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1 Introduction

A Riemannian manifold (M, g) is called a Ci-manifold if all geodesics are closed and have
the same length [. We call g a Cj-metric. The standard sphere (S™, go) is clearly an example
of Cj-manifolds. Other examples are the standard projective spaces (P"(K), go) (here K
stands for either the field R of real numbers, or the field C of complex numbers, or the
non-commutative field H of quaternions), and the Cayley projective plane (P?*(Ca),go).
Here Ca denotes the Cayley algebra. They are often called CROSSes (i.e., compact rank
one symmetric space). It has been an open problem in differential geometry to find all
C-metrics and classify them.

For the standard sphere (52, gy), every geodesic issuing from any point p in S? passes the
antipodal point p’, and the length from p to p’ along each geodesic is always 7. Let g be
a Riemannian metric on S2. Suppose every geodesic in ¢ from any point p passes a point
p’ different from p, and the length from p to p’ along each geodesic is always 7. Is then
(52, g) necessarily isometric to (5%, go)? This problem was proposed by W. Blaschke in
the first edition (1921) of [Bl]. He called these (S?,g) Wiedersehensflichen. The Blaschke
conjecture is that every Wiedersehensflache is isometric to (52, go).

A Blaschke manifold, which is defined below, is an extension of the notion of the Wieder-
sehensflichen. Let (M, g) be a compact, connected Riemannian manifold and let p, g be
points in M. Set

Seg(p,q) = {minimizing geodesics from p to ¢ (parametrized by arc length)},
Alp.q) = {i(q) € UM |~ € Seg(p,q)},

where U, M is the unit tangent space at ¢ € M. A(p,q) is called the link from p to q.

Let d(p, q) be the distance from p to ¢, and let (t) be a geodesic in (M, g) issuing from
p = 7(0) which is parametrized by arc length. ¢ € M is called a cut point of p along v if
there exists a positive real number ¢; such that v(¢;) = ¢ satisfying d(p,y(t)) =t for any ¢
in [0, %] and d(p,y(t)) < t for any t > t;. The cut locus of p, denoted by Cut(p), is the set
of all cut points of p along geodesics issuing from p.

Definition A compact Riemannian manifold (M, g) is called a Blaschke manifold at a
point m in M if the link A(m,c) is a great sphere of U.M for every ¢ in Cut(m).

Definition A compact Riemannian manifold (M, g) is called a Blaschke manifold if it is
a Blaschke manifold at every point in M.

The geometrical property of geodesics of a Blaschke manifold is similar to that of a
CROSS. For example, if (M, g) is a Blaschke manifold, then it is a C;-manifold (Proposition
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2.1). The Blaschke conjecture, which is an extension of the conjecture by Blaschke for
Wiedersehensflichen, claims that a Blaschke manifold is one of the CROSSes. The Blaschke
conjecture has not completely been solved yet, but for a Blaschke manifold whose cut locus
of any point is only one point, it was affirmatively solved by M. Berger (Theorem 2.1).

Are there examples of Cj-manifolds other than CROSSes? This question was affirmatively
solved by the solution of the existence problem of infinitesimal Cy,-deformations of the
standard sphere. In 1976, V. Guillemin obtained the following result.

Theorem 2.4 ([G]) For every odd function p on S?, there exists a smooth one-parameter

d
family of C*°-functions p; such that pg =0, p = % , and exp(pt)go is a Cor-metric for
t=0

small t.

In 1903, O. Zoll constructed C5,-metrics of revolution on a sphere which are not isometric
to the standard one. (A surface of revolution means a surface whose metric has an S'-
action of isometries.) Let M be a manifold which is diffeomorphic to S?. Then Zoll metrics
are described as follows:

Theorem 3.6 ([Be|) A Riemannian manifold (M, g) is a Zoll surface if and only if g is a
metric of revolution which can be described in a parametrization (U, (r,0)) as

g = {1+ h(cosr)}?dr* + sin® r df?,

where h : [—1,1] — [—1, 1] is an odd function centered at zero which satisfies h(1) = h(—1) =
and 1+ h > 0.

Note that if we take h = 0, the corresponding Zoll metric is the standard one.

Although Zoll only mentioned a metric on a two-dimensional sphere S?, it can be ex-
tended to a metric on an n-dimensional sphere S™ (see section 3.5). Therefore, the Cj-
metrics of revolution on a sphere are completely classified. We do not have any examples of
Cs--manifolds other than CROSSes, infinitesimal Cy,-deformations of the standard sphere,
and the Zoll surfaces.

According to Theorems 2.4 and 3.6, we know that Zoll surfaces and C5,-deformations
of the standard sphere are characterized by odd functions on a sphere. Hence we wish to
characterize general C'5,-metrics on a sphere by giving conditions on a hemisphere.

First, we make some observations on a Zoll surface, since it is a fundamental model of
a Cyr-surface. A Zoll surface can be uniquely divided into the Northen and the Southern
Hemispheres, since it has a unique parallel which is called the equator (Lemma 3.4). Since
a Zoll metric is characterized by an odd function centered at the equator, it holds that if
the metric on the Northern Hemisphere of a Zoll surface is given, then the metric on the
Southern Hemisphere is automatically determined. In particular, the following holds.
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Theorem 5.1 Let (M, g) be a Zoll surface whose Northern Hemisphere is the standard
hemisphere. Then, (M, g) is the standard sphere.

Motivated by this theorem, we would like to consider the following problem.

Problem 1 Let (M, g) be a Cor-surface. Let D be a closed domain in M such that its
boundary 0D is a geodesic in (M, g). Suppose (D, g) is the standard hemisphere. Then, is
(M, g) the standard sphere?

We first approach this problem from the viewpoint of billiard theory.

A billiard is the motion of a point mass (or the light ray) inside a compact convex closed
domain D with smooth boundary in a Riemannian manifold. The orbits of such motion
consist of geodesic segments inside D joined at boundary points according to the rule that
the angle of incidence equals the angle of reflection. Let ( be a billiard in D issuing from
a point x in D with an initial angle §. We say that ( is periodic if it returns to x in finite
time with the same angle 6. A positive integer p is called the rotation number of { if
rounds along 9D p times while it returns to the initial point. For a positive integer ¢, a
periodic billiard ( is called a g-link periodic billiard if it contains ¢ points of 0D. The pair
of positive integers (g, p) is called a period of the periodic billiard.

The properties of billiards on the Northern Hemisphere of the standard sphere are as
follows:

1) all segments of the billiards have the same length 7,
2) each billiard is (2, 1)-periodic.

Billiards on a Zoll surface do not always satisfy either of the two properties 1) and 2)
above (section 5.1). If billiards on the Northern Hemisphere of a Zoll surface satisfy at
least one of those two properties, the metric should be the standard one, as is stated in the
following two theorems.

Theorem 5.2 Let (M, g) be a Zoll surface such that all segments of the billiards on the
Northern Hemisphere have the same length w. Then, (M, g) is the standard sphere.

Theorem 5.3 Let (M, g) be a Zoll surface such that all billiards on the Northern Hemi-
sphere are periodic. Then its period should be (2,1), and (M, g) is the standard sphere.

The following definition is useful for describing properties of the billiards on the standard
hemisphere. Let (D, g) be a compact convex Riemannian manifold with smooth boundary.
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Definition We say the billiards on (D, g) have the spherical property if they satisfy:
1) all segments of the billiards have the same length w,
2) each billiard is (2,1)-periodic.
From a viewpoint of billiards, a rigidity problem for C5,-surfaces can be stated as follows.

Problem 2 Let (M,g) be a Cor-surface. Let D be a closed domain in M such that its
boundary 0D is a geodesic in (M, g). Suppose the billiards on (D, g) have the spherical
property. Then, is (M, g) the standard sphere?

We solve this problem under a certain conformality condition. Let (M, gg) be the two-
dimensional standard sphere, and f be a smooth positive function on M.

Theorem 6.1 Let (M, g) be a Cor-surface with metric g = f2go. Let D be a closed domain
in M such that its boundary 0D is a geodesic in (M,qg). Suppose (D,g) satisfies the
following:

i) the billiards on (D, g) have the spherical property,
i1) 0D is a unit speed geodesic in g, and also in gq.
Then, (M, g) is the standard sphere.

We now sketch the proof of Theorem 6.1. Billiard condition on a hemisphere makes it
possible to use the method of boundary rigidity problems for Riemannian manifolds ([C]).
If the billiards on (D, g) have the spherical property, its volume vol(D, g) is described by the
geometry of the boundary of D. Hence, the assumption ii) gives us vol(D, g) = vol(D, go).
On the other hand, according to the Cauchy-Schwarz inequality, we have vol(D,g) >
vol(D, go), where the equality holds if and only if g = go. Hence we conclude that g = g
on D. Since (M, g) is a Cyr-surface, if the billiards on (D, g) have the spherical property,
then the billiards on the complement of the interior of D in M, denoted by D', also have the
spherical property. Then the same argument applies to D', and we obtain the conclusion.

If a hemisphere of a Cy,-surface, that is, a closed domain enclosed by a geodesic, is the
standard hemisphere, the billiards on the remaining half have the spherical property. If
we fully use the condition that a half of a Cy,-surface is the standard hemisphere, we can
prove that the remaining half is also the standard hemisphere. Hence our Problem 1 is
completely solved, and we get the following result. Here M denotes a manifold which is
diffeomorphic to S2.



Theorem 7.1 Let (M, g) be a Cor-surface. Let D be a closed domain in M such that its
boundary 0D is a geodesic in (M, qg). Suppose (D,g) is the standard hemisphere. Then,
(M, g) is the standard sphere.

The sketch of the proof is as follows. By assumption, M = (M, g) is divided into two
manifolds with boundary, that is, M = U U D, where D is the standard hemisphere and U
is the complement of the interior of D in M.

Let M’ = U U D' be a copy of M. Since D and D’ are the standard hemispheres, we
can smoothly attach U to U’ by identifying a point in OU with its antipodal point in 0U’.
We denote M =U U U'.

Let 7 be a diffeomorphism from U to U’ such that 7 maps a point p in U to the same
point p" in U’. Let ¢ be a natural diffeomorphism from M to M’, and we identify M with
M’ by this ¢. Then T is defined as 7(p) = ¢(p), for any p € U.

Let § be the metric on M defined by

g on U
gz{

q on U,
where the metric ¢’ is a metric on U’ which satisfies 7¢' = g.

Let v be a geodesic in M, and vy be the restriction of v to U. Then the union of v and
7(yu) is a geodesic in (M, §). Hence (M, §) is a Cop-surface.

