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Abstract

Harder proved that the Hasse principle for the Brauer group of a purely transcendental
extension field in one variable over an arbitrary field. In this thesis we prove this result by
an alternative method. At first we characterize the edge map of the Grothendieck spectral
sequence and then prove that a certain sequence is exact. Harder’s result is proved by
using this exact sequence. As another application of the exact sequence, we prove the
Hasse principle for the Brauer group of any algebraic function field in one variable over a
separably closed field.
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1 Introduction

For a field k, let k, be the separable closure of k and k the algebraic closure of k.
Let K be a global field (i.e., an algebraic number field or an algebraic function field of

transcendental degree one over a finite field), S the set of all primes of K and I?p the
completion of K at p € S. For a ring A, let Br(A) be the Brauer group of A (see [Me,
p.141, IV, §2]). The Brauer groups play an important role to define the reciprocity map
of the class field theory.

It is known that the local-global map

Br(K) — [ Br(k,)

is injective (see [K-K-S, Theorem 8.42 (2)]). We call a statement of this form the Hasse
principle. In terms of central simple algebras, the Hasse principle is expressed as follows.
Let A be a central simple algebra over K. Then

A~ M,(K)

if and only if R R
ARy Ky >~ M, (K,)

for all p € S. Moreover, suppose that K = Q and A is a quaternion algebra. Then the
above equivalence means that for a,b € K*, there exist x,y € K such that

ar® +by? =1
if and only if there exist z,,y, € l?p such that
(1.1) ax; +byy =1

for all p € S. Moreover, let (, ), : @, x @, — {£1} be the Hilbert symbol. Then (1.1)
is equivalent to

(a,b), = 1.

For a group G, let X(G) be the group of characters of G. Then the local-global map
for the group of characters of G(K,/K)

X(G(K,/K)) = [[X(G((K,)./Ky))
peSsS

is also injective. On the other hand, suppose that m is a positive integer which is prime
to the characteristic of k. Then

X(G(ko/K))m = H'(k, Z/mZ), Br(k)p = H(k, 1)

where 1, is the group of m-th roots of unity. So we consider the following conjecture.
Conjecture 5.4. Let k be a finitely generated field over a prime field, m an odd prime
with (m,ch(k)) = 1, p any positive integer and X a normal complete curve over k. Let



R(X) be the function field of X, Ox, the local ring at p of X, (7)/)(4, the Henselization of
Oxyp and R(X), its quotient field. Then the local-global map

H(R(X), ) = [ HP(R(X),, ptm)
peX
dim(5)=0
is injective.
We claim that this conjecture is true if &k is an algebraic number field and p = 1 (in
preparation). On the other hand, Harder proved that the local-global map of the Brauer
group is injective in the case where k is arbitrary field and X = P} as follows.

Theorem 7.27.[Ha] For an arbitrary field k, let k(¢) be the purely transcendental ex-
tension field in one variable ¢ over k. Then, the local-global map

Br(k(t)) — [] Br(k(r),)
peP;
ht(p)=1

is injective.

In this thesis, we prove Theorem 7.27 by an alternative method. In Section 6, we
characterize the edge maps of the Grothendieck spectral sequence.

Suppose that A, B,C are abelian categories which have enough injective objects. Let
G :C — B,F : B — A be left exact functors such that G takes injective objects of C to
F-acyclic objects. Then the Grothendieck spectral sequence is

(RPG)(RIF)(A) = R"(GF)(A)

and we show that the edge maps rf;’G and l%’G of the Grothendieck spectral sequence
satisfy the following properties.

Property 6.2. The functor 7%, ,(A): RPF(G(A)) — RPFG(A) is characterized by the
following properties.

(1) pr = 0, ’f’g’G(A) = ldpg(A)

(2) Suppose that p > 0 and assume that 7"%,(; is defined for i < p—1. Let 0 - A —
I — M — 0 be an exact sequence and [ an injective object. Then the following
diagram

p—1

"F.G

RVF(G(I)/G(A) —= R F(G(M)) "2 RV (FG) (M)

-1 -1
| |

RPF(G(A)) T RP(FG)(A)

. . —1 —1 . .
is commutative where 67", 05 " are the connecting homomorphisms.



Property 6.23. The functor I} 4(A): RP(FG)(A) — F(RPG(A)) is characterized by
the following properties.

(1) 12.6(A) = idpa(a).

(2) f0— A — B — C — 0is an exact sequence, then I}, satisfies the following
commutative diagram

RP(FG)(C) —= RPY(FG)(A) .

F(RPG(C)) =5 F(RPH(G)(A))

where 0 is the connecting homomorphism.

Moreover, we can determine the form of the edge map of the Grothendieck spectral
sequence by the above properties.

In Section 7 we prove several results by using the results which we prove in Section 6.
For example, by the above properties, we shall show the following lemma.

Lemma 7.4 Let X be a regular quasi-compact scheme, K = R(X) and g: Spec K — X
the generic point of X. Then

H2(X, 0.(Gpx)) = Ker | Br(K) % [T Br(xs)

:BEX(O)

Moreover, for a ring A and = € Spec (A), let = be the geometric point which corre-
sponds to x, Az the strict Henselization at Z (see [Me, p.38, I, §4]) and K the quotient
field of Az. Then we prove the following proposition.

Proposition 7.14. Let A be a ring such that Spec (A4) is smooth over a field k (see [Me,
pp.30-31, I, §3] for the definition) and K the quotient field of A. Then, the following
sequence

0— Br(4) DKer | Br(k) ™ [ Be(xa) |9 [ X(Glrla)s/r(x)))
xE€Spec (A) xE€Spec (A)
ht(z)=1 ht(z)=1
where k(z), is the separable closure of k(z), Res is the restriction map and homomor-
phisms (x), (+*) are the natural maps, is exact.
More generally, if X is regular quasi-compact scheme, we have the exact sequence as
follows.

0 — Br(X) * Ker Br(R(X)) e H Br(R(Oxz)) ) @ X(Gr))-

reX zeX
dim {z}=0 dim(Ox,;)=1



(see Remark 7.18). We use results in Section 6 to prove that homomorphisms (), (%)
are the natural maps. By using Proposition 7.14, we can prove Theorem 7.27 and the
Hasse principle for the Brauer group of any algebraic function fields in one variable over a
separably closed field (Corollary 7.23). Moreover we can prove Corollary 4.30 by Remark
7.18.

2 Notation

In this section, we define basic notations used throughout this thesis. More specialized
notations will be introduced in each section.

For a field & and a Galois extension field &’ of k, G(k’'/k) denotes the Galois group of
K'/k. We denote G(ks/k) by G and the category of discrete modules on which Gy acts
continuously by Gx-mod. We call such modules simply discrete Gi-modules. For a discrete
G (k' /k)-module A and a positive integer g, HY(k’/k, A) denotes the ¢g-th cohomology group
of G(K'/k) with coefficients in A (see [S1, p.10, I, §2]). We put H?(k, A) = H(ks/k, A).
Res : HP(k, A) — HP(K’, A) denotes the restriction homomorphism. For an abelian group
G,weput G, ={geG|g?=1}

For a scheme X, X is the set of points of codimension i and X, (i) 1s the set of points
of dimension . We denote the étale site on X by X, and the category of sheaves over
Xet by Sx,,. For F € Sx,,, we denote the ¢-th cohomology group of X,; with values in F
by H?(X,F). For an integral scheme X and p € X let R(X)/be\the function field of

X, Ox, the local ring at p of X, (5)(4, the completion of Oy, R(X), its quotient field ,
6X7p the Henselization of Ox, , R(X), its quotient field , Ox 5 the strictly Henselization
of Ox, and R(X); its quotient field. When we consider schemes over a field k, we also

use the notation such as k(X), k@
Ab.

o0 ete. We denote the category of abelian groups by

3 Galois cohomology

3.1 The definition of Galois cohomology
Let A be an abelian category. An object I of A is injective if the functor

M — Homy (M, I): A — Ab

is exact. A has enough injective objects if, for every M in A, there is a monomorphism
from M into an injective object. If A is an abelian category which has enough injective
objects and f : A — B is a left exact functor from A into another abelian category B,
then there is an essentially unique sequence of functors R'f : A — B, i > 0, called the
right derived functors of f with the following properties.

(a) R'f = f.
(b) R'f(I) =0 if I is injective and i > 0.

10



(c) For any exact sequence
0—-M —-M-—M -0

in A, there are morphisms
0 RIf(M") = R (M), i 20,
such that the sequence
= R(M) = RF(M) 5 REF(M) = R (M) — -
is exact.

(d) The association in (c) of the long exact sequence to the short exact sequence is
functorial.

3.1.1 Cohomology of finite groups

Here we review the standard complex which is used to compute cohomology of finite
groups.

Let G be a finite group and A a G-module. Then the functor A — A% is left exact.
The g-th right derived functor of the functor A% is denoted by H%(G, A), ¢ = 0. We also
denote the g-th right derived functor of the functor Homg by Extf,. First note that A%
can be identified with Homg(Z, A), the group Z being considered as a G-module with
trivial action (s-n =n for all s € G). Hence

HY(G, A) = Ext%(Z, A),

since Ext, is the derived functor of the functor Homg for all ¢. To compute Homg(Z, A),
there is a well-known complex called the standard complex, which can be described as
follows.

Choose a resolution of the G-module Z by projective G-modules, i.e., an exact sequence

-—FP,—-P 15— FP—-7Z—0

where P; is projective for all i. Putting K' = Homg(P;, A), we see that the K form a
cochain complex K, and
HY(G, A) = HY(K)
which gives a method of computing these groups;
A free resolution of Z can be obtained by taking P; to be the free Z-module L; having
basis which consists of the systems (go, - ,¢;) of i + 1 elements of GG, and making G
operate on L; by translations:

S (907' o 792) - (8907 e 7$gi)~
We define a homomorphism d : L; — L; 1 by the formula

d(g()a"' 7g2) = <_1)J<g07 7.qu7"' 791)

j=1

<.
Il
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where the symbol g; means that g; does not appear.
An element of K* = Hom(L;, A) can then be identified with a function f(go,--- ,g;)
having values in A, and satisfying the covariance condition:

f(S'QO,"‘73‘gi):3‘f(90,"‘agz‘)-

A covariant cochain f is uniquely determined by its restriction to systems of the form
(1,91,9192, -+ ,91--+g;). This leads us to interpret elements of K' as inhomogeneous
cochains, i.e., as functions f(go,- - ,g;) of i arguments, with values in A, whose cobound-
ary is given by:

(df)g1, 5 giv1) =g1- [(92,-+ , Giv1)
(3.1) =Y (=1 f(g1. " 959541+ + Git1)
j=1

+(_1)i+1f(g17 e 79@)

Especially, if G = {1}, H?(G, A) = 0 for p > 0.

<.
Il

3.1.2 Cohomology of profinite groups

Here we define the cohomology of profinite groups. For example, Galois groups for infinite
extensions are profinite groups. The definition of a profinite group is the following.

Definition 3.2. A topological group which is the projective limit of finite groups, each
given the discrete topology, is called a profinite group. If G = lim H is a profinite group,

the quotient of G obtained by taking the inverse limit of the finite groups H which are
p-groups is called the pro-p-part of G and is denoted by G(p).

Let GG be a profinite group. The discrete abelian groups on which G acts continuously
form an abelian category C, which is a full subcategory of the category of all G-modules.
To say that a G-module A belongs to C¢ means that the stabilizer of each element of A
is open in G, or, that one has

A=[JAY =limAY

where U runs through all open subgroups of G' (as usual, AV denotes the largest subgroup
of A fixed by U). An element A of C¢ is called a discrete G-module.
If A€ Cg, define HY(G, A) by the formula

HY(G, A) = lim HY(G/H, A™)

where H runs through open normal subgroups of G.
We denote by C"(G, A) the set of all continuous maps from G™ to A. One defines the
coboundary

A"t oG, A) — C"THG, A)

12



by (3.1). We now set

dn+1

7@, A) = Ker(C™(G, A) S "G, A)),
BMG, A) =Im(C" (G, A) & C"(G, A))

and BY(G, A) = 0. The elements of Z"(G, A) and B"(G, A) are called the n-cocycles and
n-coboundaries respectively.

