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Chapter 1

Introduction

Asymptotic behavior of random walks on various infinite graphs has been studied in
many fields such as probability, harmonic analysis, geometry and so on. Especially, many
authors have investigated the problem of what kind of structure of underlying graphs
affects the behavior of the random walks. For example, it is known that the notion of
volume growth plays an important role in the behavior of the symmetric random walks
on finitely generated infinite discrete groups ([30], [35], [36]).

In this thesis, we study long time asymptotics of random walks on nilpotent cover-
ing graphs and investigate their applications. In our arguments, the polynomial volume
growth and the periodicity of the nilpotent covering graphs play an essential role.

On graphs of polynomial volume growth, various estimates for the transition prob-
ability are controlled by analytic properties of the graphs. For instance, Coulhon and
Grigor’yan [8] proved the equivalence between the Gaussian upper estimate for the tran-
sition probability with volume doubling property and an isoperimetric type inequality
known as the relative Faber-Krahn inequality (see also Delmotte [10], Hebisch and Saloff-
Coste [15], Russ [28]). Moreover, the Gaussian upper estimate is equivalent to the on-
diagonal upper bound ([15]), which is applicable to our arguments (see Section 4.1).

On the other hand, Kotani and Sunada obtained several long time asymptotics for
random walks on the graphs with abelian periodic structure by certain homogenization

([19], [21], [22]). Generally speaking, the homogenization is a method which relates a long
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time asymptotic behavior of the heat kernel of a periodic system to the behavior of the
heat kernel of the corresponding homogenized system by making use of a scaling relation
between the time and the underlying space (see [4], [5], [9]). However, since the notion
of the scale change on graphs is not defined, it is not possible to apply them directly to
the case of graphs. In order to overcome this difficulty, Kotani and Sunada considered
the realization of the graph, preserving the periodicity, in a space on which a scaling is
defined. In their method, it is very important to find a suitable space in which the graph

is realized.

In view of these on graphs having the geometric structures such as the polynomial
volume growth and the periodicity, we may expect to obtain more sophisticated estimates
for long time behavior of the random walks than those obtained assuming only one of these
structures. This leads us to study the random walks on nilpotent covering graphs. Indeed,
we can regard every covering graph of polynomial volume growth as a nilpotent covering
graph. To be more precise, let X be a covering graph whose covering transformation
group I is a finitely generated group of polynomial growth. Then Gromov ([14]) showed
that I' has a finitely generated torsion-free nilpotent subgroup N of finite index so that
X is a covering of the finite quotient graph N\ X with covering transformation group N

(see also [1]). This is the reason why we consider the nilpotent covering graphs.

In this thesis, we first study a central limit theorem on nilpotent covering graphs fol-
lowing the method of Kotani and Sunada ([19], [21], [22]). Realizing the graph in question
in a corresponding nilpotent Lie group, we obtain a geometric characterization of the limit
operator on the nilpotent Lie group appearing in the limit of the discrete semigroup of
the transition operators, as time goes to infinity with a suitable scale change (Theorems
1 and 2). Next, we consider a long time asymptotics of the transition probability which
is called a local central limit theorem or a Berry-Esseen type estimate (Theorem 3). This
is the main result of this thesis. In the proof of Theorem 3, certain Gaussian bounds
for the transition probability is of essential use (Theorem 4). Finally, as an application
of Theorems 3 and 4, we prove the LP boundedness of the Riesz transform on nilpotent

covering graphs (Theorem 5) .



1.1 Notation and Results

Let X = (V, E) be a locally finite connected graph, where V' represents the set of vertices
and F the set of oriented edges. For each oriented edge e € E, the origin and the terminus
of e are denoted by o(e) and t(e), respectively, whereas the inverse edge is denoted by e.
Throughout this thesis, we shall assume that X is a nilpotent covering graph, that is, X
is a covering graph of a finite graph X, = (Vp, Ey), whose covering transformation group
I' is a finitely generated nilpotent group. Without loss of generality, we may assume that
[ is torsion-free (see Alexopoulos [1]).

A symmetric random walk on X with a weight m : V' — R is, by definition, given

by a function p : E — R satisfying

> ple) =1,

ecE,

p(e)m(o(e)) = p(e)m(i(e)),

where E, = {e € E|o(e) = z}. We assume that m and p are ['-invariant. Then the

transition probability for a particle starting at z to reach y at time n is given by

pa(my) = Y pler)plea) - plen),

c=(e1,€2,-,€n)
where the sum is taken over all paths ¢ = (eq, es, ..., e,) of length n with origin o(c) = z
and terminus ¢(c) = y. The transition operator L associated with the random walk is an
operator acting on a function f on V defined by

Lf(x) = f(t(e))ple).

ecE,

It is easy to check that the function k,(z,y) = pn(z,y)m(y)~! gives rise to the kernel
function of L™, namely, L"f(z) = ZyEV kn(z,y)f(y)m(y). The assumption of m and p
implies that k,(x,y) = kn(y, x).

The purpose of Chapter 2 is to analyze the long time behavior of the discrete semigroup

{L"}°, on X by using certain homogenization method, which is developed by Kotani
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and Sunada ([19], [21], [22]). To be more precise, suppose that X is realized in a suitable
space M. Let Co(X) be the set of functions on V' vanishing at infinity, and Cw (M) the
set of continuous functions on M vanishing at infinity, respectively. Then we show that
L™ on C(X) converges to a continuous semigroup on C, (M), as n goes to infinity with
a suitable scale change on M.

In [19] and [22], Kotani and Sunada studied the case of a crystal lattice X, which is
an abelian covering of a finite graph. In this case, X is realized in an Euclidean space on
which the abelian action of X is isomorphic to a lattice.

In the case of a nilpotent covering graph X with covering transformation group I,
we realize X in a connected and simply connected nilpotent Lie group Gr, in which I’
is isomorphic to a lattice. It is known by Maléev [23] that there exists uniquely such a
nilpotent Lie group up to isomorphism. Let g be the Lie algebra of Gr and exp : ¢ — Gr
the exponential map. Set n; = g and n;y; = [g,n;] for ¢ > 1. Since g is nilpotent, we

then have the filtration :

g=n; Dng D---Dn. #{0} Dn.y = {0}
We also consider the subspaces gV, ..., g™ C g defined by
(1.1) ne = g% @ njpq.

A piecewise smooth I'-equivariant map ® : X — Gr is said to be a realization of X.
In particular, the following notion of the harmonic realization is important to consider

the long time behavior of the discrete semigroup {L"}>°,.

Definition (cf. [21]). A realization ®" : X — Gr is said to be harmonic on gV if for

each z €V,

Z m(e) {exp_1 q)h(t(e))}g(l) —exp ! ¢h(0(6))‘g(1)} =0,

ecFE,

where m(e) = p(e)m(o(e)).

According to the result in [21] of harmonic maps from a graph to a Riemannian

manifold, we have the existence and uniqueness of ®" on g(*) (see also Section 2.3). By
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making use of the harmonic realization ®”, the limit operator, that is, the limit of the

infinitesimal generator of L (see Lemma 2.5), is written as

1 _ 3 2
(1.2) Q= =5 > mie) (exp™ " (o(e) B (H(e)] o))
ecEy
where (exp_1 @h(o(e))_1®h(t(e))}gm> is the extension of an element of the Lie alge-
bra exp~! @h(o(e))_1®h(t(e))}g(l) € g to a left invariant vector field on the limit group
(Gr, *) (see Section 2.1). Then, by using Trotter’s approximation theory [33], we have

the following

Theorem 1 (Central limit theorem). Let X be the covering graph of a finite graph X,
whose covering transformation group I' is a finitely generated torsion-free nilpotent group
and ® : X — Gr a realization of X. Then, for any f € Coo(Gr), as n 1T 00, | 0 and

né? — m(Xo)t, we have
(1.3) |L"(f o (75®@)) — (e f) o (759)]| . — 0,

where 75 1s the dilation on Gr (see Section 2.1). In particular, for a sequence {xs}s~o in

X with limgw T5<I>(:L’5) =X,
(1.4) lim L"™(f o (15®))(zs) = e ¥ f(z).

The proof of Theorem 1 is reduced to the case when the realization is harmonic (see
the proof).

We remark that Batty, Bratteli, Jgrgensen and Robinson considered a homogenization
for periodic subelliptic operators on stratified Lie groups in [5]. In their case, a scaling
relation between the time and the stratified Lie group (see Section 2.1) is indispensable
to obtain the convergence to the homogenized operator. In our proof of Theorem 1, an
invariance under the stratifying process (see Lemma 2.2) plays an important role . We
also note that, by Pansu [24], the limit group (Gr,*) is the Gromov-Hausdorff limit of
the sequence of metric spaces (X, edx) as € goes to 0, where dy is the graph distance of

X.



By using a relation between g and H'(Xy, R), the first cohomology group of X, (see

Section 2.4), we prove the following geometric characterization of the limit operator €2,:

Theorem 2. €, is the sub-Laplacian with respect to the Albanese metric on gV (see

Section 2.4), namely
Z X,

where {Xl(l), e 1)} is an orthonormal basis for the Albanese metric on g\ and X

is the extension of XZ- € g to a left invariant vector field on the limit group (Gr, *).

In Chapter 3, we prove a Berry-Esseen type theorem, which gives an estimate for the
speed of convergence of the transition probability to the heat kernel on Gr as time goes
to infinity. We remark that Alexopoulos proved a Berry-Esseen type theorem on a Cayley
graph of a finitely generated discrete group of polynomial growth I" ([1]). To explain it, let
pn(z,y) be a transition probability associated with the symmetric probability measure on
I', whose support is finite and generates I'. Let h; be the heat kernel of the limit operator
associated with the probability measure on the nilpotent Lie group Gr (see [1]). Then we

have the following

Theorem (Alexopoulos [1, Theorem 10]). Let I be a finitely generated discrete group
of polynomial volume growth of order D. Then there exists a constant C' > 0 such that
_ D1
sup |pn(z,y) — |Gr/Tlhn(z,y)] < Cn=">
z,yel
On the other hand, when X is a crystal lattice, a local central limit theorem is proved

by Kotani and Sunada [22].

Theorem (Kotani and Sunada [22]). Let X be a crystal lattice whose covering trans-

formation group is I'. For simplicity, we assume that X is non-bipartite. Then we have

ntoo 4n

lim | (47n)"/?p, (2, y)m(y) ™ — C(X) exp <—m(X°>dr(fv,y)2>] =0,

uniformly for all x,y € V', where C(X) is a constant depends on X and dr is the Albanese

distance.
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We study a generalization of these results to the case of nilpotent covering graphs.

Our strategy for the proof of a Berry-Esseen type theorem on nilpotent covering graphs
is much inspired by Alexopoulos [1]. Let p, be the transition probability on X and h; the
heat kernel of the sub-Laplacian € on Gt for the Albanese metric on gt (see Theorem

2, Section 2.4 and [16], [21]). Namely, €2 is defined by

1 _ N 2
0= “Sm(Xy) eeZEom(e) (exp Lo"(o(e)) 1c1>h(t(e))}g(1)) ,
where ®" : X — Gr is a harmonic realization of X and (exp*1 @h(o(e))*lq)h(t(e)”g(l)) is
a left invariant vector field on Gr identified with exp~? @h(o(e))_lq)h(t(e))|g(l) € g. Then

we have

Theorem 3 (Berry-Esseen type theorem). Let X be a nilpotent covering graph with
covering transformation group I' and ®" : X — Gr a harmonic realization of X in the
nilpotent Lie group Gr. Let D denote the exponent of polynomial growth of X. Then, for
any 0 < € < 1/2, there exists a constant C > 0 such that the following hold:

1. If X is a non-bipartite graph, then

_Di1/2—¢

-1 |GF/F|hn(q)h($),q)h(y))’ S C’n )

sup m(XO)

z,yeV

pn(z, y)m(y)

2. If X is a bipartite graph with a bipartition V = A[[ B, and

(a) if x,y € A orz,y € B, then p,(z,y) =0 for odd n and

_Dt1/2-¢
2

Pu(z,y)m(y) ™" — 2

|Gp/T|
S;l;) m(XO)hn(CI)h(a:),CI)h(y))‘ <Cn

for even n,
(b) ifr€e A,ye Borz € B, y€ A, then p,(x,y) =0 for even n and

|G /T
m(Xo)

_Di1/2—¢

hn@h(x),wy))\ < o2

Pa(z, y)m(y) ™" — 2

sup
Y
for odd n.
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We remark that Alexopoulos proved the following estimate of the difference between

h: and h,;, the heat kernel of {2,:

Theorem (Alexopoulos [2, Theorem 1.14.5]). There is a constant ¢ > 0 such that
’ht(xa y) - h*t(xa y)| < Ct_(D+1)/2
forx,y € Gr andt > 1.

It is not known whether the estimate of Theorem 3 is best possible. In our approach,

we have not been able to improve the speed of the convergence better than C’n_%,
in general. However, if
(1.5) > ple) exp™ @ (o(e) 'R (¢(e)) | o) = O

e€E,
for all z € V, and the second order differential operator on Gr
(1.6) Z p(e) (exp—l @h(o(e))—lcph(t(e))\g(l)>2

e€E,
is independent of the choice of x € V| then the speed of the convergence in Theorem 3
is estimated by Cn~5. Indeed, a simple random walk on a Cayley graph of I' satisfies
(1.5) and (1.6). The triangular lattice and the hexagonal lattice (see Figure 1 and [22])
also satisfy these conditions. However, there exist graphs which do not satisfy them. For

example, the Kagome lattice and the Z-lattice with a loop on even vertices (see Figure 2

and [22]) do not satisfy (1.6).