Then we can show that for any point p in (M, §), there exists a point p’ in (M, §) such
that every geodesic issuing from p passes p’, and the length from p to p’ along each geodesic
is always 7. Then (M ,§) is a Blaschke manifold whose cut locus of any point is only one
point. Hence, by the solution of the Blaschke conjecture for spheres (Theorem 2.1), (M ,4)
is the standard sphere. Therefore, (U, g) is the standard hemisphere, showing that (M, g)
is the standard sphere.

The thesis is organized as follows: In section 2, some important properties of Co, -
manifolds are collected. First, we define the Blaschke manifolds, and state the Blaschke
conjecture, and give the sketch of the proof by Green of the solution of the Blaschke con-
jecture for two-dimensional spheres. Green’s result plays an important role in the proof of
Theorem 7.1. Second, we show that every infinitesimal Cy,-deformation of the standard
sphere is characterized by an odd function. Third, if g; denotes a family of Co,-metrics
on spheres, then geodesic flows on the cotangent bundle of (S™, g;) is symplectically iso-
morphic to one another. In section 3, we investigate Zoll surfaces and their geodesics, and
show the existence of the unique parallel which is called the equator. Then the Northern
and the Southern Hemispheres are defined, which will be viewed later as manifolds with
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boundary. In section 4, notation is given from billiard theory, which will be necessary
in later sections. In section 5, billiards on the Northern (or the Southern) Hemisphere
of a Zoll surface are investigated. We regard geodesic segments on the Northern (or the
Southern) Hemisphere as segments of billiards. Then we obtain some results on rigidity
problems for Zoll surfaces. Then we will show how to extend our results for Zoll surfaces
to general Cy,-surfaces. Section 6 is devoted to the proof of Theorem 6.1. In section 7, we
prove Theorem 7.1, which is the extension of Theorem 5.1 to general Cy,-surfaces. Section
8 is an appendix which contains an elementary lemma necessary to prove Lemmas 2.3, 3.6,
and 5.1.

2 (y.-manifolds

2.1 Blaschke manifolds and the Blaschke conjecture

A Riemannian manifold (M, ¢g) is a Cj-manifold if all geodesics are closed and have the
same length [. We call that g is a Cj-metric. CROSSes are examples of Cj-manifolds as we
mentioned above.

In order to study Cj-manifolds, it is very important to know what characterizes CROSSes.
For the standard sphere (52, go), every geodesic issuing from any point p in S? passes the
antipodal point p’, and the length from p to p’ along each geodesic is always w. Let g be
a Riemannian metric on S2. Suppose every geodesic in ¢ from any point p passes a point
p" different from p, and the length from p to p’ along each geodesic is always w. Is then
(52, g) necessarily isometric to (52, go)? This problem was proposed by W. Blaschke in
the first edition (1921) of [Bl]. He called these (52, g) Wiedersehensflichen. The Blaschke
conjecture is that every Wiedersehensfliche is isometric to (52, gg). The conjecture was
affirmatively solved by L. Green in 1961 ([Gr]). The sketch of his proof is given later.

Blaschke manifold is an extension of the notion of the Wiedersehensflachen. Let (M, g)
be a compact, connected Riemannian manifold and let p, ¢ be points in M. Set

Seg(p,q) = {minimizing geodesics from p to ¢ (parametrized by arc length)},
Ap,q) = {¥(q) € UsM [ € Seg(p, q)},

where U, M is the unit tangent space at ¢ € M. A(p, q) is called the link from p to q.

Let d(p, q) be the distance from p to ¢, and let (¢) be a geodesic in (M, g) issuing from
p = v(0) which is parametrized by arc length. ¢ € M is called a cut point of p along ~ if
there exists a positive real number ¢; such that v(¢;) = ¢ satisfying d(p,y(t)) =t for any ¢
in [0,¢;] and d(p,v(t)) < t for any ¢ > ¢;. The cut locus of p, denoted by Cut(p), is the set
of all cut points of p along geodesics issuing from p.
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Definition A compact Riemannian manifold (M, g) is called a Blaschke manifold at a
point m in M if the link A(m,c) is a great sphere of U.M for every ¢ in Cut(m).

Definition A compact Riemannian manifold (M, g) is called a Blaschke manifold if it is
a Blaschke manifold at every point in M.

The geometrical property of geodesics of a Blaschke manifold is similar to that of a
CROSS. In particular, the following property is important.

Proposition 2.1 If (M, g) is a Blaschke manifold, then (M, g) is a Ci-manifold.

Proof. Let m be any point in M. Take any point ¢ in Cut(m). Let v(¢) be a minimizing
geodesic from m to ¢ parametrized by arc length whose length is [ /2. Since the link from m
to ¢ is a great sphere, both 4(1/2) and —5(l/2) belong to A(m, c). Then a geodesic issuing
from ¢ with velocity 4({/2) is a minimizing geodesic from ¢ to m, and its length is also /2.
Hence ~ is smooth on the interval (0,[), and satisfies 7(0) = v(I) = m. Namely, geodesics
always come back to the initial point.

First, we have to show that - is at least C''-differentiable at m. Assume that (1) # 5(0).
For € > 0 small, let m. be a point in 7 defined by m. = v(¢). Let ¢. be a cut point of
m. along +v. As we mentioned above, 7 issues m. and comes back to m. again. Hence
m. = 7(t.) holds for some . > e. Since we assume that v is not C'-differentiable at
m = ~y(l), there exists a constant d, > 0 such that t. > [ + §y. However, since m. — m
and ¢ — cas € — 0, we have t. — [ as ¢ — 0. This is a contradiction. Then ~ is at least
Cl-differentiable at m = (), and hence v is a closed geodesic.

Next, we show that all geodesics have the same length. Let m be a point in M. Let ¢
and ¢, ¢ # ¢, be cut points of m. By continuity of cut locus, there exists a smooth family
of geodesics from a geodesic passing through m and ¢ to a geodesic passing through m and
c’. Since geodesics in the Blaschke manifolds are all closed, the lengths of geodesics issuing
from m are the same, say [, by the first variation formula. Take m' in M, m’ # m. By the
same argument, geodesics issuing from m’ are all closed and have the same length, say [’.
Since M is compact, there exists a geodesic from m to m’. This geodesic is closed again,
hence [ = [’. Therefore, we can conclude that a Blaschke manifold is a C;-manifold.

Q.E.D.

Let (M, g) be a Blaschke manifold at m € M with real dimension d > 2. Then the
dimension of A(m,c) is a constant (say k — 1) when ¢ runs through Cut(m) ([Be]). This
cut locus Cut(m) is a (d — k)-dimensional submanifold of M. Since all geodesics issuing
from m come back to m at the same length, k can take the values 1,2,4,8,d, and we have
only the following possibilities ([Bo):



- if k =1 and any d, M is diffeomorphic to P4(R),

- if k =2 and d = 2n, M has the homotopy type of P"(C),

- if k =4 and d = 4n, M has the integral cohomology ring of P"(H),
- if k =8 and d = 16, M has the integral cohomology ring of P?(Ca),
- if k = d and any d, M has the homotopy type of S.

Namely, a Blaschke manifold necessarily has the same topology as one of the CROSSes,
and the topology is determined by its dimension of the link, or dimension of the cut locus.
The notations below are useful.

Definition (M, g) is called a Blaschke manifold modeled on S™ (resp. P™(K),where
K =R, C,H, Ca) if it satisfies:

(1) (M,g) is a Blaschke manifold with the same dimension as the model space,

(7i) the cut locus of any point is one point (resp. the cut locus of any point is a smooth
submanifold of M with the same dimension as that of the cut locus of the model

P(K)).

For a Blaschke manifold with the same diameter as the model space, the following is called
the generalized Blaschke conjecture.

The Blaschke conjecture
FEvery Blaschke manifold is isometric to one of the CROSSes.

The Blaschke conjecture is not completely solved yet, but Berger obtained the following
results.

Theorem 2.1 ([Be] p.236) Let (M,g) be a Blaschke manifold with diameter m which is
modeled on S™. Then, (M, g) is isometric to the standard sphere (S™, go).

Corollary 2.1 ([Be| p.236) Let (M, g) be a Blaschke manifold with diameter w/2 which
is modeled on P"(R). Then, (M,g) is isometric to the standard real projective space

(P"(R), 90)-

Theorem 2.1 was first proved by L. Green in the case where n = 2. This result plays an
important role in the proof of Theorem 7.1. We will sketch his proof.
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Lemma 2.1 ([W2]) Let (M,g) be a n-dimensional Cj-manifold, and (S™, go) be the n-
dimensional standard sphere. Then the ratio

vol(M, g) 2m

vol(S™, go) 1 =i(M,g)

18 an integer.

The integer i(M, g) is called Weinstein’s integer. Weinstein’s integers for CROSSes are:
I(SnagO) = 17 l(‘Pn(R)ugO) = 2n717 I(PZ(Ca)ugO) = 39)

P (€90 = () i = 5o (oh ).

In addition, Weinstein [W2] and C.T. Yang [Y] showed that for any Cj-metric g; on S,
i(S™, q1) = 1.

Let (M, g) be a Blaschke manifold modeled on S? with diameter 7. By Lemma 2.1 and
i(S™, 1) = 1, we have

vol(M, g) = 4m, (2.1)

since Blaschke manifold with diameter 7 is a Cy,-manifold. For any point p in M, let p’
be a conjugate point of p along any geodesic 7. Since the distance from p to p’ is less than
7, the index form

I(X,X) = [ {g(VX(0), VX () = g(RG(0), X(0))3(0). X (£)) } de

is positive or zero for any vector field X along v with X (0) = 0 and X (7) = 0. Then we
have

1
vol(M, g) > 7/ Scal dpig,
2 Jm

where Scal is the scalar curvature of M, and dy,, is the volume form. The equality holds if
and only if (M, g) is the standard sphere. By the Gauss-Bonnet formula, we have

1
x(S?) = yy /M Scal dy,
where x(5?) is the Euler number of a two-sphere S%. Then we obtain
vol(M, g) > 4m, (2.2)

and the equality holds if and only if (M, g) is the standard sphere. Then our conclusion
follows from (2.1) and (2.2).
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2.2 Infinitesimal C5,-deformations on spheres

From now on to the last, M denotes a manifold which is diffeomorphic to S?. Let gy be the
standard metric on M, and My = (M, go) denotes the standard sphere of dimension two.

The Blaschke conjecture claims that Blaschke manifold is one of the CROSSes. Are there
examples of Cj-manifolds except for CROSSes? This question was affirmatively solved by
the solution of the existence problem of infinitesimal C5,-deformations of the standard
sphere.