Then one obtains a complex C*(G, A) whose cohomology groups Z9(G, A)/B(G, A)
are HY(G, A). It is easy to see that H°(G, A) = AY and H'(G, A) is the group of classes
of continuous crossed homomorphisms of G into A.

3.2 Functoriality

In this subsection we describe functors such as the restriction and the inflation regarding
the group cohomology.

Let G and G’ be two profinite groups, and let f : G — G’ be a homomorphism.
Assume A € Cg and A’ € Cgr. Let h: A — A be a homomorphism which is compatible
with f (this is a G-homomorphism, if one regards A" as a G-module via f). Such a pair
(f,h) defines, by passing to cohomology, the homomorphisms

HY(G', A') — HY(G, A), ¢ = 0.

If we apply this consideration where H is a closed subgroup of G, and A = A’ is a discrete
G-module, we obtains the restriction homomorphisms

Res: HY(G,A) — HY(H,A), ¢ =0.

When H is a normal subgroup of G and A is a discrete G-module, the group A is a
G/ H-module and one obtains the inflation homomorphisms

Inf: HY(G/H,A") - HYG,A) ¢ > 0.

When H is open in GG, with index n, it is possible to define the Corestriction homomor-
phisms

Cor: HIY(H,A) — HY(G, A), ¢ =0.
Then Coro Res = n.
Proposition 3.3. The groups H?(G, A) are torsion.

Let H be a closed subgroup of a profinite group GG, and let A € Cy. The induced
module A* = MH(A) is defined as the group of continuous maps a* from G to A such
that a a*(hz) = h-a*(z) for h € H, z € G. The group G acts on A* by

(ga*)(x) = a*(xg).

If to each a* € MH(A) one associates its value at the point 1, one obtains a homo-
morphism M} (A) — A which is compatible with the injection of H into G, hence the
homomorphisms

HY(G, MH(A)) — HY(H, A).

13



Proposition 3.4. [W, p.171, Shapiro’s Lemma 6.3.2] The homomorphisms
HY(G, ME (A)) — HY(H, A)

defined above are isomorphisms.

3.3 The cohomological dimension

Let p be a prime number, and G a profinite group. One calls the p-cohomological di-
mension of G, and uses the notation cd,(G) for the lower bound of the integers n which
satisfy the following condition:

(*) for every discrete torsion G-module A, and for every g > n, the p-
primary component of HY(G, A) is null.

Proposition 3.5. [S1, p.83, II, §4, Proposition 11] Let k" be an extension of k, of tran-
scendence degree N. If p is a prime, we have

od,(Gyy) £ N +edy(Gy).

This is an equality when & is finitely generated over k, cd,(G}) < oo, and p is distinct
from the characteristic of k.

Proposition 3.6. [S1, p.85, II, §4, Proposition 12] Let K be a complete field with respect
to a discrete valuation with residue field k. For any prime p, we have:

cdp(Gr) = 1+ cdy(Gy).
This is an equality when cd,(G}) < oo and p is different from the characteristic of K.

Proposition 3.7. [S1, p.79, 11, §3, Proposition 7] If k is a field of characteristic p > 0,
we have ¢d,(Gg) = 1 and cd(Gg(p)) < 1.

3.4 The Brauer group of a field

In this subsection we define and discuss properties of the Brauer group.

For a field k, the group H*(G(k,/k), k*) is called the Brauer group of the field k and
is denoted by Br(k). By Proposition 3.3, this is a torsion group. At first, we consider the
Brauer group of a Henselian field. The definition of a Henselian ring is the following.

Definition 3.8. Let A be a local ring with maximal ideal m and residue field k. Let the
homomorphism A[T] — k[T] be written as (f — f). Then a ring A which satisfies the
following condition (x) is called a Henselian ring.

(*) If f is a monic polynomial with coefficients in A such that f factors as

J = goho with go and hg monic and coprime, then f itself factors as f = gh
with g and A monic and such that g = go, h = hy.

14



Proposition 3.9. Let A be a Henselian discrete valuation ring, K its quotient field and K
its completion. Moreover, let A be an excellent, i.e., K be a Henselian discrete valuation
field such that the completion K is separable over K. Then

Br(K) = Br(K).

Proof. Let k be the residue field of A. If (ch(k),l) = 1, then we have the Kummer
sequence

0—m— K5 K —0.
So
Br<K)l = H2<K7 Ml)

and

~

BI‘(K)[ = Br(K)l
because G(K/K) ~ G(I?S/IA() By the exact sequence
0— K7 5 K — K /(K)" =0,
we have the exact sequence
[0} = HU(K, K7) — B, K/ (KDP) — HA(K, K7) 2 B2 (K K,
So
Br(K), = H'(K, K /(K;)").
Therefore it is sufficient to show that K*/(K*)P ~ K*/(K*)?. Let m be the maximal
ideal of A and U} = 1 + m™. Then K*/UL = K*/U}( and there exists N such that
Ugn C (I?*)p for any N < n. Therefore K!/(K¥)P — l?:/([?;‘)p is surjective. Moreover
Henselian discrete valuation ring K is algebraically separably closed in K. Therefore

K/(K¥)P — I?;‘/(f(:)p is injective. So the statement is holds. O

Definition 3.10. Assume p = ch(k) > 0. Let Qi be the i-th exterior product over k of the
absolute differential module €} sz » and let H;“(k:) be the cokernel of the homomorphism

P — Q/d(Q)

d dy; d dy;
ﬂ/\.../\ y):(xp_l‘)ﬂ/\.../\ Y

Y1 Yi Y1 Yi

p(x mod d(Q; )

($€k, Yi, - Yi Gk*)

Proposition 3.11. [K-K, proof of Theorem 1] Let A be an excellent Henselian discrete
valuation ring, K the quotient field and K its completion. Then the natural homomor-
phism

~

HI(K) — HY(K)

is isomorphism.

15



Definition 3.12. Let k be a field with ch(k) = p > 0. Let ¢ =2 0 and n = 0. We define
the group P4(k) by

q times
—N—
Pik) = (Wo(k) 9% @ --- @k /J,

where W, (k) denotes the group of all p-Witt vectors of length n over k£ and J denotes the
subgroup of (W, (k)) ® k* ® - - - ® k* generated by all elements of the following forms (i)

(if) ().

i times
—
(i) (0,--,0,a,0,--,0) @by @ ®@by_y (0 i <m,aby,- - byt k).

(i) Fw)—w) @b ® - @b, (we Wy(k), by, - ,b, € k¥),
where § denotes the homomorphism W, (k) — W, (k);

(CLOv e 7an71) - (aga e 70’2—1)'

(ili) w® by ® - - - ® b, such that b; = b; for some i # j.
Then we have the following fact.

Proposition 3.13. [K, p.674, §3.4, Lemma 16] Let k be a field with ch(k) = p, and let
n = 0. Then there is a canonical isomorphism

PYE) ~ Br(k)p; {x,a} — (@) (x € PY(k),a € I°),
where we identify P2(k) with (Xj),» via Witt theory.

An alternative proof of Proposition 5.9. For the proof of Proposition 3.9, it is sufficient
to show that Br(k), ~ Br(k),. Let F be a field. Then we have an isomorphism P}(F) ~
0% /(1 —~)Q% where v denotes the Cartier operator by [K, Corollary to Lemma 5 in §1.3].
On the other hand, QL /(1 — v)QL = HII)(F) by the definition and P!(F) ~ Br(F), by
Proposition 3.13. So the statement follows from Proposition 3.11. O

4 Etale cohomology

We shall be concerned with classes £ of morphisms of schemes satisfying the following
conditions.

Condition 4.1. 1. all isomorphism are in F,
2. the composite of two morphisms in F is in F,

3. any base change of a morphism in F is in FE.

16



A morphism in such a class E will be referred to as an E-morphism. Now fix a base
scheme X, a class F as above, and a full subcategory C/X of Sch/X which is closed
under fiber products and for any ¥ — X in C/X and any E-morphism U — Y, the
composite U — X is in C/X.

An E-covering of an object Y of C/X is a family (U;);c; of E-morphisms such that
Y =Jg:(Yi). The class of all such coverings of all such objects is the E-site over X, and
will be written (C/X)g.

Definition 4.2. A presheaf P of abelian groups on a site (C/X)g is a contravariant
functor (C/X)° — Ab.

Thus P associates with each U in C/X an abelian group P(U), which we shall some-
times write as ['(U, P).

Definition 4.3. P is a sheaf if the sequences
PU) - [Py =] PW: xv U;)
i irj

is exact for all coverings (U; — U).

Let P be a presheaf on X.;. The stalk P; of P at z is the abelian group (u?P)(Z).
More explicitly,

where the limit runs through all commutative triangles
X
with U étale over X.

Proposition 4.4. [Me, p.60, II, §2] Let F' be a sheaf on X,,. If s € F(U) is nonzero,
then there is an x € X and an Z-point of U such that s; is nonzero.

4.1 Etale morphisms

Definition 4.5. A morphism f : Y — X that is locally of finite-type is said to be
unramified at y € Y if Oy, /m,;Oy, is a field and is a finite separable extension of x(x),
where = = f(y).

Definition 4.6. A morphism of schemes is defined to be étale if it is flat and unramified.

Theorem 4.7. [Me, p.29, I, Theorem 3.21] Let X be a connected normal scheme, and
let K = R(X). Let X’ be the normalization of X in L, and U any open subscheme of
X' that is disjoint from the support of Q%, Jx- Then U — X is étale, and conversely any
separated étale morphism Y — X of finite-type can be written

Y:HMﬁX

where each U, — X 1is of this form.

17



Consider sites (C'/X")g and (C/X)g. A morphism 7 : X’ — X of schemes defines a
morphism of sites (C'/X") g — (C/X) g if :

1. for any Y in C/X, Y(x) is in C'/X";
2. for any E-morphism U — Y in C/X, Ux/y — Y(x is an E’-morphism.

Since the base change of a surjective family of morphisms is again surjective, 7 defines a
functor
7T=Yr—~Yy):C/X -C/X

which takes coverings to coverings. Suppose that 7 : X, — Xp is continuous. If P is a
presheaf on X}, m,(P’) = P' o7 is a presheaf on Xp. Explicitly, m,(P’) is the presheaf
on Xg such that I'(U, m,(P')) = I'(U(X"), P’). The presheaf m,(P’) is called the direct
image of P'. Then m, defines a functor P(X},) — P(Xg), and we define the inverse image
functor 77 : P(Xg) — P(X}/) to be the left adjoint of m,, that is, 7” is such that

Homp(x/) <7TpP, P/) = HOI’HP(X) (P, WpPI)
by the following proposition.

Proposition 4.8. [Me, p.56, II, Proposition 2.2] Let C and C’ be small categories ( i.e.,
its class of objects is a set), and p a functor C — C’. Let A be a category equipped with
direct limits, and write Fun(C, A) and Fun(C’, A) for the categories of functors C — A
and C' — A. Then the functor

(f = fop) : Fun(C’, A) — Fun(C, A)
has a left adjoint.

The inverse image presheaf 7 P can be expressed explicitly by the proof of Proposition
4.8. We put
(7" P)(U") = lim P(U)

where the limit runs through all commutative squares

(gaU) = UILU

L

X —X
with U — X in C/X.

4.2 Henselian rings

We defined the notion of Henselian rings in Section 3.4. There exist equivalent relations
as follows.

Theorem 4.9. [Me, p.32, I, §4] Let = be the closed point of X = Spec A. The following
are equivalent.
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1. A is Henselian.

2. Any finite A-algebra B is a direct product of local rings B = [[ B; (B; is then
isomorphic to the ring By,,, where m; is the maximal ideal of B).

3. If f: Y — X is étale and there is a point y € Y such that f(y) = z and k(y) = k(x),
then f has a section s: X — Y.

Corollary 4.10. [Me, p.34, I, §4] If A is Henselian, then so is any finite local A-algebra
B.

By definition, A being Henselian means that it has no finite étale extensions with
trivial residue field extension, except those of the form A — A". Thus if the residue field
of A is separably algebracally closed, then A has no finite étale extensions at all. Such a
Henselian ring is called strictly Henselian or strictly local.

