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Introduction

In recent years, certain algebraic curves have been drawing much attention for their

applications to cryptography ([14], [15], [22]).

To make good use of algebraic curves in cryptography, we need a fast algorithm on
addition in their Jacobians. In elliptic curve cryptosystems, a point of their Jacobians can
be uniquely represented by a point of the corresponding curve. The problem of solving the
discrete logarithm problem for elliptic curves has proven difficult, and therefore elliptic
curve cryptosystems have substantial potential for high-security public key schemes of

relatively small block size.

As for general algebraic curves of genus greater than 1, hyperelliptic curves provide
more secure sources. In hyperelliptic curve cryptosystems, a point of the Jacobian can be
uniquely represented by Mumford’s form, and the known algorithms to compute in the
Jacobian utilize Mumford’s form ([3], [9], [10]). It is interesting to study cryptography
systems obtained from non-hyperelliptic algebraic curves. Since any algebraic curve of
genus 2 is a hyperelliptic curve, and since the cryptography system obtained from an
algebraic curve of genus > 3 suffers attacks, we study non-hyperelliptic curves of genus
3 in this thesis. The main difficulty in studying them is in the fact that points on their

Jacobians can not be represented by Mumford’s forms.

As an important family of algebraic curves, S. Miura ([23]) found a family of algebraic
curves, called Cy;, curves, including elliptic and hyperelliptic curves in the development of
algebraic geometry codes, and subsequently S. Arita provided an algorithm on addition

in the Jacobian of a Cy, curve ([2]).

To be more precise, let K be a perfect field. For relatively prime positive integers

a and b, a C,, curve defined over K is a nonsingular plane algebraic curve defined by



F(X,Y) =0, where F(X,Y) has the form

FX,Y)=0ap Y+ o X'+ > ;XY € K[X,Y]

ai+bj<ab

with nonzero ag 4, apo. For a Cy, curve C| it is known that: (i) the defining polynomial
F(X,Y) is absolutely irreducible; (ii) the genus of C'is equal to (a — 1)(b — 1)/2; (iii) there
exists exactly one rational place at infinity, which is denoted by oo; (iv) the pole divisors
of X and Y are a - co and b - 0o, respectively; (v) the Jacobian Jx(C) is isomorphic
to the ideal class group of the affine coordinate ring Ry (C') with the isomorphism @
defined as ®([E —n - o0]) = [L(oco - 00 — E)] for any effective divisor E of degree n, where
L(oo - 00) := U2, L(i - 00). Furthermore, S. Arita defined the notion of normal divisors
and proved that every point of the Jacobian is uniquely represented by a normal divisor
([2]).

The genus of a (34 curve is 3, which is the smallest genus of non-elliptic, non-
hyperelliptic Cy, curves. For this reason, we are primarily concerned with Cs34 curves
in this thesis. Especially, we study the addition in the Jacobian of a C34 curve. In this
thesis, we express a normal divisor by the reduced Groebner basis with respect to the
Clap order for the corresponding ideal of KX, Y], which is called a normal ideal. We give
a condition of a polynomial subset to be the reduced Groebner basis for a normal ideal.
Furthermore, we give an explicit expression of such basis. The main results of this thesis
are the followings: (i) For a given normal divisor, we give explicitely the inverse normal
divisor D’, which is the unique normal divisor D’ such that D + D’ is linearly equivalent
to 0; (ii) For any two normal divisors Dy, Dy, we calculate the normal divisor D such that

D is linearly equivalent to Dy + Ds.

This thesis is organized as follows. Let K be a perfect field. In Chapter 1, we sum-

marize relevant known facts on the Jacobian of an algebraic curve and linear systems
L(D) ={f e K(C)" | (f) + D =0} u{0}.

We denote by Ip the ideal L(co - 0o — D) of Ri(C) for a divisor D of the form D =
D —n-oo € Divh(C), where D* denotes the zero divisor of D. We write D ~ D’ if two

divisors D and D’ are linearly equivalent.



In Chapter 2, we recall basic facts on Groebner bases in a polynomial ring K[X7, ..., X,].
A monomial order on K[X1,...,X,] is a relation > on Z%, or equivalently, a relation on
the set of monomials X* = [T X;*, a = (au, ..., a,) € ZL,, satisfying

(i) > is a total order on Z%; and a > 0 for any o € Z%;, and

(ii) if a > B, then a + v > 3 + v for any v € Z%,.
We denote by LC(f), LM(f) and LT(f) the leading coefficient, the leading monomial and
the leading term of a polynomial f, respectively. For an ideal I of K[Xy,...,X,], we
define 0(I) to be the number of monomials which are not contained in LM(7). A finite
subset G = {g1,...,9:} of an ideal I C K[Xy,...,X,] is called a Groebner basis if it

satisfies
(LT(g1), ..., LT(ge)) = (LT(1)).

In particular, a Groebner basis satisfying

(i) LC(g) =1 for all g € G, and

(ii) for g € G, any term of g is not in (LT(G — {g¢}))
is called a reduced Groebner basis. It is known that every ideal of K[X},...,X,] has a
unique reduced Groebner basis. We quote several criterions determining whether or not
a given generating subset is a Groebner basis by using S-polynomials.

In Chapter 3, we introduce the theory of Cy, curves. In Section 3.1, we recall some
basic properties of Cy, curves. In Section 3.2, for a Cy, curve C, we define the notion of

semi-normal divisors and normal divisors as follows.

Definition 0.0.1 Let g(C) be the genus of C. Then a divisor D on C' of the form
D = E —n - oo with an effective divisor F of degree n and prime to oo is called a
semi-normal divisor if n satisfies 0 < n < g(C'). Furthermore, a semi-normal divisor
D = FE —n- oo is called a normal divisor if n is minimal in the set of n’ of the semi-

normal divisors B/ —n’ - 0o with D ~ E' — n' - .

We show that every divisor D € Div%(C) has a unique normal divisor D’ such that
D' ~ D (cf. Proposition 3.2.2).
Next, we introduce the notion of Cy;, orders on K[X,Y].

Definition 0.0.2 (C,, order) Let a and b be relatively prime positive integers with

3



a <b. For a = (a1,a0),0 = (01,5:) € Z2207 we write a > (3 if

acq + ban > afy +bPs, or aaq + bas = afy + bBy and oy < .

It is easily seen that this monomial order corresponds to the pole degrees of functions
in Rk (C). In this thesis, we only use this order.

Let ¢ be the homomorphism such that ¢(f(X,Y)) = f(X,Y) mod F(X,Y). For a
normal divisor D, we call an ideal in K[X,Y] of the form ¢~'(Ip) a normal ideal.

We quote from [2] a proposition which plays a vital roll in this thesis.

Proposition 0.0.3 For a divisor D = E —n - 0o € Div%(C) with an effective divisor E

prime to 0o, we have

deg E =6(1),

where I is the ideal o' (Ip) of K[X,Y].

In Section 3.3, we introduce the algorithms due to S. Arita (i) for computing the normal
divisor equivalent to a given divisor of the form D = DT —n - 0o € Div%(C), and (ii) for
computing the normal divisor equivalent to the sum of normal divisors. Furthermore, we

prove the following proposition.

Proposition 0.0.4 For a divisor D € Div%(C) of the form D = D* —n - oo, let G be
the reduced Groebner basis for I = ¢~ '(Ip) C K[X,Y], and let g:(X,Y) € G be the poly-
nomial satisfying LM(g1(X,Y)) = min(LM(G) —{Y*}). Then D' = =D + (p(¢1(X,Y)))

15 the normal divisor such that D' ~ —D.

The main results of this thesis are given in Chapter 4. Throughout Chapter 4, we
assume that C' is a C34 curve defined by F(X,Y) = 0, where F(X,Y) has the form

F(X,Y) =Y’ +7(X)Y + 73(X)

with 19(X) = 59 X2 + 51X + 50, 73(X) = X+ 13 X3+, X? + ;X + 1y € K[X]. In Section
4.1, we give a condition for a semi-normal divisor to be a normal divisor in the (54 curve

(OF



Theorem 0.0.5 Let D € Div).(C) be a semi-normal divisor and let n = deg D*. Then
D is a normal divisor if and only if either
(i)0<n<2, or

(ii) n = 3 and Ip contains no function of the form X +a or Y +bX +c¢ fora,b,c € K.

In Section 4.2, we give a condition of a polynomial subset to be the reduced Groebner
basis for a normal ideal of C' (cf. Theorem 4.2.2). Furthermore, we give an explicit
expression of the reduced Groebner basis for the normal ideal ¢~*(Ip) when a normal
divisor D has the form > P, —n-oco with P, = (z;,y;) € C (cf. Theorem 4.2.3). In Section
4.3, for any normal divisor D, we give the reduced Groebner basis for ¢~ (Ip/), where D’ is
the normal divisor such that D’ ~ —D (cf. Theorem 4.3.1). We prove it by using the fact
that, if ¢;(X,Y) € ¢ !(Ip) has the smallest leading monomial in the reduced Groebner
basis for ¢~'(Ip), then we have D' = —D + (¢(¢91(X,Y))), and ¢1(X,Y") € ¢ *(Ip) has
the smallest leading monomial in the reduced Groebner basis for ¢ ~!'(Ip/). In Section
4.4, we study the sum of normal divisors. In general, many S-operators are needed to
construct the normal divisor D that is linearly equivalent to Dy + D, from normal divisors
D1, Dy. We discuss which S-operators are really needed to construct D.

In Appendix, we present an alternative way to compute the sum D; + D, for normal
divisors Dy, Dy of a (54 curve except the case of D; = Dy = D with deg Dt = 3. Also,

we give a method to compute the sum D; + D, for the general case.

Throughout this thesis, K denotes a perfect field and K denotes the algebraic closure
of K.
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Chapter 1

Algebraic curves

We review the Jacobian group of algebraic curves and the Riemann-Roch Theorem.

Standard references are [6], [33] and [35].

1.1 Jacobian of an algebraic curve

Let C be a plane curve defined over K and let K(C') denote the function field of C.
Then the divisor group Div(C') of C'is defined to be the free abelian group generated by
the points of C. Thus a divisor D € Div(C) is a formal sum

D= Z in
peC

with np € Z and np = 0 for all but a finite number of P € C'. The degree of a divisor

D =% pconpP is defined by deg D = 3" pc np. The divisors of degree 0 form a subgroup
Div’(C) = {D € Div(C) | deg D = 0}

of Div(C). Let the Galois group Gz act on Div(C) as D7 = Y pec npP?. Then D is
defined over K if and only if D? = D for all 0 € Gz We denote by Div(C) the group
of divisors defined over K and put Div}(C) = Div’(C) N Divg(C).

For f € K(C)", we can associate to f the divisor (f) € Div®(C) given by

(f) = >_ ordp(f)P,

PeC

where ordp(f) denotes the order of f at P € C. A divisor D € Div(C) is principal if
it has the form D = (f) for some f € K(C)". The set of principal divisors of C' forms

9



a subgroup of Div’(C). Two divisors D; and D, are linearly equivalent if D; — Dy is

principal, and it is denoted as Dy ~ Ds.

Definition 1.1.1 Let C' be an algebraic curve defined over K. The Jacobian group of
C, denoted J(C), is the quotient group of Div?(C) by the subgroup of principal divisors.
The invariant subgroup Jx(C) of J(C') under the action of G is called the Jacobian
group of C' defined over K.

1.2 Vector space L(D)

Let C' be a plane curve defined over K, and K(C) be the function field of C. A

divisor D = Y peenpP is said to be effective (or positive) if each np > 0. We write

ZHPPE ZmpP

PeC PeC
it np > mp holds for any P. For a divisor D = Y pconpP, effective divisors defined by

Dt = > npP and D =) (-np)P

np>0 np<0

are the zero divisor and the pole divisor of D, respectively. Therefore every divisor D can

be expressed as D = Dt — D~
Definition 1.2.1 For a divisor D defined over K, we set
L(D):={f € K(C)" | (f) = =D} u{0}.

For any divisor D € Divg(C), the space L(D) is a finite dimensional vector space over
K. We denote by (D) the dimension dimg L(D). Then the following hold.

(a) For every divisor D" which is linearly equivalent to D, we have an isomorphism
L(D) ~ L(D"), and hence I(D) = I(D’).

(b) If D1 and D2 satisfy D1 S DQ, then L(Dl) C L(.DQ) and l(Dl) S l(DQ)

(c) If deg D =0, then I(D) =1 if and only if D is a principal divisor.

Now, we quote the following theorem without proof.
Theorem 1.2.2 (Riemann-Roch Theorem) For any divisor D € Divg(C), we have

I(D)=degD+1-¢g(C)+ (K- D),

where g(C) is the genus of C' and K is a canonical divisor on C.

10



Chapter 2

Groebner bases

We recall basic results on Groebner bases, which play an important role throughout
this thesis. A standard reference is [5]. By making use of Groebner bases, we study the

ideal description problem and the ideal membership problem in a polynomial ring.

2.1 Monomial orders and Groebner bases

We recall the definition of Groebner bases. For a field K, let K[X7,..., X,] denote

the polynomial ring with coefficients in K.

Definition 2.1.1 A monomial order on K[Xi, ..., X,] is a relation > on ZZ, or equiv-
alently, a relation on the set of monomials X* = [} X;", a = (a1,...,q,) € Z%,
satisfying:

(i) > is a total order on Z%; and o > 0 for any o € Z%,.

(ii) If o > B, then o+ > B+« for any v € ZZ,,.
For a fixed monomial order, the multidegree MD(f) of a polynomial f =3, a, X is
max{a € Z%, | an # 0},

where the maximum is taken with respect to the monomial order. In addition, we denote
by LC(f), LM(f) and LT(f) the leading coefficient, the leading monomial and the leading
term of a polynomial f with respect to the monomial order, respectively. For a nonempty
polynomial set G C K[Xj,...,X,], we denote by LT(G) and LM(G) the set of leading

terms and the set of leading monomials of elements of GG, respectively.

