since E and E’ have the same primes of good reduction

and the same N(p,)’s.

1.4 The Mordell-Weil theorem

Theorem 1.4.1 (Mordell-Weil Theorem). Let E be an elliptic curve over a
number field K. Then the group E(K) is finitely generated.

The proof of this theorem consists of two claims: (i) the weak Mordell-Weil
theorem and (ii) the descent.

The claim (i) asserts the following:

Theorem 1.4.2 (Weak Mordell-Weil Theorem). Let E be an elliptic curve
over a number field K. Then the quotient group E(K)/2E(K) is finite.

bt



This follows from the exact sequence
0— E(K)/2E(K) — S?(E/K) — II(E/K)[2] — 0

together with the fact that S (FE/K) is finite, where S@(E/K) is the 2-Selmer
group of E over K and III(E/K)[2] is the kernel of the multiplication-by-2 map on
the Shafarevich-Tate group III(E/K) of E over K.

As to the claim (ii), the canonical height plays a crucial role.

Theorem 1.4.3. (cf. [28, Theorem 9.3, p. 229]) Let E be an elliptic curve over a
number field K. There exists a real-valued function h on E (K) (called the canonical
height on E) which is a positive semi-definite quadratic form on E(K) with the

following properties:

(a) For P € E(K), lAz(P) =0 if and only if P is a torsion point on E.

~

(b) For any constant C, the set {P € E(K); h(P) < C} is finite.

By making use of Theorems 1.4.2 and 1.4.3, it is easy to prove the Mordell-Weil
theorem (see, e.g., [30, Section 18]).

1.5 The Uniform Boundedness Conjecture

Let E be an elliptic curve over a number field K. The Mordell-Weil theorem
assures us that the group F(K) is finitely generated; in particular, the torsion
subgroup E(K ) is finite. As for the [-primary part E(K)q) of E(K)ios, the

following result of Manin has been known.

Theorem 1.5.1. (Manin [11]) Let K be a number field and | a prime number.
There exists a constant C; depending only on K and | such that |E(K)q| divides

Ck, for all elliptic curves E over K.

In the case where K = Q or K is a quadratic number field, the possibilities for
E(K)tors are known:

Theorem 1.5.2. (Mazur [13], [14]) Let E be an elliptic curve over Q. Then the
torsion subgroup E(Q)iors 1S tsomorphic to one of the following fifteen groups:
Z/NZ for N=1,...,10,12,
Z/2Z ®Z/2NZ for N =1,2,3,4.



Theorem 1.5.3. (Kamienny [4], see also Kenku and Momose [5] and Silverberg
[27]) Let E be an elliptic curve over a quadratic number field K. Then E(K )ors

is isomorphic to one of the following twenty-six groups:

Z/NZ for N=1,...,16,18,
Z/2Z ®Z/2NZ for N=1,...,6,
Z/3Z & Z/3NZ for N =1,2,
Z/AZ & Z/AZ.

Over an arbitrary number field, Merel settled the so-called Uniform Boundedness

Conjecture:

Theorem 1.5.4. (Merel [15]) Let E be an elliptic curve over a number field K of
degree d over Q. Then |E(K )ios| is bounded above by a constant depending only on
d.

1.6 Complex multiplication

Let K be an imaginary quadratic field and O the ring of integers of K (i.e., the
maximal order in K'). Denote by hx the class number of K. Then the number of the
isomorphism classes of elliptic curves E over C with End(FE) ~ Ok equals hx ([26,
Proposition 4.10]). Let E be an elliptic curve over C with End(F) ~ Ok. For any
field automorphism o of C, it is clear that End(E?) = End(E) and j(E?) = j(E)°.
Hence j(FE) is an algebraic number and [Q(j(F)) : Q] < hgx. More precisely, we

have

Theorem 1.6.1. (cf. [1], [26] or [29]) Let K be an imaginary quadratic field and
O an order in K. Let E be an elliptic curve over C with complex multiplication by
O. Then the following hold.

(a) The j-invariant j(E) of E is an algebraic integer.

(b) If O = Ok s the ring of integers of K, then the field K(j(FE)) is the Hilbert
class field of K (i.e., the mazimal unramified abelian extension of K) and [Q(j(E)) :
Q] = [K(j(E)) : K] = hx.

Recall that any elliptic curve E over C has a Weierstrass model
E:y* =2+ Az + B,
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where A, B € C. Given such a model for E, we define the Weber function ¢r on E

as follows:

(AB/A)x if AB #0,
oe((z,y)) = € (A2/A)2? if B =0,
(B/A)®  if A=0,

where A = —16(4A% + 27B?%) # 0 is the discriminant. Note that ¢ is independent

of the choice of Weierstrass model.

Theorem 1.6.2. (cf. [1], [26] or [29]) Let E be an elliptic curve over C with
complex multiplication by the ring of integers Ok of the imaginary quadratic field
K. Let ¢ be the Weber function on E. Then the mazimal abelian extension of K
is obtained by adjoining to K the j-invariant j(E) of E and the values ¢pg(P) for

all torsion points P on E.



Chapter 2

Torsion subgroups of elliptic
curves in elementary abelian

2-extensions of Q)

Let E be an elliptic curve over Q and F' the maximal elementary abelian 2-

extension of Q, that is,
F = Q({yim; mez}).

It is known that the torsion subgroup E(F ) of E(F) is finite (Ribet [21]). More
precisely, Laska and Lorenz ([10, Theorem]) showed that there exist at most thirty-
one possibilities for F(F)ios (see also Theorem 2.1.1 below). However, it is not
known whether all the groups listed in Theorem 2.1.1 occur as E(F)¢ors-

Now assume that E has non-cyclic torsion over Q. Then by Mazur’s theorem
(see Theorem 1.5.2), the group E(Q)ios is isomorphic to Z/2Z @& Z/mZ, where

m = 2,4,6 or 8. Such an elliptic curve has a Weierstrass model
E:y*=x(z+ M)(z+ N),

where M and N are non-zero integers with M > N. We may assume that the
greatest common divisor (M, N) of M and N is a square-free integer or (M, N) = 1,
since for any positive integer d, F is isomorphic over Q to an elliptic curve Ez given
by

Ep:y* =z(z+d*M)(x + d°N),

by replacing x with x/d? and y with y/d?, respectively. Then by making use of the
result of Ono ([18, Theorem 1], see also Theorem 2.1.2 below), Kwon ([8, Theorem
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1]) classified the torsion subgroup of E over arbitrary quadratic extension of Q;
Qiu and Zhang ([20, Theorems 3 and 4]) classified the torsion subgroup of E for a
certain elliptic curve E with E(Q)iors ~ Z/27Z & Z/27Z over all elementary abelian
2-extensions of Q, that is, over all number fields of type (2,...,2); Ohizumi ([17,
Theorems 4.1 and 4.2]) classified the torsion subgroup of E for an elliptic curve E
with E(Q)tors >~ Z/2Z & Z/8Z or Z /27 & Z/6Z over all bicyclic biquadratic fields,
that is, over all number fields of type (2,2).

In this chapter, first we completely determine the structure of the torsion sub-

group E(F)iors, when E(Q)iors i non-cyclic.

Theorem 1.  Let E be an elliptic curve over Q given by E : y*> = z(z+M)(z+N),
where M and N are integers with M > N. Assume that (M, N) is a square-free
integer or (M,N) = 1. Let F := Q({y/m; m € Z}) be the mazximal elementary

abelian 2-extension of Q. Then E(F )y can be classified as follows:
(a) If BE(Q)tors =~ Z/2Z & Z/8Z, then we have E(F )i ~ Z/AZ & Z/16Z.
(b) If E(Q)tors = Z/2Z & Z/6Z, then we have E(F)ios ~ Z/4Z & Z/127Z.

(c) If E(Q)tors =~ Z/2Z & Z/AZ, then we have E(F)ios ~ Z/AZ © Z/8Z or
Z/8Z & Z/8Z. Moreover, we may assume that both M and N are squares. Then
E(F)tors ~ Z/8Z & Z/8Z if and only if M — N is a square (this is equivalent to the
condition that E_1(Q)tors ~ Z/27Z & Z/AZ).

(d) If E(Q)tors =~ Z/2Z & Z/2Z, then we have E(F)is ~ Z/AZ & Z/AZ,
Z/A7Z ® Z/8Z, Z/8Z & Z/8Z, Z/AZ & Z/12Z or Z/AZ & Z/16Z. Furthermore,
E(F)ors = Z/AZSZ/AZ if and only if Ep(Q)iors = Z/2ZSZ/2Z for all square-free
integers D. Otherwise, E(F)is can be determined depending only on the type(s)
of Ep(Q)iors (and of E_p(Q)tors when Ep(Q)iors =~ Z/27Z & Z/AZ) for D with
Ep(Q)tors # Z/27Z & Z/27Z through the isomorphism E ~ Ep over F.

Secondly, by making use of Theorem 1 we classify the torsion subgroup E(K)iors
for all elementary abelian 2-extensions K of Q (Theorem 2 in Section 2.4). This is
a generalization of a result of Kwon ([8, Theorem 1]).

The following notation is in use throughout this chapter. F’ denotes the maximal
elementary abelian 2-extension of Q. If k is an algebraic extension of Q, then we
denote by Oy the ring of algebraic integers in k. For integers M and N, we denote
by (M, N) the greatest common divisor of M and N. For a square-free integer D,
we define the D-quadratic twist Ep of an elliptic curve E : y* = 2(z + M)(z + N)

10



over Q by Ep : y* = x(x + DM)(x + DN). Given a Weierstrass model for E, we
often denote by z(P) the z-coordinate of a point P on E. If A is an abelian group,
then we denote by A[n] the subgroup of A annihilated by n. For a prime number
[ and an elliptic curve E over a field k, we denote by E(k)( the I-primary part of
E(k)tors- For a field k and an element a in k, we denote by /a an element « in the
algebraic closure of k satisfying a? = a. If a is a positive real number, then we take
the positive one as v/a and we define vV —a = v/ — 1Va with the imaginary unit
v/—1 as usual.

2.1 Preliminary results

We begin by stating the result of Laska and Lorenz.

Theorem 2.1.1. ([10, Theorem]) Let E be an elliptic curve over Q. Then the

torsion subgroup E(F )i 18 isomorphic to one of the following thirty-one groups:

7.)2"7 & 7./297 (a=1,2,3 and b=0,1,2,3),
7/27 © 7./2°7 & Z./3Z (a=1,2,3 and b=0,1),
Z/2°Z & Z/2°Z & /57 (a=1,2,3),

7)2°Z & 7)2°Z & Z./3Z & Z./3Z (a=1,2,3)

or {0}, Z)3Z, 7./3Z. & 7.)3Z, 7.)5Z., Z.)7Z, Z.)9Z, 7,/ 15Z.
As in [8] or [20], the following result of Ono is a basic tool in this chapter.

Theorem 2.1.2. ([18, Theorem 1]) Let E : y* = x(x + M)(z + N) be an elliptic
curve over Q, where M and N are integers. Assume that (M, N) is a square-free
integer or (M,N) = 1. Then the torsion subgroup E(Q)ios can be classified as

follows:

(i) E(Q) D Z/2Z & Z/AZ if and only if M and N are both squares, or —M and
—M + N are both squares, or —N and —N + M are both squares.

(i) F(Q)tors =~ Z/2Z & Z/8Z if and only if M = u* and N =v*, or —M = u* and
—~M + N =v*, or =N = u* and —N + M = v*, where u and v are positive
integers with (u,v) = 1 and u? + v? = w? for some integer w.