Let i: A — A" be a local homomorphism of local rings. Then A" is the Henselization
of A if it is a Henselian local ring and if any other local homomorphism from A into a
Henselian local ring factors uniquely through .

The strict Henselization (A", h) of A is defined as the definition of the Henselization
of A.

Let X be a scheme and let x € X. An étale neighborhood of x is a pair (Y, y) where
Y is an étale X-scheme and y is a point of Y which maps to x and k(z) = k(y). The
connected étale neighborhoods of x form a filtered system and the limit

lim (Y, 0) = 0% ,.

Let X be a scheme and £ — X a geometric point of X. An étale neighborhood of T is
a commutative diagram:
r——U

AN

X

with U — X étale. Then
O3, = limI(U, Op)
sh

where the limit is taken over all étale neighborhoods of z. We write OY',, or simply Ox
for this limit.

4.3 Cohomology

We consider right derived functors of left exact functors in the following cases.

1. The functor I'(X, —) : S(Xg) — Ab with
I'X,F)=H(X,—)=H(Xg, —),
is left exact and its right derived functors are written as
RT(X,—)=H(X,—) =H(Xg, ).
The group H (Xg, F) is called the i-cohomology group of X with values in F.
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2. For any continuous morphism 7 : X}, — X, the right derived functors Rir, of the
functor 7, : S(X},) — S(Xg) are defined. The sheaves R'm,F are called the higher
direct images of F'.

Proposition 4.11. [Me, p.116, III, Remark 3.11 (a)] For any smooth quasi-projective
group scheme G over a Henselian ring A,

H'(X,G) ~ H(X,,Go)

for i > 1, where X = Spec A, X is the closed point of X, and Gy = G x x X is the closed
fiber of G/X.

Proposition 4.12. [Me, p.111, III, Proposition 3.3] Let E; D Ey be classes of morphisms
satisfying Condition 4.1, let Co/X be a subcategory of Cy, and let f : (Cy/X)p, —
(Cy/X) g, be the morphism induced by the identity map on X. Assume that for every
U in Cy/X and every covering of U in the Ej-topology, there is a covering of U in the
Es-topology that refines it. Then f. : S(Xg,) — S(Xg,) is exact and hence

HZ(XEmf*(F)) = Hi(XEUF)

for any sheaf ' on Xpg,.

4.4 The definition of Cech cohomology

Let X be a scheme. Then we define Cech cohomology groups over X in this subsection.

Let U = (U; % X)ier be a covering of X in the E-topology on X. For any (p — 1)-tuple
(ig, - ,1p) With 7; in I we write Uy xx -+ xx U;, = Uj..i,. Let P be a presheaf on Xg.
The canonical projection

:Uiox"'XU‘

15—1

Uio---z‘p — U,

dg-tjeip

X U X+ X Uj

ip

induces a restriction morphism

which we write ambiguously as res;. We put
c'Uu,pP)=(C"U,P),d"),,
c*U,P) =[] P(Ui.s,).

Jr+1
We define a homomorphism
d?: CPU, P) — C** (U, P)
so that if s = (s;,..7,) € CP?(U, P), then

p+1

(A 8)igeniy = D (=1) Tes; (8505, 0,,)-

J=0
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The usual argument shows that d”*'d” = 0. The cohomology groups of (CP(U, P),d")
are called the Cech cohomology groups with respect to the covering U of X and is denoted
by B (U, P). A covering V = (V; ke X)jes is called a refinement of U if there is a map
7 : J — I such that for each j, 1; factors through ¢,;, that is, ©; = ¢,;n; for some
n; V= Usj.

The map 7, together with the family 7;, induces maps 7° : C*(U, P) — C?(V, P) as
follows. If s = (s;,---s») € CP(U, P), then

(7F5) jgujy = T€Sy, xny, X x5, (s%.._% ).
These maps 77 commute with d and hence induce maps on the cohomology,
p(V. U, 7)  H' U, P) — H'(V, P)

The map p(V,U, ) does not depend on 7 or ;. Hence, if V is a refinement of U, we get
a homomorphism

p(V,U) : B’ (U, P) — H'(V, P)
depending only on V and U. It follows that if ¢, V), VV are three coverings of X such that
W is a refinement of VV and V is a refinement of U, then
p(W.U) = (W, V)p(V ).
Thus we may define the Cech cohomology groups of P over X to be
H (X, P) = lim v (U, P),

where the limit is taken over all coverings U of X.

Theorem 4.13. [Me, p.104, III, Theorem 2.17] Let X be a quasi-compact scheme such
that every finite subset of X is contained in an affine open set (for example, X quasi-
projective over an affine scheme), and let F' be a sheaf on X,,. Then there are canonical
isomorphisms

H’(Xo, F) ~ HP( Xy, F)
for all p.

4.5 The relation between Galois cohomology and étale cohomol-
ogy

Let K be a field, G = G(K/K) and X = Spec (K). In this subsection we consider the
relation between a sheaf on X.; and a discrete GG-module.

Let P be a presheaf on X,,. If K is a finite separable field extension of K, then we
write P(K') = P(Spec K'). Define Mp = lim P(K') where the limit is taken over all

subfields K of K, which are finite over K. Then G acts on P(K') on the left through
its action on K’ whenever K'/K is Galois, and it follows that G acts on the limit Mp.
Clearly Mp = |J MY, where H runs through the open subgroups of G, and so Mp is a
discrete G-module.

Conversely, given a discrete G-module M, we can define a presheaf Fj; so that
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1. Fy(K') = MY if H = Gal(K,/K),

Theorem 4.14. [Me, p.53, 11, Theorem 1.9] The correspondences F' < Mp, M < Fy,
induce an equivalence between the category S(X,;) and the category G-mod of discrete
G-modules.

4.6 Cohomology with support

We define cohomology groups which is different from in Section 4.3.

Let ©: Z — X be a closed immersion and j: U — X an open immersion such that
X is the disjoint union of i(Z) and j(U). For any sheaf F' on X, i,i'F is the largest
subsheaf of F' that is zero outside Z. The functor F + ['(Z,i'F) is left exact, and its
right derived functors, HY, (X, F), are called the cohomology groups of F with support on
Z. The functor HY (X, F'), are contravariant in (X, U).

Proposition 4.15. [Me, p.92, III, Proposition 1.25] For any sheaf F' on X, there is a
long exact sequence

0— (i'F)(Z) - F(X) = F(U) — --- — H’(X, F)
— HP (X, F) — HPPH X, F) — - - .

Proposition 4.16. [Me, p.92, III, proposition 1.27] Let Z C X and Z’ C X' be closed
subschemes, and 7 : X’ — X an étale morphism such that the restriction of 7 to Z’ is an
isomorphism 7|Z": 7' ~ Z and (X' — Z') C X — Z. Then

H(X,F) — HY, (X', 7"F)
is an isomorphism for all p = 0 and all shaeves F' on X;.

Lemma 4.17. [Me, p.88, III, Lemma 1.16] Let I be a filtered category and (i — X;) a
contravariant functor from I to schemes over X. Assume that all schemes X; are quasi-
compact and that the maps X; are affine. Let X = lim X , and, for a sheaf F' on X,

let F; and F, be their inverse images on X; and X, respectively. Then
lin HP((Xi)er, F7) = HP((Xoo)et, Fro)-
Corollary 4.18. [Me, p.93, III, Corollary 1.28] Let z be a closed point of X. Then
H(X, F) ~ H2(Spec O% ., F).

Proof. By Proposition 4.16,
HI(X,F) = H(Y, )

for any étale neighborhood (Y, y) of z such that only y maps to z. Moreover,

(4.19) lim H} (Y, F) = HZ(Spec O% ., F)
by Propositions 4.15 and 4.17. So the statement follows. O
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Theorem 4.20. [Me, p.88, III, Theorem 1.15] Let 7 : ¥ — X be a quasi-compact
morphism and F' a sheaf on Y,;. Let Z be a geometric point of X such that x(z) is the
separable closure of k(x). Let X = SpecOxz, Y =Y xx X, and let F' be the inverse

image of F on Y:
Y Y
¥ L

= X

-

Then RPr,(F); ~ HP(Y, F).

4.7 Spectral sequences of étale cohomology

Here we list a few spectral sequences which will be needed later. We discuss the details
in Section 6

Theorem 4.21. [W, p.150, The Grothendieck spectral sequence] Let A, B, and C be
abelian categories. Assume that A and B have enough injective objects, and let f : A — B
and g : B — C be left exact functors. If f takes injective objects to g-acyclic objects
(i.e, (R'g)(f(I)) =0 for all + > 0 if I is an injective object of A), then there is a spectral
sequence

EYT = (RPg)(Rf)(A) = R"(g.)(A)
for any object A of A.

The following theorems follow from Theorem 4.21.

Theorem 4.22. [Leray spectral sequence] [Me, p.89, I1I, Theorem 1.18 (a)] Let (C/X)g,
(C'/X") be sites. Then for any morphism of sites 7 : (C'/X") — (C/X)g , there is a

spectral sequence
By = HWP(Xp, RPm, F) = HPT(X ,, F)

. /
where F'is a sheaf on X o

Theorem 4.23. [Hochschild-Serre spectral sequence] [Me, p.105, ITI, Theorem 2.20] Let
7 : X — X be a finite Galois covering with Galois group G, and let F be a sheaf for the
étale topology on X. Then there is a spectral sequence

By = HP(G,HY(X,,, F)) = H"* (X, F).

4.8 The definition of Azumaya algebra

In this subsection we define Azumaya algebras over a scheme. By definition, we see that
Azumaya algebras over a field correspond with central simple algebras over a field.

Let R be a local ring. For an R-algebra A, we denote the opposite algebra of A
by A°. This is the algebra with the order of the multiplication reversed. A is called
an Azumaya algebra over R if it is free of finite rank as an R-module and if the map
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A ®gr A° — Endp.mea(A) which sends a ® a' to the endomorphism (z — aza’) is an
isomorphism.

Let X be a scheme. An Ox-algebra A is called an Azumaya algebra over X if it is
coherent as an Ox-module and if, for all closed points = of X, A, is an Azumaya algebra
over the local ring Ox ,. For a finitely generated A-module, the following is known.

Theorem 4.24. [Me, p.11, I, Theorem 2.9] Let M be a finitely generated A-module. The
followings are equivalent.

1. M is flat.
2. My is a free Ay-module for all maximal ideals m of A.
3. Misa locally free sheaf on Spec A.

4. M is a projective A-module.

Remark 4.25. Let X = Spec R be affine. An Azumaya algebra over X corresponds to an
R-algebra A. Moreover A is projective and finitely generated as an R-module and that
the canonical map A ®p A° — Endg_q(A) is an isomorphism by Theorem 4.24.

Two Azumaya algebras A and A’ over X are said to be similar if there exist locally
free Ox-modules E and E’ of finite rank over O, such that

A®oy Endo, (E) = A ©o, Endo, (E).

The set of similarity classes of Azumaya algebras on X becomes a group under the opera-
tion [A][A’] = [A® A']: the identity element is [Ox] and [A]~! = [A°]. This is the Brauer
group Br(X) of X. Br is a functor from schemes to abelian group.

Theorem 4.26. [Me, p.142, IV, Theorem 2.5] There is a canonical injective homomor-
phism
i: Br(X) — H*(Xe,Gy).
We write Br'(X) for H*(X,G,,) and call it the cohomological Brauer group.

Proposition 4.27. [Me, IV, §2, Proposition 2.11] Let X = Spec R, where R is a local
ring, and let 7 € Br'(X). Then the followings are equivalent.

1. r € Br(X).

2. There is a finite étale surjective map ¥ — X such that r maps to zero in Br'(Y).

Theorem 4.28. [H, Theorem] Let X = Spec (A) be a regular scheme. If ¢ € Br'(X) and
¢y = i([Ay]) in Br'(Ay,) for all closed points y € X, then ¢ = i([A]).