11



Definition 2.1.2 Fix a monomial order on K[X,...,X,]. Then a finite subset G =
{g1,..., g} of anideal I C K[Xy,...,X,] is called a Groebner basis if it satisfies

(LT(g1), ..., LT(g:)) = (LT (1)),

In particular, a Groebner basis satisfying
(i) LC(g) =1 for all g € G, and
(ii) for g € G, any term of g is not in (LT(G — {g¢}))

is called a reduced Groebner basis.

In this thesis, we will mainly use Groebner bases to study the following ideal descrip-
tion problem and the membership problem:

(a) The Ideal Description Problem: For a given ideal I C K[Xy,...,X,], find a finite
set of generators of I.

(b) The Ideal Membership Problem: For a given f € K[Xi,...,X,] and an ideal
I={q1,...,9s) of K[Xy,...,X,], determine whether or not f € I.

Now, we recall the following.

Theorem 2.1.3 Fiz a monomial order on K[Xy,...,X,]. Then any Groebner basis for
an ideal I generates I. Furthermore, every ideal I # {0} has a unique reduced Groebner

basis.

2.2 Properties of Groebner bases

We quote, without proofs, basic results on the problem determining whether or not
a given generating subset is a Groebner basis.

On division by Groebner bases, we have the following.

Proposition 2.2.1 Let G = {q¢1,..., g} be a Groebner basis for an ideal I of K[ X1, ..., X,]
and let f € K[X1,...,X,]. Then either r = 0, or there is a unique r € K[X1,...,X,]
with the following properties:

(i) No term of r is divisible by any of LM(g1),...,LM(g¢).

12



(ii) There is g € I such that f =g+ r.
In particular, r is the remainder on division of f by G no matter how the elements of G

are listed in the division algorithm.
We use TG for the remainder on division of f by the ordered set G.

Corollary 2.2.2 Let G ={g1,...,q:} be a Groebner basis for an ideal I of K[ X7, ..., X,]
and let f € K[Xq,...,X,]. Then f € I if and only if the remainder ?G on division of f
by G is zero.

From now on, we consider the problem of determining whether or not a given gener-

ating subset is a Groebner basis. Here, we need the notion of an S-polynomial.

Definition 2.2.3 Let f,g € K[X},...,X,] be nonzero polynomials. The S-polynomial
of f and g is the polynomial defined by

S7.9) =m0, 00 (75 - s )

where lem denotes the least common multiple.

The following theorem, called Buchberger’s S-pair criterion, is one of the key results

about Groebner bases.

Theorem 2.2.4 Let I be an ideal of K[X1,...,X,|. Then a finite generating subset G

for I is a Groebner basis for I if and only if for all pairs g; # g; of G, the remainder
G
)

S(gi,9;) on division of S(g;,9;) by G is zero.

Definition 2.2.5 Fix a monomial order andlet G = {¢1,...,¢9:} C K[Xq,...,X,]. Given
f e K[Xy,...,X,], wesay that f reduces to zero modulo G, which is denoted as

f—a0,

if f can be written in the form f = ¢191 + - - - + ¢;g9; such that whenever ¢;g; # 0, we have
MD(f) > MD(g;9:)-

We have the following criterion:

13



Theorem 2.2.6 A generating subset G = {g1,...,q:} for an ideal I is a Groebner basis
if and only if S(gi,g;) —¢ 0 for alli # j.

For f,g € G C K[X3,...,X,], we have S(f,g) —¢ 0 if
lem(LM(f), LM(g)) = LM(f)LM(g).

Let G = (¢1,...,9:) be an ordered set of polynomials and fix f € K[X;,...,X,]. Then,
it is easily seen that 7G = 0 implies f —¢ 0, though the converse is false in general.

Before closing this section, we recall the following.

Lemma 2.2.7 Let Gy = {fi | i = 1,...,m} be a Groebner basis for an ideal I, and let
Gy ={g; | 7=1,...,n} be a Groebner basis for an ideal J in K[Xy,...,X,]. Then

S(figj, figyr) = %{m S(95,957) —a 0,

where G = {fig; | fi € G1,g; € Ga}.

14



Chapter 3

C,p curves

In this chapter, we introduce the notion of C,, curves which constitute a wide class
of algebraic curves including elliptic curves, hyperelliptic curves and superelliptic curves

([21, [7], (18], [23], [29]).

3.1 Definition and properties of C, curves
We introduce the definition and basic properties of Cy;, curves.

Definition 3.1.1 Let a and b be relatively prime positive integers. Then a Cg;, curve
defined over K is a nonsingular plane curve defined by F(X,Y) = 0, where F'(X,Y’) has
the form

FX,)Y) = o Y+ a0 X"+ > ;XY € K[X,Y]

ai+bj<ab

for nonzero ag,, iy € K.

Since ged(a,b) = 1, we have m,n € Z such that am + bn = 1. Then, multiplying
F(X,Y) by a((f;l)bna;gm and replacing X and Y by a(;g“*””a;gX and a&gm%n)a’g?oY,
respectively, we have a simplified equation F;(X,Y) = 0, where

RX,)Y)=Y"+ X"+ > p,;X'Y7 e KIX,Y].

ai+bj<ab

Here, we quote the following proposition without proof.

Proposition 3.1.2 Let C be a Cgy, curve defined over K. Then we have the following:

15



(a) C is an absolutely irreducible algebraic curve.
(b) There exists exactly one K-rational place oo at infinity, which implies that the
degree of oo is 1. Furthermore, the pole divisors of X and Y are a - oo and b - oo,

respectively.
Let R (C) denote the plane coordinate ring of C. Then we have:

Proposition 3.1.3 Let C be a Cy curve defined by F(X,Y) = 0 with F(X,Y) €
K[X.,Y]. Then the following hold.

(a) {XY"mod F(X,Y) |0<4,0<j<a—1}is a K-basis of Rx(C) and elements
i this basis have pairwise distinct valuation at infinity.

(b) Rg(C) = L(co - 00) := U2, L(i - 00).

(c) Form € Zsg, {X'Y7? mod F(X,Y)|0<i,0<j<a—1,ai+bj <m} is a basis

of a vector space L(m - 00) over K.

Proof. This proposition can be proved easily because C' is a nonsingular curve given by
the irreducible polynomial F'(X,Y) for gcd(a,b) = 1, and the valuation of XY at infinity

is —(ai +bj) forall 0 <i,0<j<a-—1. O

3.2 Jacobian of a (', curve

We investigate representations of the Jacobian of a C,;, curve. Let C' denote a C,, curve

defined by FI(X,Y) = 0 with F(X,Y) € K[X,Y]. Then the genus of C'is (a — 1)(b — 1) /2.

Definition 3.2.1 Let g(C) be the genus of C. Then a divisor D on C' of the form
D = E —n - oo with an effective divisor E of degree n and prime to oo is called a
semi — normal divisor if n satisfies 0 < n < ¢g(C). Furthermore, a semi-normal divisor
D = F—n-ocois called a normal divisor if n is minimal in the set of n’ of the semi-normal

divisors B —n' - 0o with D ~ E' —n/ - 0.

It should be remarked that a semi-normal divisor may be linearly equivalent to another

semi-normal divisor. However, for normal divisors, we have the following.

Proposition 3.2.2 Every divisor D € Div).(C) has a unique normal divisor D' such

that D ~ D'.

16



Proof. For a principal divisor D, we have a unique normal divisor D' = 0 — 0 - oo which
is linearly equivalent to D.

Now, assume that D is not a principal divisor. For the sequence of divisors
D<D+o00<---<D+n-c0o<D+(n+1)-c0<--,
we have an ascending sequence
0=ID)<I(D+0c0)<--<Il(D+n-00) <UD+ (n+1)-00) < -
Consider the difference
I(D+(n+1)-00)—U(D+n-o0).

Then the Riemann-Roch Theorem shows that this difference is equal to

m+1)+1—-gC)+I(K—D—-(n+1)-00)—(n+1—-g(C)+I(K—-D —n-ox)),

where ¢(C) is the genus of C' and K is a canonical divisor on C. Hence the difference is
equal to

I1+4I(K—D—(n+1)-00) —l(K—D —n-o0),

which implies that the difference is 0 or 1.
Let m be the smallest positive integer such that {(D + m - o00) = 1 and let f be a

nonzero function f € L(D + m - 00). Then we have 0 < m < g(C), since
I(D+g(C)-00)=9g(C)+1—-9g(C)+I(K—D —g(C)-00) > 1.

For an effective divisor £ = (f) + D + m - oo > 0, we have a semi-normal divisor
D’ = E — m - oo which is linearly equivalent to D. Furthermore, we contend that this
semi-normal divisor D’ is a normal divisor. Let £/ —m’- oo with E/ > 0 be a semi-normal
divisor linearly equivalent to D. Then E' —m'- oo = D + (g) for a nonzero function g.
Since g € L(D +m’ - 00) # {0}, we have m’ > m. The uniqueness of D" follows from
I(D+m-o00)=1. O

For a Cy, curve C| its coordinate ring Rk (C) is a Dedekind domain because C' is a

nonsingular curve. Further, the Jacobian group Jg(C') is isomorphic to the ideal class
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group H(Rk(C)) of Rk (C) by the isomorphism

o Jr(C) — H(Rg(C))
[E —degE - 00| +—— [L(co-00— E),
where, for any class [D] in Jx(C), we choose an effective divisor E which satisfying
D ~ E —degE - co. For a divisor D € Div%(C) of the form D = D* —n - oo with
n = deg D, we denote by Ip the ideal L(co - o0 — D) of Rk (C).
Next, we consider the homomorphism
¢  K[X,Y] — Rg(C)
f(X)Y) — f(X,Y)mod F(X,Y).
It is well-known that every ideal I of Ry (C') has a one-to-one correspondence with an ideal
¢ H(I) of K[X,Y] containing ker p = (F(X,Y)). Further, each ideal ¢~ *(I) of K[X,Y]
can be uniquely represented by a reduced Groebner basis with respect to a monomial

order. For a normal divisor D € DivY(C), we call the ideal o ~*(Ip) of K[X,Y] a normal
ideal of C.

Now, we introduce the Cy;, order, a monomial order which is of great significance in

Cy curves.

Definition 3.2.3 (C,, order) Let a and b be relatively prime positive integers with

a <b. For a = (a1,a0),0 = (01,5:) € Z2207 we write a > (3 if
acq + bag > afy +bPs, or aaq + bas = af + bFy and oy < .

It is easily seen that this monomial order corresponds to pole degrees of functions in

R (C). From now on, we only use this order.

Let J be an ideal of Ri(C'). Then we have the following:

(a) If Gy = {g1,..., 9t} generates J, then { f1(X,Y),..., fi(X,Y), F(X,Y)} generates
the ideal ¢ (J) of K[X,Y], where f;(X,Y) € ¢ 1(g;) for all i.

(b) If a subset Go of K[X,Y] generates ¢~ '(.J), then ¢(G3) generates J.

For an ideal I of K[X,Y], we define the set A(I) as
A(I) ={(i,j) € Z3y | X'Y7 ¢ LT(I)} or equivalently, {X'Y" | (4,5) € A(I)}.
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Let 6(1) denote the number of elements in A(/). On the other hand, for a polynomial
subset G = {g1,...,9m}, we define A(G) to be

A(G) = (ZQZO — U, (MD(g;) + ZQZO)) or equivalently, { XY | (1,5) € A(G)},

and denote by §(G) the number of elements in A(G), where MD denotes the multidegree.
Then for a subset G = {g1,...,¢:} of an ideal I satisfying §(/) < oo, we have that G is a
Groebner basis for [ if and only if (/) = §(G).

Now, we prove the following.

Proposition 3.2.4 If D = E —n - oo € Div(C) is a divisor with an effective divisor E
prime to oo, then

deg B =6(1),

where I is the ideal o' (Ip) of K[X,Y].

Proof. Since the equation to be proved remains unchanged under base field extensions,
we can assume that the definition field K is algebraically closed. For a polynomial ideal 1
of K[X,Y], it is known that K[X,Y]/I is isomorphic to Span(A(I)) as a K-vector space.
For an effective divisor E = > npP, the ideal L(co- 0o — E) of Rk (C) is [Ip Mp", where

Mp is the maximal ideal at P. Thus, we have

6(I) = dimg K[X,Y]/p "} (L(co - 00 — E))
= dimg Rx(C)/L(c0 - 00 — E)
= dimg Rg(C)/TI Mp"*
= Y npdimg Rg(C)/Mp
= Xnp
= degFE.

3.3 Arita’s algorithms

We introduce the algorithms due to S. Arita ([2]) on the normal divisors of a Cy

curve C.
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For a nonzero function g € Rg(C), we denote by g(X,Y) the polynomial in ¢~ '(g),
which has the form

0<i, 0<j<a—1
for k;; € K. Let LM(g(X,Y)) = X*Y*?. Then deg (¢)" = aa; + bay. For a polynomial
¢(X,Y) € K[X,Y],

LM(g(X,Y) + (X, Y)F(X,Y)) = max(LM(3(X,Y)), LM(q(X, V) F(X,Y))),
because LM(j(X,Y)) # LM(q(X,Y)F(X,Y)). Thus, LM(§(X,Y)) = min LM(¢~(g)).

Proposition 3.3.1 For a divisor D € Div).(C) of the form D = DT —n - oo, let G be
the reduced Groebner basis for I = o' (Ip) C K[X,Y], and let g,(X,Y) € G be the poly-
nomial satisfying LM(g1(X,Y)) = min(LM(G) — {Y*}). Then D' = =D + (¢(1(X,Y)))

15 the normal divisor such that D' ~ —D.

Proof. As shown in Proposition 3.2.2, D' = —D + (f) for a nonzero f € L(m - oo — D)
with the smallest integer m such that {(m - oo — D) = 1. It follows that (f)™ > DT and
(f)” = (m+n)-oco. If g is a nonzero function in Ip, then there is an integer m’ > m
such that g € L(m' - 00 — D) — L((m' — 1) - 00 — D). It follows that (¢)" > D' and
(9)- = (m' +n)-o00. Thus deg(g)” = m'+n > m+n. Therefore, f is a nonzero function

such that (f)* > D" with the smallest pole degree, which implies that
LM(f(X,Y)) = min LM(I\ ker ¢).