A Riemannian metric g on M induces a bundle isomorphism £, from the cotangent bundle
TM* to the tangent bundle T'M such that

9(85(A),v) = Av) (2.3)

for any A € T,M*, v € T,M, p € M. For each symmetric two-form h, let h* be the
function on T'M* defined by

R (A) = h(tg(N), 35(N))
for any A € TM*. Then the energy function on T'M* is defined by

1
E = —gb
29 )
and Xpg denotes the geodesic vector field on TM* associated with g. For the sake of
simplicity, we shall write f; instead of §,,. Put
L.

E, = 5915 .

The following theorem is a particular case of A. Weinstein’s result.

Theorem 2.2 ([W1], [Be| or [K]) Let g: = exp(pt)go be a smooth family of Car-metrics on
M (i.e. if ¢§ denotes the geodesic flow for the metric g;, then (?™ equals to identity map)

such that po = 0. We set p = o . Then the following holds:
p P="u o

2m
i) for any closed geodesic vy in My parametrized by arc length, / p(v0(s))ds =0,
0

i1) there exists a smooth family of homogeneous symplectic diffeomorphisms
¢y T M* — T M* such that ¢:E, = Ey, where T M* = TM*\{0}.
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Proof of i). We set hy = (d/dt)g;. Let v(s) be a geodesic in (M, g;) parametrized by arc
length. Since g; is a Cy,-metric, we have

/0 T uin(s), n(s)) ds = 2, (2.4)

where ;(s) means (d/ds)v(s). By the first variation formula, we have

/027r gt(dztlis) i) ds = 0. (2.5)

By (2.4), we have

aclit{/ozTr 9t(Ve(8), 7(s)) ds}

= % Gs), ) + 20 (D ) s
[ hiis). (). (26)

o
I

Since hy = (d/dt)g; = pyexp(pi)go, if we substitute ¢ = 0 in (2.6), we have
2

0= [ ) explmGolsNaoCo(s) Aol ds = [ ilao(e))ds.

Hence i) is proved.
In order to prove ii), we need the following lemma.

Lemma 2.2 ([K]) There is a one-parameter family of homogeneous symplectic vector fields
{Y;} on TM* such that
Y.E, = Ey,

where dot denotes the deriwative in the parameter t.

Proof. First, differentiate both sides of (2.3), that is, defining equation of the bundle
isomorphism f. Then we have

). 0) + oo B 0) <o

for any v € T,M, p € M. In particular, if we take v = f;()\), we have

o (B 600) = R, 5O))
= —hF(\). (2.7)
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Then we obtain

BO) = 2 a0, 500)
450

= SO, 8O + (B 1) @ a ) (2.8)

Let ¢ be a geodesic in (M, g;) parametrized by arc length, and let {€!}.cr be the geodesic
flow on TM* associated with the metric g, which satisfies f;(£4(\)) = () for &{(A) = X €
UM*. Then {{!}.cr induces a free S'-action of period 27 on the unit cotangent bundle
UM* = E;(1/2).

For any A\ € UM*, we have

(2.8) 1

[ BN s = =g [T h o)

_ _; /j"m(ﬁt@z(x)),m(szm))ds

1 sor (2.6)

= T he(e(s), e(s)) ="0.

Namely, we obtain
A%E@KMMS:O (2.9)
Define the function H; on T M* by the following two conditions
W) w0 = [ [ B drs A€ UM,

(2) H, is positively homogeneous of degree one (i.e. Hy(a)\) = aH;(A), a € Rxy,
AeT M)

Recall that X, denotes the geodesic vector field, that is, the symplectic vector field asso-
ciated with the Hamiltonian EF;. Then we have

! AH,(E4()
Xp B = B ey = D)
d

o I T By dras)
- @

14
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for A € UM*. Set

F(s) = (Z

u=0 /08 Et(§1{+u<)\>> dr.

Then we have

1d

28 d /5_1 b (gt __1d
u—oJo th (§r+u(/\))dr - 2du

F(s) = T

u+s
[ rr e du

where w = r 4+ u. Take a real number a € (u,u + s) and decompose the interval (u,u + s)
into (u,a] and [a,u + s). Then we have
1d

Fo) = 50

A e on e [ hEL ) do)

1

=~ {-HE@O) + h O]

B0 + B 0). (2.11)

Substituting (2.11) in (2.10), we obtain

XpH(\) = — /O%F(s)ds

2

1
o

/OQW{—E?M) + E’Afzu))} ds

29 1 /2” . .
= — E/(\)ds = Ey(\
on Jo t(A) ds t(A),
for any A € UM*. Since F, = (—1/2) ¥ is positively homogeneous of degree two,
Xg, H(\) = E,(\) (2.12)

holds for any A € T'M*, not only for A € UM*. By the anti-commutativity of Poisson
bracket, we have Xg, H, = — Xy, E;. Set Xy, = Y;. According to (2.12), we can conclude
that

YiE(A) = —E())
for any A € TM*.

Q.E.D.

15



Proof of ii) in Theorem 2.2. We define a smooth family of homogeneous symplectic dif-

feomorphisms ¢, : 72 M* — 707 M* as a one-parameter transformation of Y;, which is con-
structed in Lemma 2.2. Namely,

d
£¢t(w) = (Yi)qst(w), ¢o = id,

for any w € ch’ M*. Then we have

d, . _ d{E($(w))}
%( tE)(w) = .

= Ey(6:(w)) + (Y2) () Ex
= —(YiE) (6:(w)) + (Y1) gy B

= —(ME)(¢(w)) + (YiEy)(dr(w)) = 0,
for any w € JCZ’ M*. Therefore, we can conclude that
¢ By = ¢pEo = Ey.
Q.E.D.

By ii) of Theorem 2.2, we can say that geodesic flows on the cotangent bundle of (M, g;)
are symplectically isomorphic to those on the cotangent bundle of Mj.

Proposition 2.2 ([Be]) Let f be a continuous function on My. Then, the following prop-
erties are equivalent.

i) the function f is odd, that is, f(tm) = —f(m) for every m in My, where T denotes
the antipodal map of M.

i1) for any closed geodesic v in My, /f = 0.

Y

Proof. Any function f on M, is described as the sum of an odd function and an even
function. Set f = f°+ f¢, where f°is an odd part of f, and f€ is an even part of f.

i) = ii)

Since 7(7) = 7, we have

[ o= [ raae)ds= [ o)

16



Hence

Il
o

LPMW% (2.13)

holds for any ~.
i) = 1)
By (2.13), we have

Oz/fds:/(foJrfe) ds (Zé?’)/feds. (2.14)
Y v

5

To prove f¢ =0, we need the following lemma.

Lemma 2.3 For an even function h on My invariant under some subgroup T' of SO(3)
isomorphic to S*, / hds =0 implies h = 0.
gl

Suppose Lemma 2.3 is proved. Fix any point p in M. Let o, be an axis which contains
p and the origin. k,;, € I' C SO(3) denotes a rotation around the o, axis. A composite
function f¢o k,; is an even function on M. Then the function F, : My — R defined by

F,(q) = /1(fe o ky+(q)) dt, ¢ € M is also an even function on M, which is invariant under
s

Sl action kp+. Then we have

[prds - A{/gl(feo p,t)dt}dSZ/Sl{L(feo p,t)ds}dt
- /gl{/zf o’ ds} &t =0

Namely, we have / F,ds = 0. Then we have
ol

F,=0, (2.15)
by Lemma 2.3. Since the North Pole p is a fixed point of k,;, we have
Fyp) = [ (f o ko) dt = [ ) dt = 2mf(p).

Then we have f¢(p) = 0 by (2.15). Since p is any point in My, we obtain f¢ =0 on M,.
Hence f is an odd function.

Q.E.D.

17



The proof of Lemma 2.3 remains.
Proof of Lemma 2.3 Let (z,y, 2) be Euclidian coordinates in R3. Without loss of generality,
we may assume h is invariant under rotation around z-axis. Then h depends only on z,
and written as h(z). For each fixed 0 € (0,7, let 79 be a geodesic in M, which is described
as follows.

v = (x(s),y(s), 2(s))

= (sins,sinf cos s, cosf cos s), s € (0,27 ].
Then we have

27 5
0= / h(z(s))ds = / h(cosBcoss)ds = 4/ h(cos 6 cos s) ds, (2.16)
Yo 0 0

for any 6 € (0,7/2]. Set cosr = cosf coss. Since

dr  cosflsins cos2 — cos?r
ds  sinr sin r ’
(2.16) is written as
/75 h(cosr)sinr dr =0, (2.17)
0 +/cos?2l —cos?r

for any 6 € (0,7/2].
Set t = cosr, and x = cosf. Then we have

0= /0 h(t)sinr  dt /I h(t) it
e Va2 —2 —sinr  Jo 2z —2
for any x € (0,1]. Then we have h(t) = 0 for any ¢ € (0,1] by Lemma 8.1 in the Appendix.
Since h is an even function centered at zero, we conclude that h = 0 for any ¢ € [—1, 1].

Q.E.D.
As a corollary of Theorem 2.2 and Proposition 2.2, we get the following result.

Theorem 2.3 (Funk) If g, = exp(pi)go is a smooth family of Cor-metrics on M, with
dp

po =0 and p = iR then p is an odd function on M.
=0

18



The converse of Theorem 2.3 is true. Namely, for any odd function on My, one can construct
Cy--deformations of gg.

Theorem 2.4 ([G]) For every odd function p on My, there exists a smooth one-parameter

d
family of C*°-functions p; such that pg =0, p = i

, and exp(py)go is a Cor-metric for
dt li=o

small t.

Theorems 2.3 and 2.4 show that every infinitesimal Cs,-deformation of the standard sphere
is characterized by an odd function on M,.

3 Zoll surfaces

3.1 Metrics on spheres of revolution

Before introducing Zoll surfaces, we will investigate spheres of revolution because a Zoll
surface is a sphere of revolution with some conditions.

Let (M, g) be a sphere of revolution. Namely, (M, g) has the S'-action as an isometry
group. The Euler number y (M) is the sum of the indices at the zeroes of any vector field
with isolated singularities. Each of the zeroes of an infinitesimal isometry on S? is isolated,
and has the index equal to one. Then (M, g) has exactly two fixed points. We call them
the North Pole and the South Pole, and denote by N and S. We assume the distance from
N to S'is L € R+g. Here R+ denotes the set of positive real numbers.

Let 6 be the S'-action, and u be the distance from the North Pole. Set U = M\{N, S}.
We also need two other charts Uy and Ug. They are geodesic balls centered at N or §
with radius L. Namely,

Uv = {N}U{(u,0)eU|u<1L),
Us = {SYU{(u,0)eU]|u> L.