The triangular lattice The hexagonal lattice
Figure 1. Examples which satisfy (1.5) and (1.6).
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—e ; ° ; ° ; —
-3 -2 -1 0 1 2 3

The Kagome lattice The Z-lattice with a loop on even vertices

Figure 2. Examples which do not satisfy (1.5) and (1.6).

In the proof of Theorem 3, we employ Gaussian upper estimates for the kernel k,, of
L™ and its gradient on nilpotent covering graphs which are obtained in Chapter 4. The

definition of the gradient of &, is given as follows:

1. If X is a non-bipartite graph, then
Vn(z,y) = sup  |kn(®,2) — kn(,)].
dX(yvz)zl
2. If X is a bipartite graph, then

Vykn<l’,y) = sup ‘kn(xa Z) - kn(x7y)’

dX (yvz):2

We remark that Hebisch and Saloff-Coste [15] gave Gaussian upper estimates for k, and
Vk, on a Cayley graph of I'. Furthermore, Pittet and Saloff-Coste [25] showed that the
decay order of the probability of return after 2n-steps to the starting point does not change
under the quasi-isometry. Since a nilpotent covering graph X and its covering transfor-
mation group I' are quasi-isometric, the Gaussian upper bound for &, on X (Theorem 4,
(1.7)) is deduced from their results (see also Saloff-Coste [29]). In this thesis, for the sake
of completeness, we give a proof of Gaussian estimates for k£, and Vk, on X, following

the argument by Hebisch and Saloff-Coste [15]. Then we have

Theorem 4 (Gaussian estimates cf. [25], [15]). There exist constants C and C' > 0
such that the following hold:

13



1. If X is a non-bipartite graph,

(1.7) ken(z,y) < Cn™ 7 exp (—dx(z,y)*/C'n)
(1.8) Vkn(z,y) < Cn~ "5 exp (—dx(z,y)*/C'n)

forallz,y €V, and alln=1,2,....
2. If X is a bipartite graph with a bipartition V = A[[ B, and
(a) if x,y € A or z,y € B, then k,(x,y) =0 for odd n and

kn(2,y) < Cn~7 exp (dx(z,y)?/C'n)

D+1

VVkn(z,y) < Cn~ 2 exp (—dx(z,y)*/C'n)

for even n,

(b) ifr€e A,ye Borz € B,y€ A, then k,(x,y) =0 for even n and

kn(2,y) < Cn~7 exp (—dx(z,y)?/C'n) ,
Vi, (z,y) < Cn~ % exp (—dx(z,y)?/C'n)

for odd n.

As a corollary of Theorem 4, by using the same argument as in [15], we prove a

Gaussian lower bound for &,.

Corollary (cf. [15]). There ezist constants C,C" and C" > 0 such that the following
hold:

1. If X is non-bipartite graph, then
kn(z,y) > Cn~% exp (—dX(a:, y)Q/C'/n)
for all n > max,cy min{length of the odd cycle from x} and dx(x,y) < n/C".

2. If X is a bipartite graph with a bipartition V. = A[] B, and

14



(a) if x,y € A or z,y € B, then k,(x,y) =0 for odd n and
ka(z,y) > Cn™% exp (—dx(z,)%/C'n)

for even n > 2 and dx(x,y) <n/C",

(b) ifr € A,ye Borz e B,yc€ A, then ky(x,y) =0 for even n and
ka(z,y) > Cn™% exp (—dx(z,)*/C'n)
for odd n >3 and dx(z,y) <n/C".

We note that various applications of this type of estimates have been discussed (for
instance, see [8], [10], [34] and [36]).

In Chapter 5, we study the LP boundedness of the Riesz transform on nilpotent cov-
ering graphs which is defined by VA~Y2. This is a discrete analogue of 9/9z;A~Y/2] the
Riesz transform on R?. It is known that the Riesz transform on R? is bounded on L? for
1 < p < oo, which gives an equivalence of the Sobolev space defined by 0/0x; and A2
in L (see Duoandikoetxea [13], Stein [32]). When X is a Cayley graph of I', Alexopoulos
[1] proved the L? boundedness for 1 < p < oo and weak-(1,1). When X is a graph with
volume doubling property and the Gaussian upper estimate (1.7) holds, Russ [28] proved
that the Riesz transform is bounded on L? for 1 < p < 2 and weak-(1,1). We remark
that nilpotent covering graphs satisfy the assumptions of Russ’s theorem.

Consequently, we prove the following result:

Theorem 5 (L? boundedness of the Riesz transform). Let X be a nilpotent covering
graph and assume that X is non-bipartite. Then the Riesz transform is bounded on LP
for 1 < p < oo and weak-(1,1), which means that there ezists a constant C, > 0 such that

for all finitely supported functions f on V,
IVFllp < Cpll A2 f[l, 1< p < oo,
and
supdm ({z € V 1 |[Vf(z)] > A}) < C1||AY2f|,.

A>0
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Remark 1. There are some developments for the Riesz transform on complete Rieman-
nian manifolds. In [11], Dungey proved that the Riesz transform is LP bounded for
1 < p < oo on nilpotent covering manifolds. His argument can be adapted to the case of
nilpotent covering graphs. Moreover, Auscher, Coulhon, Duong, Hofmann [3]| obtained a
sufficient and necessary condition to be the LP boundedness for the Riesz transform on

some complete Riemannian manifolds (see also [7]).

Throughout this thesis, unless necessary, different constants may be denoted by the
same letter C'. When their dependence or independence is significant, it will be clearly

stated.
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Chapter 2

Central limit theorem

In this chapter, we prove a central limit theorem on nilpotent covering graphs by the
method of Kotani and Sunada. To prove the convergence of the semigroup, we use
the approximation theory due to Trotter [33], that is, we show the convergence of its
infinitesimal generator (Lemma 2.5).

First, we will introduce the notion of the limit group, which is obtained by stratifying
the original product on a nilpotent Lie group (see also [1], [12]). We remark that an
invariance under the stratifying process (see Lemma 2.2) plays an important role in our

proof of the central limit theorem.

2.1 Limit group

Let (G,-) be a connected, simply connected nilpotent Lie group and g its Lie algebra.
We set n; = g and n; 1 = [g,n;] for i > 1. Since g is nilpotent, we have the filtration :
g=n; Dny D ... Dn, # {0} D n.y = {0}. We consider subspaces giM),..., g C g
defined by

n, = g™ ® npr.

By this decomposition, each element X € g can be written uniquely as X = X 4 X2 4
c - XR) o X with X®) € g®) | For € > 0, we define a linear operator 7. : g — g

17



by
TE(X(I) + XD oo x® +~--+X(")) —eXW 1 2x@ oo kx®) e x (™)
We also define a Lie bracket [ , |* on g by setting
(X, Y] =lm T[T X, T.-.Y].
e—0
Then, for any X® € g*) and X ¢ g we have
(2'1) {X(k)aX(l)]* = [X(k)ﬂX(Z)Hg(k-&-Z) .

Define the dilation 7. : G — G by
(2.2) Te(z) = exp (T. (exp~' z)),
where exp : g — G is the exponential map. We define a product * on G by setting
TRy = 11})%7’5(7'6711} CTe-1Y).

Then it is known that (G, *) is a nilpotent Lie group, whose Lie algebra is isomorphic to
(g,[, |*). We call (G, *) the limit group of (G, -). We note that the limit group (G, *) has
the following properties (see Alexopoulos [1]):

(a) For X,Y € g, expX xexpY =exp (X +Y + [ X, Y]* +---[ , ]*---).

(b) The exponential map from (g, [, |*) to (G, ) coincides with the original exponential

map.

(c) (G,x) is a stratified Lie group. Namely, the Lie algebra (g,[, ]*) of (G,*) has a

direct sum decomposition @}_,g*) satisfying

(i) if k + ¢ < r, then [g®), gO]* C g+
if k+ ¢ > r, then [g®), g¥]* = {0},

(i) gV generates g.
(d) 75(z *y) = 57 * T5Y.

18



For the sake of completeness, we prove (d). For a fixed § > 0, we have
Ts(x xy) = 75 ll—rf(% Te (Te1Z - Te-1Y)
= 11_{% Toe (T(56)-1T5T * T(s50)-1T5Y)
= T§I * TsY.
By the definition of %, we easily obtain
-1 _ -1
expH(z *y)| o) = exp @ )| ) s
eXp_l(x * y)|g(2) = exp_l(x . y)|g(2)

for any z,y € G. Note that for k > 3, exp~" (2 * y)| ) does not coincide with exp™(z - y)| @)
in general. The above invariance for k = 1, 2 is important to show the central limit theo-
rem.

For each k < r, let {Xl(k), XQ(k), . ,X(g:)} be a basis of g(*). We have the following two

identifications of G with R"™ as a differentiable manifold, given respectively by

r r 1 r r T r 1 1
({L’ElT), ZL’&TLI, . ,a:§ )) > exp xéT)XC(lT) - exp I.Elr)lec(lr)fl ----- exp :cg )Xf ),
and
(a:g;)*, wg;)_l*, . ,x&)) > exp xé:)*Xc(l:) * exXp wgl:)_l*Xg(l:)_l %+ ok exXp xgi)Xfl).

We call them (-)-coordinates and (x)-coordinates of second kind, respectively. For z € G,
we denote Pi(k) () = :ng) and Pz(f)(sv) = IL’Ef) The following lemma illustrates the relation

among these coordinates.

Lemma 2.1. For x € G, we have

(2.3) P (@) = P(@),
(2.4) PP (z) = (),
(2.5) PP ) =P @)+ Y CkP@)
0<|K|<k-—1
for some constants Cr, where K denotes a multi-index ((i1, k1), .. ., (in, kn)) and PX(z) =

P(kl)(x)P(kz)(x) e Pl(f")(a:) We call |[K| = Y"1 ky the order of PX(z).

71 72
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Proof. (2.3) and (2.4) are immediate by comparing (-)-coordinates and (x)-coordinates
of x € G. We will show (2.5) by induction in k of Pz(*k) (x). Note that the cases k = 1 and
k = 2 are obvious. We assume that it is true in the case Pz(f) (x) for £ < k — 1. Then the

(i, k)-component of x is given by

exp x}X_(k) = P®(z) + Z CKPTZ-(k) [XE]*PE(z)

i%

|K|=k
=P @)+ Y CxPriV[XF]PE(2)
0<|K|<k
for some constants Ck, where [XX] = [X®) [x®) [xks) o xlky 0 0 xK]e =

11 12 13 in

i1 12 i3

[X(kl), [X(kz), [X(kg), e ,Xif")]* -+« |* and PTZ@X = X| . By the induction hypothesis,
the lower order terms do not affect for this claim. Sincel Cr PriV XK = i PriP [ X K]
for |[K| =k by (2.1), the terms of order k are cancelled. Consequently, we have
P@) =PP@)+ Y CxP).
0<|K|<k—1
(]

By using Lemma 2.1, we have the following relation between the (-)-coordinates and

the (*)-coordinates:

Lemma 2.2.

(2.6) PP (zxy) =PV (z-y),
(2.7) PP (zxy) = PP (x-y),
(2.8) PP@xy)=PP@ )+ Y CrPF )Py
|K1|+]|Ko|<k—1,
\K2\>0

Proof. From (2.1), Lemma 2.1 together with the Campbell-Hausdorft formula, (2.6)
and (2.7) are obtained easily. We will show (2.8) inductively. By the definition of x,
Lemma 2.1 and the induction hypothesis, the difference of Pi(f) (x * y) and Pi(k) (x-y)is

the terms with order less than k. Namely,

(2.9) PP@+y)=PP@-y+ Y CruP@)PRy).

0<|K1|+‘K2|§k—1
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By using
FPw) =P y) - FY@) ~ Y CrPR@)PR),
0<| Ky |[+|K2| <k
we can replace PX2(y) with
PR2(g.q) — > Crar, PP (@) PRz -y)+ ) CxPX(a).
0<|K3|+|K4|<| K2 0<|K|<| K2
Hence we refine (2.9) to

PP@+y) =P )+ Y CruP@PC@ y)+ > CxP¥a).

\K1|J‘F\K‘2|§k*17 0<|K|<k—1
Ko|>0

But Yo x(<k_1 Cx P¥(z) vanishes, since if y = 27!, then 2 +y = 2 -y = e. Moreover,

PX1(z) can be replaced with PX1(x) because of Lemma 2.1. Consequently,

PP@+y) =P @-y)+ Y CrPl@P@- y).