If g(X,Y) € I\ ker ¢ satisfies LM(g(X,Y")) = min LM(Z\ ker ¢), then LM(g(X,Y)) =

LM(f(X,Y)). It then follows that

LC(g(X,Y))

S LX)

fX,Y)

is an element of I, whose leading monomial is smaller than min LM(7\ ker ). Thus

LC(y(X,Y)) +
g(X,)Y) — Wf()(, Y) € ker .

Since (¢(f(X,Y))) = (f), we have (¢(g9(X,Y))) = (f), from which follows that D’ =
—D + (p(9(X,Y))). Furthermore, since min LM(/\ ker ) = min(LM(G) — {Y*}), we
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have D' = =D+ (¢(g1(X,Y))) for the polynomial ¢;(X,Y’) € G with the smallest leading

monomial but Y. O

Let D € Div%(C) be a divisor of the form D = D¥—n-00, and let the reduced Groebner
basis for ¢~ *(Ip) be G = {f1(X,Y),..., fi(X,Y)}. Let Dy be the normal divisor such
that Dy ~ D, and D’ the normal divisor such that D" ~ —D. For a polynomial f(X,Y),
we denote by f the function o(f(X,Y)). Let fi(X,Y) be the polynomial with the smallest
leading monomial but Y* in G. Then, D' = —D + (f;) and deg(D")" = deg(f1)" — n
For g(X,Y) € ¢~ *(Ip/), we have

9¢€Ip ()" = (D) = =D+ (f1)"
()" + DT = (f)"
(@) +(f)" = (fy)" forall fi(X,Y)eG
(gf)t > (f)* forall fi(X,Y)eG

gfi € L(co 00 — (f1)T) forall fi(X,Y)eG

gfi € (f1) forall fi(X,Y)eq@

e Hgfi)) CeT ((fr) = (L(X,Y), F(X,Y)) forall i(X,Y)eG
g X,V H(X)Y) e (fi(X,)Y), F(X,Y)) forall f;(X,Y) € G.

rree ﬂﬂ (|

It follows that the normal ideal I’ = ¢~ 1(Ip/) is
{0X,Y) | g(X, V) A(X,Y) € (A1(X,Y), F(X, Y)) for all £(X,Y) € G).

Let ¢g1(X,Y) be a polynomial with the smallest leading monomial in I’\ ker . Then
Dy = —D'"+ (g1). Let Iy be the normal ideal p~!(Ip,). If h € Ip,, then

(h)* > (Do)" =—(D')" +(91)" =D = (f1)" + (9)""
If g1 (X, Y)fi(X,Y) € (fi(X,Y), F(X,Y)) is written as
(X, Y)i(X,Y) =qian(X,Y) [i(X)Y) + g2 X, Y)F(XY)

fOI‘ qz'71(X, Yv),(]Z‘VQ(_XV7 Y) € K[X, Y], then qz'71(X, Y) < ]0.
Conversely, if f(X,Y) € Iy, then (f)™ > D{. Tt follows that
()T =z DT =(f)" +(9)"
= min{(fi)" = (f)" +(g)" [i=1,....1}
= min{(¢1)"|i=1,...,t}.
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It implies that f € (¢11,...,q:1). Thus
f(Xv Y) S <Q1,1(X> Y)7 s 7qt,l(X7 Y)? F(Xa Y))

As a result,

In={q1(X,)Y),...,¢1(X,Y), F(X,Y)).

Now, we introduce the following algorithms given by S. Arita.
Algorithm 1:

Input : A divisor D = E — n - co € Div}(C) with an effective divisor £ prime to co.

Output : A normal divisor D’ which is linearly equivalent to —D.

Step 1. Find a nonzero function f € Ry (C) satisfying (f)* > E with the smallest pole

degree.
Step 2. Put D' «— —D + (f).

Algorithm 2:

Input : Normal divisors D; = E; —ny - 00 and Dy = Ey — ny - 00.

Output : A normal divisor D = E — n - oo which is linearly equivalent to Dy + D.

Step 1. By applying Algorithm 1 to Dy + Dy = (Ey + E3) — (ny + ng) - 00, get a normal
divisor D’ = E' — n’ - oo which is linearly equivalent to —(D; + Ds).

Step 2. By applying Algorithm 1 to a normal divisor D' = E' — n’ - oo, get a normal
divisor D = E — n - oo which is linearly equivalent to Dy + D, and output D.
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Chapter 4

(34 curves

In this chapter, we consider C34 curves. Throughout this chapter, let C' be a Csy
curve defined by
FX,Y) =Y+ %(X)Y +33(X) =0
with Yo(X) = 55 X2+ ;X + 50, 73(X) = X4 +13X3 + 1, X%+ 1, X +ty € K[X]. Then the
genus of C' is equal to 3. In this chapter, we use the notation defined in Chapter 3 with
the C,;, order.

4.1 Normal divisors

We give a condition for a semi-normal divisor to be a normal divisor of C. The pole

divisors of X and Y in Rk (C) are 3 - oo and 4 - oo, respectively. It follows that:

Lemma 4.1.1 Let a,b,c be elements of K. Then the principal divisor (X + a) can be
written as (X +a) = Py + Py + P; — 3 - 00 with Py, Py, Py € C, and the principal divisor
(Y + bX + ¢) can be written as (Y +bX +¢) = Q1 + Q2 + Q3 + Q4 — 4 - 00 with
Q1,0Q2,Q3,Q1 € C.

The following theorem gives a condition for a semi-normal divisor D € Div% (C) to be

a normal divisor.

Theorem 4.1.2 Let D € Div).(C) be a semi-normal divisor and let n = deg D*. Then

D is a normal divisor if and only if either
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(i)0<n<2 or

(ii) n = 3 and Ip contains no function of the form X +a or Y +bX +c¢ fora,b,c € K.

Proof. The semi-normal divisor D is a normal divisor if and only if D is not linearly
equivalent to any semi-normal divisor with a pole degree which is smaller than n.

If n =0, then D = 0 is a normal divisor.

If n =1 and D is not a normal divisor, then D ~ 0. It follows that D = (f) for
some f € K(C)*. Then f isin L(1-o00) — L(0 - 00). But it is a contradiction because
L(1-00) — L(0 - 00) = 0 by Proposition 3.1.3.

If n =2 and D is not a normal divisor, then D ~ 0 or D ~ P — oo for a point P € C.
First, it is impossible that D ~ 0, since L(2 - 00) — L(1 - 00) = ). Second, suppose that
D~ P — oo for P= (z,y) € C. Then D — P+ oo = (f) for some f € K(C)*. We have
[ (X—2z)€ L(4-00)— L(3-00) since (f)+ (X —x) = D"+ P,+ P;—4-00 for P, P;€ C
such that (X —x) = P+ P, + P;—3-00. This implies that (f- (X —z)) = (Y +bX +¢) for
b,c € K. Thus, we have Y +bX + ¢, X —x € L(c0-00 — (P, + P3)). It is a contradiction
because there is only one line through with P, and P», which is the tangent line if P, = P>.

If n = 3 and D is not a normal divisor, then D ~ 0, D ~ P—o0,or D ~ Q1+ Q2—2-00
for P,Q1,Q € C. First, suppose that D ~ 0. Then D = (f) for some f € K(C)*. It
follows that f € L(3-00) — L(2-00). This implies that (f) = (X +a), i.e. X+a € Ip, for
a € K. Second, suppose that D ~ P —oo. Then D — P 4+ oo = (f) for some f € K(C)*.
For P = (z,y) € C, (f) + (X —z) = D"+ P+ P; — 5 - 00 for P, P; € C such that
(X —z) = P+ Py+ P;—3-00. It follows that f-(X —x) € L(5-00)— L(4-00) = ), which is
a contradiction. Last, suppose that D ~ Q1+ @y —2-00. Then D —Q1—Q2+2-00 = (f)
for some f € K(C)*. Let g be the defining equation of the line through with @; and Qs,
which is the tangent line if )1 = Q). Then either g = X +afora € K or g = Y +bX +c for
b,c € K. For g =Y +bX +c¢, we can write (¢) = Q1+ Q2+ Q3+ Q4—4-00 for Q3,Q4 € C.
Then (fg) = DT+ Q3+ Q4 —5- 00, which is a contradiction since L(5-00) — L(4-00) = ().
Thus g = X+a. Let (9) = Q1+ Q2+ Q5—3-00 for Q5 € C. Then (fg) = DT +Q5—4- 0.
It follows that fg € L(4-00) —L(3-00). Thus (fg) = (Y +VX+),ie. Y+ X+ € Ip,
for b, ¢ € K. Therefore, we proved that if D is not a normal divisor, there is a function

f € Ip of the form X +a or Y +bX + ¢ for a,b,c € K.
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Conversely, if n = 3 and there is a function f = X +a € Ip for a € K. Then we
have (f)™ = D™, since (f)* > D" with deg (f)" = deg D*. It implies that (f) = D,
and D ~ 0. Thus D is not a normal divisor. If n = 3 and there is a function f =
Y +bX +ce€lpforbece K, then (f)=Dt+ P —4-00for P=(z,y) € C. It follows
that D—(f)+(X —x) = P+ P;—2-00 for Py, P; € C such that (X —z) = P+ P+ P;—3-00.
It implies that D ~ P, + P3 — 2 - 0o. Thus D is not a normal divisor. O

4.2 A Groebner basis for a normal ideal

We give a condition of an ideal of K[X,Y] to be a normal ideal of C, and a condition
of a polynomial subset of K[X,Y] to be a reduced Groebner basis for a normal ideal of
C. Furthermore, we give an expression of the reduced Groebner basis for a normal ideal
of a normal divisor D = 3> P, — n - oo € Div)(C).

The following proposition states a condition for an ideal in K[X,Y] to be a normal

ideal of C.

Proposition 4.2.1 Let I # {0} be an ideal of K[X,Y] and let G be the reduced Groebner
basis for I. Then I is a normal ideal of C if and only if G satisfies the following:

(a) The remainder o of F(X,Y) on division by G is 0.

(b) Either 0 < §(G) <2, or §(G) = 3 with LM(G) = {X? XY, Y?}.

Proof. Assume that I is a normal ideal of C. Then I = ¢ '(Ip) for a normal divisor
D € Div%(C). Thus F(X,Y) € ker(p) C I. It follows that the remainder T is equal
to 0. Furthermore, §(I) = deg D" < oo and 6(I) = §(G). Since D is normal, either
0 <degD' <2,ordeg Dt = 3 and Ip contains no function of the form X +a or Y +bX +c
for a,b,c € K by Theorem 4.1.2. This implies that either 0 < 0(G) < 2, or §(G) = 3 and
I = ¢~ '(Ip) cannot contain any polynomial f(X,Y") such that LM(f(X,Y)) = X or Y.
Therefore, if §(G) = 3, then X,Y € A(I) = A(G), i.e. LM(G) = {X? XY, Y?}.

Assume that G satisfies the conditions (a) and (b). Then F(X,Y) € I. Since ker(yp) =
(F(X,Y)) C I, we have I = ¢ (p(I)). Since ¢(I) is an ideal of Rx(C'), we can write
©(I) = L(co-00— D*) with a divisor D = D¥ —n-o0o € Div}(C). Then deg Dt = §(I) =
d(@) by Proposition 3.2.4. By the condition (b), either 0 < deg D" < 2, or deg DT =3
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and L(oo - 0o — DT) contains no function of the form X +a or Y +bX + ¢ for a,b,c € K.

This implies that D is a normal divisor. Thus [ is a normal ideal. O

It follows that a polynomial subset G # {0} of K[X,Y] is the reduced Groebner basis
for a normal ideal of C' if and only if G is the reduced Groebner basis satisfying the

conditions (a), (b) of Proposition 4.2.1. Thus we have:

Theorem 4.2.2 Let G # {0} be a polynomial subset of K[X,Y]. Let a;,b;, ¢; be elements
of K. Then G s a reduced Groebner basis for a normal ideal of C if and only if G is one
of the following:

(a) G = {1}

(b) G={q:1(X,Y) =X+ c1,02(X,Y) =Y + 2} and satisfies F'(—cy,—ca) = 0;

() G = {n(X)Y) = X +¢1,0(X,Y) = Y2 + apY + »} and satisfies g2(X,Y) |
F(—=c,Y);

(d)G={g1(X,)Y)=Y +01 X +c1,¢2(X,Y) = X%+ b, X + 2} and satisfies go(X,Y) |
F(X, =01 X —¢1);

(€) G ={01(X,Y),02(X,Y), 93(X,Y)} for

a(X,)Y) = X? +a;YV +0, X + e,
@2(X)Y) = XY +aY +bX + e,
@B(X,)Y) = Y2 4a3V + 03X +c3
satisfying
c1 = —a2+ aghy — arby + ajas,
Co = azby — azbs,
c3 = —asbs — b3 + asby + b1bs,
and
a1 # 0 = 02X, f(X)) | F(X, f(X)),
by # 0 = g209(Y),Y) [ F(g(Y),Y),

451 :b3 =0 = gl(va) ’ F(Xa _b2)7 g3(X7Y> ‘ F(—QQ,Y),

where f(X) = —a; (X2 + b, X +¢1) and g(Y) = —b31 (Y2 + azY + c3).

Proof. Let T denote the remainder of F (X,Y) on division by G. Then it is enough to
find a reduced Groebner basis G such that F is equal to 0, and LM(G) is {1}, {X,Y},
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{X,Y?}, {Y, X?}, or {X? XY,Y?} by Proposition 4.2.1. We wish to find a condition
that 7 = 0 is satisfied by a reduced Groebner basis G with a set of leading monomials
of the above form. Let r; denote an element of K.

(a) If G is a reduced Groebner basis with LM(G) = {1}, then G = {1}.