Now {U, Uy, Ug} together with associated coordinate functions (u, ) is a parametrization
of M. Then the metric ¢ may be written on U as

g = du® + a(u)*do? (3.1)

for some smooth function a : (0, L) — Rxo, a(0) = a(L) = 0.
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3.2 Geodesics on spheres of revolution

In order to investigate geodesics on a sphere of revolution, we compute the Christoffel
coefficients. They are

Oy = —d(waw), =" (3.2)

The other Christoffel coefficients are zero. Then a geodesic v(t) = (u(t),0(t)) in U satisfies
the following differential equations.

d2 2
d—;; — a’(u)a(u)(zf) =0, ue (0,L),teR,
d*0  _d'(u) fdu\ /dO (3:3)
— 42 —I){—=]=0 6 €[0,2m),t € R.
az " a(u)<dt>(dt) ’ €[0.2m), e
The second equation of (3.3) gives Clairout’s first integral
de
2
g A4
a(w? S = (3.4
where c is a constant. Let v be a geodesic parametrized by arc length. Then
du\? A
1= o(4 4y — 2() _
9(%. ) (dt) +a(u)™{ -
Hence
du\? A
1—(—) = 2() 0
(dt) W%) =
Thus we obtain
de
— | < 1.
afu) dt‘ =
Multiplying both sides of the inequality by a(u) > 0, we have
do
a(u)? dt‘ < a(u).
According to (3.4), we have
le] < a(u). (3.5)

Each geodesic corresponds to the value of |¢|. If |¢| = 0, then df/dt = 0. It implies that ~
is a meridian curve 6 = 6 (const.). The parallel curve u = g (const.) is a geodesic if and
only if it satisfies a’(ug) = 0.
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If v is not a meridian nor the equator, there exists a maximal interval [u;,us] C (0, 7)
such that a(u;) = a(ug) = |c| and |¢| < a(u) for any u € [uy, us]. Then along the geodesic
v, we have

U < u < Us.

Hence 7 is entirely contained between the parallels u = u; and u = us. We can see that
is tangent to the parallels v = u; and u = uy. Indeed, let (0) be the intersection point
with the parallel u = u;. Then (3.4) and the first equation of (3.3) gives (du/dt)|—o = 0.
This means that 7 is tangent to the parallel u = u;. We can prove 7 is also tangent to the
parallel u = us in a similar way.

3.3 Zoll metrics
Now, let us define Zoll surfaces which are known for non-trivial examples of C5,-manifolds.

Definition A Riemannian manifold (M, g) is called a Zoll surface if g is a Cor-metric of
revolution on a sphere.

It is known that all geodesics are simple in Zoll surfaces. We can verify this fact later.
Throughout this paper, assume our Zoll metric is smooth on M (see section 3.4).

Let (M,g) be a Zoll surface. Since (M, g) is a surface of revolution, the metric g is
written as in (3.1). The parallel u = vy is a geodesic if and only if it satisfies a'(up) = 0, as
we mentioned above. We should notice that such ug is unique in the case of a Zoll surface.
We show the fact below.

Lemma 3.4 Let (M, g) be a Zoll surface. There exists a unique u (say ug) with a'(ug) = 0.

Proof. We prove the uniqueness of u = ug such that a’(ug) = 0. Let R be a curvature tensor,
and V be a covariant derivative of (M, g). The orthonormal basis of the tangent space at

1
(u,0) is {Eﬂau’ a(u)aae} = {X,Y}. Since we already know the Christoffel coefficients (3.2),

we have

R(X,Y)X = VyVxX —VxVyX + Vixy X

= Vy (rguéi + rfmaae) - vx{i(rgu;; + rzu(,f;)} +V_wo

o) ! 0 0
= ~Vxl(agg) ~ llig, + g}
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a”a—2(a’)2g_ (a/)2g_ (a/)zg
a3 00 a® 00 a3 00
a9

a? 08’

Since (M, g) is a surface of revolution, the sectional curvature o(u, @) at any point (u, ) € U
depends only on w. Thus we can write o(u,6) = o(u). Then we have

olu) = g(R(X,Y)X,Y)

Since all geodesics have the length 27, we have a(ug) = 1. Then the sectional curvature at
u = Ug 18

CL” ('U/(] ) "

(o) = —a (up). (3.6)

O'(UO) = —

Let v(t) be the geodesic u = ug, and let J(t) be a non-zero normal Jacobi field along ~(¢)
which satisfies J(0) = 0. Since (M, g) has the constant sectional curvature in the direction
of §, J(t) is written as J* + o (ug)J = 0. By (3.6), we have

J —a (ug)J = 0. (3.7)

Let w(t) be the parallel vector field along  which satisfies g(w(t),5(t)) = 0 and g(w(t), w(t)) = 1.
The solutions of (3.7) with initial conditions J(0) = 0 and J'(0) = w(0) are:

w(t) if a(uo) > 0,

J(t) = { tw(t) if  o(ug) =0,

w(t) if  o(up) < 0.
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Notice that if J(0) = 0, then J(27) = 0, since all geodesics are closed and have the
same length 27. However, J(t) = {sinht\/—a(uo)\/—o(uo)}w(t) or J(t) = tw(t) never

satisfies J(0) = J(27) = 0. Then we can conclude that J(t) = {sint\/o(ug)/+/0o(uo) }w(t)

and o(ug) > 0. then we obtain a”(ug) < 0 from (3.6). This implies that any point u which
satisfies @’(u) = 0 is a local maximum of the function a, hence such w is unique.

Q.E.D.

This unique parallel is called the equator of a Zoll surface (M, g). Then we can define the
Northern Hemisphere and the Southern Hemisphere of M. Fix the direction of the equator.
Then the closed domain on the left side of the equator is called the Northern Hemisphere
of M. The opposite is called the Southern Hemisphere. The equator is supposed to belong
to both hemispheres.

We would like to have a representation of Zoll metrics. Let (M, g) be a Zoll surface
equipped with a parametrization (U, Uy, Usg) and the coordinate functions (u,6) on U, so
that g may be written on U as (3.1). By Lemma 3.4, there exists a unique u, say ug, with
a'(ug) = 0. Define a new system of coordinates (r,0) on U by setting a(u) = sinr. u = uy
corresponds to r = 7/2.

We define piecewise differentiable curves b : [0, 7] — [0,7] and ¢ : [-1,1] — [0, 7] by
b(u) = r and c(cost) = a~*(sinr) = u. Namely,

arcsin a(u) u € [0, ug),
b(u) = (3.8)

7 — arcsin a(u), u € [ug, 7,

a0 (V1 —0?), v € [0,1],
c(v) = (3.9)
a_l‘[uoﬂr](\/l_v2>7 CAS [_170]7
where a ™[4 and a ! |[y, - are the restriction on [0, ug] and [ug, 7] of the inverse function

of a. Clearly, b(u) and c¢(v) have the same order of differentiability as a. We define the
smooth function f from (—1,1) to Ry as

e v#0,
flv) = 1 (3.10)
S V=0
_a//(uO)



Lemma 3.5 f(v) is continuous at v = 0.

Proof. Set v = cosr. First we compute the right-side limit of f as v tends to zero. Suppose
v isin [0, 1]. By differentiating a(u) = sinr in u, we have

a(u) = ZZ cosr = b'(u) cos b(u), (3.11)

since b(u) = r. Then we have

v (311 v B cosr _ cosb(u)
a(u)  U(u)cosb(u)  (u)cosb(u) ¥ (u)cosb(u)
1
= . 3.12
v (u) (3:12)
Since
c(cosr) = a *(sinr) = u, (3.13)
we obtain
v v (312) 1
= = . 3.14
) @ v o
On the other hand, by differentiating (3.11) in u, we have
a’(u) = b (u) cosb(u) — (V' (u))?sin b(u). (3.15)

Substituting u = ug in (3.15), we have

1"

—a (uo) = (V'(u))?,

since b(ug) = arcsina(ug) = 7/2. We know a” (ug) < 0 by the proof of Lemma 3.4. Then

we obtain
v —a" (ug) = b'(uy). (3.16)

Recall that if v € [0, 1] approaches zero from one, then r € [0,7/2] approaches 7/2 from
zero, and u € [0, ug| approaches uy from zero. Then we have
v 314) 1 (316 1

lim f(v) = lim —— "= =

e v>40 a/ (c(v)) b’ (uo) T(UO).
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We can compute the left-side limit of f as v tends to zero in the same way, and obtain

lim f(v) = L

v——0

—a" (ug)

Therefore, f(v) is continuous at v = 0.

Q.E.D.
Rewrite the metric g written as in (3.1) with this f(v). By (3.13), we have
a(c(cosr)) = a(u) = sinr. (3.17)
By differentiating (3.17) in u, we have
d
a'(c(cosr))) = d—; COST.
Then we obtain
du cosT
% = Wos’r‘)) = f(COST).
Hence g may be written on U as
du~2
g2 2 2 _(QUN2, 9 oo 402
g = du”+a”(u)df _<d7“) dr® + sin”r df
= {f(cosT)}?dr* + sin® r do>. (3.18)

We will give a necessary and sufficient condition in order that all geodesics in (M, g) are
closed, where g is written on U as in (3.18). We suppose the length of the equator is 27.

Theorem 3.5 ([D]) Let (M, g) be a Riemannian manifold which is diffeomorphic to S*
and g is a metric of revolution which can be described in a parametrization (U, Uy, Ug)
and coordinate functions (r,0) on U as in (3.18). We assume the distance from N to S is
L eRy.

Then, all geodesics in g are closed if and only if

i gini- f(cosr) m
. - 92 - 92 .d/r = 7T,
i sinrvsmr —sm- e n

for every i in (0,7/2). Here m and n are coprime positive integers.

Every geodesic in U, except for the equator, consists of 2n geodesic segments between two
consecutive points of contact with the parallels r =1 and r = m — 1. Its length is 2nL, and
1t turns m times.
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Proof. First, we must give some observations about geodesics in Zoll surfaces in order to
prove the theorem. The meridians are geodesics through the North Pole N and the South
Pole S. Other geodesics are entirely contained in U = M\{N, S}. We can compute the
equations of geodesics in U, and obtain Clairaut’s first integral

sin? r 0 =c, (3.19)

d
for some constant c. We may set ¢ = €1 sin, where the sign €; determines the orientation
of the geodesic, and 7 is in (0, 7/2). Then the geodesic, denoted by ~;, is contained between
two parallels r = ¢ and r = 7 — 4. Minimum or maximum value of r(t) is r =i or r = m — 1,
respectively.
By (3.19), we have

db sin g
— =
dt Ysin2 r

(3.20)

Recall that ~; is parametrized by arc length. Then, since the metric g is written as in
(3.18), we have

(leosnp () +oint o () =1 2)

Substituting (3.20) in (3.21), we have

<d7‘>2_ sin?r — sin?4
dt)  sin?r{f(cosr)}?’