Proposition 4.29. Let A be a regular local ring, X = Spec(A), K = R(A) and g:
Spec (K') — X the generic point. Put

Kon = lim R(X')

X/
where X’ runs through finite étale morphism over X. Then

H*(X, g.(G,,)) = Ker (Br(K) — Br(K,,))
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Proof. Let x be the closed point of X. Then
H*(X, g.(G,,)) = Ker (Br(K) — Br(Kj;))

by Lemma 7.4. So it is sufficient to prove that K; = K,,. If X’ — X is an étale
neighborhood of z, then there exists an étale neighborhood of =z X” — X such that
R(X")/R(X) is a Galois extension and R(X') C R(X"). O

The following fact is proved by Gabber (c.f, [Gol).

Corollary 4.30. Let A be a regular integral ring. Then
Br(A) = Br'(A).

Proof. Tf Ais a local ring, there exists a finite étale morphism Y — X for any r € Br'(X)
such that
r € Ker (Br(K) — Br(R(Y))).

So
r € Ker (Br'(X) — Br(Y))

because Br'(Y) C Br(R(Y)) and

Br(X) —> Br(R(X))

l |

Br(Y) — Br(R(Y))

is commutative. Therefore r € Br(Y') by Proposition 4.27. So the statement follows from
Theorem 4.28. O

Definition 4.31. If S is a Galois extension of R relative to GG, and f is a 2-cocycle of
G in U(S), ie., f e Z*(G,U(S)), we can define a crossed-product algebra A(f;S;G) as
follows. A(f;S;G) is a free (left) S-module with free generators {us} indexed by elements
of G, with multiplication defined by

(at,) (bus) = ap(8) f(p. 6.

Theorem 4.32. [A-G, p.406, Theorem A.12] Let S be a Galois extension of R relative
to G. If f € Z*G,U(S)), then A(f;S;G) is a central separable algebra over R which
contains S as a maximal commutative subring and is split by S. Moreover the map

f— A(f;5:G)
induces a homomorphism

(4.33) H2(G,U(S)) — Br(R).
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Theorem 4.34. [A-G, p.408, Theorem A.15] Let S be a Galois extension of R relative
to G, U(S) the group of units of the commutative ring S and suppose that S has the
property that every finitely generated projective S-module of rank one is free. Then the
sequence

0 — H*(G,U(S)) — Br(R) — Br(S)
is exact.

Let G be a cyclic group of order n, and choose a generator s of G. The choice of s
defines a character x5: G — Q/Z such that y,(s) = 1/n, and the coboundary of the exact
sequence

0-Z—-Q—-Q/Z—0
transforms Y, into an element 6, = dy, of H*(G, Z).

Theorem 4.35. [S2, VIII, §4] Let G be a cyclic group of order n, and choose a generator

sof G. Let N = Z t. Then the homomorphism
ted

(4.36) AY/NA — H*(G, A)

which is given by the cup product with 6, is an isomorphism. This isomorphism depends
on the choice of s.

Remark 4.37. Let G be a cyclic group of order n and S a Galois extension of R relative
to G. Let
Qcs: US)Y/NU(S) — Br(R)

be the composition of the maps (4.36) and (4.33). Then, for b € U(S), Q¢ s(b) corresponds
to Ay which is generated over S by element f with the relation:

fr=0b fy=sy)-f
Theorem 4.38. [A-G, p.389, Theorem 7.5] Br(k) = Br(k[z]) if and only if & is perfect.

Proof. Tt is sufficient to show that Br(k) # Br(k[z]) if k is not perfect. We shall show
that Br(k[z]) — Br(k) is not injective. Let p = ch(k) > 0, y a root of y?» —y — 2 = 0, and
Q = k(x)(y). Then Q is a cyclic extension of k(x) of degree p and k[x][y] = k[y] is the
integral closure of k[x] in Q. Moreover, k[z|[y] is a ring Galois extension of k[z] relative
to G(Q/k(z)). Let ¢ € k with ¢ ¢ k. Then ¢ as an element of k(z) is not a norm from
Q). Thus, ¢ determines a non-trivial crossed-product Qo k(z)),s(c) where s € G(Q2/k(z))
with s(y) =y + 1. Let
A = Qe /i) (©)-

Then A ® k(z) = Qao/k@),s and Qg @/k@)),s is not the trivial algebra. So A is not the
trivial algebra over k[z].

We see that A is the kernel of the map Br(k[z]) — Br(k). Now A is generated over
k[x] by elements o and 3 with the relations:

o —a=uzx, ¥ =c Pa=(a+1)p.
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The image A of A under the map k[z] — k is generated over k by elements & and 3 with
the relations:

a’—a=0, " =c, Pa=(a+1)p.

Let L = k(t) with t? = ¢ and let elements o/, ' of the endomorphism ring of k-module L
Homy (L, L) be defined as follows: o' is the derivation of L over k given by o/ (t") = —nt"
and (' is the multiplication by t. Then o' and (' satisfy the same relations over k as do
a and 3, i.e,

(VP —a' =0, (f)Y=c fa=(+1)p5.

So there is a homomorphism from A to Homy (L, L) which maps @, 3 to o/, 3’ respectively.
Since A is a central simple algebra over k of dimension p* and Homy(L, L) also has
dimension p? over k, it follows that A ~ Homy(L, L). So the proof is complete. O

Proposition 4.39. Let k£ be the separable closure of an imperfect field, K an algebraic
function field of k in one variable. Then

Br(K) # 0.
For the proof of Proposition 4.39, we prove the following lemmas.
Lemma 4.40. Suppose that K is a field with ch(K) = p > 0 and Br(K), # 0. Then
Br(K)yi+1\ Br(K),: # 0.
Proof. Let K, be the separable closure of K. Then, we have the exact sequence

i+1

0— K*/K* 5 K /K™ — K* /K™ — 0.

Therefore, we have the exact sequence
(441)  HUKKD/KP) B YK = B K?) — B (K KK,

Then the diagram

(4.42) HY(K, Kr /K7 ——H' (K /K7
Br(K),: Br(K), i+

is commutative and the top right arrow of (4.42) is injective because the bottom right
arrow of (4.42) is the natural inclusion map.
Moreover, H*(K, K*/K") = 0 by Proposition 3.7. Therefore the sequence

0 — Br(K), — Br(K),i+1 — Br(K), =0

P

is exact by (4.41) and H' (K, K*/K:*") =~ Br(K),:. So the statement follows by the induc-
tion. U
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Lemma 4.43. Suppose that K satisfies the assumption of Lemma 4.40 and L is a finite
extension field of K. Then Br(L) # 0.

Proof. Tt is sufficient to prove the statement in the case where [L : K| is a prime number.
Suppose that ([L : K], p) = 1). Then the homomorphism Res : Br(K) — Br(L) is injective
when restricted to Br(K), ([S1, I, §2, p.12, Corollary of Proposition 9]). So Br(L) # 0.
Suppose that [L : K] = p. Then, by Lemma 4.40, we have x € Br,2(K)\ Br,(K). On the
other hand, Cor o Res = p. Therefore, Res(z) # 0. So the statement follows. U

Proof of Proposition 4.39. Br(k(z)), # 0 by Proposition 4.38. Therefore the statement
follows from Lemma 4.43. O

5 Hasse principle

In this section we discuss a known result on the Hasse principle in Subsection 5.1 and give
a certain counter-example to the Hasse principle in the case of function fields of curves in
Subsection 5.2.

5.1 Classical results and Conjectures

Theorem 5.1. [K-K-S, Theorem 8.40 and Theorem 8.42] Let k be a global field. Then
the following 1,2 holds.

1. The local-global map
X(Gr) — [[X(Gy)

p
where p runs through almost all primes of £ is injective.

2. The local-global map
Br(k) — [ [ Br(ky)
p
where p runs through all primes of £ is injective.
Moreover, let m be a positive integer which is prime to ch(k). Then
X(Gko/K))m = H'(k, Z/mZ), Br(k)m = H2(F, ).

On the other hand, for the cohomology groups of higher dimension, the following fact is
known.

Proposition 5.2. [S1, p.87, II, §4, Proposition 13| Let k be an algebraic number field.
If p # 2, or if k is totally imaginary, we have cd,(G) < 2.

Let m be a positive integer which is prime to ch(k). Then
E* k™ ~ HY (k, i)

by Hilbert theorem 90. The following fact on cohomology groups is known.
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Theorem 5.3. [N-S-W, p.530, IX, (9.1.11) Theorem] Let k be a global field, m a natural
number prime to ch(k) and T a set of primes of k of density

> Np
o(T) = lim pet

s—1 Z prs

all p

=1.

Then the localization homomorphism

B — ] kg /e
peT
is injective except in the case: (*) k is a number field, m = 2"m/, m’ odd, r = 3, k(par)/k
is not cyclic, and all primes p dividing 2 in 7" decompose in k(pgr)/k, where the kernel is
cyclic of order 2.

Because of the above results and results in Section 3.3, we consider the following
conjecture.

Conjecture 5.4. Let k be a finitely generated field over a prime field, m an odd prime
with (m,ch(k)) = 1, p any positive integer and X a normal complete curve over k. Then
the local-global map

HY(R(X), ) — [ B (RO, )

pex
is injective.

We claim that Conjecture 5.4 is true if k is an algebraic number field and p = 1 (in
preparation). On the other hand, it is proved that the local-global map of the Brauer
group is injective in the case where k is an arbitrary field and X = P} by Harder ([Ha]).
In this thesis, we prove this result by an alternative method in Section 7.

5.2 A counterexample for the Hasse principle

In this section, we show that Conjecture 5.4 does not hold in the case where X is a normal
complete curve over an algebraically closed field. We start with the following lemma.

Lemma 5.5. Suppose that X is a regular scheme. Then

H'(X,Q/Z) = (] H'(Spec(Ox,),Q/Z).

peXx )
For the proof of Lemma 5.5, we use the following fact.

Theorem 5.6. [Zariski-Nagata purity theorem| Let ¢: X — S be a finite surjective
morphism of integral schemes with X normal and S regular. Assume that the fiber X, of
¢ above each codimension 1 point p of S is étale over k(p). Then ¢ is a finite étale cover.
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Proof of Lemma 5.5. Let K be a field, G = G(K;/K) and G, (A € A) a normal closed
subgroup of GG. Suppose that M, is the Galois extension field over K which corresponds
to G\. Then, according to the infinite Galois theory, (,., My corresponds to the closure
of the group which is generated by G (A € A). So the statement follows from Theorem
5.6. ]

Lemma 5.7. Let X be a regular scheme. Then

Ker [ H'(R(X),Q/2) — [] H'(R(X),.Q/Z)

pex @)

=Ker [ H'(X,Q/Z) — [] H'(x(p).Q/Z)

pex @)
Proof. Let O be a discrete valuation ring and m its maximal ideal. Then the sequence
(5.8) 0 — H'(Spec(0),Q/Z) — H'(R(Spec (0)),Q/Z) — H'(R(Spec (Ow)), Q/Z)
is exact. So, the sequence
0 — H'(X,Q/Z) —» H'(R(X),Q/Z) — ][] H'(R(Spec(Oxy)). Q/Z)
pex ()

is exact by Lemma 5.5 and (5.8).
On the other hand, the sequence

0— H HY( Spec((’)Xp Q/Z) — H HY( p,Q/Z)

pex® peXx ()
— [I H'(R(Spec (0x;)),Q/Z)
pex®

is also exact by (5.8).
Let
M= ] H'(Spec(Ox,),Q/z), M = [] HY p,Q/Z)
pex(® pex(®
Then the diagram

0—= H'(X,Q/Z) —= H'(R(X), Q/Z) —= [L,exo H'(R(Spec (Oxy)), Q/Z)

| | |

0 M M/ HpeX(l) Hl(R(Spec (OXﬁ))v Q/Z)

is commutative. By applying the snake lemma to the above diagram, we see that

Ker | H(R(X),Q/z) — ] H'(R R(X),,Q/2)

pex @

=Ker | H'(X,Q/Z) — [] H'(Spec(Ox,).Q/Z)

pex@
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because Ox 5 = Ox 5. Moreover,

Ker [ H'(X,Q/Z) — [] H'(Spec(Ox,).Q/Z)

pex @)
=Ker [ H'(X,Q/Z) — [] H'(x(p).Q/Z)
pex @)
by Proposition 4.11. So the statement follows. O

If X is an algebraic curve of genus g over an algebraically closed field,

H'(X,Q/Z) = Ker | H(R(X),Q/Z) — [] HY R(X),,Q/Z)

peX(0)

because of the fact that x(p) is an algebraically closed field and Lemma 5.7.
Moreover,

HY(X,Q/Z),, = H (X, Z/mZ)
= (Z/mZ)%.