(b) If G is a reduced Groebner basis with LM(G) = {X,Y}, then the elements of G
are g1(X,Y) = X +¢1,02(X,Y) =Y +¢, for ¢1,co € K. For the remainder FC = ro € K,

we can write

F(X7 Y) = QI<X7Y)91(X7 Y) +Q2(X7 Y)QZ(X7 Y) + 70

with ¢1(X,Y),¢(X,Y) € K[X,Y]. Thus F% =0 if and only if F(—cy, —c) = 0.

(c) If G is a reduced Groebner basis with LM(G) = {X,Y?}, then the elements of G
are g1 (X,Y) = X +¢1,02(X,Y) = Y? + apY + ¢y for ag,c1,co € K. For the remainder
FS=ry + o, We can write

FX,Y) = (X, Y)g1(X,Y) + 2(X,Y)g2 (X, Y) + 1Y + 170
with ¢1(X,Y), ¢2(X,Y) € K[X,Y]. Since

F(—Cl,Y> = q2(_C17 Y)QQ(—Cl, Y) —+ le + To,

the remainder of F(—c¢;,Y) on division by go(—c1,Y) is r1Y + 7. Thus FY = 0if and
only if F(—¢;,Y) is divisible by go(—¢1,Y) = go( X, Y).

(d) If G is a reduced Groebner basis with LM(G) = {Y, X?}, then the elements of G
are ¢1(X,Y) =Y + 01 X +c1,¢2(X,Y) = X2+ b, X + ¢y for by, by, c1,c0 € K. For the

remainder FC = 1 X + o, We can write
FX,)Y) = q(X,Y)q(X,.Y) + ¢(X,Y)g(X,Y) + 11X + 19
with ¢1(X,Y), ¢2(X,Y) € K[X,Y]. Since
F(X, =01 X —c1) = @2(X, =01 X — 1) g2 (X, =01 X — ¢1) + 1 X + 1o,

the remainder of F(X,—b; X — ¢;) on division by go(X, —b1 X — ¢1) is 1 X + r9. Thus
FY =0 if and only if FI(X,—b X — ¢;) is divisible by go(X, =01 X — 1) = g2(X,Y).
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(e) If G is a reduced Groebner basis with LM(G) = {X? XVY,Y?}, then G has the

elements
a(X,)Y) = X? +a1YV +0 X + e,
@2(X)Y) = XY +aY +bX + e,
@B(X,)Y) = Y2 4azV + 03X +c3

with a;,b;, ¢; € K for i = 1,2, 3 satisfying that the remainder of S(g;(X,Y), gx(X,Y)) on
division by G is equal to 0 for all 1 < 5 # k < 3. It follows that

¢ = —aj+ azhy — a1y + aras,
Co = (12b2 - albg, (21)
c3 = —agbg — b% + CLng + blbg.

For the remainder F° = rY + X + To, We can write

F(X, Y) = Q1(X7 Y)gl(X> Y) + QZ(X> Y)QZ(X7 Y) + Q3(X7 Y)g?)(X’ Y)
+7“2Y + 7"1X + To

(2.2)

with ql(Xa Y)7 QQ(Xa Y)7 QB(X7 Y) € K[X? Y]
If a; # 0, (2.2) can be written as

F(X)Y)=q(X,Y)q1(X,Y) + ¢5(X,Y) g2 (X, Y) + 1Y + 71X + 19

for ¢{(X,Y) = q(X,Y) +a;' (Y + b)gs(X,Y), h(X,Y) = ¢2(X,Y) — a7 " (X — ap +
b1)g3(X,Y) € K[X,Y] since

gg(X, Y) = afl(Y —+ bg)g1<X, Y) — afl(X — Q9 -+ bl)gg(X, Y)
If we substitute f(X) = —a;" (X% + b, X +¢;) for Y, then
F(X, (X)) = ¢(X, [(X))g2(X, f(X)) + r2f (X) + 11X + ro.

It follows that the remainder of F/(X, f(X)) on division by go(X, f(X)) is ro f(X) +r1 X +
ro. Thus F* = 0 if and only if FI(X, f(X)) is divisible by ¢2( X, f(X)).
If b3 # 0, (2.2) can be written as
F(X,Y) = ¢2(X,Y)ga(X, V) + g5(X, V) gs (X, V) + 12Y + X + 70
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for ¢J(X,Y) = @(X,Y) — b3 (Y — by + a3)qu(X,Y), ¢4 (X, Y) = ¢3(X,Y) + b3 (X +
a2)1(X,Y) € K[X,Y] since

(X Y) = =b3 ' (Y = by + a3)ga(X, Y) + b5 (X + a2)gs (X, ).
If we substitute g(Y) = —b3 (Y2 + a3Y + ¢3) for X, then
F(g(Y),Y) = a5 (9(Y),Y)g2(9(Y),Y) +r2Y +119(Y) + 0.

It follows that the remainder of F'(¢g(Y),Y") on division by ¢2(g(Y),Y) is Y +r19(Y ) +ro.
Thus £ = 0 if and only if F(g(Y),Y) is divisible by ¢2(g(Y),Y).
If a; = b3 = 0, then

gl(X,Y) = (X+a2)(X—a2+b1),
92X, Y) = (X +ag)(Y +by),
g3(X, Y) = (Y+b2)(Y—b2+CL3)

by (2.1). Applying them in (2.2), we have

F(—as,Y) = q3(—az,Y)gs(—az,Y) + 1Y —axry + 1o
and

F(X, —52) = ql(X, —bg)gl(X, —bg) + 7"1X — bg’l"g + To-

Thus £ = 0 if and only if g3(X,Y) | F(—ag,Y) and ¢1(X,Y) | F(X, —ba). O

Now, we consider an explicit expression of the reduced Groebner basis for a normal

ideal of C'. The following is on the reduced Groebner basis for a given normal divisor.

Theorem 4.2.3 Let D = Y7 P, — n - 0o € Div(C) be a normal divisor, where P; =

(xi,y;) € C fori=1,...,n. Let

(w2 —2)(Y — 1) — (2 — y1)(X — 1) if P1# P;

(X,Y) =
{ Fy (2, y)(Y —y) + Fx (2, y)(X — x) if Pr= Py = (z,y),

where Fx (resp. Fy) denotes the partial derivative of F(X,Y) with respect to X (resp.
Y). Let I be the normal ideal o~ (Ip) and let G be the reduced Groebner basis for I.
Then G satisfies the following:
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(a) If D =0, then G = {1}.
(b) If D = P, — o0, then G
(C) IfD:P1+P2—2'OO,

(i) LM(I(X,Y)) = X: G =

(i) LMU(X,Y)) = Y: G

where 1,(X,Y) = LC(I(X,Y))”
(d) ]fD - Pl + P2 + P3 -3 e, then G = {gl(XJ Y)aQQ(X7 Y),gg(X, Y)} with

gl(Xv Y)
QZ(Xa Y)
93(X7 Y)

={X —-z.,Y -y}

then

{lm(Xv Y)? (Y - yl)(y - y2>};
= {ln(X,Y), (X — 21)(X —22)},
H(X,Y).

(X — l'1>(X —.172) +k1l(X,Y),
(X —21)(Y — o) + kol (X, Y),
(Y —y)(Y —y2) + k3l(X,Y)

for
(i) if te{P1, P2, P3s} = 2 or 3, then we can assume that Py # Py, Py and we have

kl = _l('x?)? yB)_l(Qfﬁi - $1)($3 - x2)7
ky = —l(zs,y3) (w3 — 21)(y3 — ¥2),
ks = —Uzs,ys) (ys — v1)(ys — ¥2);

(ii) if e{P1, P», P3s} = 1 and (z,y) = (21,v1), then we have

ki = (S3Ty+ 3yTE — SoSiTh) 1 SE,
ky = —(SETy+ 3yT? — SoS\Ty) 1 SoTh,
ks = (ST + 3yTE — SoSiTh) 1T
for

So = 3y? + 5022 + 517 + 50,

S1 = 2syx+ sq,

Ty = 2soxy + s1y + 423 + 3tzax? + 2tox + t,

Ty = soy+ 622 + 3tsx + 1y,

where §{ Py, Py, P3} denotes the number of elements in { Py, Pa, P3}.

Proof. For the reduced Groebner basis G for I, we have 6(G) = (1) = n.
(a) If D =0, then §(G) = 0. It follows that LM(G) = {1}. Thus G = {1}.
(b) If D = P, — o0, then 0(G) = 1. Thus LM(G) = {X,Y} and

G={g(X,)Y)=X+01,0(X,)Y) =Y + o}
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for ¢1,co € K. Since (g1)", (g2)" > Py, we have ¢; = —x1, ¢o = —y;1.

(c) If D = P+ P,—2-00, then §(G) = 2. Thus LM(G) = {X,Y?} or {Y, X?}. For the
linear polynomial [(X,Y"), we have [(X,Y) € [ and (X —21)(X —x2), (Y —y1)(Y —yo) € 1.
The set {{(X,Y), (X — 21)(X — 22), (Y — 11)(Y — y2)} is a Groebner basis for I since
SH{UX,Y), (X —29)(X —29), (Y —91)(Y —y2)}) = 2. Thus we have

G = {n(X,Y), (Y —y)(Y —y2)}  HLM((X,Y)) = X;
{In(X,Y), (X —21)(X —25)}  if LM(I(X,Y)) =Y.

(d) If P, + P, + P3 — 3 - 00, then §(G) = 3. Thus the elements of G are

gl(X, Y) = X2 +G1Y+b1X+Cl,
gg(X7 Y) = XY —I—(IQY + b2X + Co,
gg(X, Y) = Y? +a3Y + b3 X + c3

for a;,b;,¢; € K (i = 1,2,3) by Theorem 4.2.2. Every linear polynomial in ¢~ !(L(co -
o0 — (P + P))) is kI(X,Y) for k € K.

(i) For every ¢;(X,Y) € G, we have g;(X,Y) € ¢~} (L(cc - 00 — (P, + B,))). Since
(X = 2)(X = 22), (X = 2)(Y —90), (Y —y)(Y —3p) € ¢~ (L(co- 00 — (P + P2))),
G, Y) = (X = 2)(X = 22), (X, Y) = (X = 2)(Y — 1), (X, ¥) = (¥ = 3)(¥ — )
are in o (L(co - 0o — (P, + P,))) with the leading monomials < Y. Tt follows that

a(X,Y) = (X —2)(X —29) = klI(X,Y),
BX,Y) = (X —2)(Y —y2) = kl(X,Y),
G(X,Y) = (Y —y)(Y —y2) = ksl(X,Y)

for kq, ko, k3 € K. Since g;(z3,y3) = 0 and (z3,y3) # 0 by Theorem 4.1.2, we have

1

ki = —l(xs,y3)" (x3 — 21) (73 — 72),

[y

(933 - -Tl)(y:s - y2)>
(Y3 — y1) (Y3 — v2)-

ky = —l(w3,y3)”

ks = —l(xs,ys) "

(ii) Since P, = P,, we have

(X,Y) = Fy(z,y)(Y —y) + Fx(z,y)(X — 2)
= SoY —y)+Ti(X —2).
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If Fy(z,y) = So # 0, then ()" > 2P with LM(/(X,Y)) = Y. It follows that
(X, V)X —2), (X, Y)Y —y) € I with the leading monomials XY and Y2, respec-
tively. For a polynomial F(X,Y) — Fy(x,y) H(X,Y)(Y —y)Y € I, the remainder

r(X,Y) = Sy 2(SeTy + 3yT? — SpS1Th) (X — 2)* +1(X,Y)

on division by {I(X,Y)(X —z),[(X,Y)(Y —y)} is also in I. Since D is a normal divisor,
we have S2Ty+3yTE —SoS1T) # 0 by Theorem 4.1.2. Thus LM(r(X,Y)) = X?. It implies
that

g (X,Y) = (X —2)? + (S3Ty + 3yT} — SoS1 1) "Sal(X,Y). (2.3)

For the monic polynomial /,,(X,Y) = LC(I(X,Y)) " '(X,Y), we have a Groebner basis
{gl(X’ Y)’ lm(X7 Y)(X - :B)v lm(X> Y)(Y - y)}a

whose elements are monoic polynomials, for I. Thus g2(X,Y") is the remainder on division
of l,(X,Y)(X —z) by g1(X,Y) and ¢3(X,Y) is the remainder of /,,(X,Y)(Y — y) on
division by {¢1(X,Y), g2(X,Y)}. It follows that

gg(X, Y) = (X — .CE)(Y — y) — (Sng + 3yT12 — SoslTl)_lsoTll(X, Y),

(2.4)
g3<X, Y) = (Y - y)2 + (SSTQ + 3yT12 - SoslTl)_lel(X, Y)

If Fy(z,y) = So =0, then ()" = (X —z)" > 2P. Tt follows that ¢;(X,Y) = (X —z)?
and g2(X,Y) = (X —2)(Y —y). For a polynomial F(X,Y)— (Y —y)? € I, the remainder
r(X,Y) =3y(Y —y)>+ T1(X — z) on division by {g:(X,Y), g2(X,Y)} is also in I. Since
D is a normal divisor, we have y # 0 by Theorem 4.1.2. Thus LM(r(X,Y)) = Y2 It
follows that g3(X,Y) = (Y —y)? 4+ (3y) "'(X,Y). These ¢1(X,Y), g2(X,Y), g3(X,Y) are
the same as (2.3) and (2.4). O

4.3 Inverse of a normal divisor
We give the inverse of normal divisors of C.

Theorem 4.3.1 Let D € Div}(C) be a normal divisor, and let G be the reduced Groebner
basis for the normal ideal ¢~ (Ip). Let D' be the normal divisor such that D' ~ —D. Then

the reduced Groebner basis G' for the normal ideal p=*(Ip/) is as follows:
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(a) If G = {1}, then G’ = {1}.
(b) If G ={q1(X,)Y) =X +c1,0(X,Y) =Y + 2}, then
G ={h(X,)Y) =X +c,h(X,Y) =YY% — Y + o2 + 592 — 8101 + S0}
() If G={q1(X,Y) =X +¢1,02(X,Y) =Y? + a3V + ¢}, then
G ={mX,)Y)=X+c,hX,)Y)=Y —a}.
() IfG={q1(X,Y) =Y + 0 X +c1,0(X,Y) = X2+ by X + ¢}, then
G ={m(X,Y), ho(X,Y)} for

hl(X,Y) = Y+b1X+Cl,
hQ(X,Y) == X2+(—b§)—b2+t3—6182)X

—I—b‘i’bg + b% - 3b%61 — Cy + tg - bgtg - b181 + bleSQ — C1S59.