K|+ Ka|<k—-1,

|K2]>0
U
Example 2.3. For k = 3, we have
PP(@) =PV () - 5 30 PO xR @) P @),
“>z2
210) PPy =P y) -5 3 POXD X0 PO @) P @ )
z1>22

~PP(a-y)P@) + PP y)PP (- y) )
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To show (2.10), we use the following:

P“(x v) =PV @) + P )

5 3 PAOXD, X0 (PO @) P (@) + PO ) PO )

11 >i9

1
+5 2 PriIXP, X)) (P<2><x>ei”<x> + By <y>P-“><y>)

11 ? 21

11,02
1
+5 2 Pr X X IR (@) Py ZPr?’ 2 xR (@) P ()
1 3 1 1 2) 3
+5 2 P xR (o) P ——ZPr WX @ - y) P ()
11,02 11>12
1
_ 5 Z PT‘](?)) [‘X'Z(lz)7 XZ‘(21)]
11,92
2 2 1 1 1
x (Pfﬁ( )= > Pril XY, XY () Py ><y>> P y)
<A
+1 X PP XY XU (PP@PY @ P @) + PO wPY )P )
11>12>13
b 3 PR, X0, X0 (PO @) PO @) P @) + PO PO ) PO )
1>11,12
1
15 2 PV XL X0 (PO@ PY (0P (@) + PO W) P )P )
>0
1 3 1 1 1 1 1 1
+7 2 PO X XDNPO @) P W) P )
1,11 >12
1 3 1 1 1 1 1 1
+7 2 PRYIXY XL XD @) P ) P ()
1,01 >12
1 3 1 1 1 1 1 1 1 1 1
+ 5 > PrIx XL XY (PR @) P )PP () - P @) P )P ()
11,02,13
1 3 1 1 1 1 1 1
-7 2 PRI XD @ ) P @) P )
i1>12>13
1 3 1 1 1
— 0 > PRI XL XY @ ) P () P ()
1>11,12
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2.2 Proof of CLT

Recall that X is a nilpotent covering graph whose covering transformation group is I'. Let
GTr be the nilpotent Lie group such that I' is isomorphic to a lattice of Gr. It is known by
Maléev [23] that there exists uniquely such a connected and simply connected nilpotent
Lie group up to isomorphism, and I is a cocompact lattice (cf. Raghunathan [26]).

Let g be the Lie algebra of Gr and denote by gV, ..., g the subspaces of g as in
Section 2.1. We define a map P : Co(Gr) — Cw(X) by Psf(x) = f(75P(x)), where
Co(Gr) is the set of continuous functions on Gr vanishing at infinity, C,(X) is the set
of functions on V' vanishing at infinity and 75 : Gr — Gr is the dilation defined by (2.2).
We remark that (Coo(Gr), || - |loo) and (Ceo(X), | - ||oo) are Banach spaces, where || - ||« is
the supremum norm. Take a basis {ka), e ,Xc(ll:)} of g® for each k < r and we identify
Xi(k) with the left invariant vector field on Gr. We denote by d.. the Carnot-Carathéodory
distance on Gt associated with the basis {X fl), o X éi)}. More precisely, let C be the set
of all absolutely continuous paths c : [0,1] — Gr satisfying ¢(t) = >, ai(t)Xi(l)(c(t))

for almost every t € [0, 1]. We set

and define for x,y € Gr,
dec(z,y) = inf{[c] | c € C, c(0) = =, ¢(1) = y}.

Then d.. gives rise to a left invariant distance, which induces the topology of Gr (see

35]).

Lemma 2.4. {(Cw(X), Ps)}s>0 is a sequence of Banach spaces approzimating Coo(Gr).
Namely, for any f € C(Gr), we have

(2.11) 1Bsflloo < 11.f[loc
(2.12) 1Psflloc = lflloc as 6 —0.
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Proof. Since (2.11) is trivial, we consider (2.12). Fix a € Gr such that |f(a)| = || f]|co-

Then we have
Bl = sup| £ (2()) ~ £(a) + (o)
> [7(@)] — inf |f(a) ~ (s ()]
On the other hand, since I' C Gr is a cocompact lattice and ® is ['-equivariant, we have

inf d..(a, 7s®(x)) =6 12)f( dee(T5-10,P(2)) < IM

zeX

for M = sup,ep ser dec(g, ®(7)) < 0o, where D C Gr and F' C X are fundamental
domains of Gr and X for the action I'| respectively. Since f is continuous at a, for any
€ > 0, there exists 0’ > 0 such that if d..(a,y) < ¢, then |f(a) — f(y)| < e. For § =d'/M,

there exists 2’ € X such that d..(a, 7s®(z’)) < §’. Hence, for any € > 0, there exists § > 0

such that
inf |f(a) ~ f(7s2(@)] < |f(a) ~ f(m0()] < e
Consequently, we have ||Psf|lco — || flloo as § — 0. O

According to a theorem of Trotter ([33], Theorem 5.3), to deduce the assertion of
Theorem 1, it suffices to show the following lemma, which yields the convergence of the

sequence of the infinitesimal generators.

Lemma 2.5 (cf. Lemma 3.1, Kotani [19]). Let ®" : X — Gr be a harmonic realization
of X. Then, for any f € C°(Gr) and N 1 oo, § | 0 with N?§ — 0, there exists a limit
operator §2, such that

(I — LMYP}f — P} — 0,

o0

m XO
N§?

where Pl f(z) = f(rs®"(x)). In addition, Q, is given by (1.2).

Proof. By the definition of the transition operator, we have

) (1 )Pl () = T S (o) {F(@)(w) - F@HE))

CECZ,N
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where C,, v is a set of paths (eq,...,ey) with o(e;) = z, p(c) = p(e1)p(e2) - - - p(en) and
dh = 750" By the same argument as in Alexopoulos [1] and Kotani [19], we apply
the Taylor formula for the (x)-coordinates of second kind to f'(g) = f(®%(x) * g) with
g = ®%(z)~! % ®(t(c)). Then we have

m(X,
(2.13) ]576;) (I - LN)P}f(z) =
m(X
fw‘)) > p<c>{—ZX§f>f<cI>§<x>>P<><<I>h< IR HUE))
CEC%N (3,k)
—%( > XX Y Xff?X,SJ)f@h( )
(i1,k1)>(42,k2) (i2,k2)>(%1,k1)
x P (@3 (x) ™« B (t(c)) P2 (B ()~ + @4 (1(e))
1 83]0/ )
"5 2 o e DR (@) ()
(il,kl),(ig,kz),(ig,kg) ’Ll* 7,2* 7,3*

x P2 (@0 (2) ™« B (t(c))) P (@ () # <1>5;<t<c>>>}

for some 6 € Gr satisfying | ( )| < | ((I>h( )7L @ (t(c)))|, where (i1, k1) > (ia, ko)

means either k; > ky or ky = ky, 41 > 5. Since (Gr, *) is a stratified Lie group,
PP (@ ()™ x B} (t(c))) = 6* P (®" (@)™ % 2" (¢(c))).

We denote by Ords(k) the terms of (2.13) whose order of 0 is k. Then (2.13) is rewritten

as

(2.14) m]gz)(f LN)P} f(z) = Ords(—1) + Ords(0) + > _ Ords(k)
k>1

We will consider three terms in (2.14) separately.

Estimate of Ords(—1). From Lemmas 2.1 and 2.2 together with the harmonicity of
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®". we have inductively

> p(e) P (@M ()7t x R (H(c)))

CEC;E’N

= Y o) Y pe) {exp i @h(@) - e g

(3

C’ECmnyl EEEt(c’)
4 exp " (o(e)) L - Dh(t !Xm}

= 3 p(d)PO@"(z) 7 # B ((¢))) = 0.
C/GCVac,N—l

This shows that Ords(—1) vanishes.
Estimate of Ords(0). Let us first observe the coefficient of Xi(f ¥ (®%(z)). Then we have

219) " 3 s R e )y P X
x P” (@ (2) « @h(t(a)))l%?ﬁ@h(z)* 2 (t(0)}
i) 3 e 0« )] o
=m<]§°>1:2_1 > 00 3 ple) o7 ol -8 e
i) N X KO
where F(z) = Y. p ple) exp ! ®"(o(e)) ™" - ®"(¢ \X@) Since F(yz) = F(x), there

exists a function fy : Xo — R such that fo(7(z )) = F(z), where 7 : X — X is the

covering map. Let Ly be the transition operator on C'(Xj). By the ergodicity (cf. [19]),
g

we have
m(Xo) =y _m(Xo —
N k=0 CECMP(C)F(t( N k:oL
1
- 2 il O(ﬁ)
= 3 mle) exp! o) )| + 0 (+)



Since

> m(E) exp™ @ (o(e)) - @ (1(E))] o = — D mle) exp™ B (o(e)) ™" B (t(e) oo

ecEy ecEy

> ecr, M(€) exp™! ®"(o(e)) " - D" (t(e ))}X(z) = 0 so that (2.15) goes to 0.
By the harmonicity and ergodicity, the coefficient of X (1) 3 (1) f(®%(z)) is given by

X, 1
-~ X)) s Lem e g a))

N i1i2<d12
X0 p(OP(@" (@) B (1(c)) PL(@" () 1+ B (1(c)))
cECmN

= 3 2 O PP@ ofe)) - B () (@ ofe)) - #(1(e)

i1, z2<d1 ecEy
1
<X Dp@e) +0 (5 )
By the definition of 2, (1.2), Ords(0) converges to PrQ, f(x).
Estimate of ), -, Ords(k). We observe the coefficient of Xff)f(@{}(x)). By Lemma

2.2 and
|PM(@" ()7t - @"(t(c)))| < ONF,

we have

2.16) T S PO @k @)« @ (1))

ceCy N
m 0 k—2 & .
USRS p(c){P})(@h(x) - @"(t(c)))
ceCy N

f Y Cr PR (@ (@) )P (@) <1>h<t<c>>>}
[Kq|+| Ko |<k-1,
|K2|>0

SMi(k)((I)gz(m)) <5k—2Nk—1 + Z 5k—2—|K1NK2—1>

|[Kq|+|Ko|<k-1,
|K2l>2

(k)

for a continuous function M;™ on Gr, since

Y p(e)PRE(@(2) - @(¢(e)) = 0,

CECI,N
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when |K5| = 1. By the assumptions of N and §, (2.16) converges to 0.
By the same argument as above, each coefficient of X(kl)X(]Q)f(@g(:v)) for k1 + ke > 3

12%

converges to 0.

Finally, we consider the coefficient of - (kl)aa?z{;)a 777 (0). Since f € Cg°(Gr) and

19 % i3%

agf/ / h 1
supp C suppf’ = ®g(z)" *supp/f,
02" 922 92 ) ’

k)

it suffices to show that, for a continuous function Mi( on Gr,
P L @) (1(0))] < MY (B () x )5N
if 0N < 1. For kK =1 and 2, this is true. Assume that it holds up to k — 1. Then

PP (@ (x) ™+ @(t(c))) = 8"PP (@ () ! * @"((c)))

gt (Pi(k)(q)h(a:)_l L B"(t(c)))

|Kq|+|Ko|<k—1,
[K2|>0

fY CrePR@ @) 1)PK2<@h<x>—1~<1>h<t<c>>>>.

Since

PE) (@0 ()71 =PI (0% (@) () + 0)7Y)

1% 1%

=P (0) + P (@5 (x) x0) ™)

11% 1%

+ Y. CLn,PROPR((®(x)«0)),
‘L\ilﬂ\LLﬂ\:kOl’

we have inductively ]P( 1)(<I>h( )| < M (@ (x) % 0) for ky <k — 1. So we conclude

[P (@4 ()71 x DR (t(c)))]
<C ((5ka + Z M(®"(z) * 9)5kK1|NK2|>

|K1|+|Ka|<k—1,
[Ko|>0

< M® (®!(x) * §)SN.
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From these estimates, it follows that ), ., Ords(k) converges to 0. Hence the proof of

the lemma is completed. O

We remark that by a theorem of Robinson ([27], p.304), for some A > 0, the range of
Q,+ X in Co(Gr) is dense. Then we apply the argument of Kotani [19] to prove Theorem

1. Let ®" be a harmonic realization of X. Then we have

(2.17) |L"Psf — Pse™"* f

o SN (Psf = B

+||[L"P} f — Pie " f

o

i Hpéhe—tﬂ*f _ P(se—m*fHoo
Since f and e ** f are uniformly continuous and
d(15®(x), ;0" (2)) = 6d(®(x), ®"(x)) < M

for M = sup,.x d(®(z),®"(z)) < oo, the first and third terms of the right hand side of
(2.17) converges to 0 as § — 0.

Take N 1 oo and ¢ | 0 such that N2§ — 0. Then it follows from Lemma 2.5, Robinson
([27]) and Trotter ([33], Theorem 5.3) that for any f € C(Gr),

(2.18) (LN~ Pl f — Ple ™ f

}OO—>O,

as kyN§? — m(Xo)t. Now we prove that the second term of the right hand side of (2.17)
converges to 0. Let N(n) be the integer with n'/°> < N(n) <n'/® + 1 and ky and ry are
the quotient and remainder of n/N, respectively. Then n 1 co and § | 0 imply N — oo,
N2§ < (n*/° 4+ 1)%6 — 0 and kyN§? = nd? — ryd%. We also see ky N2 — m(Xp)t, since

ry < N and ry6% < N6% < (n'/® +1)6% — 0. Hence we have

|L"P} f — Ple™ f

| HLkNN-i-TNth h —tQ*f

o

< | B (L) Bl | [ B~ B

From the property of N, § and ky, (2.18) holds. Since 72§ < (n'/° +1)26 — 0 and by

Lemma 2.5,

(Xo)
‘m 0) I—LTN)P;”@—P;Q*@H =0
T’N52 [e'S)
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for any ¢ € C§°(Gr). This implies that || L*" (L™~ —I) P}'f||__ — 0. Then we conclude
(1.3).
Finally, (1.4) is obtained by

| L"Ps f(x5) — e f ()|
< |\L'Psf — Poe™ f|| + |e7% f(@s(xs)) — e f(x)| — 0.

Hence Theorem 1 follows.