So if g # 0, the Hasse principle for function fields of curves of genus g and the group of
characters does not hold.

6 The edge maps of the Grothendieck spectral se-
quence

In this section, we characterize the edge maps of the Grothendieck spectral sequence. We
often consider the following assumption in this section.

Assumption 6.1. A, B,C are abelian categories which have enough injective objects.
G:C— B,F:B— A are left exact functors such that G takes injective objects of C to
F-acyclic objects.

We assume that Assumption 6.1 is satisfied. We define a homomorphism of functors
rpa(A) - RPF(G(A)) — RP(FG)(A) (for any object A of C) by induction on p so that it
satisfies the following properties.

PROPERTY 6.2. (1) If p =0, rp4(A) = idpea)

(2) Suppose that p > 0 and assume that rfm,G is defined for i S p—1. Let 0 — A —
I — M — 0 be an exact sequence and [ an injective object. Then the following
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commutative diagram

—1
Tg‘,G ()

(6.3) RTE(G(D)) R-Y(FG)(I)

|

PG

RLP(G(T)/G(A)) — R F(G(M)) "= Rr=(FG) (M)

-1 -1
| |

RPF(G(A)) T RP(FG)(A)

is commutative where 6", 85" are the connecting homomorphisms.

Note that the vertical sequences are exact. Since G(I) is acyclic, RPF(G(I)) = 0 by
assumption. So the connecting homomorphism 5{2_1 is surjective if p > 0. Therefore,
7.c(A) is well-defined.
Proposition 6.4. If s?(A) : RPF(G(A)) — RP(FG)(A) (p > 0) is a homomorphism of
functors satisfying Property 6.2 (1), (2) above (replacing 7}, by s?), then s” coincides
with 3, for all p > 0.
Proof. Suppose that A is an object of C. If p = 0 then s°(A) = idpga) = rpa(A).

We assume that p > 0 and s? = T%G for all ¢ < p. Take an exact sequence

0—-A—1—-M-—0

with I injective. Then we have the commutative diagram of the above (1) (replacing
T%TGI, i by 771, s). As we pointed out above, 6"~ is surjective. The homomorphism
RFIF(G(I)/G(A)) — RP'F(G(M)) and the connecting homomorphisms

o7 RPIF(G(D)/G(A)) — RPF(G(A)), 85+ RPHFG)(M) — RY(FG)(A)
are independent of s?~! s?. By assumption s?P~1(M) = rf{Gl (M). Therefore, sP(A)
7.c(A). This proves the proposition.

oo

Moreover if p > 1, ¢ is an isomorphism. Since the image of the map from RP~'F(G(I))
to RP(FG)(A) in the above diagram is 0, 77, ,(A) is well-defined. This definition is in-
dependent of the choice of the exact sequence 0 — A — [ — M — 0 ([ is an injective
object).

Lemma 6.5. (a) Even if I is not an injective object, the diagram (6.3) is commutative.

(b) Suppose that D is an abelian category, H : D — C is a left exact functor which
takes injective objects to F'G-acyclic objects, and that GH takes injective objects
to F-acyclic objects. Then the following diagram

RPF(GH(A))

rlféG(H(A))l w

Re(FG)(H(A)) RP(FGH)(A)

rg‘G,H(A)

1S commutative.
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Proof. (a) For an exact sequence 0 — A — [ — M — 0 ( I is not always an injective
object), there exists an exact sequence 0 — A — J — M’ — 0 (J is an injective object)
such that a diagram

0 A I M 0

4

0 A J M 0

is commutative. As RPF, RP(F'G) are o-functors,

RPF(G(I)/G(A)) == RPF(G(A)) RPY(FG)(M) -2~ RP(FG)(

l | | -

RF'F(G(J)/G(A)) —= RPF(G(A)) RPN (FG)(M') — RP(FG)(A)

are commutative diagrams. Moreover, the following diagram is commutative:

—1
rP

RLE(GD) ) G(A)) — R F(GM)) 225 po-1 (e ()

|

RTIF(G(I)/G(A)) —= RPTIF(G(MY) o= REHEG) (M)

TFG(M’
5l lg
G

P
o RP(FG)(A).

P
-

The statement (a) follows from the above consideration.
(b) Let 0 = A — I — M — 0 be an exact sequence with I injective. Then

0—H(A) —-H()— H(I)/H(A) —0
is exact. We put N = H([)/H(A). By the statement (a), the diagram

p—1

RI-VF(GH(D)/GH(A)) — R F(GUH(D)/H(A)) 2 R FGH (1) H(A)

| |

RPF(GH(A)) RV(FG

(H(A))

TI};‘,GH(A)
is commutative. By the definition of 7”;@1, i, the diagram

FG JH (M)

RV (FG)(H(I)/H(A)) — Rr-1(FG)(H(M)) " po-1 (PG H)(M)

§ !

(H(A)) RP(FGH)(A)

RP(FG

T%G,H(A)
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. . . 1 . . .
is commutative. Moreover, since 7., is functorial, the diagram

p—1
F.G

RV F(GUH (D) H(A)) 22 Rt (FG) (1 (1) H(A))

| |

RP-'F(GH(M)) RP-Y(FG)(H(M))

ri G (H(M))
is also commutative. Therefore the diagram

rgg{H(M)orngl (H(M))

RP'F(GH(I)/GH(A)) —= R F(GH(M)) RP-Y(FGH) (M)

| |

RpF(GH(A)) Tpg.m (A)ory o (H(A)) Rp(FGH) (A)

is commutative. By induction, 'r%*GlH(M) o rﬁfGl(H(M)) = 'r’ﬁfng(M) So by (b) by the
induction. 74 ;(A) o 1o (H(A)) = 1oy (A). This proves (b). O

Proposition 6.6. Suppose that A, B, C, F': C — B and G: A — B satisfy Assumption
6.1. Let ape: id — GH be the canonical adjoint functor. Then nf, ,(A):

T%G(H(A

)
RF(A) — RP(GH(A) S rera(r(A)
is a homomorphism of )-functors, i.e, when 0 — A — B — C' — 0 is exact, the diagram

RP1F(C) —= RP-'FG(H(C))

l l

RPF(A) RPFG(H(A))

1S commutative.

Proof. f 0 - A — B — C' — 0 is exact, the following diagram is commutative.

0 A B C 0
aG’H(A)\L aG’H(B)\L aG,H\L
0—— GH(A) —> GH(B) —= GH(B)/GH(A) —>0

where the right vertical map is induced by apc(C), i.e, ag pu satisfies the following com-
mutative diagram

(6.7) C —=GH(B)/GH(A)

|

GH(C).
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The diagram

(6.8) RP-'F(C) —> R-'F(GH(B)/GH(A))
RPF(A) RPF(GH(A))

is commutative. Moreover the diagram

(6.9) RP1F(C) — R—\F(GH(B)/GH(A))

I

RPIF(GH(O)).
is commutative. So the statement follows. O

Proposition 6.10. Let K be a field, K'/K a field extension, X = Spec (K) and X' =
Spec (K'). Let i : X’ — X be the morphism of schemes which corresponds to the inclusion
map K — K’. Suppose that F' is the functor which associates to an étale sheaf F on X
the module of its sections I'(X, F) and that G is the functor i, : Sx;, — Sx,, (the direct
image). Then 1y ,(F) : HP(Xe, i (F)) — HP(X(,, F) coincides with

(6.11) HP(GK7 MgiGK/)<NKer(w))) _:>Hp<w(GK/)’ NKer(w)) £>HP(GKH N)

where the first map is the isomorphism by Shapiro’s Lemma. See [S1, p.13, 1,§2 Propo-
sition 10] for Shapiro’s Lemma and [S2, p.116, VII, §5] for the definition of the inflation
Inf.

Proof. The category Sx,, is equivalent to the category G g-mod

(see [Me, p.53, IL.Theorem.1.9]). If F € Sx,,, corresponds to a Gx-module N, i, (F)
corresponds to the induced module MgE(GK')(NKer(w)) (see [Me, p.69, I1.Remarks 3.1 (e)]
and also [S1, p.13, I, 2.5] for the notation). Then 7., (F) and the homomorphism (6.11)
satisfy Property 6.2. So the proof is complete. O

Let X,Y be quasi-compact schemes such that every finite subset is contained in an
affine open set. Let f : Y — X be a morphism of schemes and F a sheaf on Y. If
U = (U; — X)er is a covering of X, U' = (U; xx Y — Y);er is a covering of Y. So,
the natural map from the Cech cohomology of f,(F) with respect to U into the Cech
cohomology of F with respect to U’

HP (U)X, f.(F)) — HU'JY, F)

is given. This map induces a map H' (X, f.(F)) — H’(Y, F) from the Cech cohomology
of f.(F) over X into the Cech cohomology of F over X’. Cech étale cohomology groups
agree with derived functor étale cohomology groups (see [Me, p.104, 111, Theorem 2.17]).
So the above map induces the map

(6.12) H? (X, f.(F)) — HP(Y, F).

Then we have the following fact.
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Proposition 6.13. Let the notations X, Y, f : Y — X and F be the same as above. Then
the homomorphism (6.12) coincides with 77, where F' is the functor which associates to
an étale sheaf F the module of its sections I'(X, F) and G is the direct image f, .

Proof. This proposition also follows from Proposition 6.2. O

Proposition 6.14. Let the notations X, Y, f: Y — X, F, F and G be the same as
above. Moreover, let k be a field and X = Spec (k). Then 7}, coincides with %, ,, where
G is T'(X ®y ks, F) and F' is the action of G(ks/k).

Corollary 6.15. Let k be a field. Then
Br(k) = Br(P;).

Proof. Tt is easy to show that the natural map Br(k) — Br(P}) is injective. So it is
sufficient to show that this map is surjective. By the Hochschild-Serre spectral sequence
HP(Gi, HY(P; ,Gy)) = H"(P.,G,,) (cf, [Me, p.105, III, Theorem 2.20]), we have the
following exact sequence

(6.16) Br(k) — Ker (Br(P},) — Br(P;,)) — H'(k, Pic(P},))
(cf, [Me, p.309, Appendix BJ). Then the homomorphism
Br(k) — Ker (Br(P}) — Br(P,,))

is the canonical map by Proposition 6.14 and Lemma 6.26. On the other, H' (k, Pic(P;)) =
H'(k,Z) = 0 because Z is torsion free and Br(P} ) = 0 by [G, III, Corollary 5.8]. So the
statement follows. O

Suppose that Assumption 6.1 is satisfied. Let
OHA%[OdHO[lﬂH-dP—_: [pijlﬂrldil
be an injective resolution of A. Then, by definition

RP(FG)(A) = Ker(FG(d?))/ Im(FG(dP™1)),
RPG(A) = Ker(G(dP))/ Im(G(dP™1)).

So
(6.17) Im(FG(dP™Y)) ¢ F(Im(G(dP™1))).

Since F' is left exact functor, the natural map F(Ker(G(d?))) — Ker(FG(dP)) is an
isomorphism. Therefore we can define a homomorphism of functors

lpq(A) : RP(FG)(A) — F(RPG(A))
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so that the following diagram is commutative.

Ker(FG(d?)) «—— F(Ker(G(d")))

(6.18) | |

lFG(A)

RP(FG)(A) 257 F(RPG(A))

Note that I},,(A) is well-defined by (6.17). Also since Ker(FG(d?)) — RP(FG)(A) is

surjective, this property characterizes I} ;(A).

Lemma 6.19. (a) If 0 - A — B — C — 0 is an exact sequence, then the following
diagram

RP(FG)(C) —2> RPY(FG)(A)
l:i,c<c>l llﬁféw
F(RPG(C)) =5 F(RPHG)(A))

1s commutative.