(iii) E(Q)tors = Z/2Z & Z/6Z if and only if M = a* + 2a®b and N = b* + 2b3a,
where a and b are integers with (a,b) =1 and a/b ¢ {—2,—1,-1/2,0,1}.

(iv) In all other cases, we have E(Q)ors ~ Z/2Z & Z/2Z.

11



If we write £ = E(M, N), then we see that F(M,N) ~ E(-M,N — M) ~
E(—N,M — N) over Q by replacing z with x — M and x — N, respectively. Hence
if E(Q) DZ/2Z®Z/AZ (resp. E(Q)iors >~ Z/2Z ©Z/8Z), then we can assume that
M and N are both squares (resp. M = u* and N = v*) by changing z-coordinates
suitably.

The following lemma is useful for examining whether a point in E over a field &
is divisible by 2 in E(k) (see [3, Theorem 4.1, p. 37] or [7, Theorem 4.2, p. 85|, and
their proof).

Lemma 2.1.3. Let k be a field of characteristic not equal to 2 or 3 and E an

elliptic curve over k given by

E:y*=(z—a)(z—p)z—1)

with o, § and v in k. For P = (x,y) € E(k), there exists a k-rational point ) =
(2',y") on E such that [2]Q = P if and only if x —«, x — 3 and x — are all squares
in k. Moreover, if we fix each sign of V/x — a, \/x — 3 and \/x —~, then =’ equals
one of the following:

Ve—aVe—f+tVe—aVe—y+tVe— Ve —y+zx

or

—\/x—a\/x—ﬁj:\/m—a\/x—viF\/x—ﬂ\/m—qum,

where the signs are taken simultaneously.

2.2 Squares of algebraic integers in F

Let R := Z[{\/m; m € Z}|, which is a subring of Op, the ring of algebraic

integers in F'.

Lemma 2.2.1. Ifa € Op is of degree 2¢ over Q for some integer d > 0, then we
have 2% € R.

[Proof] We prove this lemma by induction on d. It is obvious that the lemma holds
for d =0, 1.
Assume that d > 2. Let K := Q(a). Then K, is a number field of type (2,...,2)

of degree 2¢ over Q. We may write

a= %(b0+b1m+---+bm\/6m)

12



with some integer m > d, where by € Z, b,by,...,b, are non-zero integers and
0,...,0, are distinct square-free integers. For each ¢ with 1 < ¢ < m, we may
choose a basis {1, VO, ..., \/Gid} of K4 over Q such that 0;; = 0, and

9i2,...,9id6 {91,...,(§i,...,6m}.

We define the subfield K(gi) of K, of degree 297! to be Q (\/Gil, Vs, ..., \/Hid). Let

«; be the sum of the elements in the set

1. 1 1 i
{gbo, gbl\/@ o gz)m/@m} NKY,

Note that the terms (1/b)by and (1/b)b;+/0; appear in the sum ay, since (1/b)by,
(1/b)bi\/0; € Kc(li). Then we have «; € Kg(li) and we can write

a = a;+ B/ 0

with some ; € KC(;). Let o be a generator of the Galois group Gal(Kd/Ky)). Then
we have

2041' = G+CLU < K(gl) ﬁ(’)p

By the assumption of induction, we know that
2%; = 27120, € R.

Since the terms in the sum 2% are linearly independent over Z, each term in 2%q;
is contained in R. In particular, we have
1

od
b

1
bo, 2dgbi\/97 € R.
Since this holds for each ¢ with 1 <7 < m, we obtain

1 1 1
24 = QdEbo + 2dgbl\/9’1 ot 2d5bm\/9m €R.

This completes the proof of the lemma. O

We need the following lemmas in order to verify that a certain element in F is

not a square in F'.

Lemma 2.2.2. Fora € O, an odd prime | and an integer i > 0, if I'\/1 divides

a®? in Op, then so does "1,

13



[Proof] If I'y/1 divides a? in Op, then we have a/VIi € Op, since (a/V1i)? =
a2/l € Op. By replacing a with a/+/1, it suffices to prove this lemma for i = 0.

Let F' := Q({y/m; m is an integer indivisible by [}). Since Lemma 2.2.1 im-
plies that 2% € R for some integer d > 0, we may write 2% = a + 8v1 with
a, 3 € RN Op:. Thus we have

22442 = (a® + B%1) + 208V (2.2.1)

Assume that /1 divides a® in Op. The equation (2.2.1) implies that /1 divides o?

in Op. Lemma 2.2.1 allows us to write
1
052 = ?ﬂ (’)/ + (5\/Z)

with 7,6 € RN Op and some integer e > 0. Hence we have 2¢a? = vv/1 + 6l.
However, o € O, together with the linear independence of 1 and v/1 over Opr,

implies that v = 0. Hence we have 2°a? = 6l. Since

NG
Vi

we have (V2¢/V1) o € Op. Therefore, it is easy to see that v/I divides a in Op. It
follows from the equation (2.2.1) that [ divides 22¢a? in Op, that is, [ divides a? in

Op. L

CY) =0 € Op,

Remark 2.2.3. When [ = 2, Lemma 2.2.2 does not hold in general. For example,
let @ =14+ — 1+ V2. Then we have

=242V -1+2vV2(1+V —1)

- 1++/—1
_2¢§T(1+\/§).

Since (1+v —1)/V2 € O, it is obvious that 2v/2 divides a2 in Op. Suppose that

4 divides a? in Op. Then, since

Lo 14VAT 1+

1" 2 N
1++/—1
2

we must have

€ OrNQ(V-1) = Oq(y=1)

which contradicts the fact that Oq /=) C R. It follows that a? is divisible not by
4, but by 2v/2 in Op.
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Lemma 2.2.4. (20, Assertion, p. 166]) For any m € Z, \/m is a square in F if

and only if |m| is a square in Q.

[Proof] Suppose that y/m is a square in F'. Then it is not difficult to see that \/m

can be expressed as follows:

Vm = c(a+byv/m)?,

where ¢ € Q and a,b € Z. If m is not a square in Q, then we have a® + b>m = 0,

that is, m = —(a/b)?. The converse is obvious. O

2.3 Proof of Theorem 1

We begin by examining the structure of E(F') (), when E(Q)ors ~ Z/2Z®Z/8Z.

Proposition 2.3.1.  Assume that E(Q)ors ~ Z/2Z @& Z/8Z. Then we have

[Proof] We may assume that M = u* and N = v*, where u and v are integers with
(u,v) =1, u > v >0 and u? 4+ v? = w? for some positive integer w.

First, we show that E(F) 5 Z/8Z & Z/8Z. Let P = (z,y) € E be a point of
order 4. Then by Lemma 2.1.3, we know that x equals

+u?0?, £utwvu? — 02 —ut or £ 0wvu? — v — ot

Suppose that E(F) D Z/8Z © Z/8Z. By Lemma 2.1.3, if = equals any of the

above six values, then x,x + u* and x + v* must be squares in F. In particular, if

r = v?wvu? — v? —u?, then
z 4+ ut = vPwvu? — 2

must be a square in F. This means that v/u? — v? is a square in F. It follows from

Lemma 2.2.4 that u? — v? is a square in Q. Thus we have
ut — ot = (u? + ) (u? —v?) = (wn)?,

where n is an integer with u? — v?> = n?. However, this has no integral solution

except u = v = wn = 0 (see, for example, Ono [19]). Hence z + u* = w*wv/u2 — v?
is not a square in F'. Therefore, we have E(F') p Z/8Z & Z/8Z.
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Secondly, we show that E(F) A Z/32Z. Let P; = (uv(u + v)(v + w), uvw(u +
v)(v + w)(w + u)). Then P is a point of order 8 in F(Q) and [4]P; = (0,0). By
making use of Lemma 2.1.3, we can find a point Py = (z4,y4) € E(F) of order 16
such that [2] Py = P3 and

Ty = \/5777

where

0= VE+ Vi + Vit s,
E=w(u+w)(v+w), n =uvw(u+v)(w+v),
no = vw(v + u)(w + u), N3 = w(u + v).

Note that &, m1,m2,m73 € Z and n € Op. Since u? + v? = w?, (u,v) = 1 and 7 is

symmetric with respect to v and v, we may assume that
uw=2mn, v=m?—n% w=m?+n

where m and n are integers with (m,n) =1, m > n > 0 and m #Z n (mod 2). Then

we have

VE = 2m(m +n)Vmn(m? — n?),

m = 4m*n(m? + n?)(m? 4+ 2mn — n?),

4

ny = (m +n)?*(m* —n*)(m? + 2mn — n?),

n3 = (m* 4+ n?)(m* + 2mn — n?).

We see that none of £, n; and 7, is not a square in Q by making use of (u,v) =1

and u? + v* = w? (see [8, p. 157]). We need the following lemma.

Lemma 2.3.2. There exists an odd prime | and an integer © > 0 such that x4 is

divisible not by U, but by I'\1 in Op.

[Proof of Lemma 2.3.2] Suppose that the square-free part of mn(m? — n?) is 2.
Then both m + n and m — n are squares and either m = 2(m/)?,n = (n')? or
m = (m')?,n = 2(n’)? for some integers m’ and n’, since any two of m,n, m+n, m—n
are relatively prime. If m = 2(m/)? and n = (n’)?, then both 2(m’)? + (n’)? and
2(m’)? — (n/)? must be squares, which does not occur, since either 2(m’)? + (n/)? or
2(m/)? — (n')? is congruent with 2 or 3 modulo 4. If m = (m’)? and n = 2(n’)?, then

both (m’)? + 2(n’)?* and (m')? — 2(n’)? must be squares, which contradicts the fact
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that 2 is not a congruent number. Hence, there exists an odd prime [ which divides
the square-free part of mn(m? — n?). In order to prove Lemma 2.3.2, it suffices to
show that v/I does not divide 7 in Op.

(i) Assume that [ divides m. Since [ divides 7y, it follows from Lemma 2.2.1 that
V1 divides 7 in Op if and only if I divides both 1, and 13 in Z. However, this implies
that [ divides n, which contradicts (m,n) = 1. Hence v/I does not divide 7 in Op.

(ii) Assume that [ divides n. Since [ divides 7;, we see that v/I does not divide
n in Op in the same way as (i).

(iii) Assume that [ divides m —n. Since [ divides 7y, it follows from Lemma 2.2.1

that v/1 divides 7 in Op if and only if I divides both 7; and 73 in Z. Since
n3 = w(u+v) = {(m—n)?+2mn}{(m — n)(m +n) + 2mn},

we see that [ divides n3 if and only if [ divides 2mn. However, since [ is odd and
(m,n) = (m —n,m) = (m—n,n) =1, we know that [ does not divide 2mn. Hence
V1 does not divide 7 in Op.

(iv) Assume that [ divides m + n. Since I divides 7, we see that v/I does not
divide 1 in Op in the same way as (iii).

(i), (ii), (iii) and (iv) imply that v/ does not divide 7 in Op. This completes the

proof of the lemma. O

Now comparing Lemma 2.2.2 with Lemma 2.3.2, we easily see that x4 is not a
square in O, that is, in F. It follows from Lemma 2.1.3 that P, is not in 2E(F).