2.3 Existence and uniqueness of the harmonic real-
ization

In the previous section, we have proved the existence of the limit operator €2, by assuming
the existence of a harmonic realization. In this section, we consider the existence and
uniqueness of such harmonic realizations.

Let I be a homomorphism from Gr to an additive group g™ given by

I(g) = exp™" g ¢ -
Then we have the following.
Lemma 2.6. I(T') is a lattice in gY). Namely, the following hold.
(i) I(T) c gV is a Z-module, and I(T') @ R = gb.
(ii) I(I') is a discrete subgroup of g).

Proof. Tt is easy to show that I(I') C g!) is a Z-module. Since I' is a cocompact lattice
of G, there exists a compact subset U C Gt such that I'U = Gr. By restricting I'U to
g, we have

gV = exp™t (TU)] ) = I(T) + exp™' U| ) -
Since exp™! Ul ) is also compact, g /I(T") is compact. So (i) is obtained.
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For (ii), we first show that 0 € I(I') C g is an isolated point. It is known that
|Gr,Gr] N T C [Gr,Gr] is also a lattice (Raghunathan [26], p.31, Corollary 1). Hence
there exists a fundamental domain F’ C [Gr, Gr] such that [Gr,Gr] = F'|Gr,Gr] N T.
Since F' N (T'\ ([Gr,Gr]NT)) = 0 and T is discrete, there exists a neighborhood V' of
e € Gr such that (VF')N (T\ ([Gr,Gr] NT)) = (), which means that

(VF’) NI cC [Gr, GF] NnT.

As a neighborhood of 0 € I(T"), we take I(V'). If there exists v € I' such that I(y) # 0
and I(y) € I(V), then v € I"'I(V) = V[Gr, Gr| because Ker I = [Gr, Gr|. This implies
that v € VF'([Gr,Gr|NT). So there exists v € [Gr,Gr| N T such that v € VF’,
which shows that 7y € (VF')NT C [Gr,Gr] NT'. However, since I(y) # 0, we have
v ¢ [Gr,Gr] NT'. This means that vy ¢ [GrGr] N T, which is a contradiction. Hence
0 € I(") is an isolated point.

Next, we show that I(y) is an isolated point for any v € I'. Take I(yV') as a neighbor-
hood of I(y). If there exists n € I" such that I(n) # I(y) and I(n) € I(yV), then we have
I(y~'n) # 0 and I(y~'n) € I(V), which is a contradiction. In consequence, we conclude
that I(T") € gV is discrete. Hence I(T') is a lattice of g*). O

Let ® : X — Gr be a realization of X. Since ® is I'-equivariant, we define the

projection exp~!®| ) : Xy — g /I(T'), where gV /I(T") is compact by the previous

gt
lemma. Hence we may apply results in [21] to the map from X, to gtV /I(T"). Fix a flat
metric on the torus gV)/I(T'). Given a piecewise smooth map F : Xy, — g /I(T"), we

define the energy E(F) of F' by

(2.19) E(F) = % > m(e)/o

ecFEy

2

dF,
dt,

)

where F, : [0,1] — g /I(T") is the restriction of F to e € Ey such that F.(0) =
o(e), Fe(1) = t(e). Then the following facts are proved by Kotani and Sunada ([21]):

Lemma 2.7 (First variation formula). The following (a) and (b) are equivalent.
(a) F is a critical point.
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(b) For any x¢ € Xy, it holds that

dF,
S mle) e (0) =0,
e€Ey,

D dF,
— t) =0.
dt dt() 0

We remark that critical points of the energy functional £ do not depend on the choice
of a flat metric on gV)/I(T"). Moreover, a realization ® : X — Gr is harmonic on g(*)
if and only if the projection exp~* q)]g(l) : Xo — gW/I(T) is a critical point of E. From

these results, we have

(i) (Kotani and Sunada [22]) Each homotopy class of piecewise smooth maps of X into

g /I(T") contains at least one harmonic map.

(ii) (Kotani and Sunada [22]) If two harmonic maps F; : Xo — g /I(T'), i = 1,2, are
homotopic, then there exists a € g™ /I(T") such that F} — F, = a.

(iii) There exists a harmonic realization ® : X — Gr of X. Moreover, if ®; and &, are

harmonic realizations of X, then

-1 -1
exp <I>1|g(1) —exp Py = constant.

We show (iii) by using (i),(ii). Let C' be a homotopy class of Xj into gi)/I(T") such
that for any F € C, F, : m(Xo) — m (g /I(I")) = [(T") satisfies

F([e]) = (o).

Here o, € T satisfies 0.0(¢) = t(¢) for a lift ¢ of ¢ to X. From (i), there exists a harmonic
map F" in C. Then the lift Fho X o gV of F" is I-equivariant. Namely, ﬁ(vx) =
ﬁ(:v) +1(v) for any 2 € X and v € I'. We define ® such that exp™ ®(z)|,q) = ﬁ(m)
for a vertex z in a fundamental domain Fx C X. Next we define ®(yz) = y®(z) for

all v € I'. Tterating these processes for all vertices in Flx, we can realize all vertices of

X to Gr. Finally, for any e € E, we define a smooth map ®(e) : [0,1] — Gr such that
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®(e)(0) = P(o(e)) and ®(e)(1) = ®(¢(e)). This ® is a harmonic realization. Also, by (ii),

if ¢, P, are both harmonic, then

exp ®1|g(1) —exp ! <I>2‘g(1) = constant.

2.4 The characterization of (),

First, we consider the following diagram.

g ~ T/([Gr,Gr]NT)®@R «++ T/[IL,T]®R << H;(Xo,R)
1 dual 1 dual 1 dual 1 dual

Hom(g",R) ~ Hom(T'/ ([Gr, Gr] N T),R) < Hom(T'/[T', '], R) — H*(Xo,R),

where H!(Xy,R) is the first cohomology group of X, with real coefficients. We identify
H!(X,,R) with the set of harmonic 1-forms on X, by the discrete analogue of Hodge-
Kodaira’s theorem. Namely,

H'(Xo,R) ~ {w By — R ‘ w(e) = —w(e), Z w(e) = O}.

CEEI

We have an inner product on the set of harmonic 1-forms given by

o) = 5 3 miehw(en(e)

ecFEy

for any harmonic 1-forms w,n. By the above identification, we define an inner product
on H!'(Xy, R). The surjective homomorphisms p; : I'/[[',T] — '/ (|Gr,Gr] NT) and p, :
H,(Xy,Z) — I'/[I',T'] are given respectively by p1(7[I',T']) = v[Gr,Gr] N T" and ps([c]) =
o], where o, € T satisfies .0(¢) = t(¢) for ¢ a lift of ¢ to X. Since I(I") ~ I'/(|Gr, Gr]NT")
and I(T') is a lattice in g™ (Lemma 2.6), we have g!) ~ T'/([Gr,Gr] NT) ® R. Hence
the surjective homomorphism p; o py : Hi(Xg,R) — g is defined. By the induced
injective homomorphism #(p; o py) : Hom(g®M,R) — H!(X,,R), we induce the metric
{(, ) to Hom(g™,R). We call the dual metric on g the Albanese metric. We define
Alb: X — g by
Alb(z)w = /ICD (w € Hom(gV, R))

o
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for a base point xq € V, where @ is the lift of w to X. We call Alb the Albanese map. For
an orthonormal basis {w1, . .., wq, } of Hom(g™), R) and the dual basis {Xfl), . ,Xg)} on

Am@):</ﬁah”./<%3:: / i X,
o Z<d1

Since [ & = 0 for any closed path ¢ on X and w € Hom(g"), R), Alb is well-defined. For

gV, we have

any z € X, v € I' and w € Hom(g™™,R), Alb satisfies

T YT
Alb(yz)w = / w —I—/ w = Alb(z)w —I—/ w.
- . o]

Since gV ~ '/ ([Gr,Gr] NT) ® R, we have f[cw] w = I(y)w. Thus Alb is an I-equivariant
map and the projection Alb : X, — g(¥/I(T") is a critical point for the energy functional F
given by (2.19). Hence we can define a harmonic realization ®" : X — Gr of X such that
exp 1 ®"(z) |g(1) = Alb(z). From a theorem of Kotani and Sunada [21], for any harmonic
realization ®" : X — Gr, there exists X1 € gV such that exp~! @h}g(l) = Alb+ X,
Then we conclude

Q* = —% Z m(e) (eXp*1 @h(o(e))1¢h<t(€))’g(1)>2

ecEy

:__22 ) (Alb(t(e)) — Alb(o(e)))’

€€E0

Y LY e XX

1,5 <d1 eeEo

*

Hence Theorem 2 follows.
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Chapter 3

Berry-Esseen type theorem

As we already mentioned in the introduction, Alexopoulos [1] proved a Berry-Esseen type
theorem for convolution powers on a Cayley graph of a finitely generated discrete group
of polynomial growth. In this chapter, we aim to generalize his results to our case.

In his proof, the following three results play crucial roles:

R1: An estimate established in [1, Corollary 7] (see Lemma 3.1).

R2: Gaussian estimates for the heat kernel on a nilpotent Lie group (Varopoulos [35,

Theorem IV. 4.2]) .

R3: Gaussian estimates for convolution powers on a discrete group of polynomial growth

(Hebisch, Saloff-Coste [15, Theorem 5.1]).

Hence we consider an analogue of these results for a nilpotent covering graph.
Let h; be the heat kernel of the sub-Laplacian on a nilpotent Lie group Gr with respect

to an inner product on g™). Then we use R2:

Theorem (Varopoulos [35, Theorem IV. 4.2]). Let |K| =k +kao+---+ ki Then

D+2s+| K|

(3.1) XX X F (g1, g0)| < CETTET exp(—deelgr, 92)° /),

12

where Xi(k) is the left invariant vector field identified with Xi(k) c g (see section (2.1))
and d..(g1,92) is the Carnot-Carathéodory distance associated with the sub-Laplacian on

Gr (see [35]).
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We will show a similar result to R3 for a nilpotent covering graph in the next chapter.
Now we try to establish R1 in our case.

Let ® : X — Gr be a harmonic realization of X. For u € C*(R>¢ x Gr) and z € V,
let Oyu(t, ®(z)) = u(t + N, ®(x)) — u(t, ®(z)) and ®*u(t,z) = u(t, ®(z)). We denote

Com={c=(e1,€2,...,6,)|e; € E,0(e1) = z,t(e;) = 0(€j1), i =1,...,n — 1},
and t(c) = t(e,) for ¢ = (e1,e,...,€,) € Cpp. As an analogue of R1, we have

Lemma 3.1 (cf. Lemma 2.5, [1, Corollary 7] and [19, Theorem 3]). There ezists
a constant C' > 0 such that, for any u € C*°(R>¢ x Gr) and J > 4, the following hold:

(32) [(On + (I —LN)) ®*u(t,z) — N (8, + Q) u(t, ®(z))]

mult + 0N, @(2))

<C  sup <N2 + X2u(t, ®(z))

ee[o 1], geUn

+ZNJ X u(t, (x +ZN’“X’“ (t,®(z)g ))

7j=3 k=J

Here,

SD> \X’“ e Xut, @),

0=1 k1+ko++ke=

and Uy is a set of all g € Gr satisfying that there exists c € Cy n such that
[P9)] < [PP (@) 2 (1(e))]

for all (i, k).
Proof. Let u/(t,g) = wu(t,®(x)g). By Taylor's formula with respect to the (-)-

coordinates of second kind (see Section 2.1), there exist 6 € [0,1] and g. € Uy such
that
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(On + (I — L)) D u(t, ) = N (t, & ))+7W(t+9z\f o(z))
+ 3 pa{ - Dt oP @) ae)
ceCsr. N Ly
e ()P (B0 o) P (@00 00
- 1 0"’ (k1) -1
=Yg g b P @@ e(e)

1 o’ (k1) -1
T i g g (b 9e) Py (B(@) 2 (H(e)))

i1 i iy

<P (@(2) 1 0(1(0) - P (0(a) (1) ).

tJ

We observe now that

ou’

—m(te) = Xu(t, o))
82—u/1<t e) _ X(kl)X(k2) (t q)( )) (Z L ) > (Z k )
8$§f1)8$§§2) ’ i1 ) 1, 1) Z \12,R2).

Hence we have

(On + (I — LN)) Q*u(t,r) = N@(t, (z)) + — N O

5 5 2 —(t+ 60N, d(x))
S XPut, o) Y ple) P (@(x) 10 (t(c)))
(i,k) c€Cy N
1 1 2 2 1
(X XX Y XXl ()
(il k1)>(i2 k2) (iz,k2)>(i1,k1)
x 3 p(e)PE (@(2) 7 0(4())) PY (B() ' @((c)))
CEC;U N
83u ) _
—Z (o) D p(OP (@) d(H(c)))
s J! ax T, ~~-6:ci]_ ceCon
x&g’@(@(z)-%( t(c)) - PU (@ (2) 1 (t(c)))
1 8‘]u' (k1) 1
_j CECZ,N p(C) axffl)axg@) . axl(ljj) (ta gc)‘Ph (@(;{}) @(t(C)))

x P (@(2) 710 (t(c))) - - - P (@(x) @ (H(c))).
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From the harmonicity of @,
> PPN (2(z) " 0(H(c)) = 0.
CGC%N
By using the ergodicity (see Lemma 2.5, [16] and [19]) and the harmonicity of ®, there
exists C' > 0 independent of N such that

(3.3) X(2 Z Z Z )exp_l@(o(e))_lé(t(e)ﬂxz@)

k=0 CECI k eeEt(c)

< OX?u(t, ®(z)),

and
Ba) |3 Y xOxDute@) Y Y p
11,i2<d1 k=0 ceCy i
X Z Jexp ' ® o(e))_lfl>(t(e))|x_(1) exp @(0(6))_1q)(t(6))‘X(1)

EEEt(C)

~NQ f(@(x))) < CX2u(t, ®(z)).
By the harmonicity of ® and the definition of Pi(k) (see also [16]), we have

>~ PP (@) @ (1)) - P (@(x) T 0(1(c)) < ON,

)
CEC‘T’N
where |K| = ki + ks +--- + k;. Since g. € Uy, there exists a constant C’; > 0 such that

Jr
<C, Y Nhtheemhixhy o(z)g.).

k>ki1+ko+--+kg

o7u/

Gmgfl)angz) e 0:1:5?