(b) Suppose that H : D — C takes injective objects to G-acyclic and F'G-acyclic objects
and that GH takes injective objects to F-acyclic objects. Then we have

lz{iG u(A) = FU&H(A)) o ZIZ;GH(A)

Proof. We first prove the statement (a). Let

1 +1
1d1 d" » p+1d”
O—>A—>IA—>IA I I
0 de, 1 de, dpl d, +1C1]DJrl
0—-C—1Ip—1Io—--- L =127 =

be injective resolutions of A and C. Let I'} — I} & I, I} @ I} — I}, be the natural
homomorphisms. Then there exists an injective resolution of B in the form

O—>B—>IA@IC ]A@IC IA@IC
which makes the following diagram

d5 dy d?

0 A 15 T} I

N

0—=B—=1aI% -1l -1 eI 2

TRy

0 C [g c [é' c [g c

commutative (see [W, p.37, 2.2.8]).
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Let sP : I, — I} © I{, be the natural homomorphism. Then there exists a homomor-
phism 0 : Ker(d%) — Ker(d%") which makes the following diagram

Ker(d?,) —> Ker(d%H) —— 1%+

| -

d
e e

commutative. Since G is left exact,
G(Ker(d?,)) ~ Ker(G(d7)), G(Ker(d%™)) ~ Ker(G(d5™)).
Moreover G(sP) is also the natural homomorphism. So

(6.20) Ker(G(d%)) 2 Ker(G(d))

R (G)(C) —"= R (G)(4)
is a commutative diagram by the construction of 4. Since F' is left exact also, the diagram

Ker(FG(d2) = F(Ker(G(d2)) 229 F(Ker(G(dZ)) =  Ker(FG(dZ™)

l

F(R(G)(C))

R

TO P(RY(G)(A)

is commutative. On the other hand, the diagram

Ker(FG(d2)) ~29 Ker(FG(d%))

R”(Fg)(C) — Rp+1(1£G)(A)

is commutative as above. So the statement (a) follows from the above consideration.
We next prove the statement (b). Since the functor H: D — C takes injective objects
to G-acyclic objects, the diagram

Ker(GH(dP)) =— G(Ker(H(d?)))

|

RY(GH)(A) G(RMH(A))

is commutative. By applying the functor F: B — A,

F(Ker(GH(dP))) ~——=—— FG(Ker(H(d)))

FRV(GH)(A)) —2en™D  pairer(A))
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is commutative. Moreover, since GH: D — B takes injective objects to F-acyclic objects,
the diagram

Ker(FGH(d?)) <= F(Ker(GH(d?)))

| |

U on(A)
RP(FGH)(A) — F(RPGH(A))
is commutative. So the diagram
(6.21) Ker(FGH(d?)) <— F(Ker(GH (dP))) =— FG(Ker(H(d?)))
l F(2, ,,(A))ol?, .y (A l
RP(FGH)(A) Yon Nl o) FG(RPH(A))

is commutative.
On the other hand, H: D — C takes injective objects to F'G-acyclic objects, the
diagram

(6.22) Ker(FGH(dP)) <= FG(Ker(H(d?)))

! l

RP(FGH)(A) FG(RPH(A))

lpg,u(A)

is commutative. The statement (b) follows from the commutative diagrams (6.21) and
(6.22). O

Remark 6.23. The functor 1%, ;(A): RP(FG)(A) — F(RPG(A)) is characterized by the
following properties.

(1) 1ha(A) = idpga)-

(2) I (A) satisfies the property of Lemma 6.19 (a).
Proposition 6.24. Let X be a connected regular scheme and ¢ : Spec (K) — X the

generic point. Let F' be the functor F — I'(X, F) and G the direct image g.. For x € X,
let Z be the spectrum of the separable closure k(x), of k(x). Then we have

Ker (I} o(F')) = Ker (Hp(Spec ) B H H”(Spec (K3), F/ ))

zeX
for any p > 0.

Proof. Let u, : ¥ — x — X be the composition of the canonical morphisms z — =z
and © — X, F' € Sgpec(k),,, bz : Spec (Kz) — Spec (K) the canonical morphism and

ﬁ; = 3 F'. Then the composition of the homomorphisms

et’

& o (F
1P (Spec (K), F') 2470 DX, RPg.(F)) —T(X, taw s (BP0 (F1)))
:Rpg*(]:,)i:
(6.25) ~ HP (Spec (Kz), F)
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and the restriction map Res : H?(Spec (K), F') — HP(Spec (K;), F',) satisfy the following
property which characterizes the homomorphism (see Remark 6.23).

(1) H%(Spec (K), F') — H(Spec (K;), F',) is the natural map.

(2) 0 —F — F"— F" — 0is an exact sequence of Sgpec (x),,, the diagram

HP (Spec (K), F") — = H* (Spec (K), ')

l |

HP(Spec (Kf),ﬁ’w)—f HP™ (Spec (Kf),;:’x)
1s commutative.

So the homomorphism (6.25) coincides with the restriction map Res. Moreover F —
H Uy, u;“(F) is injective for F € Sx,, (see [Me, p.90, Remark 1.20 (c)]). Therefore the

zeX
proof is complete. ]

Lemma 6.26. (see [W, p.150, The Grothendieck spectral sequence 5.8.3]) Under Assump-
tion 6.1, 77 (F), Iy, (F) coincide with edge maps which are induced by the Grothendieck
spectral sequence R? F'(R?G(F)) = RPM(FG)(F).

Proof. The proof of Lemma 6.26 relates to the construction of the Grothendieck spectral
sequence. So we review the proof of the Grothendieck spectral sequence ([W, p.150,
5.8.3]). Let C** be a double complex in an abelian category, i.e., C** has homomorphisms
drt . CP9 — CPT4 and db? . CP9 — COPT satistying

dZH’qu’q =0, dﬁ’qﬂdﬁ’q =0, d%qﬂdg,q + dgﬂ,qd{;,q =0.
Then we can define the differential d} of the total complex (tot(C**)), = @ C" as the

i+j=p
homomorphism satisfying the following commutative diagram

O (tot(C™7))p
dz’q@dﬁ’ql ldf
CHhI @ O —— (10t (C™7))pya-
Let HY(CP*) = Ker(d?)/ Tm(d2~1) and HY (C*7) = Ker(d}?)/ Tm(d} ).

Then d}?, d?? induce homomorphisms
OO S HUCP), RO - (O
Let

HE HI(C™) = Ker(@2)/ Tn( @)
HIHY (C**) = Ker(dP)/ Tm(dP971).

(2
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Then there exist spectral sequences ([W, p.135, 5.5.1])

(R = HP HI(C*) = HPM(tot(C™)),

6.27
(6.27) uELT = HEHI(C) = HP(tot(C™)).

Note that H? Hf (C**) = Ker(d??)/Im(d%P~'). Also note that {E5? is a subquotient
of CP whereas E5? is a subquotient of C'%?. Here the edge map HY(tot(C**)) —
H) HY(C**) of {EY? = HL HY(C**) = HP'(tot(C**)) is induced by the natural homo-
morphism

EB Ch — C% — C%/Tm(d>* 1)

i+i=q
and the edge map H) H?(C**) — HP(tot(C**)) of ;E5? = H) HI(C**) = HPM(tot(C**))
is induced by the natural homomorphism

(6.28) Ker(d)) — C"* — @ C*.

i+j=p

The edge map HP(tot(C**)) — HYH}(C**) of nEy? = HE H} (C**) = HP ™ (tot(C**)) is
induced by the natural homomorphism

(629) @ C%] N CP,O N Cp,o/ Im(dZ*l,O)

i+j=p

and the edge map H? H)(C**) — HP(tot(C**)) of yEY? = HE H] (C**) = HPM(tot(C**))
is induced by the natural homomorphism

(6.30) Ker(d,”) — C"" — @ C*.

i+j=p

Let F be an object of B,
0mFon it

an injective resolution of F and Jz* a Cartan-Eilenberg resolution of the complex G(I5)
(where

0— G(I%) — J2° — Jo! —
is an injective resolution of G(I%)), d%: J7' — Jx 19 the horizontal differential, d:

J29 — J2T the vertical differential and C3* = F(Jz*). Note that the vertical (resp.
the hor1zontal) differential d%’, (resp. d%%) of C7" corresponds to d&? (resp. d;?) of the
above CP1.

We have two spectral sequences

[EDY = HY HY(CFF) = HPM(tot(CF)),
nEDY = HP HY(CFF) = HPM(tot(C2)).
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Since Jz" is a Cartan-Eilenberg resolution, Im(d%*hl’q), Ker(d%) and H(d%5) =

Ker(dz5,)/ Im(d;}jhl’q) are injective objects. So exact sequences

(6.31) 0 — Ker(d24) — CR* — Im(d% ") — 0
0 — Im(dj ") — Ker(dy%) — H(d) — 0
split and
Im(F(dx},)) ~ F(Im(dz},)) F(Ker(dy}))/F(Im(dy ")) =~ F(H(d%})).
Therefore
(6.32) Ker(F(d}))/ Im(F(dz ")) = F(H(dz})).
It follows from the above isomorphism that the complex Hj(C%") = H(F(d%),)) is given
by applying F' to an injective resolution of RIG(F). So nEY? 2 RP F(R!G(F)).

On the other hand, since G(I}) is F-acyclic objects, the complex C%" is exact and
HY(C}*) = 0 if ¢ > 0. So (E5° = RP(FG)(F) and RP(FG)(F) ~ HP(tot(Cx")) through
the edge map H) H)(CR") — HP(tot(Cy")) of the first spectral sequence of (6.27). So
we obtain a spectral sequence RP F(RYG(F)) = RPTY(FG)(F), which is called the
Grothendieck spectral sequence. By using the natural homomorphisms (6.28) and (6.29)

we see that the edge map R"(FG)(F) — F(R"G(F)) is induced by the natural homo-
morphism

(6.33) Ker(F(dp))) — CF°/ Im(F(dy,"°)).

It satisfies the following commutative diagram

(6.34)
(6.33)

Ker(F(dz,)) CF°/ Im(F (dy,, "))

the inclusion map
Ker(F(d29)) = Ker(F(d3%)) 0 Ker(F(d}5)) —— Ker(F(d35))/ Tm(F(d},))

the inclusion map

Ker(F(dg9))/ Im(F(dj,"0)) —eotee e Ker(F(dp)
T T
Ker(FG(d%))/ Im(FG(dF)) F(Ker(G(d%))/ Im(G(dx1))).

Moreover, the following diagrams

(6.35) Ker(FG(d%)) Ker(F(dg})) N Ker(F(dx}))

| |

Ker(FG(d))/ Im(FG(dy 1)) —= Ker(F(dg}))/ Im(F(dy, ")),
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(6.36) Ker(F(d)))/ Tm(F (dy,""))
T (6.32)

F(Ker(G(dy))/ Im(G(d5 1)) —= F(H(d%)))

are commutative.
Since the homomorphism F(R"G(F)) — F (H(d;oh)) is injective, to show that the
edge map R"(FG)(F) — F(R"G(F)) coincides with [}, ;(F), it suffices to show that the

composition
F(Ker(G(d}))) — Ker(FG(d%)) — RY(FG)(F) "2, p(R"G(F)) — F(H(d})))

coincides with

FG@NG&@»)ei@dFGw&»—»RWFGXf)ﬁﬁfLFUWGUUY*fWHW%b)
218)F<Ker<G<dg_-))) the natural homomorphism F(H(d?_—’f]h))

c.f,

—

This follows from the above diagrams (6.34), (6.35) and (6.36).

Therefore this edge map agrees with % 5(F).

We next prove that the edge map RPF(G(F)) — RPFG(F) coincides with 77, o (F).
For that purpose it is sufficient to prove that the edge map satisfies (2) of Property 6.2.
We prove Lemma 6.5 (a) which does not assume that F, is an injective object and implies
Property 6.2 (2) (which assumes that F» is an injective object). Suppose that

0—FALFRLF—0
is an exact sequence (F is not always an injective object) and that
0—F = I —Ip — -, 0= F3— 1y, — I — -
are injective resolutions of F; and F3. Then there exist an injective resolution of the form
0= Fo— Iy ®1F — I &1p — -
and chain maps fi: I — Ix, @® I%,, gi: Iz & I — I3 lifting f and g. Then
0= Brp el 515 —0

is an exact sequence by the Horseshoe Lemma [W, p.37, 2.2.8].