By making use of Lemma 2.1.3, we can find a point P; = (2/,y)) € E(F) of
order 16 such that [2]P; = Py + Q1 = P; and

7y = Vuv(u + w)(v — w) {Vuw(u —v)(w —v) + vow(v — u)(w + u)
+ Vuv(u 4+ w)(v — w) + w(u —v)},

where P} = (uv(u+w)(v —w), uvw(u —v)(v —w)(w+u)) and Q; = (—u*,0). Since
xy is obtained by substituting —v into v in x4, it is easy to see that x; is not a square
in . Hence we know by Lemma 2.1.3 that P; & 2E(F). Put Qy := P;— Py € E(F).
Then we have [2]Qs = P{ — P; = ;. Suppose that there exists a point P € E(F)
of order 32. Then we have

21P = [a] P4 + [b]Q2

for some integers a € {1,3,5,7,9,11,13,15} and b € {0,1,2,3}, since E(F) 2
Z/8Z @ Z/8Z. Now we define a point @ € (P;) @ (Q2) as follows:
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—[(a—=1)/2] P, — [b/2] Q2 if b=0,2,
—lla=1)/20 P —[(b-1)/2]Q2 if b=1,3.

Q:=

Then we have
[2](P+ Q) = P, or Pj.

Since P + @ € E(F), we must have either P, € 2E(F) or P; € 2E(F'), which is a
contradiction. Therefore, we obtain E(F) 2 Z/32Z.

Now we know that F(F) D (Qq) ® (Py) ~ Z/AZ & Z/16Z. Consequently, we
have E(F) ) ~ Z/AZ © Z/16Z. O

When E(Q)iors ~ Z/27Z ® Z/67Z, we define E(F)y as follows:

E(F)@) = | J{P € E(F); NP =0}.

n:odd

We can easily determine the structure of E(F)y by making use of Theorem 2.1.1
and Theorem 1 (i) in [8], which implies that E(Q(v'D)) 7 Z/3Z & Z/3Z for all

square-free integers D.

Proposition 2.3.3. Assume that E(Q)iors ~ Z/2ZOZ/6Z. Then we have E(F) @y ~
Z/3Z.

[Proof] It suffices to show that E(F) A Z/3Z & Z/3Z, since Theorem 2.1.1 implies
that E(F) 2 Z/6pZ for any prime p # 2. Since (M, N) is a square-free integer or
(M, N) = 1, there exist integers a and b with (a,b) = 1 such that M = a* + 2a3b
and N = b* + 2b%a by Theorem 2.1.2 (iii). Let Py = (xg,%0) be a point of order 3 in

E. By the triplication formula, x, is a root of the equation
3z +4(M + N)z* + 6MNz*> — M*>N? = 0.

Since there exists a point P; = (a?b?, a*b*(a+b)?) € E(Q) of order 3, by making use
of M = a*+ 2a®b and N = b* + 2b3a we sce that the left hand side of this equation

has the following decomposition:

37* +4(M + N)2® + 6M Nx* — M>N?
= (z — a®v*){32° + (a + 2b)(b + 2a)(2a® — ab + 2b*)2?
+ a®b*(a + 2b)2(b + 2a)x + a*b*(a + 20)%(b + 2a)?}.
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We denote by f(x) the expression in the brace in this decomposition. If E(F) D
Z/3Z ®Z/3Z, then f(x) must be decomposed as a product of linear polynomials in
F. Since the Galois group Gal(F'/Q) has no element of order 3, there exists o € Q
such that f(a) = 0. Let D be the square-free part of a(a + M)(a + N) and let
B :=+/a(a+ M)(a+ N). Then the point P, = (a,3) is of order 3 in E(Q(vD))
and P, and P, generate E[3]. Hence we have E(Q(vD)) D E[3], which contradicts
Theorem 1 (iii) in [8]. Therefore, we have E(F) 5 Z/3Z & Z/3Z. O

In order to examine the structure of E(F)), we need the following elementary

lemma.

Lemma 2.3.4. Let o, 3 € Q and let v be a square-free integer. If o+ 3./7 is a

square in I, then o — 3%y is a square in Q.

[Proof] If o+ 3,/7 is a square in F, then it can be expressed as follows:

a+ By = cla+by7)?

where ¢ € Q and a,b € Z. This means that

c(a® +b*v) = «,
2abc = (.

Then we see that 4(a%c)? — 4a(a’c) + 3%y = 0. Hence we have

+ 2 _ 32
aQC:a O; 576

Q.

Therefore, we obtain /a2 — 3%y € Q. O

Since we have Ep(Q)we) ~ Z/2Z ® Z/2Z for all square-free integers D by
Theorem 2 (ii) in [8], it suffices to show the following.

Proposition 2.3.5.  Assume that E(Q)@) ~ Z/2Z ® Z/2Z and Ep(Q)p) ~
Z/2Z.®Z/2Z for all square-free integers D. Then we have E(F )@y ~ Z/AZ®ZL/AL.

[Proof] By Lemma 2.1.3, the z-coordinate of a point P of order 4 on E equals one

of the following:
+VMN, - M £ VMM —-N), =N+ VN(N - M).

Suppose that E(F) D Z/8Z. By Lemma 2.1.3, there exists a point P = (z,y) of
order 4 on E(F) such that z, x + M and x + N are all squares in F.
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Suppose that 2 = v/ MN. By Lemma 2.2.4, [MN]| is a square in Q. Hence,
we may assume that M = d3D and N = +d3D for some square-free integer D (or
D = 1) and some relatively prime integers d; and dy. If M = d2D and N = d3D,
then the D-quadratic twist Ep of E is given by

Ep:y* = z{z + (diD)*}{z + (d2D)?}.

Hence we have Ep(Q) D Z/2Z & Z/4AZ, which contradicts the assumption. There-
fore, assume that M = d?D and N = —d3D. Then we have

x + M = +d,dyD/—1+ d2D.

By Lemma 2.3.4, if z + M is a square in F, then we have \/(d?D)? + (d1d2D)? € Q,
that is, \/d? + d3 € Q. However, since the D-quadratic twist Ep of E = E(M, N)
is isomorphic over Q to an elliptic curve E' = Ep(—N, M — N) given by

E y2 =z{x + (ng)2}{x + (d% + d%)DZ};

we must have Ep(Q) ~ E'(Q) D Z/2Z & Z/4Z by Theorem 2.1.2 (i), which contra-
dicts the assumption.

Ifz = M+ /M(M —N) (resp. + = —N + /N(N — M)), then we also
arrive at a contradiction by replacing respectively M, N and =z with —M, N — M
and x + M (resp. with —N, M — N and x + N) in the above argument. Therefore,
we have E(F') 2 Z/8Z. Since it is clear that E(F) D Z/AZ & Z/AZ, we obtain the

proposition. O

When E(Q)ios ~ Z/2Z & Z/AZ, the structure of E(F) ) depends on whether
E_1(Q)tors 18 isomorphic to Z/27Z & Z/2Z. Note that in this case F_1(Q)iors 18
isomorphic to either Z/2Z & Z/2Z or Z /27 © Z/AZ (see [8, Theorem 2 (iii)]).

Proposition 2.3.6.  Assume that E(Q)ios ~ Z/2Z ® Z/AZ. If E_1(Q)tors =~
Z/2Z®Z)27Z, then we have E(F )@y ~ Z/AZDZ/8Z. Otherwise, we have E(F') ) ~
7./8Z & Z./37Z.

[Proof] We may assume that M = s? and N = ¢ where s and ¢ are integers with

(s,t) =1 and s >t > 0. Then we have

E(Q)tors = <P2> ) <Q1> >~ Z/4Z ) Z/QZ,
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where P, = (st,st(s+t)) and Q; = (—s?,0). Note that [2]P, = (0,0). By Lemma
2.1.3, we see that E(F) D Z/4Z & Z/8Z and that there exist points P; and @y of
order 8 and order 4, respectively, in E(F') such that [2]P; = P», [2]Q2 = @1 and

©(Ps) = st + sVt(s + 1) +tVs(s + t) + (s + t)Vst,

2(Qq) = —8* + sV/s2 — 12,
Now we show that P3 ¢ 2E(F'). Suppose that P; € 2E(F'). Since
1 2
o(Ps) = \/g{ﬁ(\/;—i—\/sz\/s%—t)} :

we see that z(P;) is a square in F if and only if v/st is a square in F. Hence by
Lemma 2.2.4, st is a square in Q. This means that there exist positive integers u

and v such that s = u? and t = v? because of (s,t) = 1. Thus we have

z(Ps) + M = v*v? + v*vvu? + 02 + w? Va2 + 02 + (u? 4+ v*)uw + u*
= u(u+v)Vu? + 02 (v + Vu2 +0v?).

Since (u,v) = 1, we have (v,u? 4+ v?) = 1. Note that by Theorem 2.1.2 (ii), u? + v?
is not a square in Q, since E(Q)iors ~ Z/2Z @ Z/AZ. Suppose that the square-free
part of u? + v? is 2. If we write u? + v? = 2w? with some integer w > 0, then we

have
2(Ps) + M = uw(u +v)(2w + vv/2).

Since z(P3) + M is a square in F, we can express 2w + vy/2 as follows:
2w+ vv2 = c(a + bv2)?,

where ¢ € Q and a,b € Z with (a,b) = 1. Then we have c(a® + 2V*) = 2w
and 2abc = v, which mean that v(a® + 2b*) = 4abw. Since v is odd because of
u? +v* = 2w?, we must have a? + 2b* = 0 (mod 4), that is, a = b = 0 (mod 2),
which contradicts the assumption that (a,b) = 1. Therefore, there exists an odd
prime [ which divides the square-free part of u? + v?. However, for such a prime
I, V1 does not divide v + vu2 4 v2 in Op because of (v,u? + v?) = 1 and Lemma
2.2.1. Hence, there exists an integer ¢ such that z(P3) + M is divisible not by /"1,
but by 1'v/1 in O, which contradicts Lemma 2.2.2. It follows that x(Ps) + M is not
a square in F. Therefore, from Lemma 2.1.3 we obtain P; & 2E(F').

Case 1. F_1(Q)iors = Z/2Z ® Z/27.
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In this case, by Theorem 2 (iii) in [8], s> — t? is not a square in Q. Suppose
that E(F) D Z/8Z & Z/8Z, that is, ()2 € 2E(F). Then by Lemma 2.1.3, 2(Q2),
2(Qq)+M and z(Qy)+ N are all squares in F. Since 2(Qy)+M = sv/s2 — 2, Lemma
2.2.4 implies that x(Qs) + M is a square in F if and only if s — ¢? is a square in
Q, which contradicts the assumption. Hence we obtain E(F) A Z/8Z & Z/8Z. By
making use of Lemma 2.1.3, we can find a point P € E(F) of order 8 such that
[2]P, = P, + Q1 = Pj and

©(Py) = —st+ sV —t(s —t) —tVs(s —t) + (s — t)V — st,

where Pj = (—st,—st(s —t)). Since x(Pj) is obtained by substituting —t into ¢ in
the expression z(P3), it is easy to see that z(Pj5) + M is not a square in F. Hence
we know by Lemma 2.1.3 that P ¢ 2E(F). Put Q% := P — Py € E(F). Then we
have [2]Q) = Pj — P, = ;. Suppose that there exists a point P € E(F) of order
16. Then we have
[2]1P = [a] Ps + [b] Q5

for some integers a € {1,3,5,7} and b € {0,1,2,3}, since E(F) A Z/8Z & Z/8Z.
Now we define a point @ € (Ps) @ (Q)}) as follows:

—[(a=1)/21 P = [b/2] Q5 if b=0,2,
—[(a—1)/2] Py —[(b—1)/2]Q, if b=1,3.

Q:=

Then we have
[2](P+ Q) = P; or P;.