(e) ]fG = {gl(Xv Y)7g2(X7 Y)ag3(X7 Y)} fOT

gl(X, Y) = X2 +a1Y+b1X+cl,
gg(X, Y) = XY —|—a2Y + b2X + Ca,
gg(X, Y) = Y2 +CL3Y + ng + C3,

then G' = {h(X,Y), ha(X,Y), hs(X,Y)} for

X2+ a1 Y + 0, X + ¢,

XY + (—ag + b)Y + (@ — az — a;59) X

—alay + asaz — a2by — azby + a1bz — ays1 + ajassy + aits,

Y2+ (a? — by — a152)Y + (2a1b; — bz + 81 — byiso — art3) X

—2a1a3 + 2a%a3 + 2a1a2by — ayb3 — 3atby + b3 + asbs — bibs + so + a3ss

—Qa1a3Sg — a2b1$2 + 2a1b232 — (111?2 + albltg.

Proof. By Proposition 3.3.1, we have D' = —D+ (¢(g(X,Y"))) for the polynomial g(X,Y)

with the smallest leading monomial but Y in G. Since D is a normal divisor, Y? ¢

LM(G). It follows that D" = —D + (¢(91(X,Y))) for the polynomial ¢;(X,Y’) with the

smallest leading monomial in G. Furthermore, we have

9071([D’> = {h(X’ Y) ’ h(X’ Y)gi(Xa Y) € <91(X7 Y)aF(Xv Y)> for all gi(Xv Y) S G}

Thus ¢,(X,Y) € ¢~ '(Ip/). Since D is a normal divisor such that D ~ —D', D = —D'+(¢')

for a nonzero function ¢’ with the smallest pole degree in . Then (¢') = D+ D' = (¢1).
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This implies that the polynomial h;(X,Y’) with the smallest leading monomial in G’ is
equal to g1(X,Y). Futhermore,

0(G") = deg(D')* = deg(g1)" — deg D* = deg(g1)" — 4(G).

() f G ={q1(X,Y) =1}, 6(G") = 0. Thus G' = {h(X,Y) = 1}.
b) I G={1(X,)Y) =X +c1,0(X,Y) =Y + ¢}, then 6(G') = 2. Since ¢;(X,Y) =
X + ¢ € G', we have LM(G') = {X,Y?}. Thus

G ={m(X,)Y)=X+c,ha(X,)Y) = Y2+ AY + Co}

for Ay, Cy € K such that ho(X,Y)g:(X,Y) € (¢:(X,Y), F(X,Y)) for all ¢;(X.Y) € G.
We have a Groebner basis {¢1(X,Y), F(X,Y)} for (¢:(X,Y), F(X,Y)) since

lem(LM (g1 (X, V), LM(F(X, Y))) = LM(gs (X, Y))LM(F (X, Y)).
It follows that
ho(X,Y)g2(X,Y) = (X, Y)q1 (X, Y) + (X, Y)F(X,Y)

for i(X,Y), ga(X,Y) € K[X,Y] with LM(q;(X,Y)) < X? and LM(go(X,Y)) < 1. It
implies that Ay = —cy, Cy = 2% + 8903 — 5101 + S0.

() If G ={q1(X,Y) = X +¢1,0(X,Y) = Y2+ aY + ¢}, then §(G’) = 1. Thus
LM(G") ={X,Y} and

G, = {h1<X,Y> =X + Cl,hQ(X, Y) =Y + CQ}

for Cy € K such that hao(X,Y)g:(X,Y) € (q1(X,Y), F(X,Y)) for all g;(X,Y) € G. It
follows that

ho(X,Y)g2(X,Y) = q1(X, V)1 (X, Y) + ¢2( X, Y)F(X,Y)

for ¢1(X,Y),q(X,Y) € K[X,Y] with LM(q;(X,Y)) < X3 LM(¢g(X,Y)) < 1 since
{n(X,Y),F(X,Y)} is a Groebner basis for (¢;(X,Y), F(X,Y)). It implies that Cy =
—as.

()G ={q(X,Y) =Y + b X +c1,0(X,Y) = X? + 03X + 2}, then §(G') = 2.
Since ¢1(X,Y) € G', we have LM(G’) = {Y, X?}. Thus

G/ = {hl(X, Y) =Y + le -+ Cl,hQ(X, Y) = X2 + BQX -+ CQ}
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for By, Cy € K such that ho(X,Y)g:(X,Y) € (¢:1(X,Y), F(X,Y)) for all ¢;(X,Y) € G.
Let S(X,Y) = F(X,Y) - Y?%g(X,Y). Then {g;(X,Y),S(X,Y)} is a Groebner basis for
(W(X,Y), F(X,Y)) since §({91(X,Y),S(X,Y)}) = deg (g1)*. Thus

ha(X,Y)ga(X,Y) = (X, Y)g1(X,Y) + q2( X, Y)S(X,Y)

for 1 (X,Y),2(X,Y) € K[X,Y] with LM(¢1(X,Y)) < XY ,LM(¢(X,Y)) < 1. It implies

that
B2 = —b? — b2 + t3 — 6182,

Cg = b?bg + b% - 3b%61 — Co + tg - b2t3 - b181 + b1b282 — C1592.
() I G ={q1(X,Y), g2(X,Y), g5(X,Y)} for

a(X,)Y) = X? +a;YV +0 X + ¢,
@(X)Y) = XY +aY + X + ¢,
@(X,)Y) = Y2 tazV + b3 X + s,
then 0(G’) = 3 and
¢y = —a3 + agb; — a1by + ajas,
Cy = agby — aybs, (3.1)
c3 = —agbs — b3 + agby + bybs.
Since D’ is a normal divisor, LM(G’) = {X? XY, Y?}. Thus the elements of G’ are

M(X,)Y) = X2 +aY 40X+,
ho(X,Y) = XY +AY +BX +0y,
ha(X,Y) = Y? +AY +B3X +Cs

for A;, B;,C; € K such that h;(X,Y)g,(X,Y) € (01(X,Y), F(X,Y)) for all j,k=1,2,3.
Since §({¢1(X,Y), F(X,Y)}) = deg(g1)", {1 (X,Y), F(X,Y)} is a Groebner basis for
<91(X= Y)7F<X?Y)>

For hy(X,Y) € G,

hQ(X, Y)gg(X, Y) = Q1,1(X, Y)gl(X, Y) + qLQ(X, Y)F(X, Y) (32)
fOI‘ qu(X, Y), CI1,2(X, Y) - K[X, Y] Wlth LM(qu(X, Y)) S Y2, LM(qLQ(X, Y)) S 1, and

hQ(X, Y)g?)(Xa Y) = QZ,l(X7 Y)gl(X, Y) + Q2,2(X7 Y)F(X, Y) (3-3>
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fOI‘ QQ71(X,Y),(]272(X7 Y) S K[X, Y] Wlth LM(QQJ(X, Y)) S X3, LM(q272(X, Y)) S X
Thus, if a; # 0, then

A2 = —a9 + bl,
BQ = CL% — ag — 189, (34)
Cy = —ajas + azas — aiby — asby + arbs — a181 + ajasss + aits

by (31) and (32) AIld, if a; = 0, then Ag = —ao + bl, Bg = —as, CQ = Qo3 — a3b1 by
(3.1), (3.2) and (3.3). These values are the same as those in (3.4) with a; = 0.
For h3(X,Y) € G,

h3(X7 Y)QZ(Xa Y) = Q3,1(Xa Y)gl(Xv Y) + QS,Q(X7 Y)F(Xa Y) (35)
fOI‘ C]3,1(X, Y), Q3’2(X, Y) (- K[X, Y] Wlth LM(C]3,1(X, Y)) S X3, LM(Q&Q(X, Y)) S X, and
h3<X, Y)gg(X, Y) = Q4’1(X, Y)gl(X, Y) + Q472<X, Y)F(X, Y) (36)

for qu1(X,Y),u2(X,Y) € K[X,Y] with LM(gs1(X,Y)) < X%V, LM(q42(X,Y)) < Y.
Thus, if a; # 0, then

A3 = a® —by— 182,
B3 = 2a1b1 — bg + S1 — 6182 — a1t3, (37)
03 = —2&1&% + 2&%(13 + 2a1a2b1 — alb% — 3@%()2 + b% + (12b3 — blbg

“+So + CL%SQ — a1a3S2 — a2b182 -+ 2&1[)282 — ath —+ a1b1t3

by (3.1) and (3.5). And, if a; = 0, then A3 = —by, By = —bs + 51 — b1sy and C3 =
b2 + asbs — bibs + so + a3ss — asbisy by (3.1), (3.5) and (3.6). These values are the same
as those in (3.7) with a; = 0.

Hence, we completely proved it. O

4.4 Addition of normal divisors

We consider the addition of normal divisors in Div%(C). Let D; = E; — n; - 0o and
Dy = E5 —ny - 00 be normal divisors of C. Let D' = E' — n’ - 0o be a normal divisor such

that D' ~ —(D1+ D), and let D = E—n-oo be a normal divisor such that D ~ D;+ Ds.
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From now on, we use the following notation: For i = 1,2,

I; :anormal ideal o' (L(co - 0o — E})),
I’ :anormal ideal ¢! (L(oco - 00 — E')),

I :amnormal ideal o~ (L(co - 00 — F)),
G; : areduced Groebner basis for [;,

Gy : aset {fl(X7 Y)gJ(Xa Y)vF(Xv Y) ’ fl(Xa Y) € Glagj(Xa Y) € G2}7

~

S

G : areduced Groebner basis for I,
H : areduced Groebner basis for ¢ '(Ip,1p,) = ¢ ' (L(co - 00 — (E; + E»))),
hi(X,Y) : a polynomial with the smallest leading monomial in H,
X,Y)

Ul(

The final purpose of this section is to find G for the given G; and Gs.

: a monic polynomial with the smallest leading monomial in I’.

We first study a way of finding the reduced Groebner basis H for ¢! (Ip,p,) by using
the fact that G, is a generating set of ¢~ '(Ip,p,). We have §(H) = ny + ny. Thus, if
d(G4) > ny + ng, then G, is not a Groebner basis and it is necessary to do division of
S-polynomials by the algorithm due to Buchberger. It is possible to omit the following
S-polynomials in G:

(a) S(figj, fugy) for fi, fr € G, gj, 9y € G2 with i =4 or j = j’;

(b) S(f,g) for f.g € G, with lem(LM(f), LM(g)) = LM(f)LM(g);

(c) S(f,qg) for f,g € G, with h # f, g in G, such that S(f,h) and S(g, h) are divisible
by G,, and LT(h) divides lem(LT(f),LT(g)).

Let S = {S1,...,5,} be the set of S-polynomials in G, except those S-polynomials.
For ¢ = 1,...,m, let r; be the remainder of S; on division by G, U {ry,...,7;_1}. Let

Gg1=G,U{ry,...,r,}. Then
ny+ng < (S(Gg,l) < (S(Gg>

If ny +n9 < 6(Gy1), it is needed to consider S-polynomials in G, ;. For every r; # 0, it is
enough to consider the S-polynomials S(r;, f) and S(r;, g), where f (resp. g) is a nearest
element to 7; in the lower right-hand (resp. in the upper left-hand) as considering the
leading monomials by the above (c). By iterating this work until the value of § decreases
to ny + ng, we get a Groebner basis. Thus the number of divisions to be done for getting

a Groebner basis for ¢~ '(Ip,1p,) is m + 2(6(G,) — (n1 + ng) — 1) at most.
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Since we have §(H) = ny + ny < 6, H contains an element whose leading monomial
is smaller than Y3. Thus, D' = —(D; + Dy) + (h;) for the polynomial h;(X,Y’) with the

smallest leading monomial in H by Proposition 3.3.1. Furthermore, we have
I'={v(X,Y) | v(X,Y)hi(X,Y) € (h(X,Y), F(X,Y)) for all h;(X,Y) € H}

as shown in Section 3.3. Since D’ is a normal divisor, D = —D'+ (v1) and v, (X,Y) € G.
It follows that

D = Dy + Dy — (h1) + (v1).
Thus

E=E+E,—(h)"+ (n)"
because the divisors D, Dy + D, (hy) and (v;) have no pole point but at infinity. Since
D' = —(Dy + Ds) + (hy), we have n’ = deg(hy)™ — (ny + ny). Thus LM(v;(X,Y)) is
determined if deg(hy)* # ny + ng + 2. If deg(h1)™ = ny + ny + 2, then LM (v, (X,Y))
is either X or Y. Further, LM(v1(X,Y)) is determined by LM(v(X,Y)h;(X,Y)) €
LM((hy(X,Y), F(X,Y))) for all h(X,Y) € H. Let H = {hy(X,Y),...,h(X,Y)}. Then
LM(G) is determined by LM(H) and G is obtained by a generating set for I, which is

given as follows.
Let ¢;1(X,Y),qi2(X,Y) € K[X,Y] satisfy
v (X, Y)hi(X,Y) = qia(X,Y)h(X,Y) + ¢io( X, Y)F(X,Y).
Then
(v1) + (hi) = (gi1) + (ha).
It follows that
()" + (h)" = (@)™ + ()™
Thus
(@)™ = (v1)" + (ha)" — (ha) ™.
Since (h;)* > Ey + E», we have ¢;1 € L(co- 0o — E). Thus ¢;1(X,Y) € I.
If f/(X,Y) eI, then (f)T > E. Tt follows that
()T = Er+ Ey— (ha)" + ()"
= min{(h)* — (h)"+ ()" |i=1,...,t}

= min{(¢;1)T|i=1,...,t}.
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It implies that f € (¢11,...,q:1). Thus

fX)Y) € o' (a1, a)
= (a(X,)Y),...,q1(X,Y), F(X,Y)).