Hence, v; = (dr/dt,df/dt) is described as follows:
dr Vsin® r — sin® i

dat = sinr - f(cosr)’
do sin ¢

—=c
dat !

(3.22)

sin?r’
Here the sign ¢ = +1 does not change on a segment of a geodesic going from r = 7 to
r =m — i, and it changes whenever r equals to ¢ or ™ — i.

The angle 6(i, m — i) between two consecutive points of contact with the extreme parallel
is

Tt df i df) dt f—i ing.
O(i,m—1) :/ fdr:/ 77dT:€1€/ sini - f(cosr) i



A geodesic 7; is closed if and only if

m(i)_
n(i)

for some coprime positive integers n(i) and m(i). If all geodesics are closed, then €,£6(i, 7—1)

e180(i,m—1i) = (3.23)

is a continuous function from R/27Z to R for any 7 in (0, 7/2) though the range of 6(i, 7—1)
is contained in Qm. Here Q denotes the set of all rational numbers. Then 6(i, 7 — i) has
to be constant, say m(i)/n(i) = m/n € Q. We suppose €16 = 1 for the sake of simplicity.
Then, ~; is closed if and only if

]/ osmuy £<COS7? _dr =" r, (3.24)
i smryvsm®r —sm- e n

for every i in (0, 7/2), and for some positive integers m and n. (3.24) means that 7; consists
of 2n geodesic segments between two parallels » = ¢ and » = 7 — ¢, and is closed when it
turns m times. Then the length of ~; is

T—1 dt T—1 1
2n / —dr = €2n sin 7 f(cosr) dr
i dr i Vsin®r — sin? i
= 2nLg(i, T —1), (3.25)

where L,(i,m — 4) is the length of ; from r =i to r =7 — 1.
Since the length from N to S is L, we have

lim L (i, 7 — ) = L.
In fact, L,(i, ™ — i) is independent on i, since 0(i, 7 — i) = m/n is a constant. Hence, the
length of v; is 2nL.
Q.E.D.
Remark

If g is smooth, we have m = n = 1. Indeed, suppose g is smooth. If ¢ tends to zero, ~;
tends to n-meridians. Then, if n > 2, it yields a contradiction to the differentiability of g
at N and S. Hence n = 1. Then ~; has length 27 for any ¢ by Theorem 3.5. If ¢ tends to
7/2, then ~; tends to the equator, which is a simply closed geodesic with length 27. Then
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we conclude that 7; turns M just one time, that is, m = 1.

Let h(cosT) be a smooth function from [—1, 1] to R which satisfies f(cosr) = 1+h(cosr).
Using this function h, a metric of revolution (3.18) is written as

g = {1+ h(cosr)}?dr* 4 sin®r df*. (3.26)

We show a necessary and sufficient condition in order that the metric written as in (3.26)
is a Zoll metric.

Theorem 3.6 ([Be|) A Riemannian manifold (M, g) is a Zoll surface if and only if g is
a metric of revolution which can be written in a parametrization (U, (r,0)) as in (3.26),
where h : [—1,1] — [=1,1] is an odd function in cosr centered at zero which satisfies

h(1) = h(—1) =0, and 1 + h > 0.

Proof. Recall that f is a positive function by definition. Then we have 1 + h(cosr) >
0. This, together with the fact that A is an odd function, implies that the range of h
is contained in the interval [—1,1]. The condition h(1) = h(—1) = 0 guarantees the
smoothness of the metric at the North Pole and the South Pole, as one can see in section
3.4. Then we just have to show the metric written as in (3.26) is a Zoll metric if and only
if h is an odd function. By Theorem 3.5, g is a Zoll metric if and only if

/H sini{l+ hcosr)} (3.27)

sinrv/sin® r — sin 1
holds for any i in (0,7/2). Take the odd function h = 0 in (3.26). Then g is the standard
metric on a two-sphere (see Example 3.1 below). Then (3.27) implies

ni sin i
| ———dr =, (3.28)
i simrysim-r — Sl

for any ¢ in (0,7/2). Together with (3.27) and (3.28), we have

T—1 inz-h
/ ' smz' 2(COS7’? _dr =0, (3.29)
i smrvsmor —sme

for any ¢ in (0,7/2).
Then, the following lemma is equivalent to the theorem.

Lemma 3.6 h(cosr) is an odd function centered at zero, if and only if (3.29) holds for
any i in (0,7/2).
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Proof. If h(cosr) is an odd function centered at zero, clearly (3.29) holds for any i in
(0,7/2). We will show the converse. Suppose (3.29) holds for any i in (0,7/2). Since any
function is described as the sum of an even function and an odd function, h(cosr) is written
as h(cosr) = h(cosr) + h°(cosr), where h¢(cosr) is an even part of h, and h°(cosr) is an
odd part of h. Indeed, we may set

h(cosr) + h(—cosr)

h¢(cosT) = 5 :

h(cosr) — h(—cosr) ‘
2

h(cosr) is an odd function if and only if h¢(cosr) = 0 for any r € (0, 7). Hence we have to
show that (3.29) implies that h¢(cosr) = 0.

h(cosr) =

0 (29 /”i sini - h(cosr) .
]

sinrv/sin® r — sin®1
s
oo (2 h(cosT) =1 h(cosr
= smz{ ( dT—i‘/ ) 2 .dr}
i sinrvsin?r —sin?i 5 sinrv/sin® r — sin® 1
s
oo (2 h(cosr —cosT
= smz{ _ ( > ) ‘ dr—i—/ M ) (—dr)}
i sinrvsin?r —sin?i sinv/sin? r — sin®
.. {5 h(cosr)+ h(—cosr)
= sing - — ——=dr
t sInryvsm°r —sm-e
bl 2h¢(cosr)

= sin? dr.

i sinrvsin?r — sin?i

Namely, we have
2 h¢ (Cos T)
i sinrv/sin®r — sin? z

for any ¢ € (0,7/2). Set t = cosr, x = cosi. Then

[ —
0 (=W
holds for any x € (0,1). Then we obtain h¢(t) = 0 for any ¢ € (0,1) by Lemma 8.1 in the

Appendix. Since A€ is an even function on (—1,1) centered at t = 0, we have h¢(t) = 0 for
any t € (—1,1). Hence we conclude that h is an odd function.

Q.E.D.
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3.4 Differentiability of Zoll metrics

A Zoll metric (3.26) is a metric defined on U = M\{N, S}. However, if the odd function
h:[—1,1] — [—1,1] is smooth, then the Zoll metric g is smooth at the North or the South
Pole. Namely, g can be extended from a smooth metric on U to a smooth metric on M.
In order to prove this fact, we need the following two lemmas.

Lemma 3.7 Let k(r) be an even function which is smooth on R. Then, there exists a
function k with k(r?) = k(r) which is smooth on Rsg.

Proof. Fix any natural number n. Expanding k in a Taylor series in r around r = 0, we
have

k(r) = 3 =r'k9(0) + Raa(r), (3.30)

where Ry, (r) is a remainder term. We set ky,_1(r) = 225 (1/i!)r'k®(0).
case 1)

If k is a polynomial, that is, Ry, (r) = 0 for any r in R, k(r) is equal to ka,_1(r). Since
k is an even function, £ (0) = 0 holds for any odd number i < 2n. Then ky,_1(r) is a
polynomial in 72, say 1231(7"2) = kon_1(r). By smoothness of a polynomial, this k; is smooth.
case 2)

Assume k£ (0) = 0 holds for any i < 2n, that is, k(r) is equal to Ry, (r). Define the
function ko as ky(r) = k(y/7) for r > 0. We discuss the differentiability of ky at r = 0. Set
ko(t) = k(v/t) for any t > 0. For any i < n, the i-th derived function of k; is

SO (e )
k? (t> - lz:; .0 (\/E)l .

Here c;; is some positive integer. Then we have

2i—1 k,(2z 0) (T)

hmk‘ = hm Z iy ——— = ck@)(0),

where c is some positive integer. The last equality follows from L’Hospital’s theorem. The
assumption k(™ (0) = 0 for any m < I < 2i < 2n makes it possible to use it.
Hence, if k is 2n-times differentiable, then ks, is n-times differentiable.
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general case)
By (3.30), k(r) is written as

k(r) = ko (r) + Ron(r)
= k1<7'2) -+ kQ(TQ)-

ki1 is smooth by the case 1), and k; is n-times differentiable by the case 2). Then ky(r2) +
ko(r?) is n-times differentiable, and hence, it is smooth on Rsq, since n is any natural
number.

Q.E.D.

Lemma 3.8 Let k(r) be an even function with k(0) = 0 which is smooth on R. Then the
metric which is described in a parametrization (U, (r,0)) as

g ={1+k(r)ydr® + r*do*
can be smoothly extended to r = 0. Hence, g is a smooth metric on M.

Proof. Define two metrics g1, g2 as g1 = dr® + r?d6? and g, = {2k(r) + k*(r)}dr?. Then g
is written as g = g1 + ¢2. Let (x,y) = (rcos,rsinf) be Euclidian coordinates. Then ¢, is
smooth at (z,y) = (0,0), since

g1 = dr* 4+ r?df* = da® + dy?

is exactly the Euclidian metric.

Since k(r) is even, 2k(r) + k*(r) is also an even function. Then, according to Lemma
3.7, there exists a smooth function k such that k(r?) = 2k(r) + k*(r). Set j(r?) = k(r?)/r?.
Then we have

g2 = k(r®)dr? = rj(r?)dr?
= J0)rary
= j(@* +y*){zdy + ydy}*.
Hence g5 is smooth at (z,y) = (0,0). Therefore, g can be smoothly extended to r = 0.

Q.E.D.
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Let g = {1 + h(cosr)}2dr? + sin® r df* be a Zoll metric showed in Theorem 3.6. h is a
smooth odd function in cosr and satisfies h(1) = h(—1) =0, and 1 + h > 0. Set sinr = t.
Let h(t) be the function defined by

h(t) = 1 —Cosr—l—h(cosr).

cosTr

Then A(t) is an even function since cosr is even in ¢, and satisfies 2(0) = 0. Then we have

dt?
g = {1+ h(cos r)}2m + t2d0?

_ { 1+ h(cosr)

cCosTr

2
} 2 + £2d6>

= {1+ h(t)}2dt* + t2d6>.

By Lemma 3.8, we can conclude that g is a smooth metric on the whole M.