)(t, gc)

Hence the lemma follows. O

Remark 2. If both of (1.5) and (1.6) are satisfied, then (3.3) and (3.4) are zero, so that
X?u(t,®(z)) is vanished in (3.2).

For the proof of Theorem 3, we introduce some notations. We define

(o) = S0, 20) (v e V)
Sie.9) = s [ @@ Sy (y V)
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where D is a fundamental domain in Gr for the action of I'. We shall denote

= Z k(x,2)S(z,y)m(z).

zeV
Let us also denote, for T' > 0,

d(n) = sup |kn(z,y) = Su(z,9)],

z,yeV

or(n) = sup |(k, — Sn) - Sz, y)|.

z,yeV

By using Gaussian bounds for k,, Vk, (Theorem 4) and h; ([35]), we have

Lemma 3.2 (cf. [1, Lemma 11] and [31, Lemma 1]). We assume that X is a non-

bipartite graph. Then there exist constants o, 3 > 0 independent of n and T such that
§(n) < adp(n) + SVTn 2.
Proof. Let us assume that

d(n) = — min (k, — Sp)(z,y).

z,yeV
The case §(n) = max, yev(k, — Sp)(x,y) is treated in the same way. Then there exist

z',y €V such that (k, — S,)(z',y") = —d(n). Hence we have

~57(n) <3 (kn — Sa)(@',2) - Sp(z 9 )m(2)

zeV
—(kn = Su)(@,y) D Sp(z,y)m(z)
iy 2)<evi
+ Y Ak = 8@, 2) = (ka = S (@, 4} - S7p(2, ¢ )m(2)
d(y 1 2)<evt
+ Y (k= S)(@,2) - Sp(z,9)m(z)
d(y',z)>evt
<—d(n) Y, Sr(zy)m(2)
d(y' 2)<evE
+ VIV (k= S) (@ )oY Sp(z,)mi(2)
dly' 2)<evE
k= S (@ o Y, Sz ¢)m(2).
d(y',2)>cVt
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Since ) ..y, S7(2,9)m(z) = 1 and by Theorem 4 (1.7), if
A=) Sp(zy)mi2),
d(y',z)<cv't
then

—0r(n) < —8(n)A+ cViAn~ 2 4+ 8(n)(1 — A).

By choosing ¢ large enough so that A > 1/2, we get

Vi

<
o(n) 2)\ 1 ’

S oo

which proves the lemma. O

As an analogue of [1, Proposition 12], we have

Lemma 3.3. We assume that X is a non-bipartite graph. Let ¢ > 0 and J > 4. If there

exists a constant A > 0 such that
(3.5) 6(1) < Aim 2

foralli=1,2,...,n—1, then there exists a constant C' > 0 independent of q, A such that

J—1
(5(77,) SC( —|—N_ n-s +ZN] 2 _D+J +ZNk 1 D+k 2
7j=3 k=J
J—1 _ Jr
+ 3 N +ZN’“ R o P
=3

Diq N2
+ An~ [N Yog(n +T) —I-E:NJ 2T__+ZNk It exp( T)
7j=3 k=J
2

—l—ZNJ 73 —i—ZNkT 2exp<NT>D

k=J

for sufficiently smaller N € N than n and for all T € N.

Proof. By the previous lemma, we study dr(n). We first prove that

(3.6) 1S — S - Splloe < Cn™ 2.
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Let F be a fundamental domain in X for the action of I" such that ®(F) C D. Since ®
is I'-equivariant, we get
Sn+T(xa y) - STL ' Sé’(xa y)

_|Gr/T 3 [L/p(hn(<1>(x),@(z())n)hT(v@(zO)n,‘1>(y))

m(Xo) el 20€ F m(Xo)

= (@ (@), 70 (20)) (Y020}, () ) d | m(20)

< |Gr/T| Z [sup |hn(®(2), 72 (20)1) — ha(® (), 7®(20))]

> 2
m(Xo) ~el,zpeF €D

< [ hrr@ (o B(0)dn]m(zo)

D41

<Cn "2 .

Hence it is enough to estimate [|S, 7 — ky, - S'||o- Let I € N be a quotient of n by N.

Then we have

Sn+T(x7 y) - kn : Sé"(xu y)
= Z {kiN * SniNtT — k(i+1)N : Sn—(i+1)N+T}($a Y)

0<i<I-2
+ k(-1 - Sa——yn+r(@, y) — kn - Sp(z, )
= > kv (Sn—iN—l—T —kn - Snf(i+1)N+T> (z,9)

0<i<iz=2

+ Z (kiN -5 ) . (Sn—iN+T —kn - Sn—(i+1)N+T) (z,y)
L2<i<i—2

+ Z Sin - (Sn—iN+T —kn - Snf(iJrl)NJrT) (z,y)
F2ci<i—2

+ (k(I—l)N - S(I—l)N) . (Sn—(1—1)N+T — kn_(-1)n - Sé“) (z,y)
+ S-1n - (Sn—(I—l)N+T — kn—(1-1)N - S/T) (z,9)
=FE,+ FE>+ Es+ Ey + Es.
Using Holder’s inequality,

E, < Z |\ kin (2, )] 2 - H (Sn—iN—‘rT — ky - Sn—(i-l—l)N—f—T)(';y)H

(e 9]
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By making use of (3.1) and (3.2), we have

BE< Y {NZn— (+D)N+T)"=" 4 (n—(i+ )N +T)"=

0§l§12
J—1 Jr

+Y N - i+ )N +T)"% + Y N — (i + YN +T)~ %
Jj=3 k=J

Since IN/2 < n/2, we get

E1<C’<Nn 2 L NI 2+ZN’ 2

D+] D+k 2
2: NE-1,, >
j=3 k=J

To estimate Es, using Holder’s inequality and (3.5)

E, < Z

L2ci<r—2

[(kin — Sin) (@, )looll (Sn—insr — kv - Sn—(irnyvar) ()| 22
< Z A(iN)_%H{@N + (I = L) }Sn_snyvar (5 9l

L2 ci<r-2
By using (3.1) and (3.2), we have
I{On + (I = L™)}Sn-

, 0
<C ( sup N? 5 hn (i+1)N+T+9N(CI)(Z)a(I)(y))'
0€l0,1] ot

z+1)N+T( )HLl
2

J—1
+ X?h,,_

aryn+T(@(2), @(y)) + Z NI X iy v (9(2), B(y))

=3
Jr

+sup 37 NEX Dy s2(B(2)g, () )m(2)
9EUN =g

Sc’ZEZV[NQ(n—(i+1)N+T) = exp( o (q)((zzi )(N))+T)>
= (i + YN+ 1) eXp( c(n (((zzl )( ))jT))

S R e oty
Zi%l?vémn_“ FON 4 T) " exp (- C/(d(@((@)ﬂ)gv )IT))]m(z).
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Since the order of polynomial growth of X is D, there exists a constant C' > 0 independent

of n, i, N, T and ®(y) such that

IA

C,

d(z), d(y))?
(m—(G+1)N+T)” ZVGXP< o( ((()1)](\17/1)LT))

: D dee(2(2)g, 2(y))” N?
gSquIJJV(n_ (i+1)N+T) > Zezvexp(— ol — (i1 1)N+T)) C’exp( T)

These imply that

{on + (I = L)} Sp-gsnynsr (-5 y)lles
<C’<N2 n—(G+DN+T) 24— (i+1)N+T)

MIN

J—1 N2
+Y N = (i+ )N +T)" +ZNkn—(z+1)N+T) 2exp( T))
=3 k=J

<.

Hence we conclude

-1
Ey <C'A(n — 2N)~ =" /

I
I

{N?(n (e + 1N +T)2

J—1
+(n—(+ )N +T)" + Y N (n— (z+ )N +T)7/
7j=3
2

—i—ZNk n—(x+1)N+T)" 2exp(NT)}da;

<C'A(n — 2N)~ %" (NT—l + N~'log(n + T)
2

J—1 - Jr ‘s N
+ E N/ =2T~% 4 E N5 exp <C’_T))
j=3 k=J

FE, is estimated by

Ey < ||(kg—1yn — Su—1yn) (@, ) lool (Sn—r—tyn+1 — En——1ynv - S7) (5 9) |2t

D+q

S A((I=1)N)" = |[(Sn—g-yyn+7 = En—g—1yn - S7) (5 9) |21
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By the Gaussian estimates for h; [35, Theorem IV. 4.2], we have

H(Sn—(I—I)N—i-T - kn—(f—l)N ’ Sé“)(ﬂ y)HLl

[ (b (8(2).8() = b (@), 9()

{0 + (= LN (@), @ ()], ) d

<C’ s;lg > {(n —(I-1N+T)"= exp ( _ Cfl(c;(iqz(jxi)?,);{\)[(?)ip))

el xgeF

4 (n— (I—1)N)PT~% exp<

T exp< dcc(w(:c;g]?,@(y))?)
JZ NY T exp (- dcc<v<1><ig;7,<1><y>>2>
+ ki@ — (I = )N'T~5" exp ( _ dccﬁq’(xz}jgm d(y))* )}
<O (1N T S (1)),

j=3 k=J

where D’ is a compact subset in Gr.
Next, we study F3 + E5. Let [a] be the greatest integer not greater than a. Then we

have

E3 + Es :(S[l]N S n—[3IN+T — Su-1)N  kn—g-nyn - S7) (2, y)

+ Z Sa+yN — Siv - kn) - Sn—rynr(®,Y)

—<1§I 2

=FE; + E;.
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By using Holder’s inequality,

Ef < Y (Saryn — Siv - kn) (@) ool Snevar (5 y) |1

L2ci<r—2
J-1
<o Y <N2(ZN) PN ST NN )R ZNk (iN)~
L2ci<i—2 Jj=3
J-1 _
SC’n(N(n — 2N)_% + N"tn - 2N)_¥ + ZNj_Q(n — 2N)_D_;rl
j=3
Jr
+ 3 NF(n - 2N)" D”)
k=J

E! is estimated by

El <||S§ Sn—[l]N+T_ w47 lloo + 1Sntr — Sn + Splloo

+11(Sn = S-1yn * kn—g-1)n) * St/ co-

Then we have

(Sizin * Sncizpnar — Suar) (@, y)
|GF/F| Z / h[ ’y(I)(Zo))hn_[é]N_;,_T(’yq)(ZO)? Q)(y))

"/EF zo€F

by @wxwmm@Ngwmﬂwﬂwm@w

mﬁ? S (s g (8 (20), @) — B 1z, 2(0))]

~el,zpeF ~"M€P

i
2<

X h[é]N(q)( z), ’Yq’(zo))d77+sup|h[ N(2(z )7’7‘I>(Zo))—h[gw(@@)ﬁﬁﬂ

neD

X

S— 55—

D234 (Y0, ‘I)(y))dn] m(zo)

_ D41 _D+1
(353
By (3.6),

1Snsz — S Spllee < Cn~ 72
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Hence, ||(Sn — S—1)n * kn—g—1)n) - S|/ is estimated by

(Sn - S(I—I)N : kn—(1—1)N) : SIT(% y)
SH (Sn - S(Ifl)N : knf(l—l)N) (Jfa )||oo||S/T(, y)HLl

J—1
<C’ [N2(n —N) T (n—2N) T Y N (n - 2N)
j=3
+ Z N*(n — 2N) *D—*’“]
By the hypothesis on N, the lemma follows. 0

3.1 Proof of the Berry-Esseen type theorem

First, we investigate the case when X is a non-bipartite graph. We note that if both of
(1.5) and (1.6) hold, then the terms with N~'n~% and N~!log(n + T) in Lemma 3.3 are
vanished. Hence we can use the same arguments as in Alexopoulos [1] by putting N =1
and ¢ = 1. However, if both of (1.5) and (1.6) do not hold, then we put N = [n(/=2)/#/=6)]
T =T, [nY=Y/@7=3)] for T, € N and q = (J — 2)/(2J — 3). In this case, by Lemma 3.3,
if 0(7) < AR o = 1,2,...n — 1, then there exists a constant a; > 1 and a

sequence {fr,(n) tnen which converges to zero as n 1 oo such that

_ D4(J—2)/(2J-3)
2

i(n) <ay (1 + Tol/2 + A (ﬂTo(n) + TO_(J_2)/2 exp(l/c'To))) n

Hence we make use of the induction in n to prove Theorem 3. Fix s; € R such that

1—1/ay < sy <1. Let K; and T be positive integers such that

(ﬁTJ(n) + TJ_(‘]_Q)/2 exp(l/c/TJ)) <1l-—sy

for all n > K ;. Since d(n) is uniformly bounded, there exists a constant A; > 0 such that