Hence I = (q1(X,Y), ..., q1(X,Y), F(X,Y)).

Now, we study the sum D; + Dy. We assume that coefficients A;, B;, C;, a;, b;, ¢; of
polynomials are elements of K and we assume that S;, r; are polynomials in K[X,Y]. For

a polynomial f(X,Y'), we write f instead of f(X,Y).

I. n1:1,n2:1

Since deg (D1 + D3)™ = 2, Dy + D5 is a normal divisor by Theorem 4.1.2. Thus
D = D;+ D5, and G is equal to H. If the reduced Groebner bases are

G = {fl(X7Y>:X+Claf2(X7Y>:Y+CQ},
G2 == {gl(X7 Y) - X +C]_,gQ(X, Y) = }/—‘—Cz}7

we have the following diagram on LM(G,). The point of vacant circle denotes an element
in A(G,), and ‘MD = (4,7) : f(X,Y) means LM(f(X,Y)) = X'Y? for a polynomial
[(X,)Y)edG,.

J
3 i e o o o MD = (0,3):F
(1,7) < XV7
270 o o e (0,2) : fago
1 e o o (1,1) : fig2, fogn
O PP (2,0) : fig
0 1 2 3 1

LM(G,) = {X2 XY, Y2 Y3}

It follows that S = {S1 = S(f192, f201), S2 = S(F, fag2)} with deg(G,) = ny +ny+ 1. For
a nonzero r; in {ry, 72}, LM(r;) is either X or Y. The remainder of S; on division by G,
is

r = (Cy — )Y + (=Cy + c2) X + Cica — Coey.
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Further, if r; = 0, i.e. G = G, the remainder of Sy on division by G| is
o = Fy(—Cl, —Cg)(y -+ 02) —+ FX(—Cl, —CQ)(X + 01),

where Fx (resp. Fy) denotes the partial derivative of F/(X,Y") with respect to X (resp.
Y).
Since §(H) = 2, we have the following diagrams on LM(H) = LM(G).

1) 2)
Je o o o Je o o o

LM(H) = LM(G) LM(H) = LM(G)
= {X7 Y2} = {Y7 X2}

As a result, we have the following:
(i) If G1 # Gy with C) # ¢y, then H = G = {(Cy — ¢1) 7'y, fig1}-
11) If G1 7é GQ with CI = (1, then H = G = {fl,fggg}.

(.
(111) If Gl == G2 and Fy(—Ch —Cg) 7é 0, then H = G == {Fy(—cl, —02)717“2, f191}~
(IV) If G1 = G2 and Fy(—cl, —CQ) = 0, then H =G = {fl, fggg}.

1I1. n1:1,n2:2

For a normal divisor Dy of pole degree 2, LM(Gy) is either {X,Y?} or {Y, X?}.

1. LM(G.,) = {X,Y?}

If the reduced Groebner bases are

Gi = {AX)Y)=X+C1, fo(X)Y) =Y + 0o},
Gy = {a(X,)Y) =X+, 0(X,Y) =Y+ aY + ¢},
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we have the following diagram on LM(G,).

J
3 i o o o o MD = (0,3) : fags, F
(i,7) < XY/
2 e o o (1,2) : fige
1 e o o (1,1) : fag
O— 0 o e (2,0) : fign
0 1 2 3 4

LM(G,) = {X2 XY, XY2 Y3}

It follows that S = {S1 = S(f192, f291), S2 = S(F, fag2)} with 6(G,) = n1 +ne+ 1. Thus,
for r; # 0 in {ry,m}, LM(r;) is either X or Y2. The coefficient of Y2 in ry is C} — ¢;.
Further, if r; = 0, the coefficient of Y2 in ry is —Cy — ay. It follows that H contains an
element whose leading monomial is X if and only if Cy = ¢; and Cy = —as.

Since §(H) = 3 with A(H) C {1, X,Y,Y?}, we have the following diagrams on LM(H),
which are followed by LM(G).

(1) 2)
Je o o Je o o o

L) LM(H) = IiM(G)
= {X> Ys} _ 2 2
o LM(G) = {X5 XV 77
= {1}

As a result, H and G are as follows:

(i) If C1 = ¢; and Cy = —ag, then H = {fi, fogo} and G = {1}.

(ii) If Cy = ¢; and Cy # —ay, then H = G = {f191, f2g1, —(Co + az) 'z}
(iii) If Cy # ¢y, then H = G = {f191, foq1, (C1 — 1) "'y}

2. LM(G,) = {Y, X2}

If the reduced Groebner bases are
G = {AX)Y)=X+C, fo(X)Y) =Y + 0y},
Gy = {q(X,)Y)=Y +0uX +0c1,0(X,Y) = X2+ b, X + o},
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we have the following diagram on LM(G,).

J
3 i e o o o MD = (0,3):F
(i,7) < XY/
270 e o o (0,2) : fagn
1 e o o (1,1): fig: (2,1) : fago
6O o0 0 e (3,0) : fig2
0 1 2 3 4

LM(G,) = {XY, Y2 X3 X2Y,Y?)}

It follows that S = {S1 = S(fig1, f2g2), 52 = S(F, fag1)} with 6(G,) = ny +ny + 1. For
r; # 0in {ry,ro}, LM(r;) is either Y or X2. The coefficient of X2 in ry is —g;(—C}, —C»).
Further, if 71 = 0, the coefficient of X? in ry is the remainder on division of the quotient
F(X,=b1 X —c1)/g2 by fi.

Since 6(H) = 3 with A(H) C {1, X, Y, X?}, we have the following diagrams on LM(H),
which are followed by LM(G).

0

LM(H) LM(H) = LM(G)
= {Yv X?’} _ 2 2
& LM(G) = {5 AV Y
= {X7 Yz}

As a result, we have H and G as follows:
(i) If g1(—=C1,—Cq) = 0 and F(X,—0 X — ;) is divisible by fi1g2, then H = {h; =
g1, he = fig2} and LM(G) = {X,Y?}. For the polynomial v;, we have

vihy = @a1h1 + qo(F — thl)

for qo1,q20 € K[X,Y] with LT(v;) = X,LM(qa.1) < XY, q22 = 1 since {hy, F — Y?h;}
is a Groebner basis for (hy, F) and vihy € (hy, F). It follows that {v,Y? — qo1} is a
Groebner basis, whose elements are monic polynomials, for I. Thus G = {vy, vy} for the

remainder vy of Y2 — gy on division by ;.

42



(ii) If g1 (—C4, —Cy) = 0 and F(X, —b; X — ¢;) is not divisible by figs, then H = G =
{T’Q,m, fig1 — b1T2,m7 fagr — bifign + b%TZ,m}'
(iii) If g1 (—Ch, —Co) # 0, then H = G = {r1m, {191 — b171.m, fog1 — bifigr + U3rim}.

I11. n; = 1,n2 =3

If the reduced Groebner bases are

Gy = {fl(XvY):X+Ol7f2(XaY):Y+OQ},
Gy = {g(X,)Y) =X+ 1Y + X +¢1,02(X,Y) = XY + oY + b X + o,
gg(X, Y) = Y2 + CL3Y —+ b3X —+ 03},

we have the following diagram on LM(G,).

w .
o—
[ ]
(]

[ ] o MD = (Oa 3) : f2937F
(i,§) < XY
20 e e e (1,2) : figs, f292
10 o e e (2,1) : frg2, fomn
O — (37 0) : flgl
0 1 2 3 1

LM(G,) = {X3, X2V, XY?, Y3}

It follows that S = {S1 = S(f192, f201), S2 = S(f195, f292), 53 = S(F, f2g3)} with 6(G,) =
ny +ng + 2. For G, = G, U {ry,rs,m3}, 0(Gy1) is either 4 or 5. If 6(Gy 1) = 4, then
Gy is a Groebner basis. If §(G, 1) = 5, then there is exactly one nonzero polynomial in
{ri,m9,r3}. For r; # 0, LM(r;) is X2, XY or Y? and it is enough to consider the following
S-polynomials in Gy :

(i) S(ri, fig1) and S(ry, fige) if LM(r;) = X3

(ii) S(ri, fige) and S(ry, figs) if LM(r;) = XY

(iii) S(r;, frgs) and S(ry, fags) if LM(r;) = Y2
For a nonzero remainder r of these S-polynomials on division by G,1, G431 U {r} is a
Groebner basis for ¢~ !(Ip, 4 p,) since 6(G,1) = ny+ne+ 1. Thus, the number of divisions

to be done for getting a Groebner basis for ¢~1(Ip, p,) is 5 at most.
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Since §(H) = 4 with A(H) C {1,X,Y, X2, XY,Y?}, we have the following diagrams
on LM(H ), which are followed by LM(G).

(1) (2) (3)
J e o o J ¢« o o J ¢ o o
LMH) ! LM(H) LM(H) !
— {X2,XY,V3} = {X2,v?) — {XY, Y2, X3}
& LM(G) & LM(G) & LM(G)
={X,Y} = {Y, x?} = {X?, XY, V?}

In the case of (1), ' = deg(h1)" — (n1 + ng) = 2. It follows that LM(v,) is either
X or Y. Let H = {hy, hy, hs} with LM(h;) = X2, LM(hy) = XY,LM(h3) = Y3. Then
{hy, F'} is a Groebner basis for (hy, ) since lem(LM(hq), LM(F')) = LM(hy)LM(F). Thus
LM(v1h;) € (X2Y3) for all h; € H. Tt follows that LM(v;) = X. Further, n = 1 and
LM(G) = {X,Y}. Since v hy € (hy, F'), we have

vihy = @1l + qo o F

for ga1, o2 € K[X,Y] with LT(g21) =Y, 22 = 0. It follows that {v1,¢21} is a Groebner
basis for I. Thus G = {vy, v2} for the remainder vy of go; on division by v;.

In the case of (2), n’ = deg(h1)™ — (n1 + n2) = 2. Let H = {hy, ho} with LM(h;) =
X2 LM(hy) = Y2 Then {hy, F'} is a Groebner basis for (hy, F'). Thus LM(vh;) €
(X2,Y3) for all h; € H. Tt follows that LM(v;) = Y. Further, n = 2 and LM(G) =
{Y, X?}. Since vihy € (hy, F), we have

vihy = @1l + qo o F

for ga1,q22 € K[X,Y] with LT(ga1) = —X?,¢qo2 = 1. It follows that {vi,—qo1} is a
Groebner basis for I. Thus G = {vy, v} for the remainder vy of —¢21 on division by v;.
In the case of (3), n’ = deg (h1)™ — (ny + ny) = 3. Thus LM(v;) = X? and LM(G) =
(X2, XY,Y?)}. Let H = {hy, ho, by} with LM(h;) = XY,LM(hy) = Y2, LM(h3) = X°.
Then {hy, F,XF — Y?h;} is a Groebner basis for (hy, F'). Since v1h; € (hy, F) for all
h; € H, we have
vihy = @oihi + Qo F + @ 3(XF — Y?hy)

44



for qa.1,q22, 2.3 € K[X,Y] with LT(g21) = XY,LM(qs2) < 1,23 = 0, and
UlhB = Q3,1h1 + Q372F -+ Q3’3(XF — Y2h1>

for ¢s1,¢32,¢33 € K[X,Y] with LM(g3;1) < XY,LM(g32) < 1,¢33 = 1. It follows that
{v1,q21,Y% — 31} is a Groebner basis for I. Thus G = {vy,v9,v3} for the remainder vy

of go.; on division by v; and the remainder v3 of Y? — g3 on division by {vy, v}
Remark. We have another way to find H according to the relation between G; and Gj.

We give it in Appendix.

IV n1:2,n2:2

1. LM(Gy) = {X,Y2},LM(G») = {X,Y?}

If the reduced Groebner bases are

G = {AXY)=X+C, Lo(X.Y) =Y+ AY + Ca},
Gy = {a(X,)Y)=X+40c1,0(X,Y) =Y? + @Y + o},

we have the following diagram on LM(G,).

J

4 L e o o o MD = (0,4): fago
(i,7) < XY/

36 e e e 0,3): F

20 e e e (1,2) : f1g2, fagn

10 O ° )

oo (2,0): figm
0 1 2 3 1
LM(G,) = {X2 XY2, Y3 Y1)

It fOHOWS that S = {Sl = S(flgg,fggl),SQ = S(F, flgg),S:g = S(F, fggg)} Wlth 5(Gg) =
ny +ng + 1. For a nonzero r; in {ry,r9,73}, G,U{r;} is a Groebner basis for ¢~ (Ip,+p,)

with LM(r;) = XY or Y? since 6(G,) = ny +ng + 1.
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Since §(H) = 4 with A(H) C {1,X,Y, XY,Y?}, we have the following diagrams on
LM(H) with the same result on G corresponding to H as that of III. n; = 1,n, = 3.

(1) (2)
Je o o o Je o o o

2. LM(G1) = {X,Y2},LM(G,) = {Y, X2}

If the reduced Groebner bases are

Gi = {AX,)Y)=X+0, £(X,Y) =Y2 4+ AY + Oy},
Gy = {g(X,)Y)=Y +01 X +c1,0(X,Y) = X2+ 0. X + o},

we have the following diagram on LM(G,).

w .
o
°
°

° A A MD = (O, 3) . f291,F
(i,7) < XY
2 e o o (2,2) : fago
1 e o o (1,1): fign
O *— (37 0) : flg2
0 1 2 3 1

LM(G,) = {XY, X3 V3 X2Y?}

It follows that S = {S1 = S(F, fag1), S2 = S(fag2, figr)} with 6(Gy) = ny +ny+ 1. For a
nonzero 7; in {ry,ro}, G, U {r;} is a Groebner basis for ¢~ (Ip,;p,).