3.5 Examples of Zoll surfaces

There is a wide choice of functions h. In particular, notice that there is no condition on
the derivatives of h, that is, on the sectional curvature constructed from h. The sectional
curvature at r is written as

1

o(r) = 5 hcos r)}3{1 + h(cosr) — cosr - h'(cosr)}. (3.31)

Here we give some examples of Zoll surfaces.
Example 3.1

Take the constant function i = 0. Then the Zoll metric is g = dr? + sin?rdf?, and we
can verify that o(r) = 1 for any r € [0, 7] from (3.31). This is the standard metric on a
two-sphere.
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Example 3.2

Take the function h(cosr) = cosrsin(2k + 1)r, for k € Z. Then the associated sectional
curvature oy (r) is

1 { (2k + 1) cos® r cos(2k + 1)7’}

ow(r) = {1+ cosrsin(2k + 1)r}3

sinr

If £ = 0, the associated Zoll surface has non-negative sectional curvature for any r € [0, 7].
On the other hand, by a suitable choice of k € Z and r € [0, 7], the sectional curvature at
r can be made less than any negative number.

Remark

Zoll metric (3.26) can be extended to a metric on a n-dimensional sphere S™. Its represen-
tation is similar to that of the standard metric on S™. Spherical coordinates in (n + 1)-
dimensional Euclidian space are given below:

x! = cos O*

2% = sin 6" cos 62

i—1

z! :( H sinﬁj)cosﬁi

J=1

"t =[] sind’,
=1
for 0 € [0,7], (i = 1,2,...,n — 1) and 6" € [, n]. Then the standard metric on S™,
(n > 2), has the following inductive expression:
gy = (d0")* +sin® 0" gg~".

Here gi ! is the standard metric on S”!, whose coordinates are (6%,63,...,6").
One can check n-dimensional Zoll metric is written as

g = {1+ h(cos0")}*(d")? + sin® 0 gy~ ".
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4 Billiards on Riemannian manifolds

4.1 Notation about billiards on Riemannian manifolds

Billiards on Riemannian manifolds are the extension of those on the Euclidian plane. Let
(D, g) be a compact convex Riemannian manifold with smooth boundary dD. Here convex
means for any two points p, ¢ in D, there exists a geodesic from p to ¢ which is entirely
contained in D. We assume any geodesic issuing from a point in the interior of D intersects
0D, and it has two endpoints.

Let T'M be a tangent bundle over M, and let UM be a unit tangent bundle over M. For
a boundary point of D, the set of unit tangent vector toward D is defined by

Ut(@D)={veU,D|pedD, g(v,N,) >0},

where N, is the inward normal to dD.
By taking po € D and vy € U (0D), we obtain a geodesic

C& (t) = exp,, (tvo)

for t € [to,t1], where ty = 0, and ¢; denotes the first value of ¢ > 0 such that ¢} () hits 9D.

Then a unit vector v; € U} (m(aD) is determined according to the rule that the angle of
0

incidence equals the angle of reflection. Namely, the angle between ng(tl)(aD) and vy is

d
equal to the angle between Tp1(,,y(9D) and %Q} (t) |¢=t,- Hence we obtain a geodesic

(i (t) = expey gy, (t — 1)

for t € [ty, 2], where t5 denotes the first value of ¢ > 0 such that ¢?(¢) hits dD. Note that
C(t1) = ¢3(t1). Analogously, geodesic segments are defined by

G () = expei ) (t = ti)v;

for ¢t € [t;,t;+1] and some non-negative integer i € Z~(. Broken geodesic segments

¢(t) = U G ([t tiva))

i=0
are called a billiard in D.

Remark

0D is not a billiard, even if it is a geodesic. It can only be considered as a limit of billiards.
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4.2 Periodic billiards

Now, we will introduce a periodic billiard and its period. The period of a periodic billiard
is constructed of two positive integers, called the link number and the rotation number.

Definition A billiard ((t) is periodic if there ezists a positive integer q € Z~q such that
Gt — 1) = GLyT (= i),
for any i € Z>q, and any t > 0. It is often called a q-link periodic billiard.

A rotation number of a periodic billiard is defined as follows. Let ((¢) be a g-link
periodic billiard in D, and fix the direction of dD. Let ¢ : R — D be a representation
of 0D parametrized by arc length, where R is the set of all real numbers. We choose the
direction of ¢ in the same direction as D. ({7 (t))icz-, is a sequence of points in 9D,
and is represented by a monotone increasing sequence of real numbers s = (8:)iez-0, which
is defined by the minimum of those which satisfies (7" (¢;) = ¢(s;), so = 0. Let L be the

length of dD. Since ((t) is a ¢-link periodic billiard, there exists a positive integer r such
that

sq =r1L. (4.1)

Take the opposite orientation of dD. Let ¢! : R — D be its representation of dD.
(¢7'(t:))iez-, is represented by a monotone increasing sequence of real numbers z =
(2;)iez-0, which is defined by the minimum of those which satisfies ¢I*'(t;) = ¢ (),
2o = 0. Since the direction of ¢ and ¢! is opposite and ¢(s;) = ¢~ (x;) for any i > 0, we
have the following equations.

S1+ X1 Iil%

Sg— 81 +x2—x1 =1L,

8¢ — Sg—1 + Tq — Tq—1 = L.

Adding both sides of these equations, we have

q—1 q—1
D (sip1 = si) + D (wip1 —x5) = qL.
i=0 i=0

. -1 -1 .
Since s, = s, — S0 = >ty (8it1 — si) and x, = x, — 29 = >ty (xi11 — ;), we obtain
8¢ +xg = qL.
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By (4.1), this implies
e = (q¢—r)L.

We can verify r < ¢, since s;11 — s; < L holds for any 4, then we have rL = s, = 5, — 50 =
S0 (siv1 — si) < qL.

A positive integer p defined by p = min{r,q — r} is called the rotation number of a
¢-link periodic billiard (¢). Clearly, the rotation number is independent of the choice of
the direction of dD.

The pair of such positive integers (g, p) is called a period of the periodic billiard. A peri-
odic billiard which has a period (g, p) is often called a (g, p)-periodic billiard.

5 Rigidity problems for Zoll surfaces

5.1 Billiards on Zoll surfaces

Let (M, g) be a Zoll surface. If we give the Northern Hemisphere of a Zoll surface, its
Southern Hemisphere is automatically determined since a Zoll metric is characterized by
an odd function h(cosr) centered at r = /2. In particular, the following holds.

Theorem 5.1 Let (M, g) be a Zoll surface whose Northern Hemisphere is the standard
sphere. Then, (M, g) is the standard sphere.

Note: A non-trivial Zoll surface (i.e. a Zoll surface which is not the standard sphere) is
always not symmetrical with respect to the equator r = 7/2. We can verify this fact, for ex-
ample, by computing the meridian curve of a non-trivial Zoll surface which is isometrically
embedded in the Euclidian space.

In order to weaken the assumption of Theorem 5.1, we regard geodesic segments on the
Northern Hemisphere of a Zoll surface as billiards.

First, we will begin with a simple observation of the billiards on the Northern Hemisphere
of the standard sphere. All geodesics starting from a given point p on the equator arrive
at the same point p/, namely the antipodal point of p. The angle between the equator
and the geodesic starting from the equator equals to the angle between the equator and
the geodesic arriving at the equator. Since the angle of incidence of a segment of billiards
equals the angle of reflection, the billiard starting from p always comes back to p via p'.
Thus all billiards are (2,1)-periodic. In particular, each billiard segment has the same
length 7, which is independent of a choice of an initial point or angle. We can indicate the
properties of billiards on the Northern Hemisphere of the standard sphere as follows:

1) all segments of the billiards have the same length 7,
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2) each billiard is (2, 1)-periodic.

Let us now attempt to extend the observation into the billiards on the Northern Hemi-
sphere of a Zoll surface. Zoll metric is written as in (3.26). The equator of a Zoll surface is
r = /2. Then two parallels » = i and r = m — 1 face each other across the equator r = /2
for any i € (0,7/2). Since every geodesic in U = M\{N, S} is contained between r = i
and r = m — 7 (see section 3.3), all geodesics intersect the equator.

Geodesics starting from a given point p in the equator are not arriving at the same
point in the equator in general. However, similar to the case of the standard sphere, the
angle between the equator and the geodesic starting from the equator equals to the angle
between the equator and the geodesic arriving at the equator. Then applying the first
variation formula, all segments of the billiards starting from the equator at the angle ¢
have the same length L(¢). Namely, the length of a geodesic segment on the Northern
Hemisphere depends only on its angle with the equator. In addition, billiards are not
periodic in general.

Billiards on the Northern Hemisphere yield billiards on the Southern Hemisphere, since
all geodesics of the Zoll surfaces are closed, and intersect the equator. If the length of a
segment of the Northern Hemisphere is [, then the length of the corresponding segment of
the Southern Hemisphere is 27 — (.

According to our observation, we can see that billiards on a Zoll surface do not always
satisfy either of the two properties 1) and 2) which are mentioned above. However, if
billiards on the Northern Hemisphere of a Zoll surface satisfy at least 1) or 2) above, the
metric should be the standard one. These facts are given bellow as Theorems 5.2 and 5.3.

5.2 Some results for Zoll surfaces

Let v(t) = (r(t),0(t)) be a geodesic in (M, g) contained between two parallels » = 7 and
r=m—iforie€ (0,7/2) whose minimum or maximum value of r(t) is r =i and r = 7 — 4,
respectively. Let us consider the length of v(¢) from r =i to r = j, denoted by L,(4, j), for
a positive real number j such that 0 < ¢ < j < 7/2. Let (M, go) be the standard sphere.
L, (i, j) means the length from r = ¢ to r = j of a geodesic in (M, go) contained between
parallels r =¢ and r = 7 — 4.

Now, fix any j € (0,7/2].

Lemma 5.1 Ly(i,7) = Ly, (i,j) holds for any i € (0,7) if and only if
/y (t)dt =0
cos j

holds for any y > cos j.
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Proof. Ly(i,j) is written as

o i dt i sinr{l 4+ h(cosr
Ly(i,5) = | d—drze . _{2 ( 2?}dr.
ioar i VSsin®r — s e
We suppose ¢ = 1 for the sake of simplicity. Since gy is a Zoll metric with h(cosr) = 0,
Ly, (1,7) is written as
. J sinr
Lyg, (Z’]) = \/ﬁdr‘
i \/sin“r —sin®1

Then, the assumption L,(7, j) = Ly, (7, j) equals to

(5.1)

7 (sinr)h(cosr)
for any i € (0,7/2). Set t = cosr and x = cosi. Then we have

v h(t)

cosj \/T? — 12

dr =0, (5.2)

dt = 0. (5.3)

Then for any y > cos 7,
27 h@ydt =0 (5.4)
2 cos j

holds by the proof of Lemma 8.1 in the Appendix.