Since P + @ € E(F), we must have either P; € 2E(F) or Pj € 2E(F), which
is a contradiction. Therefore, we obtain E(F') A Z/16Z. Consequently, we have
Case 2. E_1(Q)ors = Z/2Z S Z/AZ.

In this case, by Theorem 2 (iii) in [8], s> — ¢* = r? for some positive integer r.

Then we have x(Q2) = s(r —s). By Lemma 2.1.3, we know that there exists a point

Q)3 of order 8 in E(F) such that [2]Q3; = Q2 and

2(Qs) = sVr(r —s) + (s — )V —rs+rVs(s — 1) + s(r — s).
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Note that E(F) D Z/8Z & Z/8Z. Thus we have
2(Q3) + M =sVr(r—s)+(s—r)V —rs+rvVs(s—r)+rs

_ _rs{%<f—\/——r+@)}2.

Ifr = (r")? and s = (§')? for some integers 7’ and s, then we must have (s')*—(r")* =
t2, which has no integral solution except s’ = r' =t = 0. Hence rs is not a square
in Q because of (r,s) = 1. It follows from Lemma 2.2.4 that z(Q3) + M is not a
square in F'. Therefore by Lemma 2.1.3, we have Q3 & 2E(F).

We show that E(F) 5 Z/16Z. By making use of Lemma 2.1.3, we can find a
point R3 € E(F) of order 8 such that [2]R3 = Ry and

B r1+\/__1 Vits+vr—s\"
R e e
1+ VrFs+vr—s
v {S0 )
1+vV-1r+s++r—s
+ v/t NG o)

where Ry = (t(rv/—1 —t),rt(r/—1 —1t)) and [2] Ry = (—t*,0). Then we have

B L+vV=1 [(Vr+s+r—s
o) + N = Vi S

X{\/r—i—s\—/g\/r—s_'_\/%l;\/\g—_l}‘

+t(rv—1—1),

Put

_Vrts+r—s
B V2

— 1 —1
:\/r—i—s—l—\/r S—l—\/g;\/.
V2 V2
Note that A, B,x(R3) + N € O and that both A and B divide z(R3) + N in Op.
Suppose that x(R3) + N is a square in F, that is, a square in Op.

A + /T

and

B:

First, suppose that there exists an odd prime [ which divides the square-free
part of t. Since r < s, /r + s and /7 — s are linearly independent over Z, and
it is clear that [ does not divide (r + s,7 — s). Hence by Lemma 2.2.1, /I does
not divide \/7 + s + /7 — s in O, which means that v/I does not divide B in Op.
If V7 +s, /7 —s and /2r are linearly indenpendent over Z, then it is clear that
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V1 does not divide A in Op because of (1,2r) = 1 and Lemma 2.2.1. Otherwise,
the square-free part of r + s equals that of 2r, which is either 1 or 2, since either

2_n? s=m?+norr=m?—n? t=2mn, s =m?+n? for some

r=2mn,t=m
relatively prime integers m and n. Then the square-free part of r — s is either —1

or —2. Thus A can be expressed as follows:
A=ap+arv —1+a2\/§+a3v -2,

where ag, a1, as and as are integers. Hence by Lemma 2.2.1, there exists an integer ¢
such that A is divisible not by I’v/1, but by I’ in Op. Therefore, for some integer e,
2(Rs) + N is divisible not by 1¢**, but by 1°v/1 in Op. Tt follows from Lemma 2.2.2
that x(R3) 4+ N is not a square in Op, which contradicts the assumption. Therefore,
we see that either ¢t = (¢')? or t = 2(#')? for some integer ¢

Secondly, suppose that there exists an odd prime p which divides the square-free
part of r. We easily see that ,/p does not divide A in OF in the same way as above.
Since either ¢ = (¢')? or t = 2(¢')? and either r = 2mn, t = m? —n? s =m? +n? or
r=m?—n?% t=2mn, s = m?+ n? for some relatively prime integers m and n, we

can express B as follows:
B=ay+ a1V —1+a2\/§+a3v — 2,

where ag, a1, as and ag are integers. Hence by Lemma 2.2.1, there exists an integer ¢
such that B is divisible not by pi\/z_y, but by p* in Or. Therefore, for some integer e,
z(R3) + N is divisible not by p*™!, but by p®,/p in Op. It follows from Lemma 2.2.2
that x(R3) + N is not a square in O, which contradicts the assumption. Therefore,

2

we see that either r = (r')? or r = 2(r’)? for some integer r’. Accordingly, there

exist three possibilities for r and ¢ as follows:
(1) r = (2 0= (2
@) r =207, 1= ()
(3)r = ()2 t=2(t)%
If (1) occurred, then we would have (r')* + (#')* = s%, which has no integral

solution except " =t = s = 0. Hence (1) does not occur. If (2) occurred, then

r=2mn,t=m?—n?% s=m?+n’

for some relatively prime integers m and n. Since r = 2(r')?, there would exist

integers m’ and n’ such that m = (m/)? and n = (n')2. Hence (¢')? =t = (m/)*~(n')*,
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which has no integral solution except ' = m’ = n’ = 0. Therefore, (2) does not
occur. By replacing r,r" and t¢,t with ¢, and r, 7/, respectively, we easily see that
(3) does not occur. Consequently, x(R3)+ N is not a square in F'. By Lemma 2.1.3,
we see that Ry & 2E(F).

Now let Py, Q4, Ry be points of order 16 in E respectively such that
2]Py = Ps, [2]Qs = Q3, [2] Ry = R3,
and put

P:={P,+P; Pc E[8]},
Q:={Qs+P; PeE[g]},
R:={Rs+ P; P € E[8]}.

Then it is obvious that
E[16] = EB|UPUQUR.

Since Py, Q4, Ry can not be in E(F), we obtain E(F) 7 Z/16Z. It follows that
E(F) @) ~Z/8Z & Z/8Z. This completes the proof of Proposition 2.3.6. O

In order to prove Theorem 1, we need one more proposition due to Qiu and

Zhang.

Proposition 2.3.7. ([20, Theorem 2 and Remark 2|) Let E be an elliptic curve

over Q. Assume that E(Q)iors = E(Q)2) and Ep(Q)ors = Ep(Q)(2) for all square-
free integers D. Then we have E(F)iors = E(F)(2).

Remark 2.3.8.  Although Theorem 2 and Remark 2 in [20] are expressed in terms
of a number field K of type (2,...,2) instead of F, it is clear that they are also
valid for F'.

Now all we have to do is put the propositions together.

[Proof of Theorem 1] Since if E(Q)tors ~ Z/2Z S Z/8Z or Z/2Z & Z/AZ, then we
have Ep(Q)tors = Ep(Q)(2) for all square-free integers D ([8, Theorem 2]), (a) follows
from Propositions 2.3.1 and 2.3.7, and (c¢) follows from Propositions 2.3.6 and 2.3.7
(note that by Theorem 2 (iii) in [8], M — N is a square if and only if E_;(Q)tors =
Z/27Z.&7Z/4Z). We obtain (b) just by combining Propositions 2.3.5 and 2.3.3. As for
(d), if Ep(Q)tors ~ Z/2Z @ Z/27Z for all D, then we obtain E(F)os ~ Z/4ZSZ/AZ
from Propositions 2.3.5 and 2.3.7; if Ep(Q)ors = Z/2ZSZ/8Z (resp. Z/2Z BZ /67Z)
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for some D, then we know from (a) (resp. (b)) that E(F)os ~ Z/AZ®Z/16Z (resp.
Z/AZ®7Z/127), since E is isomorphic to Ep over F for all square-free integers D; if
Ep(Q)tors 2 Z/2ZBZ/AZ and E_p(Q)tors >~ Z/2Z B Z )27 (vesp. Z/2Z B Z/AZ) for
some D, then we know from (c) that E(F)ios ~ Z/4AZ D Z/8Z (resp. Z/8Z > Z/8Z),
since F ~ Ep over F'. This completes the proof of Theorem 1. O

2.4 Theorem 2: A result in number fields of type
(2,...,2)

Let E: y*> = z(x + M)(xz + N) be an elliptic curve over Q, where M and N are
integers with M > N such that (M, N) is a square-free integer or (M, N) = 1. Let
K be a number field of type (2,...,2). It is not difficult to determine the structure
of E(K)tors because of Theorem 1.

Case 1. E(Q)ors = Z/2Z & Z/8Z.
We may assume that M = u* and N = v*, where u and v are integers with
(u,v) =1, u > v >0 and u? 4+ v? = w? for some positive integer w.

(I) By Lemma 2.1.3, E(K) D Z/4Z & Z/8Z if and only if v — 1,Vu* — v € K.
Since u! —v* = w?(u? —v?), we see that v/u? — vt € K if and only if Vu? — 02 € K.
Therefore, E(K) D Z/4Z & Z/8Z if and only if v — 1, Vu® —v? € K.

(II) We give a necessary and sufficient condition on which E(K )i ~ Z/27Z &
Z/16Z. Let P; = (uwv(u + w)(v + w),uvvw(u + v)(v + w)(w + u)) € E(Q) and
P, = P+ Q, € E(Q), where Q; = (—u*,0). Then P3 and P} are of order 8 and
z(P}) = wo(u + w)(v — w). Assume that E(K ) ~ Z/27Z @& Z/16Z. Then it is
easy to see that either P; or Pj is contained in 2FE(K). By Lemma 2.1.3, this is
equivalent to the condition that either \/uv(u +w) (v + w), Vuw(u + v)(w + v) €
K or Juv(u+w)(v — w), Juw(u —v)(w —v) € K. On account of (I), we obtain

the following:

E(K)tors >~ Z /27 © Z/16Z if and only if either vV—1 ¢ K or Vu? — 12 ¢ K
and either v/uv(u + w)(v + w), vuw(u +v)(w +v) € K

or Vuv(u +w)(v —w), Vuw(u —v)(w —v) € K.

(III) Assume that E(K)ios ~ Z/4Z & Z/16Z. By Theorem 1 (a), there exists
a point Py € E(F) of order 16 such that [2]Py = P5. Let P := P; + )2, where
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Qs is a point of order 4 in F(K) such that [2]Q; = Q; = (—u?* 0). Suppose that
P, ¢ E(K). Then it is not difficult to see that there exists a point Py € E(K)
(of order 16) such that [2]P; = Py. However, since [2|(P] — Py) = Pj — P; = Qo,
we have Q2 € 2E(F). Hence we have E(F) D Z/8Z & Z/8Z, which contradicts
Theorem 1 (a). Therefore, we must have P, € E(K). On account of (I) and (II),

we obtain the following:
E(K)tors ~ Z/4Z & Z/16Z if and only if
vV —1,Vu? —0® Vuw(u+ w) (v + w), Vuw(u + v)(w +v) € K.

(IV) In all other cases, we obtain F(K )ios >~ Z/2Z ® Z/8Z from Theorem 1 (a).

Case 2. E(Q)iors ~ Z/2Z & Z/6Z.

By Theorem 1 (b), we may pay attention only to the 2-primary part of F(K )ors-

(I) By Lemma 2.1.3, E(K) D Z/4Z®Z/6Z if and only if vVM,V/N € K, /—M,
V-M+NecKor+v-N,V/—N+MeK.

(II) By Lemma 2.1.3 and Theorem 1 (b), E(K )tors =~ Z/AZ & Z/127Z if and only
if vV —1,vVM,VN,vM — N € K.

(III) In all other cases, we obtain E(K )i ~ Z/2Z @& Z/6Z from Theorem 1
(b).
Case 3. E(Q)iors ~ Z/2Z & Z/4AZ.