Since 6(H) = 4 with A(H) C {1,X,Y, X% Y?}, we have the following diagrams on
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LM(H) with the same result on G corresponding to H as that of III. n; = 1,n, = 3.

(1) (2)

Jb e e Jb e e
LM(H) LM(H)

= (X2 XY,Y?)} — (XY, Y2, X%}
& LM(G) < LM(G)

= {X,Y} — (X% XY,Y?}

3. LM(G4) = {Y, X2}, LM(G,) = {Y, X2}

If the reduced Groebner bases are

Gi = {AX,)Y)=Y + BiX +Cy, fo(X,Y) = X2 + By X + Cy},
G2 = {91(X,Y):Y—i-le—i-cl,gg(X,Y):X2+b2X-|—c2}7

we have the following diagram on LM(G,).

J
3 L e o o o o MD = (0,3):F
(4,7) = X'YV
270 © e o e (0,2) : fign
10 0 e e e (2,1) : frg2, foqn
O *— (4a 0) : f292
0 1 2 3 4 1

LM(G,) = {V2 X2V, X4 Y3}

It follows that S = {S1 = S(F, f193), S2 = S(f292, fig1), S5 = S(f295, f192)} with 6(G,) =
ny+ne + 2. For Gy = G,U{r1,ra, 73}, 6(Gy1) is either 5 or 6. If 6(Gy 1) = 5, then Gy
is a Groebner basis for ¢! (Ip,1p,). If 6(G,1) = 6, then there is exactly one nonzero
polynomial in {ry,ry,73}. For r; # 0, LM(r;) = XY or X3, and it is enough to consider
the following S-polynomials:

(i) S(f1g1,7;) and S(figq,r;) if LM(r;) = XY

(i1) S(f291,7:) and S(faga,r;) if LM(r;) = X3,

Then, for a nonzero remainder r of these S-polynomials on division by G,1, Gy1 U {r}
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is a Groebner basis for ¢ '(Ip,4p,) since §(Gy1) = ny + ny + 1. Thus, the number of
divisions to be done for getting a Groebner basis for ¢! (Ip,.p,) is 5 at most.

Since §(H) = 4 with A(H) C {1,X,Y, X? XV, X} we have the following diagrams
on LM(H) with the same result on G corresponding to H as that of III. n; = 1,ny = 3.

V. 1'11:2,1'12:3

1. LM(G,) = {X,Y?}

If the reduced Groebner bases are

Gl - {fl(XJY):X+C17f2(X7Y):Y2+A2Y+C2}7
Gy = {p(X,Y)=X2+a1Y + 01 X +c1,2(X,Y) = XY + a2 + 0o X + co,
g3(X, Y) = Y2 + G3Y + ng + 63},

we have the following diagram on LM(G,).

J
4 i e o o o MD = (0,4) : fags
(i,7) < XY/

36 e e e 0,3): F (1,3) : fago
20 o e e (1,2) : figs  (2,2) 1 fagn
10 e ° ° (2,1) 1 fige

O o— (Sa 0) : flgl
0 1 2 3 1

LM(G,) = {X3, X2V, XY?2 Y3 X2Y2 XY3 Y4}
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It follows that S = {S1 = S(fa91, f193),52 = S(f292, [193),S3 = S(fag2, F), Sy =
S(fags, F)} with 0(Gy) = ny +ne + 1. For r; # 0 in {ry,re,rs,ra}, G, U {r;} is a
Groebner basis for ¢! (Ip, 1 p, ).

Since §(H) = 5 with A(H) C {1,X,Y, X? XY,Y?}, we have the following diagrams
on LM(H), which are followed by LM(G).

(1) (2) (3)
J o o o J ¢« o o J o o o
LM(H) LM(H) LM(H)
— {X2,XY?2, Y%} = {XY, X3,v3) = {V2, X3 X2V}
< LM(G) < LM(G) < LM(G)
= {X,Y?} = {v, X%} — {X2,XY,Y?}

In the case of (1), n’ = 1 and LM(v;) = X. Further, n = 2 and LM(G) = {X,Y?}.
Let H = {hl, hg, hg} with LM(hl) = X2, LM(hg) = XYZ, LM(hg) = Ys. Then {hl, F} is

a Groebner basis for (hy, F'). Since vihy € (hy, F'), we have
vihe = qa1hy + @2 o F

for qo1,qa2 € K[X,Y] with LT(go,1) = Y2 LM(ga2) < 1. Tt follows that {vy,qo1} is a
Groebner basis for I. Thus G = {v;, v2} for the remainder vy of g2 ; on division by v;.

In the case of (2), n’ = 2. It follows that LM(v;) is either X or Y. Let H = {hy, ho, h3}
with LM(hy) = XY, LM(hy) = X3 LM(h3) = Y3. Then {h;, F, XF—Y?h,} is a Groebner
basis for (hy, F). Since LM(vih;) € (XY, X3 Y3) for all h; € H, we have LM(v;) =Y. Tt
follows that n = 2 and LM(G) = {Y, X?}. Since v1hy € (hy, F'), we have

vihy = g1y + @oF + qoa(XF — Y?hy)

for qa1,q22,q23 € K[X,Y] with LT(g21) = X% LM(ga2) < 1,¢23 = 0. It follows that
{v1,¢21} is a Groebner basis for I. Thus G = {v;,ve} for the remainder vy of go; on
division by v;.

In the case of (3), n’ = 3 and LM(v;) = X?. Further, LM(G) = {X? XY,Y?}. Let
H = {1, ha, hy} with LM(h;) = Y2, LM(hs) = X* LM(hs) = X2Y. Then {h, F — Y}
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is a Groebner basis for (hy, F'). Since vihy € (hy, F'), we have
vihy = @a1h1 + 612,2(F —Yhy)

for g21,¢22 € K[X,Y] with LM(ga,1) < X% LT(g22) = X, and
vihs = qs1h1 + @z 2(F — Y hy)

fOI' Q371,Q372 - K[X, Y] Wlth LM(Q371) S X}/, LT(Q372) = Y It fOHOWS that {U17q2,2Y —
¢2.1,q32Y — q31} is a Groebner basis for I. Thus G = {vy, ve, v3} for the remainder vy of

¢22Y — g1 on division by v; and the remainder vs of g32Y — g3 on division by {vy, va}.

2. LM(G,) = {Y, X2}

If the reduced Groebner bases are

Gi = {A(X,)Y)=Y + BiX 4+ Cy, fo(X,Y) = X? + By X + Cy},
Gy = {a(X,Y)=X2+a Y + X +e1,0(X,Y) = XY + aY + 0 X + ¢,
93(X7 Y) = Y2 + CL3Y + b3X + Cg},

we have the following diagram on LM(G,).

w .
o—
[ J

[

[

.  MD= (0,3): figs, F
(i,7) < XY
2 e o o o (1,2) : fige  (2,2) : fags
1 O e e e (2,1): fig1 (3,1): fago
o0 0 0 e (4,0) : fagn
0 1 2 3 4 4

LM(G,) = {X2Y, XY? X4 V3 X3Y, X2y?}

It follows that S = {S1 = S(F, f193), S2 = S(f292, f1g1), S5 = S(f293, f192)} with 6(G,) =
ny +ng + 2. For G, = G, U {ry,rs,m3}, 0(Gy1) is either 5 or 6. If 6(Gy1) = 5, then
Gy1 is a Groebner basis. If §(G,1) = 6, then there is exactly one nonzero polynomial
in {ry,re,r3}. For r; # 0, LM(r;) is XY, Y? or X3 and it is enough to consider of the
following S-polynomials:

(1) S(f1g1, Ti) and S(flgg, 7"@') lf LM(Tz) = XY,
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(ii) S(f1ga,7:) and S(f1gs,m;) if LM(r;) = Y%

(iii) S(fog1,7:) and S(faga, ;) if LM(r;) = X3.
For a nonzero remainder 7 of these S-polynomials on division by G,1, G41 U {r} is a
Groebner basis for ¢! (Ip, 4 p,) since §(Gy1) = ny+mng+ 1. Thus, the number of divisions
to be done for getting a Groebner basis is 5 at most.

Since §(H) = 5 with A(H) C {1,X,Y, X% XVY,Y?% X3}, we have the following di-
agrams on LM(H) with the same result on G as that of 1. LM(G;) = {X,Y?} in
V. n; =2, ny = 3 except (2).

Jh o o o o Jd o o o e Jh o o o o Jh o o o o
LM(H) LM(H) LM(H) LM(H)
X2 XYLYR) = XV YL XY —{XY,X5Y%) = {Y2 X5 XY}
= TM(G) = TM(G) = TM(G) = TM(G)
—(X,Y?) — (XY} — (v, X2 — (X2 XY,Y?)

In the case of (2), n’ = 2. Thus LM(v;) is either X or Y. Let H = {hy, ho, h3} with
LM(hy) = XY,LM(hs) = Y2 LM(h3) = X*. Then {hy,F, XF — Y2k} is a Groebner
basis for (hq, F').

Now, consider on LM(v;). Suppose that LM(v;) =Y. Then LM(G) = {Y, X?}. Since
vihy € (hy, F),

vihe = ga1hy + qooF + o 3(XF — Y2h1)

fOI‘ 421,492,2,423 S K[X, Y] with LM(QQJ) S Y, g22 = 1,QQ’3 = 0. Then q21 = ]CUl fOI'
k € K since qo1 € I with LM(qe1) < Y. It follows that vy(hy — khy) = F . It is a
contradiction since F' is irreducible. Hence we have LM(v;) = X and LM(G) = {X,Y}.

Since vihy € (hy, F'), we have
vi1he = ga1hi + qooF + o 3(XF — Y2h1)
fOI‘ q2’1, q272, QQ,g c K[X, Y] Wlth LT(qQJ) = Y, qZQ = QQ,g = 0 It fOHOWS that {Ul, qu} iS a
Groebner basis for I. Thus G = {v;, vo} for the remainder vy of g2 ; on division by v;.
VI n; — 3,112 =3
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If the reduced Groebner bases are

G = {i(X,)Y)=X?+A)Y + BIX +C1, [o(X,Y) = XY + AY + By X + (s,
fg(X, Y) = Y2 + AgY + BgX + Cg},

GQ = {gl<X,Y> = X2 + CL1Y —+ le =+ Cl,gg(X, Y) = XY + CLQY —+ bQX + Co,
gg(X, Y) = Y2 + CL3Y —I— b3X —I— Cg},

we have the following diagram on LM(G,).

J
4 L e o o o ~ MD= (0,4): f3g
(i,7) < XY/
3¢ e e e e (0,3): F (1,3) : fags, f392
2 O ) ) ) (272) : f193, f292, fagn
1 O O e e (3,1) : fig2, fomn
O—O0—0—0——o— (4,0) : fig
0 1 2 3 4 4

LM(G,) = {X*, V3 X3Y, X2V2 XY3 Y4}

It follows that S = {S1 = S(fig2, fa01),S2 = S(f193, f292),55 = S(f193, f391), 54 =
S(f293, f392), 55 = S(fa05, F),S¢ = S(f393, F)} with 6(G,) = ny +ng + 3. For Gy =
GgU{ri,ra,73,74,75,76}, 0(Gg1) is 6, 7 or 8. If §(G,1) = 6, then Gy ; is a Groebner basis.
If 6(Gy1) = 7, then there are one or two nonzero polynomials in {7, ry, 73,74, 75,76 }. For
all 7, # 0 in {ry,ro,73,74,75, 76}, we compute the remainders of S-polynomials S(r;, f)
and S(r;,g) for a nearest polynomial f to r; in the lower right-hand and a nearest
polynomial ¢g to r; in the upper left-hand of G, as considering the leading monomi-
als. Then, for a nonzero remainder r of S-polynomials, G,; U {r} is a Groebner basis
since 0(Gy1) = m +ne + 1. If 6(Gy1) = 8, then there is exactly one nonzero poly-
nomial in {ry,ry,73,74,75,76}. For a nonzero r; in {ry,ry,r3,74,75,76}, it is enough to
consider the S-polynomials S(r;, f) and S(r;, g) for a nearest polynomial f to r; in the
lower right-hand and a nearest polynomial g to r; in the upper left-hand of G ;. Let 7,
be the remainder of S(r;, f) on division by Gy, and let ;2 be the remainder of S(r;, g)
on division by G, U{r;1}. For Gyo = Gy1 U {r;1,7:2}, deg(Gy2) is either 6 or 7. If
d(Gy2) = 6, then G, 5 is a Groebner basis. If 6(Gy2) = 7, then there is only one nonzero

polynomial in {r;,7;2}. For a nonzero r;; in {r;1,7;2}, it is enough to consider the
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S-polynomials S(r; ;, f) and S(r; ;,g) for a nearest polynomial f to r; ; in the lower right-
hand and a nearest polynomial g to 7;; in the upper left-hand of G,5. For a nonzero
remainder r of those S-polynomials on division by G, 2, G,2 U {r} is a Groebner basis
since 6(Gy2) = mq + ny + 1. Thus, the number of divisions to be done for getting a

Groebner basis is 10 at most. In particular, if G; = G5, the number of divisions to be

done is 7 at most.
Since §(H) = 6 with A(H) C {1,X,Y, X% XY,Y?% X3 X?Y, XY?}, we have the fol-
lowing diagrams on LM(H ), which are followed by LM(G).

(1) (2) (4)

LM(H) L LM(H) L LM(H) L LM(H) L LM(H)
={X2Y3} ={XY,X4Y3} ={Y?2 X3} ={Y?2 X%, x*} ={X3 X2V, XY?Y3}
<LM(G) <LM(G) <LM(G) <LM(G) <LM(G)
={1} ={X,Y?} ={X,Y} ={Y,x?} ={X%,XY,Y?}

In the case of (1), n’ =0. Thus n =0 and G = {1}.