D+(J—2)/(2J-3)
2

d(n) < Am~
for all n < K;. By Lemma 3.3 and the assumption of K ;, we have
_ D+(J=2)/(27-3)
2

5(K])§C¥J <1+T}/2+AJ(1_SJ))KJ
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Put C; = max{A,, (1 + T}/Q)(l/og + s; —1)7'}. Then clearly we have

D4+ (J=2)/(2J-3)
2

d(n) <Cyn

for all n < K.
When n > K,, we assume that
5(2) < CJZ._W
fort=1,2,...n — 1. By Lemma 3.3 and the assumption of C';, we conclude
_ DH(J-2)/(27-3)
2

d(n) <ay(1 —|—T}/2 +Cy(1—s5))n

_D+(J—=2)/(2J-3)

<Cjn 2

3.2 Bipartite case

Next, we investigate the case when X is a bipartite graph. Suppose that m and p are
a weight and a transition probability on X which gives a symmetric random walk. The
bipartition of V' is denoted by V' = A[[B. Let X4 = (A, E4) be an oriented graph,
where E4 = {(e1,€2) € Cp2|x € A}. For e = (e1,e3) € Ey, let o(e) = o(e1), t(e) = t(e2)

and € = (3,7). Then a weight m4 and a transition probability p# on X4 is denoted by

ma(x) =m(z) €A,

p'(e) =pler)plez) e = (e1,e2) € B,

respectively. It is easy to show that m, and p? give a symmetric random walk on X 4.
The transition probability starting at = reaches y at time n on X4 is denoted by p(z, ).
Then the kernel function k2 of the transition operator on X, is written by k’(z,y) =
p(x,y)ma(y)~t. By using the argument of [20], X4 is also a nilpotent covering graph
of a finite graph X 4; whose covering transformation group I'y is I" or a subgroup of I' of
index two. We note that X 4 have a loop for each vertex. Hence we conclude

A -1 |GF/I 1|
su x,y)m - —
I’yep P (z,y)m(y) m(Xa1)

D+1/2—e

hy (2(2), @(y))| < Cn™— 7,
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where h2 is the heat kernel with respect to m4 and p?. Since p? = pon, h2d = hy,, and

|Gr/T1|/m(X 1) = 2|Gr/T'|/m(Xy), the theorem is proved when z,y € A for even n. If
r€A yeBorze€ B,y € A, then we have

vl p)m(s) ! =2 (8(0),200)
_ G/
= ZEZA ko (2, 2)k(z, y)m(z) — Qm(XO) han+1(2(z), ©(y))
=3 (ko) - 2 00), 8021 ) bz
G/ G/
3 2 e (P DK M) — 2 (802, 0

D+1/2—¢

<Cn~ =2 + (0, + (I — L)) Son(,v)|

D+1/2—¢ D+1/2—¢

D42
<Cn~ "=z + Cn~"5" <O~ 2

Hence we complete the proof of Theorem 3.
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Chapter 4

(Gaussian estimates

Recall that £, is the kernel of transition operator L™ on a nilpotent covering graph X. In

this chapter, we prove Gaussian estimates for k,.

4.1 Gaussian upper estimate for £,

First, we consider a Gaussian upper estimate for k,. Since k, is symmetric, we can use

the following result:

Theorem (Hebisch, Saloff-Coste [15, Theorem 2.1]). Let X be a measurable space
endowed with a positive o-finite measure with a measurable distance. Denote by B(x,r),
x € X, r >0, the ball of center x and radius r. Let k(z,y), (x,y) € X x X, be a bounded

symmetric Markov kernel such that

{y € X | k(z,y) #0} C B(z,rg), x € X
for some fixed ro > 0 and assume that
(4.1) sup{kn(z,9)} < Con P2, n=1,2,....

@y
Then there exist constants C,C" > 0 such that

kn(z,y) < CCon~ P2 exp(—dx (x,y)?/C'n)
forallx,y e X, andn=1,2,....
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Hence it is enough to show (4.1) in our case.
The next simple lemma plays an important role for our proof of Gaussian upper

estimates for k,, and Vk,.

Lemma 4.1 (cf. [15, Lemma 3.2]). Let {,n € N and f € L*(X). There exists a

constant Cy > 0 such that
(I = L) 2L flla < Con™ 2] f -
The following result is also crucial for our proof of (4.1).

Lemma 4.2 (cf. [15, Theorem 4.2]). Assume that X is a non-bipartite graph. Let F

be a fundamental domain in X. Then there exists a constant Cy > 0 such that

‘k2n+m<x7y) - k2n+m(l’,$)‘ < COdX(x,y)m_l/2 SU}E kn(zv Z)-
ze

Proof. We define
y ) 1/2
Van<'Tay) = ( Z |kn(xay) - kn($,Z)| m(z)) :
dX(y7Z)S2

By the same argument as in [15], it is easy to show that

(4.2) Vkn(z,y) <C sup Vik,(z,z).

dx(y,Z)S]_
There exist yo = ¥,41,.-.,Yy¢ = ¢ € V such that dx(y;,y;41) = 1 for 0 <i < ¢ —1 and

¢ =dx(x,y). Hence we have

|k2n+m(x7y) - k2n+m(x7x)| §|k2n+m($7y) - k2n+m($7yl)|
+ |k2n+m($,y1) - kj2n+m(m7y2)|
o Kongm (2, Ye—1) — Fongm (2, )|

SdX (.’L', y) sup vszner(x; Z)'
2eV

From (4.2), it is enough to show that

sup V¥konim (2, y) < Cm~ Y2 sup kyn (2, ).
yev zeF
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By using the Cauchy-Schwarz inequality,

Vikontm (2, y) <[[kn(2, )2l Vaknim (- )2

=kan (2, )2 Viknim (- 9)|2-
Since X is a non-bipartite graph, there exists ng € N such that
inf{kon, (2, 23) | dx (2, 23) < 2,23 € F,} > 0,
where F,, = y(y)F for v(y) € I so that y € y(y)F. Then we have

I8k ()2 < (30 }vgkn+m(z,23)|2m<z)m(23)>1/2

z3€Fy 2€V

"2 / / 1/2
SO D0 [hem(z20) = b (2 2) b (2 20)m(2 )m(2)m(z0) )
z3€Fy,z€X,
dx (z3,2")<2

SC( Z kn+m(’Y1Zl, 23)(]€n+m(7121, 23) - kn+m(’712’1,7222)>

21,22,23€Fy,
Y1,72€Tl

X Kong (7222, 23)m(22)m(2z1)m(23)
+ Z Fnsm (7121, 22) (k?n+m(7121, 29) = knim (27121, 23))
21,22,23€Fy,

Y1,72€L

X kano (Y222, zg)m(zg)m(zl)m(zg)) 1/2.

The definition of L and the symmetry of k,, imply that

98 )l SO( 30 D b (22 20) (T = L) R (2 25)m ()

z3€Fy 2€V
+ Z Fon+m (1121, 22)(kn+m(7121, Z2) — k’n+m(7121;72753)>
21,22,23€Fy,

Y1,72€l

X o (275, 2)m(zs)m(z)m(z2))

V3O ( 3T~ )k, 25) [3m(z5))

Z3€Fy

ol



By Lemma 4.1, we conclude

1/2
I8k (s 9)ll2 <C (D2 m han(zs, 20)m(z0) )

236Fy

<Cm™2 sup ko (23, 23)">.
ZgGFy

Since ky,(yz,yx) = ky(x,z) for all v € T, the lemma follows.
To prove Theorem 4, we note

(4.3) sup kon(z,y) =sup ko, (z, x),
a:,yEV zeF

sup k2n+1<x7y) S sup k2n<x7$)1/2k2n+2(y;y)1/27
z,yeV z,yeF

sup k2n+1<x7 IE) < sup k2n(x7 .’L'),
z€F zeF

sup ko ro(z, x) <sup ko, (z, x).
el el

Hence it is enough to show A(n) := sup,cp kn(z,2) < Cn~P/2. Let n,m € N and

mY2A(2n + m)
20014(271) ’

r(n,m) =
where Cj is a constant defined by Lemma 4.2. For y € X satisfying

sup dX('Ta y) < r(n, m>7
zeF

we have

SUP Kzt (2, ) — Konam (2, 2)| <Cor(n, m)ym~"/>A(2n)
el

1
§§A(2n +m).
This implies

1 :
EA(Qn +m) < ;glf[; konim(z,y).

By integrating in {y € X |dx(z,y) < r(n,m)}, we have

1> Y kangm(zy)m(y) >

dx (z,y)<r(n,m)

A(2n + m)Vi(r(n,m)),

N —
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where V(1) = 324 (2.9)<r M(y). Since Vi(n) ~ nP,

(=)

A(2n+m) < Cr(n,m)"? <C
Put m = 2n and § = D/(D + 1). Then we have
A(4n) < (C’n_l/ZA(2n))0.

For n > 3, define o(n) to be the smallest integer such that 277 ~1p < 1. Since n > 270,

we conclude

A(n) SA(QU(”)) < H;T:(TI)*I{Cez‘29i(ifa(n))/2}A(290(n)71)

<02 PeM/2 < C(n/2)~P/2.

By using a theorem of Hebisch and Saloff-Coste [15, Theorem 2.1], we complete the proof
of Theorem 4 (1.7).
In the case when X is a bipartite graph, by making use of the argument in Section

3.2, we have

kA (z,y) < Cn~% exp(—dx,(z,9)*/C'n)
for 7,y € A. Since k2(z,y) = kon(x,y) and dx,(z,y) = dx(x,y)/2, we obtain a Gaussian
upper estimate for k, if z,y € Aorx,y € B. f t € A,y € Borx € B,y € A, we
conclude

Fans1(2,y) = Y k(z, 2)kon(2,y)m(2)

zeV

< sup C’n_%exp(—dx(z#/f/cln)

dX(mrz)S]-

<Cn~7 exp(—dx(z,y)?/C'n).

4.2 Gaussian upper estimate for Vk,

Next, we prove a Gaussian estimate for Vk,. First, we assume that X is a non-bipartite
graph. We employ the same argument as in [15, Theorem 5.1]. As an easy consequence

of (1.7), we have
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Lemma 4.3 (cf. [15, Lemma 5.2]). Set wy(z,y) = exp(sdx(x,y)) (z,y € V). Then we

have
(4.4) | kn(, ws(z, -)]lg < Cn~20-1/9) exp(C’'sn).
From (4.2), we consider Vik,(x,y). Fix s > 0, v = n + m, and note that w,(x,y) <
ws(x, z)ws(z,y). This implies that
wa(@,y)Vik(2,y) < [|km(z, Jws(@, ) |2 V3En (5 y)ws (-, y)l2-
Lemma 4.3 yields a good bound for ||k, (z, - )ws(z, -)||2. The second factor can be estimated

by

s, 9) V3R, 9)lI3 < C D Nlws(, 28) Vi ka(, 23) [ 3m(2)

Z3€Fy

=C Y ) wnlz,z) D |ka(2,25) — kalz, 2) P2 )m(z)m(zs).

z3€Fy z€V d(z3,2')<2

Since X is a non-bipartite graph, there exists ng € N such that
inf{kon, (7', 23) | dx(23,2") <2, 23 € F} > 0.

Hence we have
||ws('7 y)vgkn(a y)”%

< Z ngs(z,zg) Z kn(2, 23) — kn(2,2)
z3€Fy 2€V d(z3,2')<2
X kono (2, 23)m (2" )m(2)m(23)

' Z Z was(2, 23) (kn(z, 23)° — 2kn(2, 23)kn(2, 2') + kn(z, 2)?)

23€Fy 2,2/ €V

IN

X kono (2', 23)m(2")m(2)m(23)
= 20/ Z Z was(2, 23)kn(2, 23) (kn(z, 23) — kn(z,2"))
Xkono (2', 23)m(2" )m(2)m(23)

+C'( DD walz 28)kn(2, 7)) kang (21, 23)m(2 )m(z)m(2s)

z3€Fy z,2/€V

_ Z Z wQS(z,zg)k;n(z,z3)2k:2n0(z/,z;;)m(z')m(z)m(z;;))

z3€Fy z,2/€V

= B; + Bs.

o4



By using Lemmas 4.1 and 4.3, B; is estimated by

By =2C' Z was(2, 23)kn (2, 23) (I — L*™) kn(2, 23)m(2)m(z3)

23€Fy

<2C"||was (-, z8)kn (-, 23)ll2 - || (1 = L) K (-, 23) 2 (23)
<Cn™ 7% exp(C’'s?*n) -n~t- Nt =Cn "7 exp(C’'s?n).

Since every z € V can be written as z = vz, (y € I',2 € F,), and the weight m is
['-invariant, we have

By :C’( Z Z w2s(7121,23)]%(7121,72Z2)2k2no(72z27ZB)m(Z2)m(Z1)m(Z3)
23€Fy 2z1,20€Fy,
Y1,72€l

- Z Z wzs(’hzhZz)k’n(%zl,22)2k2n0(7527’72_1Z3)m(23)m(zl)m(22)>-
23€Fy z1,220€Fy,
Y1,72€l

By replacing y; with 7, 'y, in the second term,

By :C”( E wzs(’hzh 23)kn(7121; 7222)2k2n0 (72752; 23)m(23)m(22)m(z1)
21,z27236Fy7
Y1,72€l

21,22,23€Fy,
Y1,72€l

- Z was (V3 1121, 22)Kn (V2 1121, 22) PR, (222, 23>m(23>m(22>m(21>)

=C' E (w23(7121, 23) — was (121, 7222))kn(7121, 7222)2
21,22,23€Fy,
Y1,72€l

X kano (Y222, 23)m(z3)m(29)m(z1).
By inverting z; and z3, replacing 7, ' with v, and 7, with 75, B, is written as

By =C' Z (w23(71217’7222) — was(7121, 23))]‘%(’)’121, 23)2

21,22,23€Fy,
Y1,72€l

X kano (Y222, 23)m(z3)m(z9)m(z1).