2

We may assume that M = s* and N = t2, where s and ¢ are integers with
(s,t)=1and s >t >0. Put r :== 5% —t2

(I) By Lemma 2.1.3, E(K) D Z/4Z @& Z/AZ if and only if vV — s?, v/ — 1 € K,
namely, /-1, 7 € K.

(IT) Assume that E(K) 2 Z/AZ ® Z/AZ. Let P, = (0,0), Q; = (—s0),
Py = (st,st(s+1t)) and Py = (—st, st(t — s)), where [2|P, = Py and P, + Q1 = P;.
Then E(K) D Z/8Z if and only if either P, € 2E(K) or Py € 2E(K). By Lemma
2.1.3, this is equivalent to the condition that either v/st,vs(s+1t),Vt(s+1t) €
K or vV —st,Vs(s—t),Vt(t —s) € K, that is, either Vst,Vs(s+t) € K or
vV —st,Vs(s —t) € K. On account of (I), we obtain the following:

E(K)tos >~ Z /27 & Z/8Z if and only if either V —1¢ K orr ¢ K
and either Vst, Vs(s +t) € K or V — st,Vs(s — t) € K.

(IIT) We give a necessary and sufficient condition on which E(K) D Z/4Z&Z/8Z.
Assume that E(K) D Z/AZ & Z/4AZ.
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Let P, = (st,st(s + 1)), Qy = (s(r — s),rs(r — s)v/—1) and Ry = (t(rv/—1 —
t),rt(rv/—1 —t)), where [2]P, = P, = (0,0), [2]Q2 = Q1 = (—5%0) and [2]R, =
Ry = (—t*,0). Then it is obvious that E(K) D Z/8Z if and only if P, Q3 or Ry is
contained in 2E(K). By Lemma 2.1.3, this is equivalent to the condition that

Vst,Vs(s+1),Vi(s +t) € K,
Vs(r—s),Vrs,Vir(—r+s) € K

or \/t(—t—i-r\/—_l), \/7"(7‘+t\/——1), \/rt\/—_l cK.

Since

r(r+t\/—_1):ig (Vr+s+vr—s),
\/rt\/—_:j:\/?(l—l—\/—_l)

and t(—t+rv/—1) = %2 {r(r+tv=1)} {rtv/-1},

the third condition can be replaced with the condition that

Vort, Vor(r+s),Vor(r —s) e K

(note that /—1 € K because of the assumption that E(K) D Z/AZ & Z/AZ).

Furthermore, since

2rty/—1
\2r(r +s)
we see that /2r(r —s) € K if and only if \/2r(r +s) € K. Similarly, we see
that \/s(r —s) € K if and only if \/s(r+s) € K. Hence, E(K) D Z/8Z if and

only if V/st,\/s(s +t) € K, \/rs,/s(r +s) € K or V2rt,/2r(r +s) € K (on the
assumption that E(K) D Z/4AZ&Z/AZ). On account of (I), we obtain the following:

2r(r —s) =

E(K) D Z/AZ & Z/8Z if and only if vV—1,r € K and

Vst,\/s(s +1) € K, \/rs,\/s(r +s) € K or V2rt,\/2r(r + s) € K.

(IV) We easily see that E(K )iors >~ Z/8Z & Z/8Z if and only if
Vv -1, r,\/g,\/s(s—i-t),\/E,Vs(r+s),v2rt,v2r(r+s) e K,

that is,

v —1, T,\/E,\/E,\/s(r—l—s),\/s(snLt) € K.
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Note that this case occurs only if r € Q.
(V) In all other cases, we obtain F (K)o =~ Z /27 & Z /4AZ from Theorem 1 (c).

Case 4. E(Q)iors = Z/2Z & 7Z./27.

If Ep(Q)ors ~ Z/2Z @ Z/87Z (vesp. Z/2Z © Z/6Z, Z/2Z & Z/AZ) and VD € K
for some square-free integer D, then we may consider ourselves to be in Case 1 (resp.
Case 2, Case 3) through the isomorphism E ~ Ep, over F. Hence, in the case where
Ep(Q)tors 2 Z/2ZSZ/8Z, Z/2Z B Z/6Z or Z/2Z & Z /AZ for some D, assume that
VD ¢ K; in the case where Ep(Q)iors ~ E_p(Q)tors = Z /27 & Z./AZ for some D,
assume that vD ¢ K and v—D ¢ K.

Case 4.1. Ep(Q)iors =~ Z/2Z & Z/8Z for some square-free integer D.

We may assume that M = D(v/)* and N = D(v')*, where «/ and v’ are positive
integers with (u’,v') = 1 such that (u’)* + (¢v')? is a square. By Lemma 2.1.3, it is
clear that E(K) 2 Z/AZ & Z/AZ because of VD ¢ K.

(I) By Lemma 2.1.3, E(K) D Z/2Z & Z/4Z if and only if either /=D,
V-D{(W)* — ()4} € K or vV — D,V — D{(¢v')! — (v')'} € K, that is, V=D € K
and either /(u/)?2 — (v')2 € K or /(v')?— (v/)? € K. Suppose that E(K) D
Z/27 @® Z/8Z. Then, since P, = (0,0) ¢ 2E(K), either Q; = (—D(u)*,0) or
Ry = (—D(v")4,0) is contained in 4F(K). Hence P, € 4E(F) implies that E(F) D
Z /872 & Z/8Z, which contradicts Theorem 1 (a). Therefore, we obtain the following:

E(K)tors >~ Z /27 © Z/AZ if and only if
V=D € K and either \/(u')?2 — (v/)2 € K or v/(v')? — ()% € K.

(IT) In all other cases, we obtain E(K ) >~ Z/2Z & Z/27Z.

Case 4.2. Ep(Q)iors >~ Z/2Z & Z/AZ for some square-free integer D.

We may assume that M = D(s')*> and N = D(#')?, where s’ and #' are positive
integers with (s',¢') = 1. By Lemma 2.1.3, it is clear that E(K) p Z/AZ © Z/AZ
because of VD ¢ K.

(I) By Lemma 2.1.3, E(K) D Z/2Z & Z/4Z if and only if either v/—D,
V-D{(s)?2 — ()2} € K or vV — D,V — D{(t')> — (s)?} € K, that is, V—D € K
and either /()2 — (¥)? € K or /(t')? — (s')? € K. Suppose that E(K )ios =~
Z/27Z & Z/8Z. Then, since P, = (0,0) ¢ 2E(K), either Q; = (—D(s")2,0) or
Ry = (—=D()?,0) is contained in 4E(K). Hence P, € 4E(F) implies that F(F) D
Z/8Z & Z/8Z. 1t follows from Theorem 1 (c¢) that E_p(Q)iors =~ Z/2Z & Z/AZ.
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Hence by assumption we have —D ¢ K, which contradicts the assumption that
E(K)tors ~Z/2Z & Z/8Z D Z/2Z & Z/AZ. Therefore, we obtain the following:

E(K)tors ~ Z/27Z & Z/AZ if and only if
V—D € K and either y/(s')2 — (/)2 € K or \/(t')? — (§')? € K.

(IT) In all other cases, we obtain E(K )os ~ Z/2Z & Z/2Z.

Case 4.3. Ep(Q)tors ~ Z/2Z & Z/2Z or Z/2Z & Z/6Z for all square-free integers
D.

Assume that Ep(Q)iors >~ Z/2Z & Z/6Z for some D. Then by Theorem 1 (b) we
know that E(F)w) ~ Ep(F)@y ~ Z/3Z, and by Theorem 2.1.2 (iii) we know that
the points of order 3 in E(F) can be written as ( Da?b? +D+/Da?b*(a + b)?) with
some integers a and b. It follows from v/D ¢ K that E(K)@2y = {O}. Therefore,
this case can be treated just as the case where Ep(Q)iors ~ Z/2Z & Z/2Z for all
square-free integers D. Thus from Lemma 2.1.3, we easily obtain the following:

(1) B(K) D Z/2Z&Z/AZ if and only if VM ,vV/N € K,/ =M,/ =M+ N € K
ooV -—NV-N+MEecK.

(1) E(K )ors ~ Z/AZ & Z/AZ if and only if vV — 1,v/M,vV/N,vV/M — N € K.
(III) In all other cases, we obtain E(K )ios ~ Z/2Z & Z/2Z.

To sum up, we obtain the following.

Theorem 2. Let E be an elliptic curve over Q given by y* = x(x + M)(z + N),
where M and N are integers with M > N. Assume that (M, N) is a square-free
integer or (M,N) = 1. Let K be a number field of type (2,...,2). Then E(K)iors

can be classified as follows:

Case 1. E(Q)ors = Z/2Z © Z/8Z.

We may assume that M = u* and N = v*, where v and v are integers with

(u,v) =1, u>v > 0 and u* +v*> = w? for some positive integer w.

(1) E(K) D Z/AZ & Z/8Z if and only if V — 1,Vu?> —v* € K.

(I1) E(K)iors ~ Z/2ZBZ/16Z if and only if either /—1 & K or Vu®> —v? ¢ K and
either \/uv(u + w)(v + w), Vuw(u + v)(w+v) € K or J/uv(u + w)(v — w),
Vuw(u —v)(w —v) € K.

(1) E(K)iors =~ Z/AZSZ/16Z if and only if V — 1, Vu® — v2, \/uwv(u + w) (v + w),
Vuw(u +v)(w+v) € K.
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(IV) In all other cases, E(K )ios >~ Z/27Z & Z/8Z.
Case 2. E(Q)ors =~ Z/2Z © Z/6Z.
(I) E(K) D Z/AZ & Z/6Z if and only if one of the following conditions holds:
(i) VM,VN € K,
(i) vV—M,V—M+ N e K,
(i) vV—N,vV/—N+ M € K.
(1) E(K)iors =~ Z/AZ ® Z.)12Z if and only if vV —1,V/M,V'N,vM — N € K.
(IT1) In all other cases, E(K )iors >~ Z/27Z & Z/6Z.
Case 3. E(Q)ors > Z/2Z O Z/AZ.

We may assume that M = s* and N = t2, where s and t are integers with
(s,t)=1and s >t>0. Putr:=+/s>—t%.
(I) E(K) D Z/AZ & Z/AZ if and only if /—1,r € K.
() E(K)ors = Z)27 & Z./87Z if and only if either /—1 & K orr & K and either
Vst,Vs(s+1) € K or vV —st,V/s(s —t) € K.
(1) E(K) D Z/AZ ® Z/8Z if and only if /—1,7 € K and one of the following
conditions holds:
(i) Vst,Vs(s +1) € K,
(ii) Vs, Vs(r +s) € K,
(iti) v2rt,V2r(r +s) € K.

(IV) E(K )tors ~ Z/SZ®Z/8Z if and only if V' — 1, 7, Vrs,V/st,Vs(r +s),Vs(s + t)
€ K.
Note that this case occurs only if r € Q.
(V) In all other cases, E(K )iors >~ Z/27Z & Z/AZ.
Case 4. E(Q)ors =~ Z/2Z ©Z/27.
If Ep(Q)ors ~ Z/2Z D Z/8Z (resp. Z)2Z S ZL/)6Z, Z)2Z. & Z/AZ) and VD € K
for some square-free integer D, then we may consider ourselves to be in Case 1
(resp. Case 2, Case 3) through the isomorphism E ~ Ep over F. Hence, in the case
where Ep(Q)iors % Z/2Z @ Z)2Z for some D, assume that /D ¢ K (in the case
where Ep(Q)tors =~ F_p(Q)tors = Z/2Z & Z/AZ for some D, assume that VD ¢ K
and v/—D ¢ K).
Case 4.1. Ep(Q)tors >~ Z/2Z & Z/8Z for some square-free integer D.
We may assume that M = D(u')* and N = D(v')*, where ' and v’ are positive

integers with (u',v') = 1 such that (u')* + (v')? is a square.
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(1) E(K)iors =~ Z/2ZDZ/AZ if and only if V—D € K and either \/(v)2 — (v')2 €
K or/(v')? —(v)? € K.
(I1) In all other cases, E(K )iors ~ Z/27Z & Z/2Z.
Case 4.2. Ep(Q)iors ~ Z /27 & Z/AZ for some square-free integer D.