In the case of (2), n’ = 1. Thus LM(v;) = X and LM(G) = {X,Y?}. Let H =
{1, ha, hs} with LM(hy) = XY, LM(hy) = X* LM(hy) = Y*. Then {hy, F, XF — Y?h,}
is a Groebner basis for (hy, F'). Since vihy € (hy, F'), we have

vihy = g1y + @2 F + qoa(XF — Y?hy)
for ga1,q22,q23 € K[X,Y] with LM(g21) < XY,LM(g22) < 1,¢23 = 1. It follows that
{v1,Y2—qo1} is a Groebner basis for I. Thus G = {vy, v2} for the remainder vy of Y2 —gg 4
on division by v;.

In the case of (3), ' = 2. Thus LM(v) is either X or Y. Let H = {hy, he} with
LM(h;) = Y2, LM(hy) = X3. Then {hy, F — Yhy} is a Groebner basis for (h;, F'). Since
LM(vih;) € (Y2 X% for all h; € H, we have LM(v;) = X. It follows that LM(G) =
{X,Y}. Since v1hy € (hy, F'), we have

vihe = gaih1 + qo(F — Y )
for go1,q22 € K[X,Y] with LM(g21) < X, g2 = 1. It follows that {vy,Y — ¢o1} is a
Groebner basis for I. Thus G = {vy, v} for the remainder vy of Y — g ; on division by

V1.
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In the case of (4), n’ = 2. Thus LM(v;) is either X or Y. Let H = {hy,hs, hs}
with LM(hy) = Y2 LM(hy) = X?Y,LM(h3) = X*. Then {hy,F — Yh;} is a Groebner
basis for (hy, F). Since LM(vihy) € (Y% X*), we have LM(v;) = Y. It follows that
LM(G) = {Y, X?}. Since v1hy € (hy, F'), we have

vihy = qa1h1 + qo(F — Y )

for g21,q22 € K[X,Y] with LT(g2,1) = X% LM(g22) < 1. It follows that {v1,q21 — Yoo}
is a Groebner basis for I. Thus G = {vy, v9} for the remainder vy of g2 —Y g2 2 on division
by ;.

In the case of (5), n’ = 3 and LM(v;) = X?. Further, LM(G) = {X? XY,Y?}. Let
H = {h1, ho, hy, ha} with LM(h;) = X? LM(hs) = X2Y,LM(h3) = XV?, LM(hy) = Y3,
Then {hy, F'} is a Groebner basis for (hy, F'). Since v1h; € (hy, F') for all h; € H, we have

vihe = ga1h1 + @22 F
fOI‘ qu, q2’2 - K[X, Y] Wlth LT(QQJ) = X}/, LM((]QQ) S X, and
vihs = g3 1h1 + gz 2F

for ¢s1,q32 € K[X,Y] with LT(g31) = Y?,LM(g32) < Y. It follows that {v1,¢21,q31} is
a Groebner basis for /. Thus G = {vy,v9,v3} for the remainder vy of go; on division by

vy and the remainder vz of ¢34 on division by {wvy, v2}.
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Chapter 5

Appendix

In this appendix, we consider on the sum of normal divisors D; and D, of a C34 curve
by using the relation between the reduced Groebner basis for ¢~ !(Ip,) and the reduced
Groebner basis for ¢™'(Ip,). In particular, we consider on the reduced Groebner basis
H for ¢~ '(Ip,+p,). Let D be the normal divisor such that D ~ D; + D,. For the given
H, the computation of the reduced Groebner basis G for ¢~'(Ip) is presented in Section
4.4. Now that the reduced Groebner basis is easily computed by a Groebner basis ([5]),
we compute a Groebner basis. Here, we use the notation in Chapter 4. Sometimes we

represent a polynomial f(X,Y) € K[X,Y] as f.

For the sum D; + D, with ny = 1 and ny, = 1 or 2, the result on G is given in Section

4.4.

Now, we consider the sum Dy + Dy with ny = 1 and ny = 3. Let D; = P — 00 and

Dy = E5 — 3 - 00 be normal divisors of C' with
G ={i(X,)Y) =X+ O, o(X,Y) =Y + Co}

and Gy = {g1(X,Y), 02(X,Y), 93(X,Y)}, where

g1 (X, Y) = X2 +G1Y +b1X +C1,
g2<X> Y) = XY 4aY 40X Hco,
B(X)Y) = Y2 4a3V +b3X  +cs.
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Let
gé(X,Y) = XY"‘(—(ZQ—"bl)Y‘F((I%—CLg—ang)X
—afas + asaz — afby — agby + arby — a1s1 + arazsy + alts,
gg(X, Y) = Y2 + ((I% — b2 — (ZlSQ)Y + (2a1b1 - b3 + 81 — b182 — (Iltg)X
—2611&% —+ 2@%@3 —+ 2@1@2[)1 — alb% — 3@%[)2 -+ b% + azbg - blbg + So + G%SQ
—Qa1a389 — a26152 + 2&1[)252 — a1t2 + alblt3.
Then {¢:1(X,Y),¢5(X.,Y), g5(X,Y)} is the reduced Groebner basis for the normal ideal

¢~ '(Ipy), where Dj is the normal divisor such that Dy ~ —Ds.

For S = {S1 = S(f192, f291), 52 = S(f193, f292), S3 = (F, f2g3)} and the remainder r3
of S3 on division by G, = {fig; | fi € G1,9; € G2} U{F}, we have

Si = —aY?+ (a2 — b+ C)XY + - -+,

Sy = (—ag+C))Y?+ (a3 — by — Co) XY + -+,

r3 = —(a3+ Co)Y? + (arag + a1by — by + a1 C1 + 81 — agsy — Cisg — artz) XY + - - -.
Here,

g1(—=C1,—Cy) = (ag — by + C1)(—az + C1) + ar(ag — by — Cy),
gg(—C’l, —CQ) = —al(alag + a1b1 — bg + a101 + S1 — 982 — 0182 — a1t3>
—|—(CL2 — b1 + C1>(CL3 + Cg)

by Theorem 4.2.2. It follows that:

(a) Y2, XY € LM((S},9,)) if g1(—=Cy, —Cy) # 0;

(b) Y2 XY € LM((S},73)) if g4(—C4, —Cy) # 0.

Since §(H) = 4 with A(H) C {1,X,Y, X? XY, Y?}, LM(H) is one of the following:
{X2 XY, Y3}; {X?2,Y?}; and {XY,Y? X3}, For every h(X,Y) € H, h(X,Y) is divis-
ible by Gy since ¢ '(Ip,+p,) C ¢ '(Ip,). Tt implies that X? € LM(H) if and only if
g1(X,Y) € H. In other words, X? € LM(H) if and only if (D))t > P = (=C}, —C)), i.e.
91(=C1, =Cy) = g5(=C1, =C3) = g5(=C1, =C3) = 0.

As a result, we have the following on the ideal o~ !(Ip,.p,) C K[X,Y].

(i) If g1(—C1, —C3) # 0, then we have a Groebner basis

{92 + k191, 93 + kagn, frg1} with LM(H) = {XY, YZ,XS}?
where £k = —91(—01, —02)_192(—01, —02),/% = —91(—01, —02)_193(—01, —Cz) € K.
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(ii) If g1(—C4, —C5) = 0 and g4(—C1, —Cs) # 0, then we have a Groebner basis
{S1,73,5(51,73), fig1} with LM(H) = {XVY,Y? X?}.

(iii) If g1(—C4, —Cs) = gh(—C1, —C2) = 0 and g4(—C1, —C3) # 0, then a; = 0 and we

have a Groebner basis
{527 3, go + FY(_CD _CQ)_lFX(_Cla _CQ)gh flgl} Wlth LM(H) = {X}/, Y27 X3}

(iv) If g1(—C4, —C3) = ¢4(—C1, —Cy) = g4(—C1,—Cs) = 0, then we have a Groebner
basis

{917927 f2.g3} with LM(H> = {X2,X}/, Y3}

in the case of a; = —as + C7 = a3+ Cs =0, and
{81, 55,73, 91} with LM(H) = {X? Y?}

in the other cases.

Hence we have G when n; = 1.

In the case of ny = 2 and ny = 2 or 3, the zero divisor Fy, = P, + P, is obtained by
the equations fi(X,Y) = 0 and f2(X,Y) = 0. Thus G can be obtained by the sum of
P, — o0 and (P, — 00) + Ds.

Now, we consider the last case ny = ny = 3. Let By = P, + Py + P3 with P, = (x4, y;)-

Then
(X 4+ A2) (X)) - A AXY) = [[(X — 2). (1)

=1

At first, we compute the reduced Groebner basis G, for

<f17f27f37f1 — g1, f2— 92, f3— 93>-

Then LM(G.) = {1}, {X, Y}, {X, Y2}, {V, X2} or {X2, XY,Y?}.

If LM(G,) = {1}, then h(X,Y) € ¢ ' (L(co- 00 — (E; + E»))) if and only if h(X,Y) is
divisible by G and by G5. Thus the reduced Groebner basis H is easily computed. For
example, if f1(X,Y) =¢;(X,Y), then h(X,Y) = f1(X,Y) € H.

If LM(G.) = {X,Y},{X,Y?} or {Y, X?}, then E; = P, + P, + P is obtained by G.
and (1). Thus G can be obtained by (P; — 00) + ((Py — 00) + ((Ps — 00) + Ds)).
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If LM(G.) = {X? XY,Y?}, then D; = D,. In the case of A = 0, B} = (Ay —
By, —Bs) + (—As, 1) + (—As, 32) for the roots (i, B2 of Y2+ A3Y — B3Ay +C3 = 0. Thus
G can be obtained by (Ay — By, —Bs) — 0o+ ((—As, /1) — 00+ ((—Asg, f2) —oco+ D3)). In
the case of A; # 0, to avoid using a cubic equation, we use the method given in Section

4.4 with the S-polynomials whose number is 7 at most.

From now on, we consider the general case (f1, f2, f3, f1 — 91, fa — g2, f3 — g3) = (1).
Let
A —ap Ay —ay Az—az
M(G1,G2)=| By —b By—by Bs;—by
Ci—c Co—cp C3—c3

Assume that det M (G, G2) # 0. Then the elements of H are

hM(X,Y) = (X +ki)fi + kafo + ksfs,
ho(X,Y) = kafr + (X +ks)fo + ke fs,
ha(X,Y) = kofi +ksfo+ (X +ko)fs

and the remainder of F(X,Y") on division by {h1(X,Y), ho(X,Y), h3(X,Y)} for k; € K
such that

kl ag(Al — CL1) -+ a1(31 — bl)

ko = M(Gh, G2)71 bo(Ay —ay) +b1(By — b)) — (CL— 1) |
ks ca(Ay —ay) + (B — by)

]C4 a2(A2 - CLQ) + CL1<BQ — b2)

k’s = M(Gla GQ)_I bQ(AQ - CL2) + b1(32 - bz) - (02 - 02) )
k‘ﬁ CQ(AQ — (12) + Cl(BQ — bg)

kr as(As — az) + ay(Bs — b3)

ks = M(G1,Gy)™! ba(As — ag) + b1 (Bs — b3) — (C5 — ¢3)

kg CQ(Ag — a3) + C1 (Bg — bg)

Since D" = (hy) — (D1 + D) is a normal divisor with the pole degree 3, we have a unique

polynomial v; € K[X,Y] with LT(v;) = X? such that vih; € (hy, F) for all h; € H.
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{h1, F'} is a Groebner basis for (hy, F') since lem(LM(hq), LM(F)) = LM(hy)LM(F). For
the polynomials vy, ¢2.1, 422, 31,32 € K[X,Y] such that

vihe = @ihi + @2F,
vihs = qz1hi + @3l

with LT (v;) = X2, LT(g21) = XY, LM(q22) < X,LT(g31) = Y?,LM(g32) <Y, we have
G = {v1,v9 = @a1 — Ca1V1,V3 = 31 — C32V2 — C3101 }, Where ¢ is the coefficient of X? in

q21 and c3 1, c32 are the coefficients of X? XY in g3, respectively.

Example
Let C be a Cyy curve defined over Fy; = Z/11Z by
F(X,)Y)=Y?+ X" +1.

Let Dy, Dy be the normal divisors with the reduced Groebner bases GG1, G5 for their normal

ideals, respectively:

Gi ={i=X248Y 49X +9,f,=XY +4Y +9X +8, f3 = Y2+ 9Y +9X + 1},
Gy ={g1=X?>+10Y +7X + 7,00 = XY +2Y +4X + 6,93 =Y?+ 7Y +9X + 2}

Then (f1, fo, f3, 1 — 91, f2 — 92, f3 — 93) = (1). For G; and G5, we have

9 2 2
M(Gl, Gg) = 25 0 with det M(Gl, GQ) 7£ 0.
2 2 10

Thus the elements of H are

hi(X,Y) = (X +ki)fi+kafo +Eksfs,
ho(X,Y) = kafi + (X +ks)fo + ke fs,
ha(X,Y) = kofi +ksfo+ (X +ko)fs

and the remainder of F'(X,Y") on division by {hi(X,Y), ha(X,Y), hs(X,Y)} for

kl 6 k?4 6 /{37 1
k’g = 5 5 ]{35 = 8 5 k‘g = 8
ks 9 ke 3 kg 6
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It follows that

hiy = X349Y2+2XY +4X2+6Y +2X +4,
hy = X?Y +3Y24+ XY +4X% +8Y + 17X,
hs = XY246Y24+6XY +10X2%2+6Y +4X +2.
From
vihy = qa1hi + @ 2F),
vihs = q31h1 + g3 F
with LM (v;) = X2, LT(ga1) = XY, LM(g22) < X, LT(gs1) = Y2, LM(g32) < X, we have

vy = X?4+3Y 4+ 10X + 10,
@1 = XY +9X?+3X +6,
P22 = 2X+9,

@1 = Y?+9XY +3X%2+8Y +3X +9,
32 = 2Y +8X +6.

It follows that

G={v=X*+3Y +10X +10,vy = XY +6Y + X +4,v3 = Y+ 8X + 9}.
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