Moreover suppose that G(I%, ) — J7 , G(I%,) — J% are Cartan-Eilenberg resolutions
of G(I%) and G(I%,). Then there exist a Cartan-Eilenberg resolution G (1%, ) ® G(I%,) —
J%" and homomorphisms of double complexes fy*: Jp! — Jpt, g99: Jpt — J2? lifting
f¥ and g7 for all p, ¢ such that

(6.37) 0 — Jpo 2 pa %y ma g
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is exact. Since Ji', J! are injective objects, it splits and there exists a section s
Jpt — Jpof g3d. )
Let C%! = F(J%!) and CR! = F(J2!) as above. Then the homomorphism d;

F(sb F(d20, @R (d2t )

Chy == g
induces the connecting homomorphism § : H"(tot(F3)) — H"™ (tot(F)).

On the other hand, since G(I%, ) — J7", G(I},) — J%' are Cartan-Eilenberg resolu-
tions of G(I%,) and G(I}%,) and the exact sequence (6.37) splits, rows and columns of the
commutative diagram

(6.38) 0 0

| |

0 —> G(F1) — Ker(dz’),) — Ker(

|

0 —= G(F2) —= Ker(dg),) — Ker(dg),) — -

p+1,q p,q+1
0.7:2 b 0.7:2

0,1
]:17

& <O

h>—>

<

are exact. Let f%: Ker(d_gf n) — Ker(d_g’ﬁ ,) be the homomorphism which is induced by

the homomorphism fy

the exact sequence

P []051” — []052”. Since Ker(d%fh),Ker(dgﬁh) are injective objects,
(6.39) 0 — Ker(d%” ) 2 Ker(d2? ) — Coker(f2) — 0

splits and Coker(f?) is an injective object. Then

(6.40) 0 — G(F,)/G(Fy) — Coker(f) — Coker(f3) — - -

which is induced by the commutative diagram (6.38) is an injective resolution of G(F»)/G(F1).
The reason is the following. Let

AY = Im(Ker(d%ﬁh) — Ker(d%l’h)) = Coker(G(Fy) — Ker(d%ﬁh)),
BY = Im(Ker(dgﬁh) — Ker(d%;’h)) = Coker(G(F,) — Ker(dg;o’h)),
C? = Im(Coker(fy) — Coker(f3)).
Then the homomorphism B? — C? is surjective. Moreover, by chasing the diagram

(6.41) 0 0 0

0—= A0 —— Ker(dg’llvh) — Ker(d%ih)

00— BO - Ker<d.2—721,h) - Ker(dgz%h>

0 — (9 — Coker(f5) — Coker(f3)
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whose rows and columns are exact except for the far left column and the bottom row, we
see that the sequence
0— A" - B — "

is exact. Therefore, it follows from the 3-3 lemma (see [W], p.11, Exercise 1.3.2) that the
sequence

0 — G(F)/G(Fy) — Coker(fJ) — C° — 0

is exact. So the sequence (6.40) is an injective resolution of G(F,)/G(F;) by induction.
Since the exact sequence (6.39) splits, there exists a section sy: Coker(f3) — Ker(djor’f, i)

of the natural map Ker(d%f ) — Coker(f§). Then we have the homomorphism 67 which
satisfies the following diagram

F(Coker(f2)) ="~ F(Ker(d2":"))

F(Sﬁ)l J{

F(Ker(d}?))) - F(Kex(d32; "))

Fo,v
where cNi_OF’Qp, , 1s induced from dg’ﬁ .- Moreover 67 induces the connecting homomorphism
RPF(G(F)/G(F1)) — RFYE(G(F)).

For all F € C, we denote by i’ the natural inclusion map F(Ker(djogﬁl)) — O%F. Let
JP be the natural inclusion map F(Coker(f})) — F(Ker(d%ﬁh)). Then, since the diagram

F(Ker(d?,)) — €27

| l

F(Coker(f})) — C’%f
is commutative, the homomorphism

0,
F(92 P)

F sP ip
T, p(Ker(dy,)) 7 chr T oo

(6.42) F(Coker(f%))
coincides with the homomorphism

F(sp)

(6.43)  F(Coker(fY)) —= F(Ker(djor’zh)) — F(Coker(f%)) Z F(Ker(dgﬁh)) — C’%f.
Also, since F(s}) is a section of the natural homomorphism
F(Ker(dg}),)) — F(Coker(f7)),

the homomorphism (6.43) coincides with the homomorphism
(6.44) F(Coker(f2)) & F(Ker(d%?,)) < C%.
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Moreover, since F(sg’p) is a section of the homomorphism F(gy?), the homomorphism
(6.44) coincides with the homomorphism

0, 0,
F(sg? F(gy?

(6.45)  F(Coker(f1)) &> F(Ker(d2?,)) = ¢ 200, cor 92, 0w

So the homomorphism (6.42) coincides with (6.45). Then

Im(F(s0%) ot o j7 — b o F(sh)) C C%F

by the above relation. Then

(F(d%),v) o F(Sg’p)) il o’ — il;_-—rl o bP

F(d2,) o (F(s7) 0 i, 0 7 — i, 0 F(s)
0,
9

=F(dg,) o (F(sy?) 0 ily, o j¥ — if, o F(s})).
Moreover since Im (i, o F'(s})) C Ker(F(dgr’ih)),
(F(d2,) 0 F(s7) 0 2 o 7
:F(d%)ﬁ) o (F(sg’p) o iy, 0¥ —i% o F(s}))
:F<d%)7h) o (F(s(g)’p) o i’}g o jP — iz}Q o F(sh)).
Let i%9: Cp? — @ C’if’j be the natural inclusion map. Then
i+j=p+q
Im(6;" o i, 0 ¥ — i%’ﬂ o i?;:l o &)
Clm ((F(dZ,) & F(dg),)))

—Im(F(dy, ) 0 %)

Moreover, the homomorphism

,iP iO’P

F1 F1 i

F(Ker(dy?,) = 9 2 @ ¢
i+j=p
which corresponds to the natural homomorphism (6.30) induces the edge map
HYHO(C3) — HP(tot (C)).
o0 o iy, 0 j¥ corresponds to the homomorphism
R'F(G(F2/G(F))) — R'F(G(F3)) — RI(FG)(F3) — R (FG)(F)

Op+l .+l = .
and i) o z’;; o 0P corresponds to the homomorphism

RPF(G(Fo)/G(F))) — RFLF(G(F)) — RPY(FG)(F).

This means that the edge map satisfies (2) of Property 6.2. O
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7 The proof of the main result

This section make reference to [Me, pp.106-107, 11, Example 2.22]. Let X be a regular
integral quasi-compact scheme and ¢ : Spec(K) — X the generic point. For v € X1,

let 7, : v — X be the canonical map and Dx = @ iv«(Z). Then, we have the exact

v eX(l)
sequence

(7.1) 0—G,, = ¢:(Gpx) = Dx — 0
so that we have the long exact sequence of étale cohomology
(7.2) = HY(X,Gp) — H'(X, 9u(Gpn i) — H"(X,Dx) — -+ .
Using the Leray spectral sequence
HP (X, R%,,(Z)) = HP"(Spec(k(v)), Z)

for i, : v = X, we have the injective homomorphism H'(X, i,,(Z)) — H'(Spec(x(v)), Z).
On the other hand, since Z has no finite subgroups,

H'(Spec(k(v)),Z) = Homeonts (Gr(w), Z) = 0

where Hom, s is the set of continuous homomorphisms. So H' (X, Dx) = 0 and R'4,,(Z) =
0. Also, since Q is uniquely divisible, H"(k(v), Q) = 0 for any r > 0. So H"(k(v), Q/Z) =
H"*(k(v), Z). Therefore, we have the exact sequence

(7.3) 0 — H*(X,G,,) — H*(X, 6.(G,, 1)) — H*(X,Dx)

and
H*(X, Dx) — H?(k(v), Z) = H' (k(v), Q/Z) = X (G(k(v),/K(v))).

Moreover, H?(X, ¢.(G,,x)) can be expressed by a group cohomology in the following
Lemmas 7.4 and 7.8.

Lemma 7.4. Let X be a regular integral quasi-compact scheme, K = R(X) and g:
Spec K — X the generic point of X. Then

H2(X, g.(Gpx)) = Ker | Br(K) =5 ] Br(K,)
:BEX(O)

Proof. In general, for a spectral sequence EY? = HP* we have the exact sequence

0 the edge map

EQO’l — E22’ E12 — E21’1
where E? = Ker(H? — E3y?). Since

(7.5) R'g«(G,,) = 0
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by [Me, p.89, III, Remark 1.17 (a)] and Hilbert Theorem 90, considering (7.5) for the
Leray spectral sequence

EY?=HP(X,R%,.(G,,)) = H"(Spec(K),G,,),

we see that
H*(X, 6.(Gyn i) = Ker (H*(Spec(K), G,,) — H° (X, R?0.(G,))) -

Therefore, we have

(7.6) H*(X, 0.(G,, x)) = Ker (Br(K) Res H Br(Km)>

reX

by Proposition 6.24 and Lemma 6.26.

Moreover, it follows from the definition of the étale neighborhood of z ([Me, p.38, 1,
Remark 4.11]) and the fact that a flat morphism satisfies the going-down theorem [M,
Theorem 9.5] that K; C K for € {y} . Therefore, we can replace z € X by z € X()
n (7.6). So the proof is complete. O

Remark 7.7. Suppose that A is a regular integral domain with dim(A) = 1 which contains
a field k£ and m is a positive integer with (ch(k),m) = 1. For x € Spec (A), Br(Kz),, =0
(cf, [S1, p.111, Appendix, §2]). Therefore

Br(K),, C H*(X, ¢.(Gp,x))-
Moreover, suppose that k is a perfect field. Then
Br(K) = H*(X, 9.(G i)
by Lang’s theorem [S2, p.162, X, §7].

Lemma 7.8. Let A be a Henselian discrete valuation ring, K its quotient field , k its
residue field and K, its maximal unramified extension. Then

H?(Spec (A), 9.(Gm)) = B (K / K, (Knr)")
for any p > 0.

Proof. Let i: Spec (k) — Spec (A) be the natural map. Then, i, is exact. Let (set) be the
class of all separated étale morphisms and f: X, — X, the continuous morphism which
is induced by identity map on X. Then f, is exact by [Me, p.112, (b) of Examples 3.4].
Let (fet) be the class of all finite étale morphisms and f": Xs.; — Xy the continuous
morphism which is induced by identity map on X.

Let Y — X be a separated étale morphism with Y connected, R(Y") the ring of
rational functions of Y, A — B the normalization of A in R(Y) and X’ = Spec (B). Then
R(Y)/K is a finite separable extension and Y is an open subscheme of X’ by [Me, p.29,
I, Theorem 3.20]. Moreover X’ — X is finite by [Me, p.4, I, Proposition 1.1]. Then,
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since A is a Henselian discrete valuation ring, B is a Henselian discrete valuation ring by
[Me, p.33, I, (b) of Theorem 4.2] and [Me, p.34, I, Corollary 4.3]. Also R(X')/R(X) is an
unramified extension. Therefore f! is exact by [Me, p.111, III, Proposition 3.3]. So flo f.
is exact and

HY, (X, (f 0 f)u(F)) ~ HE(X, F)

for any F € Sx,,.
We have the isomorphism G g-mod =~ Sgpec k)., by [Me, p.53, I1.§1, Theorem1.9]. Let
the functor N be defined as

(Gg-mod) > M —— MEIES/Enr) ¢ (G -mod)

and N’ : Sgpec (K)er — Sspec (k). the functor which corresponds to N. Let Y" € Xy
be connected. Moreover, let K” = R(Y") and k" the finite extension field of &k which
corresponds to the closed point of Y”. Then

N'(F)(Spec (k")) = F(Spec (K"))
for F' € Sspec (k)., because
G(Ky/K") = Grr, G(Ky/K") 2= G /G,
Therefore the diagram

fiof*'ag*
Gg-mod =~ Sgpec(K).i — Ox;.,

N \LN’/
l Fiofuois

Gk—mod jad SSpec (k)et
1s commutative. So

HE(X, 9.(Gm)) = H]])”et<X7 fl o fog(Gn))
= Hffet<X7 fl o [ o i(N'(Gm)))
= H/(X, i(N'(Gn)))
= Hz,(Spec (k), N'(G,))
= HP(k, (Knr)") = BP (Ko [ K, (Kop)").
Hence the proof is complete. O

Remark 7.9. Let A be a Henselian discrete valuation ring, K its quotient field and K,
the maximal unramified extension of K and X = Spec (A).
For any p > 0, the following diagram

(7.10) HP(X, 9.(Gpm)) — H"(X, 1.(Z))
the edge mapl lthe edge map

HY (, (Kor)) 1P (k, Z)
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is commutative where two downward morphisms are the edge maps of spectral sequences.
So it follows from Lemma 7.8 that the exact sequence (7.3) corresponds to the exact

sequence

0 — Br(A) Y Ker (Br(K) Res Br(Km)) 9 w2k, z)

where («) is the map which is induced by the natural map Br(A) — Br(K) and () is the

composition of the isomorphism Ker <Br(K) iy Br(Knr)) = H?(k, (K,)*) [S2, p.156, X,

Corollary of Proposition 6] and the map HP(k, (K,,)*) — HP(k,Z) which is induced by
the discrete valuation of A.