If we follow the proof inversely, (5.4) implies that L,(i,j) = Ly, (¢, 7) for any i € (0, j).
Q.E.D.

Theorem 5.2 Let (M, g) be a Zoll surface such that all segments of the billiards on the
Northern Hemisphere have the same length w. Then, (M, g) is the standard sphere.

Proof. By assumption, Ly(i,7/2) = Ly, (i,7/2) = w/2 for all i in (0,7/2). Then Lemma

5.1 gives us
T

Yy
QAhMﬁzo
for all y > 0. Since h(t) is an odd function centered at zero, we have h(t) = 0. Then we
have the conclusion.
Q.E.D.

We considered a geodesic contained between two parallels » = ¢ and r = © — 4, and
compare the length from r = i to the equator r = 7/2 in the metric g with that in go. This
r = /2 is the best condition. Namely, if the length from r = i to the parallel above (or
below) the equator in the metric g equals that in go, (M, g) is not necessary the standard
sphere. In fact, we have counter-examples.
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Example 5.1

Take an odd function h(¢) which is equal to zero on the interval [cos(m/2 — ¢), 1] for
some 0 < ¢ < m/2, but not identically zero on [—1,1]. Then, for all ¢ in (0,7/2) and
i <j<m/2—¢, (M,g)satisfies Ly(i,7) = Lg, (i, j).

Example 5.2

hy(t) in Example 5.1 satisfies (5.4) not only for j € (0,7/2) but also for j € (7/2,7), since

/ T bt =0

os(m—j)

always holds for j € (7/2, 7). Then, according to Lemma 5.1, the Zoll surface (M, g) with
respect to this hq(t) satisfies L, (4,5) = Ly, (4,7) for all 7 in (0,7/2) and j € (7/2, 7 — ).

Theorem 5.3 Let (M, g) be a Zoll surface such that all billiards on the Northern Hemi-
sphere are periodic. Then its period should be (2,1), and (M,g) is the standard sphere.

Proof. Let ~(t) = (r(t),0(t)) be a geodesic contained between parallels r =i and r =7 — 1
for all ¢ € (0,7/2) whose minimum or maximum value of r(¢) is r = i or r = 7w — i,
respectively. We take the initial point v(0) = (7,0) in the parallel r = i. Let 0(i,7/2) be
the value of 6 which ~(t) starting from ~(0) hits the equator for the first time. The hit
point is (7/2,0(i, 7/2)).
According to the formula (3.22), 6(i,7/2) is written as
T 3 do 3 do dt 2 sini{l + h(cosr)} J

0(i,—) = —dr = ——dr = ¢e1¢e r.
( 2) i dr i dtdr i sinrv/sin® r — sin® g

We suppose €16 = 1 for the sake of simplicity. If all billiards are periodic, then

20(i,m/2)q(i) = 2mp(i) for some coprime positive integers ¢(i) and p(i) such that p(i) < q(7).
By the continuity of 6(i,7/2), p(i) and ¢(i) must be constant, say p and ¢q. Namely,

LT D
«9(z,2)—q7r

holds for any 7 in (0,7/2), and then, all billiards are (g, p)-periodic. If i tends to zero,
tends to a meridian curve. Hence we have

lim (i, - ) =

T
i—0 2 2
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Therefore, 0(i,7/2) = w/2 holds for any i € (0,7/2), and all billiards are (2, 1)-periodic.
Then we have

7 sini{l+h
o, Ty = [F AL e ), T 55
2 i sinrvsin?r — sin?i 2

for any i € (0,7/2). Since (5.5) always holds for h(cosr) = 0, we have

jus

2 sin ¢

7T
dr = —, 5.6
i sinrvsin?r — sin?i 2 (5:6)
for any i € (0,7/2). By (5.5) together with (5.6), we have
3 ini)h
[F BNt gy, 57)
i sinrvsin®r —sin® i

for any i € (0,7/2). Consider the function H(cosr) = h(cosr)/sin®r. Since H(cosr) is
an odd function centered at zero, (5.7) is the particular case of (5.2). Hence the proof of
Theorem 5.3 can be reduced to the proof of Theorem 5.2.

Q.E.D.

5.3 How to extend to (5.-manifolds

We would like to extend our results for Zoll surfaces to general Co.-surfaces. Let (M, g)
be a Cyr-surface. Let D be a closed domain in M such that its boundary 0D is a geodesic
in (M, g). Suppose the billiards on (D, g) have similar properties to those on the standard
hemisphere. Then, is (M, g) the standard sphere?

Let us give a notation which is useful to describe properties of the billiards on the
standard hemisphere. The equator is regarded as the boundary of a billiard table. Let
(D, g) be a compact convex Riemannian manifold with smooth boundary.

Definition We say the billiards on (D, g) have the spherical property if they satisfy:
1) all segments of the billiards have the same length T,
2) each billiard is (2,1)-periodic.

The condition 2) implies that D is a geodesic, since it is the limit of the segments of
billiards. Then 0D is closed, and has length 27.

Let v4(t) be a geodesic issuing from py € 9D with the initial angle § € (0,7), and
denote v9(0) = po. Define the map s : (0,7) — 9D by s(0) = yp(m). If ds/df # 0, Fo(7)
is orthogonal to 9D by Gauss’ lemma. Since the billiards on (D, g) have the spherical
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property, geodesics always have the same angle at dD. Hence 0 = 7/2. If 0 # 7/2, we
have ds/df = 0. Therefore, ds/df is identically zero, and s is a constant map. Namely, all
geodesics issuing from py € 0D arrive at only one point.

Let o be a point in dD such that the length from py to ¢y along 0D is w. Since all
segments of the billiards have the same length 7, we have

élir(l) s(0) = qo.

Let lo) be the interior of D. There exists a minimizing geodesic from py to qo, since D is
convex. If it is contained in 0D, its length is 7 by the definition of ¢y. If it is contained
in 10), its length is also , since it is a billiard segment. Hence vy is a minimizing geodesic
from py to qo for each 6 € (0,7). By the first variation formula, a billiard issuing from
a point in D with an angle ¢ arrives at 0D with the same angle ¢. Since the angle of
incidence equals the angle of reflection, the billiard always has the same angle ¢ at dD.
Fix any point p € lo), and py € dD. There exists a unique and minimizing geodesic from
po to p. Indeed, suppose there are two minimizing geodesics from py to p. By extending
these geodesics to 0D, we can show a contradiction to the fact that all billiard segments
issuing from po is minimizing. Let §,, be the geodesic parametrized by arc length, and

€00 (0) = po, &y (t) = p. Define the map ¢, by
¢p: ST =D 3 py s &y (t) € U,D =2 S,
Since &, is a unique geodesic from py to p, ¢, is continuous and injective. Then it is

surjective. Hence all geodesics in lo) are part of billiard segments, and they are minimizing.

In particular, there are no closed geodesics in D.

Let (M, g) be a Cyr-surface, and « be a geodesic in M. Since 7 is closed, and particularly
simple ([G-G]), v divides M into two domains. Fix the direction of 7. The closed domain
on the left side of v is called the Northern Hemisphere of M. The opposite is called the
Southern Hemisphere. ~ is supposed to belong to both hemispheres.

Now we assume that the billiards on the Northern Hemisphere of M have the spherical
property. Then the billiards on the Southern Hemisphere also have the spherical property
since (M, g) is a Cyr-surface. Then a rigidity problem for Cy,-surfaces can be loosely said
as follows. If the half of a Cy,-surface is the standard sphere in the sense of billiards, is it
the standard sphere? The problem is precisely stated below.

Problem 2 Let (M, g) be a Cor-surface. Let D be a closed domain in M such that its
boundary 0D is a geodesic in (M,g). Suppose the billiards on (D,g) have the spherical
property. Then, is (M, g) the standard sphere?
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We could solve this problem under stronger condition. It is stated and proved in the
following section.

6 Rigidity problems for (C,,-manifolds from a view-
point of billiard problems

In this section, we solve Problem 2 under a certain conformality condition. We use the
method of boundary rigidity problems for Riemannian manifolds by C. Croke ([C]). Croke’s
method essentially needs the uniqueness of the geodesics between boundary points. How-
ever, our billiard condition makes it possible to obtain the conclusion without the unique-
ness of the geodesics.

Let (M, go) be the two-dimensional standard sphere, and f be a smooth positive function
on M.

Theorem 6.1 Let (M, g) be a Cor-surface with metric g = f2go. Let D be a closed domain
in M such that its boundary 0D is a geodesic in (M,g). Suppose (D,g) satisfies the
following:

i) the billiards on (D, g) have the spherical property,
it) 0D is a unit speed geodesic in g, and also in gq.
Then, (M, g) is the standard sphere.

In order to prove the theorem above, we should give some notation and show two lemmas.
Let v be a geodesic in (M, g) such that v = 9D. lo) denotes the interior of D. The restriction
of g to D is denoted ¢ again.

Let UD = (UD, G) be a unit tangent bundle over D with metric G, where G is a Sasaki
metric with respect to g. Let UDy = (UD,Gp) be a unit tangent bundle over D with
metric Gy, where Gq is a Sasaki metric with respect to the standard metric gq.

Let Uty = (U*, G|y+~) be a subbundle of UD whose total space is defined as

UJDY = {U € U"/(S)D | g(va'y(s)> > 0}7

where N, is the inward normal at v(s). Analogously, we can define (U"), as a subbundle
of UDy. du and dv denote the standard measures of UD and U*~ with respect to g,
respectively. || - || denotes a norm with respect to g. In the same way, dug, dvy and || - ||
denote the standard measures of UDy, (U*7), and a norm with respect to go, respectively.
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Let ¢ : UM — M be a projection on UM. For each v € UM, there exists a unique
geodesic &, : R — M which satisfies &,(0) = ¢(v) and &,(0) = v. Denote v, = &,(t), where
vo = v. Then ¢(v;) = &,(t) holds for any t € R. We define the map ¢ : UM x R — UM
by ¢(v,t) = v. Then (UM, p) is a C* flow called the geodesic flow on UM. Let Z,(t)
be a vector field on UM whose associated one-parameter family is ¢. Z,(t) is called the
geodesic vector field on UM. Since M is a Cy,-surface, the geodesic flow ¢ on the unit
tangent bundle UM is periodic. Then Z, generates a free action of S'. The quotient
space UM /S! is a two-dimensional manifold (the manifold of oriented geodesics) which we
denote by CM. The projection 7 : UM — CM is a S'-principal bundle. Let TM* be a
cotangent bundle over M. Let « be the differential one-form on 7'M which is a pull-back of
the canonical one-form on T'M*. We consider the restriction of o to UM, and still denote
by a. Since a(Z,) = 1, the one-form « satisfies the definition of a connection form for the
Sl-principal bundle 7 : UM — CM. The distribution @ : UM — TUM defined by

Qu={XeT,UM|a(X)=0,uecUM}

is a connection whose associated connection form is . Then the direct sum decomposition
of T,UM is
T.UM =R Z,(u) ® Q.