We may assume that M = D(s')? and N = D(t')?, where s’ and t' are positive
integers with (s',t') = 1.

(I) E(K)tors = Z/2ZDZ/AZ if and only if vV—D € K and either \/(s')? — (t')? €
K or/(t)?—(s)? € K.
(IT) In all other cases, E(K )iors >~ Z/27Z & Z /2.

Case 4.3. Ep(Q)iors >~ Z/2Z ® Z /27 or Z)27 & Z/6Z for all square-free integers
D.

(I) E(K) D Z/2Z & Z/AZ if and only if one of the following conditions holds:

(i) VM,VN € K,

i) v -M,vV-M+NEeK,
(iii) V- N,v-N+ M € K.

(I1) E(K)iors ~ Z/AZ & Z/AZ if and only if vV — 1,VM,VN,vV/M — N € K.
(III) In all other cases, E(K )iors ~ Z/2Z & Z/2Z.

Remark 2.4.1.  The result of Qiu and Zhang ([20, Theorem 4]) is a part of Case
4.3 in Theorem 2. In fact, in Theorem 4 in [20], they classified E(K )ios on the

assumption that
M and N are square-free integers, not equal to +1, with (M, N) =1,

which implies that E(Q)iors ™~ Z/2Z & Z/27 and Ep(Q)iors >~ Z /27 & Z /27 for all

square-free integers D (20, Lemma 2]).

Let G be one of those groups which appear in Theorem 2. Let 2¢ denote the
minimal degree over Q of those number fields K of type (2,...,2) for which there
exists an elliptic curve E over Q such that E(K )i ~ G. Close examination of each

condition given in Theorem 2 showed the following;:
o If G ~7Z/4Z ©Z/16Z, then we have d = 4.

o If G ~7Z/4Z ©Z/12Z, then we have d = 3.
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o If G ~7/8Z & Z/8Z, then we have d = 4.
e In all other cases, we have d < 2.

In particular, it is easy to see that Theorem 2 and the above imply Theorem 3 in
[20] and Theorems 4.1 and 4.2 in [17], which are stated for d = 2.
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Chapter 3

Maximal [-torsion of elliptic

curves in isogeny classes

Let K be a number field. Merel proved the Uniform Boundedness Conjecture,
which asserts that there exists a constant B, depending only on the degree of K over
Q, such that for any elliptic curve E over K the order |E(K )qs| of the torsion sub-
group of E(K) is less than B (see Theorem 1.5.4). Before that, Ross ([22, Theorem
1]) gave an upper bound for ming ce(py |E' (K )tors| assuming Endg (E) ~ Z, where
C(FE) denotes the K-isogeny class of E. More precisely, he showed that there exists
a constant C', divisible only by those primes dividing the number w(K) of roots of
unity in K, such that for any elliptic curve E over K with Endg(F) ~ Z there
exists an elliptic curve £’ in C(F) such that |E'(K)ios| divides C' (see also Naka-
mura [16, Theorem 1]). On the other hand, Katz ([6, Theorem 1(bis)]) described
maxgec(r) | B (K)ors| (Without the extra assumption) in terms of the reduction E;,
of £ modulo each prime p of K, although his description depends on the K-isogeny
class under consideration.

Fix a prime number [. In this chapter, we give a necessary and sufficient condition

for the order of the I-primary part E(K)() of E(K )iors being maximal in C(E).

Theorem 3. Let K be a number field, E an elliptic curve over K and l a prime
number. Then we have |E(K)q)| = maxpecr) |E'(K) )| if and only if for any K-
isogeny f of degree | from E to an elliptic curve E' over K, we have |E(K)qy)| >
| (K) @l

Note that for any K-isogeny f : E — E’ of degree [, we have

1
‘EI(K>tors’ = 7’E(K)tors’7 ’E(K)tors| or ”E(K>tors|
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and that E has at most [ + 1 K-isogenies of degree [ up to K-isomorphisms. It
is also to be noted that even if we have |E(K)q)| < |E'(K)q)| for any K-isogeny
[+ E — E' of degree [, |E(K)(| does not necessarily equal ming ce(p) |E'(K)@| in
general (see Example 3.2.5).

Theorem 3 allows us to find M := maxpecp) |E'(K)g| by composing K-
isogenies of degree [ because of the finiteness of K-isomorphism classes of elliptic
curves in C(£). Before making use of Theorem 3, it is often a shorter way to find
[™ that one checks conditions (sufficient for |E(K)()| being maximal in C(E)) given
in Proposition 3.1.6. We also make use of Proposition 3.1.6 in order to prove Theo-
rem 3. Furthermore, we show that Proposition 3.1.6 and Theorem 3 imply several
properties concerning the torsion of elliptic curves in their K-isogeny classes (see
Corollaries 3.1.8, 3.1.10, 3.1.11, 3.1.12 and 3.2.3).

We now fix notation. Let K be a number field and K the algebraic closure of K.
Denote by Gy the Galois group Gal(K/K) of K over K. Let E be an elliptic curve
over K. Fix a prime number {. Denote by E(K)( the l-primary part of E(K )i
and by T;(E) the l-adic Tate module of E. Denote also by w;(K) the number
of l-power-th roots of unity in K and let n be an integer such that " = w;(K).
Furthermore, let C(F) be the K-isogeny class of E, and let M and m be integers
such that M = maxpecp) |E' (K )@ and I™ = mingecr) |E'(K) |, respectively.

3.1 Sufficient conditions for I/ having maximal -

torsion

In this section, we give some sufficient conditions for |E(K))| = (. Note that
the section is also in a preparatory step of the proof of Theorem 3.

Throughout the section, we assume that E(K)q) ~ Z/I°Z & Z/I'Z for some
integers s > ¢ > 0. For all integers i > 0, we identify T;(E)/I'T;(E) with E[l’]. Now
choose a basis {z, y} for T)(E) such that x mod I*, y mod I' € E(K); if t = 0 (resp.
s = 0), then take y (resp. x) arbitrarily as long as {z,y} is a basis for T)(F). Let p,
be the [-adic representation attached to {z,y}. Then we have

1+0°Z, 1I'Z
p(Gk) C < : l ) :

1°Z, 1+1'Z,
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For 0 € Gk, we put

1+ fa,  I'b,
p(o) = .
lPe,  1+1%d,

with a,, by, ¢, and d, in Z;. It occurs neither that a, = ¢, = 0 (mod ) for all
0 € G nor that b, = d, =0 (mod [) for all ¢ € G, since E(K)yy ~ Z/VZ®Z/I'Z.
On account of the Tchebotarev density theorem ([9, Theorem 10, p. 169]), the
equations (1.3.1), (1.3.2) and Remark 1.3.5 in Chapter 1 imply that

det(1 — pi(0)) =0 (mod (™)  forall o € G (3.1.1)
(see [6, Introduction]). We separate the possibilities of p; into four cases.

Case 1. Either a, = b, = 0 (mod [) for all ¢ € Gx or ¢, = d, = 0 (mod [) for all
o€ Gg.

In this case, it is obvious from the fact (3.1.1) that s +t < M. More precisely, if
¢e =d, =0 (mod () for all 0 € Gk, put E; := E/(z mod [). Then there exists a
K-isogeny fi : E — E of degree | and |E)(K)q)| = (*7"*!. Similarly, if a, = b, =0
(mod 1) for all 0 € Gk, put Ey := E/(y mod [). Then there exists a K-isogeny
fo: E — E, of degree | and |Ey(K) ()| = 157+

Case 2. Either a, = 0 (mod ) for all ¢ € Gk or d, = 0 (mod [) for all 0 € Gk,
and there exist 7,7 € Gg such that b, ¢, € Z;".

Lemma 3.1.1. In Case 2, we have s+t = M.

[Proof] Suppose that s +t < M. Then the fact (3.1.1) implies that
ard; — b = apds —bucy =0 (mod M), (3.1.2)

If either ¢, € Z or by € Z;, then the equation (3.1.2) would not hold. Thus we

may assume that ¢, = b = 0 (mod [). Now we have

pi(r7') =
1+ 5(a, + ap + I'brcr + 1Paca) I'(by + by + U'b,dy + Pasby)
I5(cr + Cp + lldycr + Bcray) 1+ 1H(dy + do + Pdydy + 1Feiby) )

If t > 0, then we have
det(1 — p(77")) = —15T'brcr (mod 5T,
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since (a, + a,)(d; + d.) = ¢; = by =0 (mod ) by assumption. Hence b,,c, € Z)
implies that
det(1 — p(77)) Z0 (mod I*+tH1),

which contradicts the fact (3.1.1) and the assumption s+t < M. Therefore s+t =
M. If t =0, then by assumption we have
det(l - pl(TT/)) = ls{bTCT/(dT +d + deT/) — bTCT/(l + dT)(l + dT/)}
= —I*b;cy 20 (mod [°11),

which contradicts the fact (3.1.1) and the assumption s = s +¢ < M. Therefore
s+t = M. This completes the proof of the lemma. O

Case 3. Either b, = 0 (mod [) for all ¢ € Gk or ¢, = 0 (mod ) for all 0 € G,
and there exist 7, 7" € Gk such that a,, d € Z].
Lemma 3.1.2. In Case 3 we have s+t = M.

We omit the proof, since we can prove this lemma in a fashion similar to the

proof of Lemma 3.1.1.

Case 4. There exist 7y, 72, 73,74 € Gk such that a,,, by, Cry, dr, € Z]°.
We examine this case more precisely.
(i) s < n.

In this case, we have s =t and for all o0 € Gk

ay + dy + °(apdy, — byc,) =0 (mod %), (3.1.3)
since det p;(0) =1 (mod (™) for all 0 € Gk (see the equation (1.2.1)).
Lemma 3.1.3.  In the case (i) of Case 4, we have s+t = M.