Since |ws(z,y) — ws(x, 2)| < rols|(ws(z,y) + w(z, 2)) for dx(y,z) < 7o (see [15, Lemma
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2.3]), we have

By == Z (was(7121, 23) — was (7121, 7222))
21,22,23€Fy,
Y1,72€l
x (kn(’)’lzb V222)° — kn(m121, 753)2) kang (1222, 23)m(z3)m(22)m(21)
<Cls| Z (was(1121, 23) + was(V121,7222))
z1,22,23€FYy,

v1,72€l

X |k (7121, 7222)" = kn(121, 28)° | Kang (1222, 23)m(23)m(22)m(z1).

By using the Cauchy-Schwarz inequality and Lemma 4.3,

By §C|S|< Z {k Y1215 22 ( n(7121, 22) —kn(727121,23)>k’2n0(7222,23)
21,22,23€Fy,

Y1,72€l

+ k‘n(%Zl, Z3) (k?n(%Zl, 23) - kn(’hzh 7222))k2n0 (’7222, 23)}
1/2
X m(zg)m(zg)m(zl))

O Tonlo ey e)lwas(en g m(m(z2))

2o€Fy2' €V

+ 17T exp(C's*n) +n 1 exp(C's’n)

+( > ||wzs('723)k?n('=23)||3w4s(z3azl)k2no(z37Zl)m(zl)m<z3)>l/2]'

z3€Fy2' eV

Then it follows from Lemma 4.1 that

By <Cls|( Y I (1= L2) " k-, 28) 13m(z)) /* x 0™ T exp(C's%n)

Z36Fy

<C|s|n"2"% exp(C's*n).
By choosing n = m or n = m + 1 depending on whether v is even or odd, we obtain
wy(x,y)Vik, (z,y) < O + sy/v) V2 P22 exp(C's%).
Choosing s = dx(z,y)/2C"v in this last inequality yields the estimate
Vik,(z,y) < CvY? PR exp(—dx(z,y)?/C'v).
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Hence we conclude Theorem 4 (1.8).
Next, we study a Gaussian bound for Vk, in the case when X is a bipartite graph.
By the same argument as in the last of Section 2, we have
Vyan(x7y) = Sup ’an(x7y) - ]{?2”(1’,2)’
dx (yvz):2

= Sup ]kf(x,y)—kf(a:,z)\
dXA(y’Z):l

<Cn™"% exp(—dx(z,y)*/C'n)
forx,ye A. Ifx € A,ye Borx € B,y € A, we conclude
vyk2n+1(x7 y) = Ssup | Z k(m7 w)(kQ’ﬂ(w7 y) - kQ’ﬂ(w7 z))m(z)|

dX (yvz):2 weVvV

< sup  Cn % exp(—dx(w,y)?/C'n)

dx (wi)gl

<Cn~ "2 exp(—dx(z,y)?/C'n).

Hence we complete the proof of Theorem 4.

Finally, we consider Corollary, which gives a Gaussian lower bound for k,, for the sake
of completeness. We assume that X is a non-bipartite graph. We can treat the bipartite
case in the same way (see Section 3.2).

First, we prove that there exists a constant C' > 0 such that for any n > ng and z € V,

we have
(4.5) kn(z,2) > Cn 7
By Theorem 4 (1.7), for fixed x € V, we have
Z ]{7271('1:’ y)m(y) = Z Z k‘2n($a y)m(y)
dx (z,y)2>An 1=0 A2in<dx (z,y)2<A2itln
<CARY glisnB -2
i=0
<1/2
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for large A > 0. Then by (4.3),

1/2 < Z kon(z,y)m(y) < C’(An)% sup ko (z, ).
dx (z,y)2<An zeF
Hence we obtain
sup ko, (z, ) > (Cn)_%, n € N.
el

For any x € V and a large n, let zy be the vertex in F, which satisfies sup,¢p kon(z, ) =

kon (o, zo) and dx(z,z¢) = a < diamF. Then there exists C' > 0 such that

kgn(l', fl?) = Z kgnfga(x, y)k2a(y; a:)m(y)

yev

For odd n > ng, we have

kn(xa :L‘) = Z kn—no (567 y)kno (yv x>m<y>

yev
> kn—no (T, ) kng (2, £)m ()

ZC’n_%

Hence (4.5) is proved.
Since X is non-bipartite, by Theorem 4 (1.8), we have

kn(z,x) — C’n_%dx(m,y) < kp(z,y).

By (4.5), there exist positive constants Cy, C; such that

D
2

(4.6) kn(z,y) = (Con)™

for n > ng and dx(z,y) < 4/n/Cy + 1. Then we prove the Gaussian lower bound by the
chain argument (see Hebisch and Saloff-Coste [15]). Fix n > ng. Since it is trivial when
dx(z,y) < 4/n/Cy + 1 by (4.6), we assume that v/n/C; + 1 < dx(z,y) < n/10C;. Let
j < n be the smallest integer such that v/j > 10C1dx(z,y)/+/n. Then we fix integers
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n; € [n/j —1,n/j+1] for 1 <i < j such that n =n; +---+n; and yo,...,y; € V such
that yo =z, y; = y and dx (i, ¥i+1) < dx(x,y)/j + 1. Let B; = By (y;,/n:/10C4). Since

dx (zi, ziy1) <dx(2i,ys) + dx (Yi, Yir1) + dx (Yir1, 2i41)

V1 dx(z,y) Vit
< 1
=00, T 5 T g

i
=

+1

for z; € By, zi+1 € B;11 and (4.6), we have

D
2

inf{km(zi, Z’H»l) ‘ Zi € Bi7 Zi+1 c BiJr]_} Z (Coni)i .
Hence there exist constants Cy > 1 and C3 > 0 such that

kn(z,y) = Z Eny (2, 21) - kny_ (21, y)m(21) - - - m(25-1)

21...25-1

> Z kn, (2, 21) < kn;_y (251, y)m(21) - - - m(25-1)

2;€B;,1<i<j—1
>inf{k,, (x,21) |2 € Bi}(1/Cy)
>C3(n/j) 2 (1/Co) "

Since j — 1 < Cydx(x,y)?/n, we conclude

D

2\ & 5 2
Ful,y) > Cyn™% (#) exp ((j —1)log 1/C2) = Cn™% exp (‘d—xg;y) )

for n > ng and dx(z,y) < n/10C,.
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Chapter 5

Riesz transform

For a nilpotent covering graph X = (V, E) and 1 < p < oo, let
LPV)=A{f: V=R [fll, < oo},
and LP(FE) the space of LP 1-forms on E defined by
LIE) ={w: E=>R|w(E) = -wle), [lw], < oo},

where

1/p
11l = <Z If(x)lpm(x)> :

eV »
olly = (% > |w<e>|ﬁm<e>> .

In particular, inner products on L*(V') and L?(E) are defined by

(f.9) =) _ fl@)gx)m(z), f, g€ L*V),

zeV

1

(w,m) =5 D _wleyn(e)me), w,n e L*(E),

eckE
respectively. Let d be the coboundary operator from functions on V' to 1-forms on
E defined by df(e) = f(t(e)) — f(o(e)). Since ||V f]l, ~ [ldf]lp, 1 < p < oo and
IV f(x)| < sup,cg, |df(e)| for all finitely supported functions f on V, we study the LP
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boundedness of R = dA~Y2. By the spectral theory, the kernel of R is written as

r(e,x) = 3,50 andky(e, ) in L?, where a,, is given by

(1—2x) —1/2 = Zanx

Let R* : L*(E) — L*(V) be the adjoint operator of R and r*(z,e) its kernel. We note
that r*(xz,e) = r(e,z). According to the Calderon-Zygmund theory (cf. [13]), the L?

boundedness of R follows from an estimate of 7.

5.1 Berry-Esseen type estimate for dk,

First, we prove an estimate for the derivative of the kernel k, (z,y) of transition operator
L™ by making use of Theorems 3, 4 and Lemma 3.2.
Recall that h,, is the heat kernel of the sub-Laplacian €2 on Gr for the Albanese metric

on g (see Section 1.1) and

Ge /1)
i e (@), 2(0)

for z,y € V, where ® : X — GTr is a harmonic realization of X. By the same argument

Su(m,y) =

as in Alexopoulos [1, Theorem 13], we have

Lemma 5.1. For any 0 < € < 1/2, there exists a constant C > 0 such that
D+3/2—¢

sup |dkn(z,e) —dS,(z,e)] < Cn~ " 2

zeVecE

Proof. Let V,(z,y) = kn(x,y) — Sn(z,y) and denote

Vi krle,y) = 3 Vi, o) (2, g)m(2).

zeV
For N < n, let I be the quotient of n by N. Then we have
Vi(z,y) = Z (Vn—iN “kin(z,y) — V-GN - k’(i+1)N($, y))

0<i<[£]

Voo in - ki (@, y)
= (Vn—iN - Vn—(i+1)N : kN) : kiN(ﬂﬁ, y)
+Vn—[§]N ) k[g](flfa Y),
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where [I/2] is the greatest integer not greater than I/2. Since

AV, (z,e) =V, (z,t(e)) — Vi (z,0(e))

= Z (Vn—iN - Vn—(i+1)N . k‘N) . dkiN<.I‘, e) +Vn—[%}N . dk[%]N<.CC, 6),

0<i<[4]
we have
@Walw,e)l < | (Vaciw = Voo - b ) @) ki)
0<i<[£] >
"‘||Vn_[§]N($a')||oo||d]f[§]1v('a€)||1
—C H {ox + (T = L")} S0 n(a, ->‘
+ 3 [{ow + @ =)} S (@, )| ki€l
0<i<[£]
"‘||V_[§]N(9Ca')||oo||d]f[§]N('a€)||1~
By Lemma 3.2,
1dV(z, €)| <C<N2(n— +ZNJ n— N)~% exp (L))
T c(n— N)
+c Yy (N2 n—(i+1)N)"2 +(n—(i+1)N)=
0<i<[£]
+ N (n— (i +1)N) =
4r

D+j

+ DN i+ V) exp (C(n i 1>N))) (iN):

+C(n—[I/2N)"" % ([[J2N)2,

By choosing N ~ n'/4 we conclude

V(. )| <Cn= 540 > (n D”+Zn B Lt
1<i<[4]
+3/2

D+3/2 e

SC?’L CTL_T 1/2( /N)1/2<C/ _
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By using this lemma, we show that the kernel r*(z,e) is a standard kernel (see [13]).

Lemma 5.2. Let us assume that dx(z1,z2) < dx(z1,0(e))/2 and dx(zq1,0(e)) > 2. For
any 0 < e <1/2 and 0 < § < 1, there exists C > 0 such that

1 (@1,€) — (2, €)| < C ! Ly )
r(T1,e€ T2, € dX($1,0<e>>D+6(1/2_E) —1 dX(th(e))D-H(s '

Proof. First, we prove that

(5.1)  [dkn(z1, €) — dkn(z2,6€)|

4 2
( 1/2+€ n ZdX xl,mQ 1—71) n_D+21+6 exp (_dX(ZL’hO(e)) ) )
cn

By using the Gaussian estimate of the gradient of k,, (Theorem 4) and by the assumptions

on x1, x> and e, it is easy to show that

+1

(5.2) (ko (21, €) — dkn (w2, €)] < Cn~ 5" exp (be(l’b—o(e)y) |

cn

On the other hand, by the previous lemma, we have

|dky (21, €) — dky (22, €)| <|dk,(z1,€) — dS,(x1,€)| + |dSn(z1,€) — dS,(z2,€)|
+’d8 (1’2, ) dk (1’2, )‘

D+3/2-¢

<Cn™ " 7 4 [dSu(w1,€) — dSu(a, ).