Corollary 7.11. We consider the situation of Lemma 7.8. Let g, K be the completions
of A, K and k the residue field of A and A. Then

HP (Ko / K, (Kop)™) = B (Ko / K (Kop))
= HP(k, (k,)*) @ HP~'(k,Q/Z)
for any p > 0.
Proof. We have
H”(Spec (A), G,,) = HP(Spec (k), G,,) = HP(Spec (A), G,,)

by [Me, p.116, III, Remark 3.11 (a)]. Corollary 7.11 follows from this fact and the fact
that the exact sequence (7.2) splits ( because there is a section of the homomorphism

HP (k, (K,,)") — HP(k, Z) = H~!(k, Q/Z),
cf, [S2, p.186, XII, §3, Proposition 4]). O

For a regular ring A and z € Spec AWM let

(7.12) Br(A) — Ker [ Br(K) *5 [] Br(K.)

zeX ™)

be the homomorphism which is induced by the natural map and

(7.13) Ker [Br(K) ™S [[ Bika) |- P X(Guw)

x€Spec (A)(D) x€Spec (A)(D)

the homomorphism which satisfies the following commutative diagram

Ker Br(K)RHeS H Br(K;) @1y EB X(Gr)

z€Spec (A)(1) zeSpec (A)1)

(*)l

Ker (Br(f@) Rep Br( Af)> = X(Gr@))
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~

where the homomorphism (%) is induced by the natural map Br(K) — Br(K,) and the
homomorphism () is induced by the valuation (see [S2, p.186, XII, Proposition 4]).
Then, the following result follows from Lemmas 7.4, 7.8.

Proposition 7.14. Let A be an integral domain of finite type over a field k such that A®k
is regular, i.e., Spec (A) is smooth over k, K the quotient field of A and X = Spec (A).
Then the sequence

7.12)

(7.15) OHBI'(A)(H Ker | Br(K) %% H Br(K3) 71 H X(Gu(a))-

zeX (@) zex®

is exact. Moreover, if an integer m is respectively prime to ch(k), there is an exact
sequence
0 — Br(A)m — Br(K)m — [[ X(Gr)m-

$EX(1)

Proof. Suppose that A is a 1 dimensional regular ring which contains a field k£ ( A does
not have to be smooth). Then the exact sequence (7.15) is given by the exact sequence
(7.3) as follows. Proposition 6.13 shows that the first map of (7.3) coincides with the
homomorphism (7.12).

Now, for z € XM X, denotes Spec A,. Then, let

~

ir : Spec (k(x)) — X, iy« Spec (k(z)) — X,

be the canonical maps,

A~

g : Spec (K) — X, 3. : Spec (K,) — X,

the generic point, and jX : Spec (K,) — Spec (K) ( resp. j* : Spec (A,) — Spec (A))
the morphisms of schemes which correspond to the extension of field K,/K ( resp. the
extension of ring A,/A).

We have the following commutative diagram

(7.16)
H2(X, 6+(Gn,xc) —= B (X, 9.((5). (G, z))) =— H*(X, (5)+((%).(G,, z)))
the edge mapl (%) the edge map \Lthe edge map

H*(K, G ) (K, (i)(G,z) = HAX,,(3).(C,, z)

the edge map
8 the edge map

H*(K,G,, )

where the vertical arrows of (+) are induced by the natural map G, x — (5).(G,, z)
and () is the natural map.
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It follows from Proposition 6.10 that the diagram (xx) is commutative. The reason
why the diagram (* * %) is commutative is that the left side of (x * ) is the edge map
H?(X, g*((jmK)*(Gmf())) — H*(K, G,, z) and the right side of (x x ) is the edge map
H*(X, (j).((92),(G,, 2))) — HQ(I?, G,, ) by Lemma 6.5 (b). Therefore the composition

H*(X, 6.(Gpi)) — H%(X,, (92).(G,, g)) in (7.16) corresponds to the homomorphism (7).
Also, the diagram

cf, (7.1)

(7.17) H*(X, 6.(Gx))

|

(X, 0u((5).(G, 2)))

HA(X, (5)0(@2). (G ) HAX (G- ((00).(2)))

H*(X, (i0),(2))

the edge map

the edge mapl lthe edge map

HY(X,, (3.).(G,, ¢ HA (X, (i2).(2)) H?(k(x), Z)

)) cf, (7.1)

the edge map

is commutative. So the homomorphism (7.13) coincides with the homomorphism H?(X, ¢.(G,,)) —
H*(X, (i,),(Z)) in the exact sequence (7.2) by commutative diagrams (7.10), (7.16), (7.17).
In general, if Spec(A) is smooth over k (Spec A is not necessarily of dimension 1),

Br(A) = ﬂ Br(A,) by [H, Corollary.2]. Therefore (7.15) is an exact sequence. [
pESpec (A)(D)

Remark 7.18. Let X be a regular integral quasi-compact scheme. Then the sequence

0 — Br(X) — Ker [ Br(R(X)) =5 ] Br(R(Oxa)) | = €@ X(Guw)-

z€X(0) zex®
is exact by the proof of Proposition 7.14.

Corollary 7.19. Let X be a 1-dimensional connected regular scheme, K its quotient
field. Then

(7.20) 0 — Br(X) —= Br(K) — 11 Br(R(X),)/ Br(Ox,)
pex@

1s exact.

Proof. Let O be a discrete valuation ring, K = R(O), X = Spec (O) and z the closed
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point of X. Then we have the following commutative diagram

0 0 0

0 —Br(0) —= Ker(Br(K) — Br(K;)) — Ker(Br(K) — Br(K;))/ Br(O)

~

00— Br(0)

Br(K) Br(K)/ Br(O)

0 Br(K3) Br(K3z)

where the vertical sequences are exact and the horizontal ones are exact except for the
middle horizontal sequence. So the middle horizontal sequence is exact. O

An alternative proof of Corollary 7.19. Suppose that B is a discrete valuation ring, L is
its quotient field, Y = Spec B and Z = Y \ Spec L = {p}. Then we have the exact
sequence

(7.21) H?(Y,G,,) — H?(Spec L, G,,) — HTY(Y, G,,)

by [Me, p.92, III, Proposition 1.25] and H*(Y,G,,) — H?*(Spec L, G,,) is injective by [Me,
p.145, TV, §2]. Moreover we have

(722) HY(Y, Gun) = HY (Spec (Or,), Gn)

by [Me, p.93, 111, Corollary 1.28]. Also, the diagram

Br(K)/Br(Oxp) Br(R(X),)/ B(O,)

| |

H?p}<spec (Ox,p), G )cf (7.22 H{p}(spec (OX p): Gm)

1s commutative. Therefore

—_——

Br(K)/ Br(Ox,) = Br(R(X),)/ Br(Ox,)
is injective. So the statement follows from [G, p.77, II, Proposition 2.3]. O
Moreover, we obtain the following result.

Corollary 7.23. Let X be an algebraic curve over a separably closed field such that
regular and proper. Then, the local-global map

I Bi(R(X),)

pex®

is injective.
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Proof. The statement follows from Corollary 7.19 and |G, III, Corollary 5.8]. O
We use the following lemmas in the proof of the main result.

Lemma 7.24. Let A, B,C be commutative groups and ¢ a group homomorphism from
C into A @ B. Let a,b be the projections from A @& B to A, B. Moreover, let i be an
inclusion map from Ker(a o ¢) into C. Then

Ker(c) = Ker(bo coi).

Lemma 7.25. Let A, B,C' be commutative groups and f : A — B be a group homo-
morphism. We assume that Ker(f) € C C A. Let i : C — A be the inclusion map.
Then

Ker(f) = Ker(f o).

We also need the following propositions.

Proposition 7.26. (See [YS] or [Me, pp.153-154, IV, Exercise 2.20 (d)]) Let K be the
quotient field of the Henselization of k[t]). Then, there is an exact sequence

0 — Br(k[t]) — Br(K) — X(Gg) — 0
where the first map is induced by ¢ + ¢! .
We now prove the main result.

Theorem 7.27. For any field k, let k(t) be the purely transcendental extension field in
one variable ¢ over k. Then, the local-global map

(7.28) Br(k(t)) — [] Br(k(),)

1(1)
peP,

is injective.
Proof. 1t is known that a finitely generated ring over an excellent ring and its localization
are excellent ([EGA, §7.8]). Also, a discrete valuation ring is excellent if and only if its

Henselization is excellent (see [Me, I, Remark 1.2]). So, it follows from Proposition 3.9
that the kernel of the local-global map

(7.29) Br(k(t)) — [ Br(k(®),)

1(1
pepl®)

is equal to the kernel of the local-global map (7.28). Since we have the restriction map

Br(k(t),) — Br(k(t)s), it follows from Lemma 7.25 that the kernel of the local-global map
(7.29) is equal to the kernel of the local-global map (7.29) restricted to

Ker | Br(k()) =5 J]  Br(k(t))
pESpec (k[t])™M)
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For the rest of this section, we denote the point which corresponds to (1) € Spec (k[1]) C
P} by co. Note that

H Ker <Br(/;(\t/)p) e Br(k;(t),;)) ) Br(/;(\t/)oo)
pESpec (k[t])(D)

contains the image of the composition of the inclusion map

Ker | Br(k() =5[] = Br(k(t)) | — Br(k(t))
peSpec (k)M

and the local-global map (7.29).
In Lemma 7.24, let

C=Ker | Br(k(t) =5 [  Br(k(t)p) B =Br(k(1)..)
pESpec (k[t])M)

A= 1 Ker(Br@(t)p)lLeSBr(k(t)ﬁ))
peSpec (k[t])M)

and ¢ the map which is induced by the local-global map (7.29) restricted to

Ker | Br(k()) =5 ] = Br(k(t))
peSpec (k[t]) (D)

Then, by Corollary 7.11 and [S2, X, Corollary of Proposition 6] (which follows from the
inflation restriction sequence),

H Ker (Br(kfrzg)p) e Br(k(t),ﬂ)

pESpec (k[t])(1)

= 11 BkOs/k@), k1))

peSpec (k[t]) )

= JI Bwhe [ XGup.

pESpec (k[t])) pESpec (k[t])V)

Note that k(t); is the maximal unramified extension of k(t),. Therefore by Proposition
7.31, Ker(aoc) C Br(k[t]). Moreover, by Proposition 7.26, bo coi is injective. Therefore,
Theorem 7.27 follows from Lemma 7.24. O

Remark 7.30. If k is perfect, it is well-known fact that the sequence

(7.31) 0 — Br(P}) — Br(k(z)) = P X(Gup)

1(1)
pep,
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is exact. But it is unknown fact whether (7.31) is exact. The sequence (7.20) is exact in
Corollary 7.19, but the sequence (7.31) is not exact in the case where k is not perfect as
follows.

It is known that & is perfect if and only if Br(k) = Br(k[z]) (cf, [A-G, p.389, Theorem
7.5]). So Br(k[z]) # 0 in the case where k is the separable closure of an imperfect field
and Br(k(z)) # 0 because Br(k[z]) C Br(k(z)). On the other hand, X (G ) = {1} and
Br(P}) = Br(k) = {0}. So the sequence (7.31) is not exact.
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