Moreover, according to the structural equation, da is the curvature form of this connection
form a.

The following lemma is the special case of Santalé ’s formula([M]).

Lemma 6.1 Suppose the assumption is all the same as Theorem 6.1 above. The restriction
of a and da to UD or U*y are still denoted by o and do. Then the following holds:

[ yrwanta) = [ {[ o)},

where n(u) is an integrable function on UM, u = &(t) € UM, £(t) is a geodesic in (M, g).

Proof. Let w be the closed two-form on CM defined by m*w = da. Since w is non-
degenerate, it can be a symplectic form on C'M. By Fubini’s theorem, we have

/UMU(U) a A (da) = /geCM{/gn(f(t))dt} w.

Since the billiards on D have the spherical property, all geodesics passing through a point in
D have two intersection points with 9D. Then we can consider the map ¢ : U D — Uty
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defined by ¢((£(t),£(t))) = (£(0),£(0)), where £(t) is a geodesic whose initial condition is
(£(0),£(0)). Since dchB = ¢*(da|y+), (UTy,daly+,) is symplectically diffeomorphic to
(CM,w). Recall that all billiard segments have length 7 on D. Then we have

Jynmanta)=[ [ n)r) do
Q.E.D.

Lemma 6.2 Suppose the assumption is all the same as Theorem 6.1 above.
Let &(t) be a geodesic in (D, go). Then the following holds.

|71 é(o) e = .

Proof. (D, go) is a closed subdomain of the standard sphere (M, go). Recall that v = 9D is
a geodesic in g also in go, then we know that (D, go) is precisely a hemisphere of (M, go).

Since &(t) is a geodesic in g, the distance from &,(0) to &y(m) in go is . On the other
hand, the distance from &,(0) to &y(m) along 7 in g is also . Then £y(0) and &y(7) are

connected by minimizing geodesics in ( 19), g), and their length are also w. Hence the length
of &(t) in g is not less than 7.

Q.E.D.

Now, we are ready to prove Theorem 6.1.

Proof of Theorem 6.1 For z in 10), let u be a tangent vector at = such that || u ||p= 1.
Then, since g = f2go, we have || u ||= f(z) . Integrating this over UD, and applying
Fubini’s theorem, we have

/UDO Il u || duo = 27r/Df(x)dx0, (6.1)

where dxg is the standard measure of the standard hemisphere (D, go).
Let &(t) be a geodesic in gg, and u = &y(t). Set UMy = (UM, Gy), and C My = UM,/S*.
Let o be a connection form for S'-principal bundle

7o - UMO — CMO
which is analogously defined as a connection form «. dag is the curvature form of ay.
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Since ag A dag is a volume form of U Dy, we have

o [ f@de [ dug
D UDg

= [ lullaoA (dao)
UDy

Lemma6.1 4 :
= t) ||dtd
Jooy L) ot e}

Lemma6.2

> / 7 doyg
(U+'Y)o

_ / { / " dt} dag
(Uty)y ~/0

= / ag N\ (dOéo)
UDo

= dUO
UDq

= 27 vol(D, go).

Namely, we have
/ F(@)dwo > vol(D, go). (6.2)
D
On the other hand, since 0D is a geodesic in gy,

vol(D, g) = vol(D, f%gy) = /D f2(x)dxo.

According to the Cauchy-Schwarz inequality,
1/2 1/2
vol(D, g)?vol(D, go)¥/? = {/ fZ(x)de} {/ dxo}
D D

> /D f(z)dzy

(6.2)
> VOl(D7 gO)

Hence we have
vol(D, g) > vol(D, go), (6.3)
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where the equality holds if and only if f(z) =1 for any = € D.
Since 7y is a unit speed geodesic in ¢ also in gg, g equals to gy on . Namely,

g(v(®), 7)) = 9o(3(£), (1)),

for any t € R/2nZ. Then we obtain

UDdu = /UDoz/\ (da) = /Uw{/oﬂdt}da
N /(U+7)0{/07T dt} dog = /UDO @ A (dao)

= dUO.
UDg

Applying Fubini’s theorem, we have
vol(D, g) = vol(D, go)- (6.4)

Then the equality holds in (6.3). Hence we have a conclusion that f(xz) =1 for any z € D.
Let D' C M be the complement of 10), that is, another closed domain enclosed by . Since
the billiards on D have the spherical property, the billiards on D’ also have the spherical

property. Hence the same argument applies to D’. Finally we have f(x) = 1 for any
x e M.

Q.E.D.
Remark

Theorem 6.1 can be extended to the result for n-dimensional Cs-manifolds. In this case,
the boundary of D is not a geodesic 7, but a totally geodesic hypersurface of M. Then we
apply the Holder inequality instead of the Cauchy-Schwarz inequality.

7 Rigidity problems for (5.-manifolds

Theorem 6.1 is the rigidity problem for Cy,-surfaces under some billiard conditions on
a hemisphere. One can easily see that if a hemisphere of a Cs,-surface is the standard
hemisphere, the billiards on the remaining half have the spherical property. If we fully use
the condition that a half of a Cy -surface is the standard hemisphere, we can prove that the
remaining half will also be the standard hemisphere. This result, the following Theorem
7.1, is the solution of Problem 1 which appeared in section 1. It is the extension of Theorem
5.1 to the general Cy,-surfaces. Here M denotes a manifold which is diffeomorphic to S2.
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Theorem 7.1 Let (M, g) be a Cor-surface. Let D be a closed domain in M such that its
boundary 0D is a geodesic in (M, qg). Suppose (D,g) is the standard hemisphere. Then,
(M, g) is the standard sphere.

Proof. By assumption, M = (M, g) is divided into two manifolds with boundary, written as
M = UU D, where D is the standard hemisphere and U is the complement of the interior
of D in M. Let v9 be 0D = 0U.

Let M' =U"U D' be a copy of M. Since D and D’ are the standard hemispheres, they
are smoothly attached by identifying a point in D with its antipodal point in D’. Then the
union D U D’ is the standard sphere. Recall that U and D are smoothly attached, and U’
and D’ are also smoothly attached. Then we can smoothly attach U to U’ by identifying a
point in AU with its antipodal point in AU’ (see Figure 1 below). We denote M = U U U’.

@ smoothly attached @
——
U D

smoothlylattaehed

smoothly attached @
—

U/ D/

Figure 1: Hemispheres are smoothly attached to each other

Let 7 be a diffeomorphism from U to U’ such that 7 maps a point p in U to the same
point p’ in U’. Namely, let ¢ be a natural diffeomorphism from M to M’, and we identify
M with M’ by this ¢. Then 7 is defined as 7(p) = ¢(p), for any p € U.

Let § be the metric on M defined by

g on U
-
q on U,

where the metric ¢’ is a metric on U’ which satisfies 7*¢’ = g. Note that g is smooth around
the equator.
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Let v(t) be a geodesic in (M, g) parametrized by arc length. Since M is a Cy.-surface
whose hemisphere is the standard one, v is a closed geodesic which is divided by 7y into
two geodesic segments with length 7. Namely, v is represented as

'7U(t) te [07 ﬂ-]
(t) =
’}/D(t) t € [7T,271’].

Here 7y (t) is a geodesic in (U, g) issuing from vy (0) € 70, and vp(t) is a geodesic in (D, g)
issuing from yp () € 7o, the antipodal point of py.

claim
yu(t) is smoothly attached to 7(vy(t)) in M, and hence vy (t) U 7(yp(t)) is a geodesic in

(M, g).

Indeed, since D is the standard hemisphere, if vp starts vy at some angle, say «, then it
arrives 7 at the same angle o. Then, 7y starts 7y at the angle o, and it arrives 7, at the
same angle o again. By the definition of ¢, (U’, ¢') is isometric to (U, g). Then 7(yy) also
crosses 7(7) at the angle a.

Therefore, 7(yy) and 7y face each other at the same angle « to the equator, then they
are smoothly attached to each other. Since g is smooth around 7y, vy U7 (vy) is a geodesic
in (M, g).

Then for any point p in M, the lengths of geodesics from p to 7(p) are always 7. Indeed,
let 4(t) be a geodesic in M parametrized by arc length issuing from 4(0) € 7, which
satisfies J(t1) = p and F(t2) = 7(p) for some 0 < t; < 7 <t < 27w. Since U and U’ are
isometric, the lengths of geodesics from 4(0) to 4(¢;) = p are the same as the lengths of
geodesics from () to §(t2) = 7(p). Hence ty = 7 + t;.

Recall that D is the standard hemisphere. Then the billiards on U have the spherical
property since M = U U D is a Cy,-surface. Then for any p € ﬁ and g € U, there exists
a unique and minimizing geodesic from p to ¢ (see section 5.3). Hence, every geodesic
issuing from p has a first intersection point at 7(p). Since geodesics are all closed, and the
lengths of geodesics from p to 7(p) are always the same, the cut locus of p is only one point.
Hence (M, §) is a Blaschke manifold modeled on a sphere, since p is any point in M. By
the solution of the Blaschke conjecture for spheres (Theorem 2.1), (M, §) is the standard
sphere. Therefore, (U, g) is the standard hemisphere, showing that (M, g) is the standard
sphere.

Q.E.D.
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Remark

Theorem 7.1 can be extended to the result for n-dimensional Cs-manifolds. In this case,
we take a totally geodesic hypersurface of M instead of a closed geodesic 7.

8 Appendix

Lemma 8.1 Let f be a continuous function defined on the interval [a,b], 0 < a < b < c0.

If
SO
/a S =0 (8.1)
holds for any = € [a,b], then f =0 on [a,b].

Proof. By assumption,

A \/yxTxf{/ %dt}dﬁo

holds for any y € [a, b]. Interchanging the orders of integration, we have

/ay f(t){/ty NI J;\/gﬁ — dq;} dt = 0. (8.2)

Set

Y x
F(y,t):/t N N dx.

Setting 22 = (y* — t*)u + t?, we have

Fly.t) 1/1 du 1/72r 2sin v cos v T
== | —m=== ——dv = —.
v 2Jo Ju(l—w) 2Jo sinvcosv 2
Then we obtain
T )
5/ F(t)dt =0 (8.3)

for any y € [a, b] by (8.2). Hence f(t) = 0 for any t € [a, b].

Q.E.D.
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