By Taylor’s formula, there exist g1, g2, g3 € Gr such that

|Gr/I‘)| (Z XOXB b (@(21)g3, ®(0(e)))

m(X

dSn('rla ) dS ($2, )
2

><p;l><q>< 1) 0 (22)) P (2(0(e) T (t(e))
s ZX/“”XZ (D (1), B(o(e))gn)

><P<’“’<<I>< (e >>*1<I>< ()P (B(o(e)) ' @(t(e)))
5 30 XX (#(22), Do(c))g2)

i1 712

X P(@(0(e)) 10 (#(e))) P (@(o(e)) '@ (t(e))).
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The Gaussian estimates for h, by Varopoulos [35] imply that

(5:3)  ldkn(z1,€) = dhn(w2, ) <c(n”%“+de<x1,x2>ln—%l>n—%

By interpolating (5.2) and (5.3), we obtain (5.1). Finally, we have

1

|7’ (55'1, 6) -T ($296)| S C dx($1,0(€))D+6(1/2_€)

D+6(1/2—¢)

6
i dX 33171’2
E: dX 2171 0 D+l6
D+1é

y iann_m <dx(m1,0(e))2> 7 exp ( dx(xl,O(e))2)>

n cn
n=1

r

1 dX(fL’l,sz)w
< .
=C (dx(ﬂh 0( >>D+6(1/2 €) +Z dx 901 0( >>D+w

5.2 Proof of the I boundedness of the Riesz trans-
form

We show the LP boundedness of the adjoint operator R* for 1 < p < 2. We can treat the
LP boundedness of R for 1 < p < 2 in the same way. It is easy to see that R* is bounded
on L? and LP C L? for 1 < p < 2. By Marcinkiewicz interpolation theorem (cf. [13]), it

suffices to show that the adjoint operator R* is weak-(1,1):
C
m({z €V : |[Rw(z)| > A}) < X||w||1

Let E = E1[] Es be a decomposition such that E, = E5. Then the fundamental
domain F' C E for the action of I is decomposed to F' = Fy [[ F,. Then, each w in L'(E)

can be written as w = ) . w°, where
w(e) ifeeTe; NIy,

w(e) =
0  otherwise.
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We remark that w® can be identified with an element in L*(T") by w® (y) = w® (ye;). Let

S ={s1,...,8,} be a symmetric finite generator of I'. A distance dr on I is defined by
dr(v1,72) == min{k € N : v = 55,85, -+ 55,72, 83, €5, 1 <i; < nj.
We denote

Br(y,d) :={n €l : dr(y,n) <d}.

Here we apply the following theorem to w® € L'(T'):

Theorem (Coifman and Weiss [6]). There exists a constant C > 0 such that, for any

w® € LYT) and A > 0, w® is decomposed by g + bt with bt = . b* so that

i€l 71

(a) |g®(7)| < CA, yeT.

(b) Foranyi € I, there exists Br(v;,d;) so that the support of b; is contained in Br(~;, d;),
> er 10 (M) < CA|Br(vi, di)| and 3° b5 () = 0.

(€) D icr IBr(visdi)| < Cllwe /A
We denote

M= sup &)
zeV,yel dF(Zd7,Y)

and A = U;er By (vi0(e1),2Md;) = U;erB;. Hence we have

m{z €V : |Rw@)| >N <Y m ({x €V R (@) > %D

e1€l #F
<2 lm <{x ¢V 1B )l > 2;1?1 })

+m ({x eV R ()] > 2#:Fl })

Then we have

n({revimew> 20 ) < (BR) S ire@rne)

zeV
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Since R* is bounded on L?, we obtain

m ({m eV :|R'¢(z)] > 2?;\}7 }) < €||wel||1.

Next, we consider m ({z € V : |R*b*(x)| > \/(2#F})}). By the assumption of b, we

have

m ({x eV i [RY (2)] > 27;\F })
<|4%| +m ({x €VAAT : R (2)] > 23‘:F1})
2SR (1) ()

zeV\A°L

<SS+ RS S |3 r o me) i)

1€l zeV\B; e€Ex

:%Hu}el”l + Q#Fl Z Z ‘Zr x,ve1)bs (ver)m(e )m

i€l zeV\B; ~€l

<|A%| +

Since b;* has a zero integral, we have

<{x EV R (2)| > 2;F1}>

c, . 2#F: er
<ol DTS B en) m(en)

i€l ’YGB[‘(’}/Z d; ) Z‘GV\BZ‘

r*(z,ve1) — r*(x, vier)|m(z).

By Lemma 5.2,

1 Y
* X ; < C 7 )
‘T (%761) T <I77€1)| = dX('T,’YZ’O(el))D—HS(l/Z_G) +lzl: d)((gj?,yio(el))D-‘y-l(S
Consequently, we have

2#:]?12 Z |65 (ve1)|m(er) Z (@, ve1) — r*(@, yier)|m(x)

1€l ~v€Br(vi,d;) z€V\B;

ST ee)n)

i€l veBr(vi,di)
1 . Ml
<2 ‘ (dX(JC,%O(el))DM(I/Z_e) i ; dx (z,vi0(e1)) PP

C
<~ lw s

Hence the proof of Theorem 5 is completed.

67






References

1]

G. Alexopoulos, Convolution powers on discrete groups of polynomial volume growth,

Canad. Math. Soc. Conf. Proc. 21 (1997), 31-57.

G. Alexopoulos, Sub-Laplacians with Drift on Lie groups of polynomial volume

growth, Memoirs of the AMS, 155 (2002), no. 739.

P. Auscher, T. Coulhon, X. T. Duong, S. Hofmann, Riesz transform on manifolds

and heat kernel reqularity, preprint.

A. Bensoussan, J. L. Lions, G. Papanicolaou, Asymptotic analysis for periodic struc-
tures, Studies in Mathematics and its Applications, 5, North-Holland Publishing Co.,
Amsterdam-New York, 1978.

C. Batty, O. Bratteli, P. Jgrgensen, D. Robinson, Asymptotics of periodic subelliptic
operators, J. Geom. Anal. 5 (1995), no. 4, 427-443.

R. Coifman and G. Weiss, Analyse harmonique non-commutative sur certains espaces

homogénes, Lecture Notes in Math. 242 Springer-Verlag, Berlin-New York, 1971.

T. Coulhon and X. T. Duong, Riesz transform and related inequalities on non-

compact Riemannian manifolds, to appear in Comm. in Pure and Appl. Math. 56

(2003), no. 12, 1728-1751.

T. Coulhon and A. Grigor'yan, Random walks on graphs with reqular volume growth,

GAFA, 8(1998), 656-701.

69



[9]

[10]

[11]

[12]

[15]

[16]

[17]

[18]

E. B. Davies, Heat kernel in one dimension, The Quarterly Journal of Mathematics,

Oxford 2nd Series 44 (1993) no. 175 283-299.

T. Delmotte, Parabolic Harnack inequality and estimates of Markov chains on graphs,

Rev. Mat. Iberoamericana 15 (1999), no. 1, 181-232.

N. Dungey, Heat kernel estimates and Riesz transforms on some Riemannian covering

manifolds, preprint.

N. Dungey, A. F. M. ter Elst, D. W. Robinson, A. Sikora, Asymptotics of subcoercive

semigroups on nilpotent Lie groups, J. Operator Theory 45 (2001), no. 1, 81-110.

J. Duoandikoetxea, Fourier Analysis, Graduate Studies in Mathematics 29, Ameri-

can Mathematical Society, Providence, RI, 2001.

M. Gromov, Groups of polynomial growth and expanding maps, Inst. Hautes tudes

Sci. Publ. Math. 53 (1981), 53-73.

W. Hebisch and L. Saloff-Coste, Gaussian estimates for Markov chains and random

walks on groups Ann. Probab. 21 (1993), no. 2, 673-709.

S. Ishiwata, A central limit theorem on a covering graph with a transformation group

of polynomial growth, J. Math. Soc. Japan 55 (2003), no. 3, 837-853.

S. Ishiwata, A Berry-FEsseen type theorem on nilpotent covering graphs, to appear in

Canad. J. Math.

S. Ishiwata, Asymptotic behavior of a transition probability for a random walk on a

nilpotent covering graph, to appear in Contemp. Math., AMS.

M. Kotani, A central limit theorem for magnetic transition operators on a crystal

lattice, J. London Math. Soc. 65 (2002), 464-482.

M. Kotani, T. Shirai and T. Sunada, Asymptotic behavior of the transition probability
of a random walk on an infinite graph, J. Funct. Anal. 159 (1998), no. 2, 664-689.

70



[21]

[22]

[25]

[26]

[27]

[28]

[29]

M. Kotani and T. Sunada, Standard realizations of crystal lattices via harmonic maps,

Trans. Amer. Math. Soc. 353 (2001), no. 1, 1-20.

M. Kotani and T. Sunada, Albanese maps and off diagonal long time asymptotics for

the heat kernel, Comm. Math. Phys. 209 (2000), 633-670.
A. 1. Mal’cev, On a class of homogeneous spaces, Amer. Math. Soc. Transl. 39 (1951).

P. Pansu, Croissance des boules et des géodésiques fermées dans les nilvariétés, Ergod.

Th. and Dynam. Sys. 3 (1983), 415-445.

C. Pittet, L. Saloff-Coste, On the stability of the behavior of random walks on groups,
J. Geom. Anal. 10 (2000), no. 4, 713-737.

M. S. Raghunathan, Discrete Subgroups of Lie Groups, Springer-Verlag, New York-
Heidelberg, 1972.

D. W. Robinson, Flliptic operators and Lie groups, Oxford Mathematical Mono-
graphs. Oxford University Press, New York, 1991.

E. Russ, Riesz Transforms on Graphs for 1 < p < 2, Math. Scand. 87 (2000),
133-160.

L. Saloff-Coste, Isoperimetric inequalities and decay of iterated kernels for almost-

transitive Markov chains, Combin. Probab. Comput. 4 (1995), 419-442.

L. Saloff-Coste, Probability on groups: Random walks and invariant diffusions, No-

tices of the AMS, 48 (2001), no. 9.

V. V. Sazonov, Normal Approzimation-Some Recent Advances, Lecture Notes in

Mathematics vol. 879. Springer-Verlag, Berlin-New York, 1981.

E. M. Stein, Topics in harmonic analysis retated to the Littlewood-Paley Theory,

Annals of mathematics studies, no. 63, Princeton University Press, 1970.

71



[33] H. F. Trotter, Approzimation of semi-groups of operators, Pacific J. Math. 8 (1958),
887-919.

[34] N. Th. Varopoulos, Isoperimetric inequalities and Markov chains, J. Funct. Anal. 63
(1985), 215-239.

[35] N. Th. Varopoulos, L. Saloff-Coste and T. Coulhon, Analysis and geometry on groups,
Cambridge Tracts in Mathematics, 100. Cambridge University Press, Cambridge,
1992.

[36] W. Woess, Random walks on infinite graphs and groups, Cambridge Tracts in Math-
ematics, 138. Cambridge University Press, Cambridge, 2000.

72



No.1

No.2

No.3

No.4

No.5

No.6

No.7

No.8

No.9

No.10

No.11

No.12

No.13

No.14

No.15

TOHOKU MATHEMATICAL PUBLICATIONS

Hitoshi Furuhata: Isometric pluriharmonic immersions of Kahler manifolds

into semi-Fuclidean spaces, 1995.

Tomokuni Takahashi: Certain algebraic surfaces of general type with irreg-

ularity one and their canonical mappings, 1996.
Takeshi Ikeda: Coset constructions of conformal blocks, 1996.

Masami Fujimori: Integral and rational points on algebraic curves of certain
types and their Jacobian varieties over number fields, 1997.

Hisatoshi Ikai: Some prehomogeneous representations defined by cubic forms,

1997.

Setsuro Fujiié: Solutions ramifiées des problemes de Cauchy caractéristiques
et fonctions hypergéométriques a deux variables, 1997.

Miho Tanigaki: Saturation of the approximation by spectral decompositions
associated with the Schrodinger operator, 1998.

Y. Nishiura, I. Takagi and E. Yanagida: Proceedings of the International
Conference on Asymptotics in Nonlinear Diffusive Systems — towards the
Understanding of Singularities in Dissipative Structures —, 1998.

Hideaki Izumi: Non-commutative LP-spaces constructed by the complex in-
terpolation method, 1998.

Youngho Jang: Non-Archimedean quantum mechanics, 1998.
Kazuhiro Horihata: The evolution of harmonic maps, 1999.

Tatsuya Tate: Asymptotic behavior of eigenfunctions and eigenvalues for
ergodic and periodic systems, 1999.

Kazuya Matsumi: Arithmetic of three-dimensional complete regular local
rings of positive characteristics, 1999.

Tetsuya Taniguchi: Non-isotropic harmonic tori in complex projective spaces
and configurations of points on Riemann surfaces, 1999.

Taishi Shimoda: Hypoellipticity of second order differential operators with
sign-changing principal symbols, 2000.



No.16

No.17

No.18

No.19

No.20

No.21

No.22

No.23

No.24

No.25

No.26

No.27

No.28

No.29

Tatsuo Konno: On the infinitesimal isometries of fiber bundles, 2000.

Takeshi Yamazaki: Model-theoretic studies on subsystems of second order
arithmetic, 2000.

Daishi Watabe: Dirichlet problem at infinity for harmonic maps, 2000.

Tetsuya Kikuchi: Studies on commuting difference systems arising from
solvable lattice models, 2000.

Seiki Nishikawa: Proceedings of the Fifth Pacific Rim Geometry Conference,
2001.

Mizuho Ishizaka: Monodromies of hyperelliptic families of genus three curves,
2001.

Keisuke Ueno: Constructions of harmonic maps between Hadamard mani-
folds, 2001.

Hiroshi Sato: Studies on toric Fano varieties, 2002.

Hiroyuki Kamada: Self-dual Kdhler metrics of neutral signature on complex
surfaces, 2002.

Reika Fukuizumi: Stability and instability of standing waves for nonlinear
Schraodinger equations, 2003.

Toru Nakajima: Stability and singularities of harmonic maps into spheres,
2003.

Yasutsugu Fujita: Torsion of elliptic curves over number fields, 2003.

Shin-ichi Ohta: Harmonic maps and totally geodesic maps between metric
spaces, 2004.

Satoshi Ishiwata: Geometric and analytic properties in the behavior of ran-
dom walks on nilpotent covering graphs, 2004.






Tohoku Mathematical Publications

Mathematical Institute
Tohoku University
Sendai 980-8578, Japan