[Proof] Suppose that there exists an elliptic curve £’ € C(E) such that E'(K)() ~
Z/I"Z & Z/I"Z, where v and w are integers with v + w =M > s+t =2s and v >
w > 0. Choose a basis {2/,y'} for T;(E’) such that 2’ mod ¥, ¢ mod [ € E'(K);
if w = 0, then take y" arbitrarily as long as {z’,4'} is a basis for T}(F). Then the
l-adic representation p] attached to {z’,y'} has the form:

for all o € G,

, 14+, 1Y, 1+ 0°Z, 17
pi(o) = , , | €
ZUCU 1+ lwda l”Zl 1+ lel
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with al, 0, ¢ and d in Z;. Since T)(F) @ Q; ~ T)(E') ® Q; as Gx-modules, we
may assume that there exists a matrix U = (f: g) in My(Z;) N GL2(Q;) such that
(' y') = (z y)U and that at least one of the elements o, 3,7,0 is in Z; (note that
the matrix representation attached to {z’,y'} coincides with the one attached to

{lz',ly'}). Now we have p,(0)U = Upj(o) for all o € Gk, that is, for all 0 € G,

(((IPa, — 1" Yo+ b,y — 1°C, 3 =0, (3.1.4a)
(Pay —1"d))B + I°byd — b =0, (3.1.4b)
(lPdy —1"al )y + Peoa = 1°CL6 =0, (3.1.4c)

| (Bd, — 1d.)0 + 15c, B — "8y = 0. (3.1.4d)

Note that for all o € G,
1d, = I*(ag + dy) + **(aydy — bycy) — 1°al, (mod (M) (3.1.5)

because of det p;(0) = det pj(0). Since v > w, we have v > s. The equations (3.1.4a)
and (3.1.4c) imply that

a0+ by = o+ dyy =0 (mod 1"77)
for all 0 € Gg. If a,y € Z], then the point
T+ ly mod ["
a
of order [V would be in E(K), which contradicts the assumption. Hence either a or
v is divisible by [, and both are divisible by [. Therefore we have
a=v=0 (mod!"?).

Now by the assumption 2s < M, we have a,d, — b,c, = 0 (mod 1) for all o € Gy,
since det(1 — pi(0)) = [*(ayd, — bycy) = 0 (mod M) for all 0 € Gg. Hence by the
equation (3.1.3) we have a, + d, = 0 (mod [) for all ¢ € Gg. Since it follows from
the equation (3.1.5) that [“d/, = 0 (mod [*™!) for all 0 € G, the equations (3.1.4b),
(3.1.4d) and v +w — s > s imply that

o+ byd =8+ d,6 =0 (mod )

for all o € Gg. For the same reason as above, we have § = § = 0 (mod [), which
contradicts the assumption that at least one of a, 3,7,0 is in Z;. Therefore, we
have s+t =2s =M. O

(ii) s > n.

In this case, we have (s >)t = n, since det p;(0) =1 (mod [") for all 0 € Gg.
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Lemma 3.1.4.  In the case (ii) of Case 4, assume further that there exists u € Z;
such that either
ay + ub, =0 (mod ) for all o € Gk

or

¢o +udy =0 (mod ) forallo € Gk .

1 0
U .= .
( 7"y 1 >

Then we have s +t = M.

[Proof] Let

Then for all ¢ € Gg,

pi(0) :=U" pi(0)U

B 1+ *(ay + ub,) I"b,
\ B(eo + udy) — 2 u(ay + ub,) 1+ 17d, — [Pub,

Assume that a, + ub, =0 (mod [) for all o € Gg. Since E(K)q) ~Z/I°Z & Z/I"Z
and s > n, there exists 7 € Gg such that ¢, + ud, € Z;°. Hence by the assumption

given in Case 4, we may write

, L4t L+,
pi(o) = , , | €
Be 14 Bz, 1407

for all o € Gg, where there exist 7,7’ € Gg such that 0, ¢, € Z;. Therefore, it
follows from Lemma 3.1.1 that s+t =s+n = M.
We can also show that s + ¢ = M when ¢, + ud, = 0 (mod [) for all 0 € Gg in

the same way as above. O

Remark 3.1.5. In the case (ii) of Case 4, if the assumption given in Lemma
3.1.4 is not satisfied, that is, if for each u € Z* there exist 7,7" € Gg such that
ar + uby, ¢ +ud € Z), then s +t = M does not hold in general. We treat this

case in Section 3.2.

Recall that E(K)q ~ Z/I°Z ® Z/I'Z with integers s > ¢ > 0. We now define

two points P and () in E depending on s and t as follows:

es>1t>0. Pand Q are points of order I* and [', respectively, satisfying
E(K)q = (P) @ (Q).
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e s >t =0. P is a K-rational point of order [*, and if £ has a K-rational
subgroup I' of order [ which is not contained in (P), then @ is a point with
(Q) =T'; otherwise, @ is the identity element O.

e s=1t=0. Qis O, and if F has a K-rational subgroup I' of order [, then P is
a point with (P) = I'; otherwise, P is O.

Putting s’ := max{s, 1} and ¢’ := max{t,1}, we further define two elliptic curves

K-isogenous to £ as follows:
Ey:= E/(I"7'P), By = E/(I"71]Q).

Note that the Gg-stable subgroups ([I* ~']P) and ([I* ~]Q) are of order [ if P # O
and @ # O.

With the above notation, the lemmas sum up to the following.

Proposition 3.1.6.

(a) If s =1t <mn, then we have s+t = M.

(b) If t <n and |E,(K)y| = 1°"", then we have s +t = M.

(c) In the case where t = n, if |Ey(K)q| = I*7, then we have s +t = M; if
|Eo(K) )| = I°* and Q # O, then we have s +t = M.

[Proof] If P = @ = O, then it is easy to find that |[E(K)y)| = I°t" = 1, since E
has no K-isogeny of [-power-th degree. Hence we may assume that P # O.

(a) Since s = t, there exists a basis {z,y} for T;(E) such that the l-adic repre-
sentation p; attached to {z,y} has the form:
for all o € Gg,

14 la,  1I°b, 1402, 1PZy
pi(o) = € :
l°cy 14 0°d, 1°Z, 14 1°Z,

Since s < n and det p;(o) = 1 (mod [") for all 0 € Gk, this is in Case 2, in Case 3 or

in the case (i) of Case 4. Thus Lemma 3.1.1, 3.1.2 or 3.1.3 implies that s +¢ = M.
(b) Since t < n, there exists a basis {x,y} for T;(F) such that the [-adic repre-

sentation p; attached to {z,y} has the form:

for all o € Gk,

1+ ZS(IU ltbo- 1+ lle ltZl
pi(o) = € )
ZSCO- 1+ lndg lSZl 1+ anl
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where there exists 7 € G such that b, € Z;. Then we may choose a basis {z1,y:}
for T)(E:) such that (z1 y1) = (z y)U, where U = (} 9), and the l-adic representation
p1, attached to {x,y;} has the form:

for all o € Gk,

1+ lPa, lt“bg
pl,z<o>=U1pl<a>U=( T )

I*~le, 1410d,

Hence if |Ey (K )| = I°*", then there exists 7/ € Gx such that ¢, € Z;. It follows
from t < n and Lemma 3.1.1 that s +¢ = M.

(c) We may take {z,y}, p, and {z1,y1}, p1; as in the proof of (b). First, assume
that |Ey (K) | = (¥". Since ¢t = n, it is easy to see that {x1 mod ¥, y; mod ["*1},
{1 mod I*,y; mod ["} or {z1 + I* " tuy; mod I*,y; mod ["} (for some u € Z))
is a basis for E1(K)q) (note that the first possibility occurs only if s = n, since
det p1,(c) =1 mod " for all o € Gg), namely, that d, =0 (mod [) for all o € G,
¢o = 0 (mod () for all o € G or there exists u € Z;° such that ¢, + ud, for all
0 € Gg. Hence it follows from Lemma 3.1.1, 3.1.2 or 3.1.4 that s+t = M. Secondly,
assume that |Ey(K) | = (7" and Q # O. In the same way as above, we can show
that a, = 0 (mod 1) for all o0 € Gk, by = 0 (mod 1) for all o € Gk or there exists
u € Z] such that a, +ub, = 0 (mod [) for all ¢ € Gg. Hence it follows from Lemma

3.1.1, 3.1.2 or 3.1.4 that s+t = M. 0

Remark 3.1.7.

(i) In Case 1, we have either Ey(K)q) ~ Z/PZ®Z/I"Z or Ey(K) gy ~ Z/I°MZ
DZL/I'Z.

(ii) Proposition 3.1.6 (a) implies that if F(K)y = {O} and n > 0, then M = 0.
This is also deduced from the properties of the Weil pairing (see [22, Proposition
2]).

Corollary 3.1.8.  Let
vi=max{N € Z|F'(K) D> Z/INZ, E' € C(E)}.
Then there ezists an elliptic curve E' in C(E) such that
E'(K)y~Z/l'Z®Z/1M"Z.
[Proof] We may assume that v > 0. Let

w:=max{N € Z|E'(K)~Z/I'Z® Z/I"Z, E' € C(E)}.

41



It suffices to show that v +w = M. If w = n, then it is obvious that v +w = M.
Assume that w < n. If v = w, then we have M = 2v = v + w by Proposition 3.1.6
(a). If v > w, let Ey be an elliptic curve in C(E) such that

Eo(K)g ~ Z/I'Z & Z/1"Z
and let Py be a point in Ey(K) of order [V. Putting E) := Ey/{[l"" | Py), we have
EN(K)g ~ Z/I"Z ® Z)1"PZ

by the maximality of w and the assumption w < n. Therefore, we obtain v+w = M
from Proposition 3.1.6 (b). O

Remark 3.1.9.  Let Mo := maxprec(r) |E' (K )tors| and viors := max{N € Z | E'(K)
DZ/NZ, E' € C(E)}. Applying Corollary 3.1.8 for each [, we see that there exists
E’ € C(E) such that

E'(K )tors = Z/VtorsZ @ L[ Wions Z,

where Wiors -— Mtors/vtors'
If s < n, then we obtain an upper bound for M.
Corollary 3.1.10. If s < n, then we have M < 2s < 2n.

[Proof] If ¢t = s, then we obtain M = 2s from Proposition 3.1.6 (a). Assume that
t < s. Let P € E(K) be a point of order I* and let F; := E/{[I*"']P). Then we
have |Ey(K) )| > 1°t.

If |Ey(K)@y| = I°*, then we obtain M = s+t < 2s from Proposition 3.1.6
(b). Suppose that |Ey(K)q| > [5t. Then we have Ey(K)q) ~ Z/I°Z & Z/I"TZ. 1f
t+ 1 = s, then we obtain M = 2s from Proposition 3.1.6 (a). If t +1 < s, let P’ €
E'(K) be a point of order * and let E{(K) := Ey/([[*"1|P). If |E{(K)q)| = I*T1,
then we obtain M = s+t+1 < 2s from Proposition 3.1.6 (a). If | Ef (K) | > 157+,
repeat this process, and we will eventually find £’ € C(F) such that E'(K),
Z/I°FZ ® Z/I"Z with t <tg < sand s+1ty = M. O

12

Recall that m is an integer such that I = mingee(r) |[E'(K) ).

Corollary 3.1.11.  Assume that T)(E) is an irreducible Gx-module and that
E(K) D Z/1*"Z. Then we have m = n.
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[Proof] It follows from Lemma 2 in [16] that m < n. On the other hand, we have
m > n by Corollary 3.1.10. O

Note that if Endg(E) ~ Z, then T;(F) is an irreducible Gg-module for all
primes [ (see Corollary 1.3.3 (a)).

Corollary 3.1.12.  There exists an elliptic curve E' in C(E) such that E'(K)q) ~
Z/I"Z.

[Proof] Suppose that there exists Ey € C(F) such that
Eo(K) ~ Z/I'Z & Z/I'Z

and
TWE) = Zux ® Zyy,

where  mod [, y mod I' € Ey(K) and s+t = m with s > ¢ > 0. Then the l-adic
representation p; attached to {z,y} has the form:
for all o € Gg,

1+ lsCLU ltbg 1+ lle ltZl
pi(o) = = :
lSCU 1+ ltdo' lSZl 1+ ltZl

If b, = ¢, = 0 (mod l) for all 0 € Gg, then there exist 7,7 € G such that
ar,d; € Z). It follows from Proposition 3.1.6 (c¢) that m = s+t = M. Hence taking
any ' € C(E) with E'(K)q cyclic (see [16, Lemma 1]), we have E'(K ) ~ Z/I™Z.

If there exists 7 € G such that ¢, (resp. b,) € Z, put £’ := Ey/T with I" := (x
mod 1*) (resp. (y mod I")). It is obvious that E'(K)q is cyclic and |E'(K)q| <
[+ = [™ that is, E'(K) ) ~ Z/I"Z. O

Remark 3.1.13.

(i) If T;(E) is an irreducible G g-module, then Corollary 3.1.12 is a part of Lemma
3 in [16].

(ii) Let miors := mingrec(p) |E' (K )tors|- Applying Corollary 3.1.12 for each I, we
see that there exists £’ € C(E) such that E'(K)iors ™~ Z/MiorsZ.

3.2 Proof of Theorem 3

Assume still that E(K) ) ~ Z/I°Z&Z/1'Z with integers s >t > 0. As in Section
3.1, choose a basis {z,y} for T;(E) such that the l-adic representation p; attached
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to {z,y} has the form:
for o € Gk,

14 fa,  I'b,
pi(o) = "
e, 141,

with a,, b,, ¢, and d, in Z;. In this section, we consider the case with which we
did not deal in Section 3.1 (note that it is contained in the case (ii) of Case 4). It
is easy to see that the case where s = 0 is either in Case 1 or in the case where the
assumption given in Proposition 3.1.6 (a) or (c) is satisfied. Hence, it remains to
consider the case satisfying the following conditions:

(1) s >0 and t = n;

(2) There exist 71,72, 73,74 € G such that a,,,bs,, sy, dr, € 2]

(3) For each u € Z], there exist 7,7" € Gk such that a, + ub,, ¢,y + ud, € Z;.

Lemma 3.2.1.  Assume (1), (2) and (3). Foru e Z;, put
E':=FE/(ur+y mod l).

Then we have s+t < M if and only if there exists u € Z; such that E* € C(E) and
|E"(K)q| = 1*T"*1. Note that the G -stable subgroups (ux 4y mod 1) are of order
L.

[Proof] It suffices to prove that if s +¢ < M, then there exists u € Z; such that
E" e C(E)and |E*(K)q| = I*t**1. Assume that s+t = s+n < M. Let v :== M —n.
Suppose that there exists £’ € C(E) such that E'(K)qy ~ Z/I"Z & Z /I Z, where
v" and w' are integers with v’ +w' = M and v > w’ > 0. If w’ < n, put E" := E'/(x

mod ["~*"). Then we have
E'(K)y ~ Z/I'Z & Z/1"Z,

since v = M —n = v+ w — n. Hence we may assume that v = v and w’ = n by
replacing E' with E”, if necessary. Let I' be a cyclic Gk-stable subgroup of E such
that E' = E/T.

Suppose that T’ = (z + l'uy mod [") with v € Z; and some positive integers i
and 7. We may choose a basis {2/, y'} for T;(E’) such that

lu 1"

(2" y') = (x y)U, where Uz( ! 0).
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Then the [-adic representation p; attached to {z’,y'} has the form:
for all o € G,

pi(o) = U pi(o)U

_ 1+ I"Mub, + 1a, " 7h,

N ( "Hru(dy — Puby) + 1577 (cp — luay,) 1+ 1"(dy — lub,) > '
Since y’ mod (" € E'(K) and E'(K) D Z/I"Z & Z/I"Z, we must have 2’ mod [" €
F'(K), that is, for all 0 € Gg the (2,1)-component of the matrix pj(c) must be
congruent with 0 modulo {". However, E'(K) D Z/I*"'Z implies that there exist
ug € Z; and an integer iy > 0 such that 2’ + [*“ugy’ mod I*T! € E'(K), which does
not occur, since for each u' € Z,; there exists 7 € Gk such that ¢, +v'd, € Z; by
assumption.

Suppose that T' = (l‘uz + y mod ") with u € Z; and some positive integers ¢
and 7. We may choose a basis {z/,y'} for T;(E’) such that

I
(2" y") = (x y)U, where U = ( 0 1u > .

Then the [-adic representation p; attached to {2’,y'} has the form:
for all o € Gk,

, 1+ 5(ay — luc,) 1" (by — l'udy) + 157 "u(a, — luc,)
po) = ( I+7¢, 1+ 1"(d, + ls—H_nUCU) ) .
Since 2’ mod [" € E'(K) and E'(K) D Z/I"Z & Z/I"Z, we must have y' mod [" €
E'(K), that is, for all 0 € Gk the (1, 2)-component of pj(¢) must be congruent with
0 modulo [™, which contradicts the assumption that there exists 7 € Gg such that
b- € Z;.
Therefore, we may assume that I' = (uz + y mod ") with v € Z; and some

positive integer . When we choose a basis {z’,y'} for T)(E’) such that

l'f'
(2" y") = (x y)U, where U = ( 0 1; ) ,

the [-adic representation attached to {z’,y'} has the form:

for all ¢ € Gk,

, 1+ (a, —ucy) 1" "(by —udy) + IF "u(a, — uc,)
pi(o) = _ :
[5¢, 1+ 1"(dy + 1° "uc,)
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Note that the (1, 2)-component of pj(o) is congruent with 0 modulo [" for all o € Gk,
and that there exists 7 € G such that d, + I "uc, € Z] by assumption. If there
exists 7 € Gk such that a, — uc, € Z;, then Lemma 3.1.2 and ~ > 0 imply that
s+mn = M, which contradicts the assumption. Hence we have a, — uc, = 0 (mod [)

for all o € Gg. Therefore, when we put
E":=E/T* with TI'":= (uzx+y mod ),
we see that
E'K)y ~Z/'MZ&eZ/1"Z.
It is clear that |I'*| = [. This completes the proof of the lemma. O

Recall that s := max{s,1} and ¢’ := max{t¢,1}; P and @ are points, more or
less, of order [* and I', respectively, satisfying F(K)) = (P) ®(Q) (see Section 3.1);
E, = E/{I¥'|P) and E, := E/{[I""']Q). We reformulate Lemma 3.2.1 in terms
of these symbols.

Proposition 3.2.2.  Assume that t = n, |E1(K )| < "™ and either |E>(K) )| <
157t or Q = O. For an integer uw with 1 < u <1 —1, put

E* = E/(I" " YW]P + [I' Q).

Then we have s+t < M if and only if there exists u such that |E"(K )| = 5T+,
Note that the G -stable subgroups ([I¥~*u]P + [I'~YQ) are of order I.

[Proof] Tt is easy to find that the assumptions imply the conditions (1), (2) and
(3). It follows immediately from the definitions of ¢, ¢ and P, @) that

ur 4y mod [ = [I¥1u]P + [I" Q.

Therefore, we obtain the proposition as a corollary of Lemma 3.2.1. O
Now Theorem 3 follows from Propositions 3.1.6 and 3.2.2.

[Proof of Theorem 3] It suffices to show that if |E'(K)y| < |E(K)q| for any
K-isogeny f of degree [ from E to an elliptic curve £’ in C(E), then |[E(K)q)| =
maxgec(p) |[E'(K)@|. In Case 1, we have already seen that there exists a K-isogeny
f: E — E' of degree [ such that |E'(K)q| = I*"*1. Next, in the case where there
exist P, such that £ and P, () satisfy the assumption given in Proposition 3.1.6
(a), (b) or (c), E(K) already has maximal [-torsion in C(E). Hence we may only
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examine the case where the assumptions given in Proposition 3.2.2 are satisfied.

Therefore, Theorem 3 follows from Proposition 3.2.2. O

The following corollary is obtained immediately from Theorem 3.

Corollary 3.2.3.  Let |E(K) | = IV for some integer N with N < M. Then there
exists a K-isogeny f from E to an elliptic curve E' in C(E) such that |E'(K) | = M
and Ker f = Z/IM~NZ.

[Proof] By Theorem 3, there exist £’ € C(E) and f : E — E'such that |E'(K) | =
IM and deg f = IM~N. The cyclicity of Ker f follows from Lemma 6.2 in [12], which
asserts that any K-isogeny of minimal degree between elliptic curves over K has a

cyclic kernel. ]

Remark 3.2.4.  Let Mo := maxpeep) |[E(K )tors|. Applying Corollary 3.2.3 for
each [, we see that if we put D := Mos/|F(K )tors|, then there exist E' € C(E) and
a K-isogeny f : E — E’ such that |E'(K)ors| = Mios and Ker f ~ Z/DZ.

The following example shows that even if we have |E(K) )| < |E'(K)q)| for any
K-isogeny f : E — E' of degree [, |E(K )| does not necessarily equal mingrcc(g)
|E'(K)@| in general.

Example 3.2.5. Let E be an elliptic curve given by
By =x(2* +4).

Then
E(Q)@) = {07 (07 0)7 (2’ i4)} = Z/4Z

Let K =Q and [ = 2. Put E; := E/((0,0)). Then E, € C(F) and Ej is given by
By iy =a(z? = 1).

Thus we have
E\(Q)e) ~ 222 & Z/2Z

(which means that M = 2 by Proposition 3.1.6 (b)). Put Ey := E/((2,4)). Then
E, € C(F) and Fj is given by

By :y? = x(2® — 62 + 1).

Since we see that
Ey Q)2 ~ Z/2Z,
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we obtain m = 1 from Proposition 3.1.6 (a). On the other hand, it follows from

that the only Gq-stable subgroup of order 2 of E is ((0,0)). Therefore, for every
elliptic curve £’ over Q which has a Q-isogeny of degree 2 to £, we have |E'(Q)(2)| =
4>2m =2

We conclude this chapter by taking some examples, in which we find “M” (and

“m?).
Example 3.2.6. Let /=2, K =Q and
E:y* =z(x—2)(z—38).
Then we have
E(Q)@) =1{0,(0,0),(2,0),(8,0)} ~Z/2Z & Z/2Z.
Put E, := E/{(0,0)). Then Fj is given by

By =x(x — 2)(x + 16).

Thus we have

Therefore, we obtain M = 2 from Proposition 3.1.6 (c¢). On the other hand, put
Ey = E/{(2,0)). Then E, is given by

By y? = (2 + 21 + 4).

Thus we have
Ey(Q) ~Z/2Z.

Therefore, since n =1 > 0, we obtain m = 1 from Proposition 3.1.6 (a).

Example 3.2.7. Letl =3, K =Q and
E:y?=a2%+4.

Then we have

E(Q)@s =1{0,(0,£2)} ~Z/3Z.
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Put E; := E/{(0,2)). Then FE; is given by
Eyy? =2 —108.

Thus we have
E(Q)) = {0},
which means that m = 0. Since

E[3] = {0, (0,£2), (0, £2/=3), (wh, £2v/=3), (w?0, +2v/—3)},

where 6 := —2+v/2 and w := (—1+4+/=3)/2, we see that the only Gq-stable subgroup
of order 3 of E is ((0,2)) = ((0,—2)). Therefore, we obtain M = 1 from Theorem 3.

Example 3.2.8. Letl =2 K =Q(v/—1) and
E:y? =z(2® — 2V 1z — 3).

Then we have

E(K)@ = {0,(0,0)} ~ Z/2Z.

Hence, since n = 2 > 0, we obtain m = 1 from Proposition 3.1.6 (a). Put E; :=
E/{(0,0)). Then Ej is given by

B,y = x(2® + 4V 12 + 8).

Thus we have
E\(K) ) ~ Z2/22.

Therefore, we obtain M = 1 from Proposition 3.1.6 (b).
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